HOPF BIFURCATION FOR DEGENERATE SINGULAR
POINTS OF MULTIPLICITY 2n—1 IN DIMENSION 3

JAUME LLIBRE! AND HAO WU?

ABSTRACT. The main purpose of this paper is to study the Hopf
bifurcation for a class of degenerate singular points of multiplicity
2n — 1 in dimension 3 via averaging theory. More specifically, we
consider the system

& = —Hy(z,y)+ Pon(z,y,2) + ePon—1(z,y),
y = Hz(ll',y) +Q2n(x7y7z)+€Q2n71(x7y)z
z

= RQn(Z’,y,Z) +8CZ2n717
where
1
H = 2—(121 +y21)m, n =Im,
n
Pyt = a(pia? 2 4 poa® By 4 pan—1y? T2,
Qon—1 = y@2® 2 +p2x? Sy 4+ 4 pan_1y® ),

and P2, Q2p, and Ra, are arbitrary analytic functions starting with
terms of degree 2n, and prove that passing from ¢ = 0 to € # 0
sufficiently small from the origin it can bifurcate 2n — 1 limit cycles
using averaging theory of first order, and 3n — 1 limit cycles for [ = 1
using averaging theory of second order.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

Let
i:P(*/L’a:%Z)a Z./:Q(il',y,z>, 2=R($,y,z),
be an analytic system in R? starting with terms in P, Q and R of order 2n —

1. Then we say that the singular point at the origin of R3 has multiplicity
2n — 1.

The main purpose of this paper is to study the Hopf bifurcation which
takes place at the singular point located at the origin for a subclass analytic
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differential equations in R3 of the form

T = E2n71(55,y72)+z2n(%y72)7
(1) y = Q2n—1(xay7z)+g2n(x?yvz)?
z = RQn—l(xvyaZ)+R2n(z7yvz)7

where Pa,_1, @M_l and Ry,_, are homogeneous polynomials of degree
2n — 1, and Pa,, Q,,, and Ry, are analytical functions starting with terms
of order 2n.

In general Hopf bifurcation is well studied for singular points which have
an eigenvalue of the form «a(g) & §(g)i with «(0) = 0 and o/(0) # 0. Also
in dimension 2 the Hopf bifurcation can be obtained for the singular points
having eigenvalues of the form £ using the so—called Lyapunov constants,
see for instance [1, 2]. But for systems (1) with n > 1, the singular point
located at the origin is degenerated and all its eigenvalues are zero, so the
standard techniques for studying the limit cycles that bifurcate from the
origin changing a parameter cannot be applied.

We shall study the Hopf bifurcation of a subclass of systems (1) using
the averaging theory, see Section 2. Our main results are as follows.

Theorem 1. We consider the differential systems in R given by

j} = —Hy(ﬂv,y)—FPgn(x,y,z) +EP2n_1(m7y)’
(2) y = Hﬂf(xay) +Q2n(x,y,z) +€Q2n_1(1‘7y)’
2 = RQn(zayaz) +6622n71,
where
1
H o= 5G4y n=im
n
Py,_1 = x(plen—Q +p2x2n—3y+ N +p2n_1y2"_2),
Q2n—1 = y(plen_2 + p2$2n_3y + ... +p2n—1y2n_2)a

and Pop, Q2pn and Ro, are arbitrary analytic functions starting with terms
of degree 2n, then from the origin of system (2) for ¢ = 0 can bifurcate
2n—1 limit cycles for € # 0 sufficiently small using averaging theory of first
order.

Theorem 2. Under the assumptions of Theorem 1 for the casel =1, from
the origin of system (2) for e =0 can bifurcate 3n — 1 limit cycles fore # 0
sufficiently small using averaging theory of second order.

Theorem 1 will be proved in Section 3. Theorem 2 will be proved in
Section 4.
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We remark that in the proof of Theorem 1 we only use the terms of
degree 2n — 1 and 2n of system (2), but in the proof of Theorem 2 we need
to use the terms of degree 2n — 1, 2n and 2n + 1 of system (2).

