EMBEDDING THEOREMS OF FUNCTION CLASSES, II

SERGEY TIKHONOV

ABSTRACT. In this paper the embedding results in the questions of
strong approximation on Fourier series are considered. We prove sev-
eral theorems on the interrelation between class W"H; and class
H(\, p,r,w) which was defined by L. Leindler. Previous related re-
sults from Leindler’s book [2] and the paper [5] are particular cases
of our results.

1. INTRODUCTION

Let f(z) be a 2w-periodic continuous function and let
% —i—;(an cosnx + by, sin na) (1)

be its Fourier series. The modulus of smoothness of order 8 (6 > 0) of
function f € C is given by

wa(f,t) = sup Z(—D”(ﬂ)f(xﬂﬁ—v)h) ,

nl<t ||, =0 v
where (f) = w for v > 1, ('f) =1for v =0and ||f(-)] =

e |f(2)]-

Denote by S, (z) = Sp(f,x) the n-th partial sum of (1). Let E,(f) be
the best approximation of f(z) by trigonometric polynomials of order n and
let £(") be the derivative of function f of order r > 0 (f() := f) in the sense
of Weyl (see [12]).
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We shall write I; < I, if there exists a positive constant C' such that
I <CL. If I < I and Iy < I; hold simultaneously, then we shall write
Il = 12.

A sequence v := {v,} of positive terms will be called almost increasing
(almost decreasing), if there exists a constant K := K(v) > 1 such that

Kvyn > vm ('Vn < K'Ym)
holds for any n > m. This concept was introduced by S.N. Bernstein.
n
For any sequence A = {\,},—, of positive numbers we set A, = > A,
v=1

and for any positive p we define the following strong mean:

hn(.ﬂ)‘ap) = <A1nZ/\y|f(I)Sl,(I)|p>

Let € be the set of nondecreasing continuous functions on [0, 2] such that
w(0) =0 and w(d) — 0as § — 0.
Further, we define the following function classes:

1

P

n

HOp,1yw) = {f €C:ha(f,Ap) = O [n’”w <1>} } |

WrHS = {f € C:wp(f,0) = 0w <5”}’

5= {recmm-ofu ()]}

One of the first results concerning the interrelation between classes
H(\ p,r,w) with A, = 1 and WTHg was obtained by G. Alexits and D.
Kralik [1]:
Lipa = WPH?" c H(\1,0,6%), if 0<a<l1.
In his book L. Leindler (see [2, Chapter III], see also [3]) proved embedding
theorems for classes
H(\p,r,w), W'HE and E?,
where
Ap=n""1a>0, reNU{0} and B=1.

In present article we continue investigating this topic and prove the fol-

lowing theorems.

Theorem 1.1. Let B,p > 0,7 > 0, w €  and A, be a positive sequence
such that
Aoy € Ay € 1y, (2)
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(i). Then H(\,p,r,w) C E¥.
(ii). If, additionally, w satisfies

@ 2 @)
S =o ()]

then H(\ p,mw) C EY = W"Hy.

Theorem 1.2. Let B,p > 0,7 > 0, w €  and A, be a positive sequence
which satisfies condition (2). If w satisfies the following condition: there
exists € >0 such that

1
{)\nwp () nlrpg} is almost increasing sequence. (3)
n

Then W'Hg C H(A,p,7,w).

It was observed by L. Leindler in [5] that for a certain subclass of con-
tinuous functions the condition (3) can be relaxed.

We need the following definitions. Let ¢ := {¢,} be the positive sequence.
The sequence c is called quasimonotonic (c € QM) if there exists p > 0
such that n="?¢, | 0.

A sequence ¢ := {c,} of positive numbers tending to zero is called of rest
bounded variation (¢ € Rg BV S), if it possesses the property

Z |en = cnta| < K(c) em
n=m
for all natural numbers m, where K (c) is a constant depending only on c.
Answering to S.A. Telyakovsky’s question, L.Leindler [6] proved that the
class R(')|r BV S was not comparable to the class QM.
We define the following two subclasses of C:

Ci = {f eC: f(x)= ansinnz, {bn} € QM},
n=1

Cy = {f eC: f(z)= ansinnx, {bn} € RJBVS}.
n=1
Now we can formulate the theorem for classes C; and Cy, which gives
more general conditions of the embedding W’“Hg’ C H(\, p,r,w) than The-
orem 2.
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Theorem 1.3. Let B,p > 0,7 > 0, w € Q and A\, be a positive sequence,
which satisfies condition (2). If w satisfies the following condition:

1
{)\nw” (n) nl_”’} is almost increasing sequence. 4)
Then
W"HENC; C H\,p,mw), where j=1 or j=2. (5)
Remarks.

1. Theorem 1.3 in the case A\, = n® 1, a>0,r =2k, k€ NU{0}, 3=1
and f € Cy was proved in [5].

2. In the book [2, p. 161-162] (see also [3]) for his version of Theorem 1.1
(ii) Leindler used the following conditions: w € B and there exists a natural
number p such that the inequalities

1 1
o
2 w<2n+u)>2w (2n> (6)
hold for all n.

