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ABSTRACT. In this paper we prove the existence of central configurations of
the n + 2—body problem where n equal masses are located at the vertices of
a regular n—gon and the remaining 2 masses, which are not necessarily equal,
are located on the straight line orthogonal to the plane containing the n—gon
passing through its center. Here this kind of central configurations is called
bi—pyramidal central configurations. In particular, we prove that if the masses
Mmp+1 and mpy2 and their positions satisfy convenient relations, then the
configuration is central. We give explicitly those relations.

1. Introduction. We consider the spatial N-body problem

N
.. ar — 4d;
mpér=— Y Gmpm; ——o
— lar — qj
itk
k=1,...,N, where q; € R? is the position vector of the punctual mass my, in an

inertial coordinate system, and G is the gravitational constant which can be taken
equal to one by choosing conveniently the unit of time. The configuration space of
the spatial N-body problem is

5:{(q1a~~~an)€R3N : qk#qjﬁ fork#.]}

Given my,...,my a configuration (qi,...,qy) € & is central if there exists a
positive constant A such that

(.ik:*)\ (qkfc) B
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k=1,...,N, where c is the center of mass of the system, which is given by
N
c— Zkzl mEqk
=&kl 2T
2 k=1 Mk
Thus a central configuration (q,...,qn) € € of the N-body problem with positive
masses myq, ..., my is a solution of the system of equations
al q q
kE— Y
m; ——— =X (qx — ¢), (1)
; M ag — q3
j=1
ik

k=1,...,N, for some A.

The first known planar central configuration of the N—body problem for N > 2
consists of N equal masses located at the vertices of a regular N-gon. If we take
N equal masses at the vertices of a regular polyhedron with N vertices, then we
obtain a spatial central configuration of the N-body problem (see [1]). In addition to
regular polyhedron central configurations, the simplest spatial central configurations
of the N-body problem are the ones known as pyramidal central configurations.
Such configurations consist of N = n + 1 masses, n of which are coplanar and the
(n+ 1)-th being off the plane (see for instance [2] and [14]). The n positions of the
coplanar masses are called the base of the pyramidal central configuration.

The next simplest spatial central configurations are the ones known as double
pyramidal central configurations. Such configurations consist of N = n + 2 masses,
n of which are coplanar and the other two being off the plane and positioned sym-
metrically above and below that plane. In the literature we can find some papers
related with double pyramidal central configurations with different shapes of basis.
For instance [16] studied for all n > 4 the double pyramidal central configurations
such that the n coplanar masses are at the vertices of a regular n—gon and the
(n+1)-th and (n+ 2)—th masses are equal, under these assumptions the (n+ 1)-th
and the (n 4 2)—th mass are located symmetrically with respect to the n—gon. Liu
and his coauthors have some papers related with double pyramidal central config-
urations of the N body problem for N = 5,6,7,9 for different shapes of their basis
(see [4, 5, 6, 7, 8,9, 10]). Yang and Zhang in [15] also studied double pyramidal
central configurations of the 6-body problem. In [12] the authors study central
configurations of the N = n+ 3 body problem consisting of n masses at the vertices
of a regular n-gon, 2 masses on the straight line orthogonal to the plane containing
the n—gon passing through its center and positioned symmetrically above and below
the n-gon, and a third mass positioned at the center of the n—gon.

In this paper we consider spatial central configurations of the N-body problem,
with N =n+ 2, n € N and n > 2, consisting of n equal masses m; = --- = m,,
at the vertices of a (regular) n—gon and 2 masses my+1 and myy2 on the straight
line orthogonal to the plane containing the n—gon passing through its center. In
contrast to what happens in the known double pyramidal central configurations, we
do not impose conditions, neither on the positions, nor on the values of the masses
My41 and my4o. In this paper, these configurations are called bi-pyramidal central
configurations. Notice that the double pyramidal central configurations studied in
[16] are a particular case of our bi-pyramidal central configurations when m,, 1 =
Mpt2 and Mmy41 and m,, 4o are positioned symmetrically above and below the plane
containing the n—gon. The bi-pyramidal central configurations for n = 3 are studied
in [3] and [11] from different points of view. In [3] the author proves that, for
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any pair of positive masses my,41 and my, 42, the number of bi-pyramidal central
configurations is finite and also provides all the possible numbers of such central
configurations. In [11] the authors consider the inverse problem; that is, given a
bi—pyramidal configuration, they find the masses which make it central. We do not
know any paper considering bi-pyramidal central configurations for n > 3.

Here we analyze the bi—pyramidal central configurations from the inverse problem
point of view.