2. LIMIT CYCLES VIA AVERAGING THEORY

Under good assumptions we can say that the averaging method [5, 6] gives
a quantitative relation between the limit cycles of some non—autonomous
periodic differential system and the singular points of its averaged differen-
tial system, which is an autonomous one. The next theorem provides a first
order approximation in e for the limit cycles of a periodic differential sys-
tem, for a proof see Theorem 2.6.1 of Sanders and Verhulst [5] and Theorem
11.5 of Verhulst [6].

Theorem 3 (Averaging method up to first order in €). We consider the
following two initial value problems

(3) x':ef(t,x)+529(t,x,5), (E(O)::L'O,
and
(4) §=eF(y), y(0) = o,

where x, y, xo €  an open subset of R™, t € [0,00), € € (0,e0], f and g are
periodic of period T in the variable t, and F°(y) is the averaged function of
f(t,x) with respect to t, i.e.,

(5) FOly) = % /0 f(t,y)dt.

Suppose: (i) f, its Jacobian Of /Ox, its Hessian 8% f/0x?, g and its Jacobian
0g/0x are defined, continuous and bounded by a constant independent on
g in [0,00) x  and e € (0,&0]; (i) T is a constant independent of €; and
(7ii) y(t) belongs to Q on the interval of time [0,1/e]. Then the following
statements hold.

(a) On the time scale 1/ we have that x(t) — y(t) = O(e), as e — 0.

(b) If p is a singular point of the averaged system (4) such that the
determinant of the Jacobian matrix

OF°
0y |y=p

(6)

is not zero, then there exists a limit cycle ¢(t,e) of period T for the

system (3) which is close to p and such that ¢(t,e) — p as e — 0.
(¢) The stability or instability of the limit cycle ¢(t,e) is given by the

stability or instability of the singular point p of the averaged system
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(4). In fact, the singular point p has the stability behavior of the
Poincaré map associated to the limit cycle ¢(t,¢).

In [3] the authors have succeeded to weaken the hypotheses of the aver-
aging method for the existence of periodic orbits using the Brouwer degree
theory.

The next theorem provides a second order approximation for the solutions
of a periodic differential system, for a proof see Llibre [4] and Theorem 3.5.1
of Sanders and Verhulst [5].

Theorem 4 (Averaging method up to second order in €). We consider the
following two initial value problems

(7) i =cf(t,x) +e%g(t,x) + 3R(t,x,¢) | xz(0) = xg ,
and
8) y=ceF(y) +2Fy) + G (y) . y(0) == ,

with f, g : [0,00) x D — R™, R : [0,00) x D x (0,e9] — R™, D an open
subset of R™, f, g and R periodic of period T in the variable t,
of ay'
Fl _ 2,1 _ 7F0
9 (1) = 52y (1) — T FO()

where
yH(t,2) = / (F(s,2) — FO(@)) ds + 2(x),

with z(x) a C function such that the averaged of y' is zero. Of course, F°,
F'0 and G° denote the averaged functions of f, F' and g, respectively, de-
fined as in (5). Suppose: (i) Of /0x is Lipschitz in x, g and R are Lipschitz
in x and all these functions are continuous on their domain of definition;
(ii) |R(t, x,€)| is bounded by a constant uniformly in [0,L/e) x D x (0,&0];

1
(#ii) T is independent on e; (i) y(t) belongs to D on the time-scale —.

€
Then the following results hold.

(a) On the time-scale % we have that x(t) = y(t) +ey*(t,y(t)) + O(?),
as € — 0.
Assume that F°(y) = 0 in addition.
(b) If p is an equilibrium point of the averaged system (8) such that

0
(10) 7 (F%y) +G(y)|  #0,
Oy y=p
then there exists a T—periodic solution ¢(t,€) of equation (7) which
is close to p such that ¢(t,e) — p as e — 0.
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(¢) The stability or instability of the limit cycle ¢(t,e) is given by the
stability or instability of the singular point p of the averaged system
(8). In fact, the singular point p has the stability behavior of the
Poincaré map associated to the limit cycle ¢(t,¢).