And for his version of Theorem 1.2: there exists a natural number g such
that the inequalities

o 1 1 1
2‘ (’J T.)CL) <2n+l") > 2P w (2”) (7)
hold for all n.

It follows from [10] that (6) is equivalent to w € B; and (7) is equivalent to
(3) with A, = n®1,a > 0.

2. AUXILIARY RESULTS

Lemma 2.1. ([9]). Let 8> 0 and f(x) €

(2): En (f) <ws (f,) <n™? Z KT B (£);
(b): wats(f,0)p < Cl@)wp(f, ) for a=0.
Lemma 2.2. ([4], [7]). Let a,, >0, X\, > 0.

(a): If p>1, then Z An (Z a,,)p < § AL"PaP <§: )\l,>p,

v=n n=1 v=1

(b): If 0<p<l1 and an, l, then
o] p n—1
Z An <Z ay> < Z nP~laP (n/\n + > )\V) )
n=1 v=1

v=n n=1
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Lemma 2.3. Letp > 0,7 >0, w € Q and \, be a positive sequence, which
satisfies condition (2). Let f(z) = Y bysinnz € C; (j=1o0rj=2) and
n=1

by <n " lw (1) : (8)

n
If w satisfies the condition (4), then f(x) € H(\,p,r,w).

Proof of Lemma 2.3.
Let € (0,7) and m be an integer such that
Abel’s transformation, we obtain for £ < m

s

<z < o Applying

|f(z) = Skp(z)| < Z be sinéx| + Z be sinéx
E=k+1 E=m+1
DRI |b5—b§+1\‘ﬁg(x)’
E=k+1 g=m+1
1 m oo
< - D &b +m D |be —beyal, (9)
E=k+1 g=m+1

~ - k
where Dy (z) are the conjugate Dirichlet kernels, i.e. Dy(x) := Y sinnz,
n=1

k € N, and we used ’f)k(x)‘ = O (%). Therefore, from (9), if k& < m and
{b,} € R BV S, then

|M%mm<;§&+mm (10)

and if k <m and {b,} € QM, then

m

1£(2) = Su@)] < oY €be| + mb £ Y E. ()
E=m

e=k
If kK > m, then we have
f(2) = S(@)] <m Y |be = besal,
t=k
and if {b,} € Rj BV S, we write
|f(z) — Sk(x)| < mbg, (12)
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and if {b,,} € QM, we write
If(z) — Sk(z)] < mbk—l—mz%. (13)
E=k

Further, we shall conduct the proof for f € C; and use inequalities (11) and
(13).
Let n > m. Then

Z)\k\f Z)\k\f @F+ D Xl f(@)-Se(@)

k=m-+1
= Il —|— IQ.

Using (11), we have

p p
Z/\k Zgbg +mPo S N+ D N [ m Zf
k=1 k=1 E=m

= Iy +12+ 113-

Using (13), we have

p

I, < Z Ak mbk + Z Ak mz =: Is1 + I2o.

k=m k=m

Now we shall estimate ;7. Let p > 1. Then by Lemma 2.2(a) and conditions
(2), (4) and (8), we have

m 13 p
1 _
b e (Yu)
=1 k=1
< i §m gpfl)\ 51*7“17 D 1
mp ¢ v 13
§=1
1 m
1=rp—p p( — § ’ p—1

e=1

1
< mTTPAwP () . (14)

m
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If 0 < p < 1, then we shall use inequality (8), Lemma 2.2(b), and inequalities

(2), (4):

1 & = 1 ’
Ill < ﬁz/\k ngrw §>
k=1 &=k
IS p—1l—rp p L A - A
< EZQ“ w g 5 5"‘2 k
£=1 k=1
1 1 : 1
—rp—p p( _— p—
< m Amw <m>2k
k=1
1—r 1
< mTTPALWP [ — ). (15)
m

The estimate of I3 evidently follows from inequalities (2) and (4):

1
VPR ml_”’)\mw” (m) . (16)

Using (2) and monotonicity of w, we write
G 1) «— 1
I A =ro = —
wo Yo (mw (1) S s
k=1 E=m

1
< m'TTPA WP () . (17)
m

p

From (8) and (4) we estimate I5.