This paper is structured as follows. In Section 2 we give the equations of the
bi-pyramidal central configurations. In Section 3 we summarize some results con-
cerning to pyramidal central configurations. Finally, in Section 4, we analyze the
2—pyramidal central configurations. We prove that for all n > 2 we can find posi-
tions on the straight line such that convenient masses m,4+1 and m,4+2 placed at
these positions provide central configurations. We also give the explicit relations
between the masses and the positions of such central configurations. Moreover we
see that for all n < 9 there exists a privileged position and a privileged value of the
top mass, which depend on n, so that any arbitrary mass located at the same dis-
tance from all other masses provides a central configuration. The precise statement
of these results is given in Theorem 4.3.

2. Equations of the central configurations. We consider N = n+2 withn € N,
n > 2, n equal masses m; = --- = m,, at the vertices of a (regular) n-gon and 2
masses My,+1 and myo on the straight line orthogonal to the plane containing the
n—gon passing through its center. Without loss of generality we can choose the unit
of mass so that m; = --- = m,, = 1, and we take the unit of length in order that
the radius of the circle containing the n-gon be one. By using complex coordinates
in the plane that contains the regular n—gon, the positions of the vertices of the
n-gon can be written as qi = (e’**,0) € C x R with ay = 27k/nfor k=1,...,n
Let mpy1 = p1, Mpta = p2, dnt1 = (0, 21), and Q12 = (0, 22), with 23 > z5. We
note that this last condition is not restrictive.
Using these notations the center of mass of the system is given by

1 n
c= | (0, 20) + p2(0,22) + (9,0
N+t pe ml )+ j; )
Since Z?ﬂ e =0,
1
c= , =—77 (0, .
(Czy,c2) "t ot (0, p1 21 + proz2)
The first n equations of (1) become
n
qr — dn+1 qr — Qn+2
H1 3 T H2 = Max —¢), (2)
lak — dnt1]? lak — dn+2l? Z |Qk - ‘19|d

‘1-L I

for k =1,...,n, and the last 2 equations of (1) are

Qn+1 - qn+2 anrl
2T 13 = Mdnt1 —¢),
An+1 — Anpal? Z |(ln+1 - 013|3 "
n (3)
An+2 — dn+1 An+2 — 95 _ A(Qniz — ).

1
An+2 — Ang1]? = |Ant2 — q;?
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It is easy to check that

Ty

lar — qj| = [e"** — €| for j#k, and j,k=1,...,n

|ak — dnyel =y/14+27 fork=1,...,n, and { =1,2,

|Qn+1 - qn+2| = |z1 - 22|-

So the first components of the n vectorial equations (2) are

i, i, i _ iaj )
M 522)3/2 +“2(1f 25zt Z eea—i:aﬁ = e, @
J 75 k
for k =1,...,n. By dividing the k-th equation by ¢*®* we get
M1 2 Z 1—eila—an) \
(P2 TP T 2 Jemn oo
J#k
for k =1,...,n. Defining
— eilej—a)
Z |ezak _ ol |3’

after some simplifications we get

So the first components of the n vectorial equations (4) can be reduced to the single
equation

H1 M2 -
bt Gy pr Y e = (5)

Using the fact that Z;L:1 €' = 0, we can see easily that the first components of

the 2 vectorial equations (3) are always satisfied.
The second components of the n equations (2) become

Z1 z9

(1+ )3/2 +N’2(1+ 2)3/2 )\CZ, (6)
for all k =1,...,n. Finally, the second components of the 2 vectorial equations (3)
become
z1 Z1 — 29
—_— — = A2z1 — ),
" (1+ 21)3/2 T2 |21 — 293 (21 —¢z) -
=2 2T Az2 — ¢2).

R ER R P

In short, system (1) can be reduced to the 4 equations (5), (6) and (7) with the 3
unknowns A, z1, z2. We note that one of these equations is redundant. Indeed, if we
multiply the first equation of (7) by u1 and the second one by ps and we add the
resulting equations, then we get

Z1 z9 _ .
n (,Lh (1t 27 + [2 i+ 23)3/2> = Mprz1 + poze) — A(p1 + p2)e.. (8)
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(From (6), the left hand of (8) becomes n Ac,. On the other hand, from the defini-
tion of ¢,, we have that p; 21 + e 22 = (n + p1 + p2)c,. Therefore (8) becomes

nAc; = Acz (n+py+ p2) — Acz(p + p2),

which is always satisfied.