3. PROOF OF THEOREM 1

We assume that

Pgn = Z Aid’kxiijk + I‘IOT‘7
i+j+k=2n

Qo = Z B 'y 2F + HO.T.,
i+j+k=2n

Ry = > Cijpa'y/z"+HO.T,
i+j+k=2n

where as usual H.O.T. means higher order terms. By the generalized cylin-
der transformation

r=rCsh, y=rSnl, z=z
where C'sf and C'sf are defined by the solution of the following system
Csf = —Sn*719,  Snf=Cs*19,

with the initial condition C's(0) = 1 and Sn(0) = 0. Moreover, they satisfies
the following properties:

1. Cs=cos and Sn=sinif [ = 1.

2. Sn20 + Cs%6 =1.

2
8. T = 7B(1/(2l), 1/(21)), where B(-,-) is the Beta function. Let I, , =

0
/ SnPyp Cslpdp.
0
Csit1g
o1, = — .
4. Ia1—1,4 )
SnPtlg
5 1,01 = .
p,2l—1 P+ 1
SnPtlg Cs?2g g —204+1
0. Ipq = pt1 pt1 p+2l,q—21-

Snp=2H9 01T p—204+1
7o Ly = —

I, .
, q+1 q+1 p—21,q+21
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r 2
8. / SnPp Cslpdp = 7B((p—|— 1)/(20), (g+1)/(21)) if p and g are even.
0

T
9. / SnPp Cslpdp = 0 if p or ¢ is odd.
0

Proposition 5. Assume Py is the homogeneous polynomial function in

2m
Rz, y] of degree d, if d is odd then / Pa(cosb,sinf)df = 0.
0
Proof. 1t is trivial by property 9. (]

System (2) in the variables (7,6, z) becomes

2n
roo= Z Kzn—i,i(e)r%*izi + Ogpy1 (1, 2) + eL(O)r* 1,
li:O 2n
(11) 0 = - (7’2”1 + ZL2n—i,i(0)7'2niZi> —+ OZn(r; Z),
2 i=0
z = Z Moy i(0)r*" 7 2% 4 Ogpi(r, 2) + ec2®™ 71,
i=0
where
2n—1 - .
re) = Y pCs™ ' 7losni~to,
i=1
Kon—ii(0) = Z (A :Cs™217108n%0 + B,., ;Cs"0Sn*T2719),
r4+s=2n—1
L2n_i7i(6) = Z (Br,s,iCSTHGSnSH — Ar,s7iCsT95nS+19),
r4s=2n—i
My, _;i(0) = Z Crs:Cs"0Sn®0, in particular  Go2n = Co,0,2n-

r+s=2n—1

By the coordinate transformation r = ¢R and z = &£, system (11) is
orbitally equivalent to the following one

dr _pLOR " + 2 Ko i()r2n i
df R2n—1 4 ¢ 22220 Lani,i(e)’r'gnfizi

+0(e?),

(12)
% — R 0521’7,—1 + 21220 M2n7i,i(9)7’2n_iz7;

€ 4+ 0(?).
do R2n—1 4 ¢ ZfZO L2n—i,i(9)r2n_lzl ( )




HOPF BIFURCATION FOR DEGENERATE SINGULAR POINTS 7

Expanding the right part of system (12) with respect to the variable &, we
have

dR
5 = ch(tR.&+e%q(0,R.¢e),
(13)
d§ 2
@ = 5f2(0, R,f) +e 92(0» R7£1€)1
where
1 2n o
hORE) = 45 <F(9)R2n1 i ZKQ"_i’i(G)T%ZZZ> 7
i=0

2n
1 o
f(0,R,§) = R <C§2”_1 + ZMzni,i(e)T%_zzz> )

=0

T T
Furthermore, / Kop—pp(8)do =0, if p is even and / Moy, _q,4(6)d0 =0,
0

0
if ¢ is odd by Proposition 5.