- . 1
Iy < mP Y kPP WP (k>

k=m
1 n
Py l—Tp p (| — —-p—1
< mPn Apw <n> E k
k=m
1—r 1
< n PP — ). (18)
n

Using (8) and the monotonicity of w, we write

- 1
Ly <mP > kPP WP (k> )

k=m
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The last expression we have already estimated in (18). Thus, collecting
estimates (14) — (17) and the estimates for Iz; and I3, we have

1
L < mlirpAmwp () )
m

1

I, < n'7"PAWP ()
n

and, by (4),

1
L+, < n'7PAWP (> .

n

If n < m, then for the estimates of > Mg |f(x) — Sk(z)|” we shall use the
k=1

same reasoning as for estimates of I; with only one difference that instead
of m there should be n.
Thus, we have for any n

S @) = Sk@F < nlTAwW (i) | (19)
k=1
It is easy to see that the following conditions are equivalent:
(&) Agp < Ay < Ny,
(b) A, <n\, and A, =<\ for n<k<2n,
(c) Aoy, < Ay <X 0,
Only one nontrivial part is (a) = (b). Let us prove it. From (4) and the
monotonicity of w one has for n < k < 2n

1 1
A > nlTTPALWP () Errlyr ()
n k

> nl*'f}))\nkrpfl

> A (20)
Let (a) be true. Using (20), we can write
1
n
1
> *A4n
n
12
> =D M
v=~k
> Ak

Hence, (b) holds.
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From the assumption of our Lemma, condition (a) holds and, therefore,
(¢) holds. Then, by (19), we have f(z) € H(\, p,r,w).

For f € Cy we shall use estimates (10) and (12) and the compari-
son between couples of estimates (10), (12) and (11), (13) implies f(x) €
H(\, p,r,w). The proof of Lemma 2.3 is complete.

&)

Lemma 2.4. ([11]). Ifg(z) € C and g(x) has a Fourier series Y, b, sinnzx,
n=1

b, > 0, then

- 1
n_BZkﬁbk < Cwg <g7), for B#£201=1,2,---
n

k=1
Lemma 2.5. ([11]). If f(z)eC and f(x) has a Fourier series Y a, cosn,
n=1

an > 0, then

n*BZkﬂak < Cuwg (f,l), for p#£21-1,1=1,2,---
n

k=1

3. PROOFS OF THEOREMS

We shall follow the method of proof of L. Leindler.
Proof of Theorem 1.1.
Part (i) immediately follows from the inequality (see [2, Theorem 8.2, p.
147))

En(f) =0 (ha(f, A p)).
Let us prove part (ii). We need the following inequality (see [8])
5
wg (fm,é) < /t—r—leB (f,t) dt, r>0. (21)
0

Then from (21), Lemma 2.1 (a), part (i) and conditions (B) and (Bg) on w
we have
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1 = 1
wp (f(r),n) < DK wg (fk>

k=n
oo k
< Y R TR (f)
k=n v=1
n 1 00 1
< izkjr+,8—1w(;c)+zkr—lw(k)
()
< wl—]).
n

Thus, f € W"Hj and the proof of Theorem 1.1 is complete.
Proof of Theorem 1.2.

To prove this theorem we need the following estimates

(n 1
En(f)<<w r>0, neN
and
1 2n
~ D ISP <EN)  p>0neEN
v=n-+1

Inequality (23) follows from [9, p. 397-398] and Lemma 2.1(a), and (24)

follows from [2, Theorem 8.2, p. 32 and (2.75), p.65].

By assumption on the sequence {\,,} it is clear that Ay < A, forn < k <
2n (see the proof of equivalence of conditions (a), (b) and (¢) in Lemma

2.3) and from (23) and (24) one can have

(f’)\p <<< Z)\ f(r) ))

By (3) and nA, < A,, last expression gives W"Hy C H(A,p,r,w). The

proof of Theorem 1.2 is complete.
Proof of Theorem 1.3.
Let fe WHF NCjand j =1or j=2. Then

f(r) Zn’”b sin (m: + 5 )

n=1
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Define f:t ( ) f(7)(l)if(7>( L)
Let r £ 2m —1, m € N. Then for B # 2k, k € N we have from Lemma 2.4

J(L wn [ 1>
2) - w(rm?
> wg <f(r) 1)

> n P Z kP,
k=1

> p (6D Z kAL, (25)
k=1

If 8 = 2k, k € N, we shall use Lemmas 2.1(b) and 2.4.

w(i) > wg (f(r) i)
> wan <f<> 1)

> n~ B+ Z kT, (26)
k=1

Now let 7 = 2m — 1. Then f(") = fJ(:) and the same estimates as (25) and
(26) ( we use Lemma 2.5 for 8 # 2l — 1, ] € N and Lemmas 2.1(b) and 2.5
for =20 —1) give for any 3

1 n
w() > T GED N oty (27)

n
k=1

Thus, from (25), (26) and (27), if {b,} € QM, then

w (1) > n*(ﬁ+1)b7n ZerrﬁerJrl
n ne P

> byn (28)
and if {b,} € Ry BV S, then

1 n
el —(B+1) E:kr+ﬂ+1
w <n> > n n

k=1
> b,n (29)
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Here we used the fact that if {b,} € RZ BV S, then {b, } is almost decreasing.
Finally, by Lemma 2.3, estimates (28), (29) imply (5). The proof of Theorem
1.3 is complete.

(1]

=

(10]
(11]
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