We add equation (6) to each equation of (7) and we substitute the value of A
by the value given by (5) into the resulting equations. Then the system formed by
equations (5), (6) and (7) reduces to a system of 2 equations that is linear in the
variables p1 and po, and its matrix form is

(e ) m)=(0) o)

where
20— Zj Zj — 2
Cej = +
J |z — 23 (1+zj2-)3/2’
24
te = Bnze—

BET e

for all £, =1,2 and ¢ # j.

We note that if in (9) we replace zy by —zp for all £ = 1,2, we obtain the same
system of equations. So if z; = 2], 22 = 25 are such that pu; = pj, po = p3 is a
solution of (9), then u1 = pf, po = u is also a solution of (9) for 21 = —z7, 20 = —23.
In order to simplify our computations, in what follows we assume that z; > 0.

Since we have assumed that z; > 2, we have that

1 Z9 — 21 d 1 + zZ1 — 22
Cla = , and cp1 = — .
BT i — )2 (L 233 ot (21— 22)%  (1+427)%/2

3. Pyramidal central configurations. We note that the formulation (9) allows
us to find the pyramidal central configurations obtained in [14] in an easy way.
Indeed, the pyramidal central configurations consists of placing only one mass on
the straight line orthogonal to the plane containing the n—gon passing through its
center. For these configurations equation (9) becomes the single equation

0-py =t;.

The solutions of equation t; = 0 are

o \2/3
z1 =0, z1 == <> —1:==%z3.
Bn
We note that the values zg are defined only for n such that n/3, > 1. In [13] it
is proved that this condition is satisfied for n < 473. In short we have proved the
following known result.

Theorem 3.1. The following statements hold.

(a) For all uy > 0 and 2 < n < 473 the problem has three central configurations,
one with i at the center of the n-gon (i.e. z1 = 0), and two with uy at the
positions z1 = zg and z1 = —zg respectively.

(b) For all 1y > 0 and n > 473 the problem has a unique central configuration,
the one with 1 at the center or the n-gon.

A different proof of Theorem 3.1 can be found in [14].
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4. Bi-pyramidal central configurations. ;From elementary algebra we get the
following result.
Lemma 4.1. System (9) has the following solutions:

(A) a unique solution pi1 =ta/can, po =1t1/c12 when c12 # 0 and ca1 # 0,
(B) a continuum of solutions pq = ta/ca1, p2 € R when ¢12 =0, t1 = 0, and

c2,1 # 0,

(C) a continuum of solutions p1 € R, po = t1/c12 when ca1 = 0, to = 0, and
c12 #0,

(D) a continuum of solutions 11 € R, ps € R when ¢12 =0, c21 =0, t; =0, and
t2 = 0:

(E) no solutions when either c1 2 =0 and t1 # 0 or ca1 =0 and to # 0.

The solutions of (9) given by Lemma 4.1 correspond to bi—pyramidal cental
configurations only when gy, o > 0.

4.1. The curves c31 =0, c12 =0, t;1 = 0 and t2 = 0. It is easy to see that
equation c; 2 = 0 has a unique solution which is given by
22 -1

221

ZQZf(Zl):

and ¢z 1 = 0 has the unique solution

2=g(z1) =2 —y/1+ 2%

Analyzing the properties of the functions f and g we see that both functions are
continuous for z; > 0. Since

2 2
fl(z1) = 212:%1 >0, g'(n1)= 21;;1_121 >0,
they are increasing. Moreover
lei_>m0+ f(z1) = —o0, leililwf(zl) = +o0,
Jim g(z1) = —1, L Jim g(z1) =0.
We note that )
i T2

this means that f tends to infinity assymptotically to the straight line zo = 21/2
when z; — +o00. Finally f crosses the positive semiaxis z; at the point z; = 1. The
plot of the curves zo = f(z1) and 23 = g(#1) is given in Figure 1.

We observe that when z; > 0 the curves zo = f(21) and 23 = g(21) intersect at
the unique point p* = (21, 22) = (1/v/3, —1//3).

On the other hand in Section 3 we have seen that equation t, = 0 for £ = 1,2
has a unique solution zy = 0 when n > 473 and it has three solutions z, = 0 and
z¢ = £z when 2 < n < 473.

Finally, we analyze the sign of the functions ¢y 2, ¢2,1, and ¢, for £ = 1,2. The
results that we have obtained are summarized in the next result.

Lemma 4.2. The following conditions are satisfied:
(a) c12 > 0 when z2 > f(z1), c12 = 0 when 22 = f(z1), and c12 < 0 when
z2 < f(zl);
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zZ2 o
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2 = f(zl) ,/’/
1 .‘/f__./'
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i
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~2t |
II
|
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3}

FIGURE 1. The plot of the curves zo = f(z1) and 2o = g(21).