Let © be the open subset and ¢ the positive number which appear in the
statement of Theorem 3. Then, it is easy to verify that system (13) satisfies
the assumption of Theorem 3 if we take () as an open disc centered at the
origin (R, &) = (0,0) of R? and a sufficiently small q. Since

1 (T
0 — .
F’(R,¢) = T/o fi(0, R, £)do,

for i = 1 and 2, then we get that

Flo(Ry f) = W(O&()RZTL_1 + OleQ"_lf 4+ a2R2”_3§3 4+ 4
Oan§2n—1>7
1
F(RE) = R2n—2 (&4 BIR*™ + B R - +
Bn R % + Co 0,208™™),
where
w0 = A [ r(oyp = Zhmapreor BEEE B
O T o B(L L) g
0 20 20

and
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a; =
1 T
-1 /O Hon—si1.5-1(6)d6
n

—1 2(n+l—i—k)+1 2k+1
B( ¢ 21 ) ) ;lr )(AZ(n+k7i)+1,2k,2i71+BQk,2(n+k7i)+1,2ifl)

B(g;: 1) ’

_ 2k=0

B =

1 T
:T/O Gatn—i+1),2(i—1)(0)d0

n—i+1 2(n—k—1)—1 2k+1
_ Lik=1 B( 21 s T 9 )CQ(n—k—i—l),Qk,Q(i-i-l)
- 1 1 .
B(j? ﬁ)

Moreover, we can see from the expressions of «; and (; that the functions
Loy,—;i,; do not affect the first order averaging method and that the constants
¢, Co,0,2n; Q1yeees Oy B1,e.., By can be chosen arbitrarily.

Now we look for the solution (R, £) of the following system of polynomial
equations with R > 0

R % + oy R272¢ + R4 4+ 4 e = 0,
PN B By 4 B RPN 4 G = 0,
which is equivalent to
(14) A RBP4+ g R 0T = —agRY?,
(15H R + BoR*" 2% + -+ 4 B R*P" 2 + Co 0™ = —c£?71
So dividing equation (15) by equation (14), we have
BiR?" + BoR*2€2 + -+ + B, R2E" 2 4 Cp 2,82 €1
ozphalRQ”—Qf + O¢2R2”_4§3 4+ 4 an£2n—1 a0R2”—2 ?
which is equivalent to
Bi+Ba(5)+ 4 Bu(5) 2+ Copn($)? ¢ [\ "2
a1(%)2+'-'+an71(%)2"72+an(%)2" o ( ) -
That is

co 6 4n—2 ca L f 4dn—4 coy g 2n
- | 5 n=l 5 . = _C 2 =
” (R) + ~ (R) +-+( o 0,0,2n) (R)
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Since ¢, Cp 0,20, O1,-..; On, B1,..., Bn, can be chosen arbitrarily, we can have
just 2n — 1 positive real roots for the variable (£/R)?. Note that from
equation (14), we have

&%)

£=— 2n—4 2n—2"
e () o )

Hence, each positive real solution £/R corresponds to a unique solution
of the polynomial system (14) and (15). Therefore, by Theorem 3, the
differential system (12) can have at most 2n — 1 limit cycles using the
averaging method up to first order in e.

Finally, since the transformation from the original system to system (12)
is 7 = eR and z = €, this means that the at most 2n — 1 limit cycles
tend to zero as € — 0 in system (2). That is, all the above 2n — 1 limit
cycles bifurcate from the origin of system (2). This completes the proof of
Theorem 1.