(b) ca1 > 0 when zo < g(z1), ca1 = 0 when zo = g(z1), and c21 < 0 when
Z2 > 9(21),

(c) for2 <n <473 and £ = 1,2, ty > 0 when 2z € (—23,0) U (23,4+00), ty =0
when zp = 0,%25, and t; < 0 when z, € (—oo, —z3) U (0, z3),

(d) forn >473 and £ =1,2, t; > 0 when z, > 0, t;, =0 when 2z, =0, and ty <0
when zp < 0.

4.2. The signs of the solutions p; and ps of (9). The signs of the solutions
w1 and pg of system (9) could change at the curves co; = 0, to = 0 and ¢12 = 0,
t; = 0, respectively (see Lemma 4.1). Thus, when 2 < n < 473 the sign of p; could
change at the curves zo = g(21), 22 = 0, 22 = 2, and the sign of ps could change
at the curves zo = f(z1) and z; = z3. When n > 473 the sign of u; could change
at the curves zo = g(z1) and 2o = 0, and the sign of us could change at the curve
2o = f(z1).

We note that the shape of the regions delimited by the curves zo = g(z1), 22 = 0,
zo = £z, 22 = f(z1), and z1 = z3 depends on the value of z3. More precisely, if
the value of z; = 25 belongs to either the interval (0,1/v/3), the interval (1/v/3,1),
or the interval (1, 4o00); and if the value of z; = —zg belongs to either the interval
(—o0, —1), the interval (—1,—1/+/3) or the interval (—1/+/3,0) (see Figure 1).

In [13] it is proved that the sequence {8, /n}nen is increasing, so {n/Bn nen is
decreasing, and consequently the value of zg decreases as n increases. We compute
the sequence of values of zg and we see that the first n such that zg < 1isn =9,
and that the first n such that z5 < 1/\/3 is n = 53. In particular, there is no n such
that either zg = 1 or 25 = 1/v/3. Therefore z5 > 1 for2 <n < 9, z5 € (1/V/3,1) for
9 <n <53 and 25 € (0,1/V/3) for 53 < n < 473. Remember that z is not defined
for n > 473. In short, we have four possible shapes for the regions delimited by the
curves zo = g(z1), 20 =0, 20 = £23, 22 = f(z1) and z; = 2, one for 2 < n < 9, one
for 9 < n < 53, one for 53 < n < 473, and finally one for n > 473. These regions
are plotted in Figures 2 and 3.
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Case2<n<9

Z2 21 = zg z2 = f(z1)
i pz2 >0
22 = 2B femmmm e ———
1+
m >0
1 1 1 Zl
_F_f_———B—-——-#
z2 = g(z1)
m >0
=5k p2 >0 ]
Case 9 <n <53
22 z1 = 2g zo = f(z1)
) p2 >0
1F i
2y T g [Tttt e
p1 >0
P2 )1 3 N
pn1 >0 e
|l z2 = g(z1) >0
Z2 = —2g Lo
-1k ]
p1 ; D5
-2k 1
_3| (K2 > 0=

FIGURE 2. The regions delimited by the curves zo = g(z1), 22 = 0,
29 = +25, 22 = f(21), and 21 = z restricted to {(z1,22) € R?
z1 > 0,21 > 22}, and the sign of py and pe on each region for
n < bH3.
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Case 53 < n < 473

%2 z2 = f(21)

Case n > 473

k) z2 = f(z1)

FIGURE 3. The regions delimited by the curves zo = g(z1), 22 = 0,
2o = +25, 22 = f(21), and 21 = z restricted to {(z1,22) € R?
z1 > 0,21 > 22}, and the sign of py and pe on each region for
n > 53.
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We note that the curves zo = f(21) and 22 = g(z1) intersect at the unique point
p*. Since there is no n such that zg = 1/v/3, t1 # 0 and ty # 0 when (21, 22) = p*,
this means that there are no solutions of system (9) of type (D) (see Lemma 4.1).

The curves zo = g(z1) and z3 = —z3 do not intersect when 2 < n < 9 and they

intersect at a unique point p; = ((1 —23)/(2 zﬁ),—Zg) when 9 < n < 473 (see

Figures 2 and 3). Since zo = g(z1) does not intersect with zo = 0 and 2o = 23 we
have that the curves ca; = 0 and t2 = 0 only intersect when 9 < n < 473 and the
intersection point is p;.

The curves zs = f(z1) and z; = zg intersect at a unique point py = (2, f(23))
for all 2 < n < 473 (see again Figures 2 and 3). So the curves ¢;2 =0 and ¢ =0
intersect at the point py for all 2 < n < 473.