4. PROOF OF THEOREM 2

‘We assume that

2n—+1
Pgn = Z Aiyj,kxiyjzk + I‘IOT‘7
i+j+k=2n
2n-+1
Qu = Y. Bijsr'y2"+HOT,
i+j+k=2n
2n-+1
Ry, = Z C’Lj,kxiyjzk + H.O.T..
i+j+k=2n

By the cylinder transformation

r=rcos, y=rsinf, z=z,
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system (2) can be changed into

n 2n+1
E K2n—i,i( 2n—1 z+ E K2n+1 17. 2n+17222+

1=0
Oanya(r, 2) + el(0)r*n— 1

p2n—1 + ZL2n—i,i(9)7‘2n_iZi+

2n+1

> Long1-ii(0)r> 1 z> + O2p41 (1, 2),

n 2n+1
g Moy, i(0)r*" 2" + E Moy i(0)r2m ity

Oanio(r,2) +ecz? 1,

where I'(6), K2p,—;i(0), Lan—;:(0) and Ms,_, ;(0) are the same defined in

Section 3 and

Kont1-44(0)
Lon+1-4,:(0)

Maopt1-i,:(0)

= Z (Ars.i cos" T fsin® 0 + B, s,icos" 0 sin®t! 0),

r+s=2n+1—1

= Z (Brs,i cos" T fsin® 9 — Ay sicos" 6 sin®t! 0),

r+s=2n+1—1

= E C.s,5 cos” Osin’ 6.

r4+s=2n+1—1

By the coordinate transformation » = eR and z = €, system (16) is
orbitally equivalent to the following one

aR _
a9

(0)R2n 1+Zz—0K277 ; z( )R2n z£z+ 22n+1K2n+1_M(9)R2n+17i€i

R2n 1 +€Z1 0L2n zz( )RQn zfz 22n+1 L2n+1—i,i(9)R2n+17i£i7

s _
b~

o6 LY Mo i (O) B2 2 S Mo i (6) B2

R2n 1+521 o Lon— ”( YR2n—igi 4 22"+1 L2n+1_i,i(9)R2n+1—i§i’

where we have omitted some terms of order 3 in €.

Here our purpose is to apply Theorem 4 to system (16) instead of The-
orem 3. So take oy, ¢, B; and Cop 2, defined in Section 3 equal to zero
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fori=1,...,nand j = 1,...,n. In this way the functions F?(R,¢), for
i = 1,2, are identically zero, and the averaging theory of first order does
not provide any information. Thus we have

= Ch.RO+E@ORE + M)+ OE),
& = chO.RE+ (a0, RO+ (0 R ) +O()

where

2n 7
RORE = TORERY Kos) ()
=0
2n—1

f %
R2 M nfi,i(e) () )
2 Mool

2n+1 7
91(0, R, €) R* Y Konp1-i4(0) (;) ;

=0

f2(97 Rv g)

2n+1 i
QQ(G,R, g) R3 Z M2n+17i,i(0) (;) 3

=0

2n é. I
R» Lgy_i(0) () ,
2 bl

and h; = —K f; for i = 1,2. Of course, the 2r—periodic averaging of f; and
fo are zero by our assumptions.

K(0,R,¢)

By Proposition 5, the averaged of gy is

2 2n
= (e (§) s o0 (5)7),

1 2m
Ai=— Ko(n—iyy1,2:(0)do.
0

where

27
Similarly the averaged of g5 is

3 2n+1
GS—R?’(woéerl(g) +...+wn<;) )

1 27

wi = oo ; Mo —i) 241 (0)d0.

where

Let P4 denote a homogeneous polynomial of degree d in Rz, y]. Then
we have the following result.
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2m

Proposition 6. If Pa, (cos ,sing)dp = 0 fori=1,2 and dy + dz is
0

odd, then

27

0
P4, (cos b, sin ) (/ Pa, (cos p, sin go)dcp) df = 0.
0 0

2m

Proof. Since Pa(cos p,sinp)de = 0, then we know that
0

0 d
/ Pa(cos p,sinp)dp = Z Qi (0) + constant,
0

i=1
where Q;(#) is a trigonometric homogeneous polynomial of degree i in the
variables cos § and sinf. From the properties 4, 5, 6 and 7, we know that
7 and d have the same parity. So, by Proposition 5, we get the result. [

We can write hy as by = 1p, + 11, , where

I, = —R? ir(e)Lgn,i,i(e) (;)

=0

and by Proposition 6 its averaged is

3 2n—1
I(f)n :_R2 <770]§+771 <;) ++77n71 (é) ) )

1 2m

where

ni [(0) La(n—iy—1,2i+1(0)d0.