By means of Lemma 4.2, we compute the signs of p; and ps on all the regions
delimited by the curves zo = g(21), 22 = 0, 22 = %23, 22 = f(21) and 2z = zg for
each one of the four shapes depending on n. The regions on which py > 0, p2 >0
and 1, e > 0 are shaded in Figures 2 and 3.

Notice that the intersection point p; of the curves ¢z ;1 = 0 and ¢ = 0 does not
belong to the region where puy > 0. Therefore there are no solutions of system (9)
of type (C) (see Lemma 4.1) providing central configurations.

The intersection point ps of the curves ;2 = 0 and ¢; = 0 belongs to the region
with gy > 0 only when 2 < n < 9. Therefore system (9) has solutions of type (B)
(see Lemma 4.1) that provide central configurations only when 2 < n < 9. It is
easy to check that the value of yy at the point (21, 22) = p2 is

= n—2(np;)°.
In short, we have proved the following theorem.

Theorem 4.3. Let

(o= nism ) (e )
R O N o M (e i e

Let f(z1) = (2§ = 1)/(221), g(21) = 21 — /1 + 2§ and z5 = \/(n/Bn)?/3 —

F(n,z,22)

D1 = {(21,22) €R? : 21 € (25, /7' (2p)) 22 € (£(21), 29)}

Dy = {(21,22) €R® : 21 € (1,25), 2 € (0, (1))}

Dy = {(21.22) €R® & 21 € (71 (=20),1/V3), 22 € (=25, f(21))} U
{(z1,22) € B2 : z1 € (1/V3,25), 2 € (~2p,9(21))},

Dy = {(z1,22)€R?: 2z € (28, f~ Y(zp) ), 22 €(0,25)},

D5 = {(21.22) €R® : 21 € (71 (=20),1/V3), 22 € (=25, f(21))} U

(
{(z1,22) € R?: 2 € (1/ 3 ZB), 2o € (—28,9(z1)) ,
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D = {(zl,z2)€]R2' 21 € (25]” ),226(0725)},
Dr = {(z1,2) €R? : z € (2 1/\f),226(( 1), —z)} U

€ (2

(V3,171 (=28) ), 22 € (F(21), 20},
(o, 1/\/5) . 2 € (g(21),0)} U
(

{(21,2) €R? : 2 € (1/V3, 1), 2 € (f(21),0)},

(see Figures 2 and 3).
The configuration (qu,...,qnt2) = ((€°1,0),...,(e"*",0),(0,21), (0, 22)) is cen-
tral for the n 4+ 2—body problem in the following cases:
(a) If 2<n <9,
(i) (21,22) € D1 UDy UDs (see Figure 2), py = F(n,z1,22) and ps =
G(n,z1,22).
(ii) 21 = 23, 20 = f(25), 1 =n —2(nB2)Y> and ps € (0,400).
(b)) If 9 <n <53, (21,22) € Dy UDs (see Figure 2), p1 = F(n,z1,22) and
o = G(n, z1, 22).
(¢c) If 53 < n < 473, (21,22) € Dg U D7 (see Figure 3), p1 = F(n,z1,22) and
o = G(n, z1, 22).
(d) If n > 473, (z1,22) € Ds (see Figure 3), u1 = F(n,z1,22) and us
G(n, 21, 22).
Of course there are the symmetric central configurations obtained changing z1 and
z9 to —z1 and —zo respectively.

{(z21,22) €R? : 2z €

Ds = {(21,22)€R2 L2 €

We note that the positions of the masses m; = 1 for ¢ = 1,...,n, my41 = 1
and m, 42 = f2 at the configurations given by Theorem 4.3 (a)(ii) are

ar = (cos(2m k/n),sin(2w k/n),0) fork=1,...,n
dnt1 = (0,0, 23), dn+2 = (0,0, f(25))-
It is not difficult to check that
25 +1
22p

|[dn+2 — qil = fork=1,...,n+1.
We note that in this configuration the arbitrary mass my,o = uo is located at the
same distance from all other masses.

We have done some numerical computations in order to see how many classes of
bi-pyramidal central configurations there are for given values of the two masses
and po. As usual we denote by z; the z—coordinate of the mass u; for i = 1,2, and
we assume that z; > z9 with z; > 0. Our numerical results provide evidence for
the following claims:

e If 3 < n <473 then it can be 1, 2 or 3 classes of bi-pyramidal central configu-
rations, one always having negative z—coordinate and the others if exist have
positive z—coordinate.

e If n > 473 then there is only 1 class of bi-pyramidal central configurations.
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