Similarly, we have that

1, = —R? (i Kopn_ii(0) (2)) Cz:; Lon—ii(0) (;)) .

27

By the fact that Ko,2n(0)Lo2n,(0)d0 = 0 and by Proposition 6, its
0
averaged is

I, =—R* o+ £ 2+ +v "
h1 — 0 1 R 2n—1 R )

1 2
1/)1 = — Z Kgn_l,l(a)LQn—m,m(e)de'

where
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Now we write hs as

hy = —Kfy, = —R? (2;;1 Moy, 4(0) (;)) (i Lon_i.i(0)) (2)) ,

and its averaged is

3 4n—1
hy = —R’® (’Yo (;) tn <I§) T+t Y201 (é) ) ,

1 2m

;= — Moy, _1.1(0) Loy . (0)d6.
%= 5 Z ; 2n—1,1(0) Lan—m,m(6)
I+m=2i+1
By Theorem 4, we need to calculate the averaged of the part generated
by the first order terms of €. So equation (9) here can be written as

where

t
Fl(taR,g):Df(va)/o f(S,R,g)dS,

where Df is the Jacobian matrix with respect to the variable (R,¢), and
its elements are

8f 2n . § i
87}% = T(O)+RY (2—i)Kan—i:(0) <R) ;

=0

(9f1 B 2n. é. i—1
% T R;lKQn—i,i(e) (R) ,

9 2n—1 i
£ = R (2—i)May i (0) <J§) ,

=0

(9f2 2n—1 . E i—1

P Mo . [ = .

aé. R Z 1VIop—4 4 (R
Thus,

ofr [° ofr [°
le1 :87‘2[) f1(<P7R7£)d<p+67f€1\/0 f2(<P7R7§)d‘P:Iy1 +Hy1

Then the averaged function of I, is
2% €\’ 2n—1
121 = R (Ml (R + H2 R REEER (RS
2 4 4n—2
R? <V1 (2) + 1 (;) + ...t rap— < ) ) )

+
= = R
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with
i 27 0
I 7/ INC)! Kon—iy—1,2i+1()dep | db,
™ Jo 0
1 27 0
v, = 27 Z / (2 — Z)KQn—l,l (0) / KQTTL—m,W(@)d(p do.
™ .JO 0
l+m=2i
Moreover
2 4n—2
- N (€
nw =R <X0+X1(R) + ...+ Xon l(R )
where

1 27 6
Xi = 5o > /0 IKo9p—1,(0) (/0 M2nm,m(90)d90> de.

l+m=2i+1

Similarly, we have

0 4 o 6

y2:£A fl(@aR7£)d¢+ai;/O f2(<P7R7§)dS0:Iy2+IIy27
where
2 2n—2
122 = R? (ToJrTl <1§) + .+ T (;) )
3 4dn—1
+ R (Co (é) + <1 (é) + .o+ Son—1 (é) )
with

1—i [*" ’
= / INC)] (/ Mg(ni),m‘(@d‘ﬁ) de,
Vs 0 0

2m 0
S = % Z /O (2 — l)M2n—l,l(9) </0 K2n—m,m(<p)d<p> dg.

I+m=2i+1

In particular, we have 73 = 0, and

3 4n—>5
1122 = R‘3 <0’0§ + o1 <g) + ...+ 02p-3 (é) > s

1 27 4
g = % Z / lMQn—l,l(o) ( . MZn—nL,m«p)d@) do.

0

where
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By Theorem 4, we must study the solutions of the polynomial system
n—1 5 2i+1 2n—1 f 21
R2 ./41 - - _R3 B’L ey 9
>4 (x) 25
n—1 5 2% 2n—1 g 2i+1
2 _ 3 i
RZC,»(R> = R Zu<R> :
1=0 =0
where
Ao=-n0, Ai=pi—mi, 1=1...,n—1,
BO:)\O_QZ}O—i_XOa BZ:)\’L_w’L—’_X’L—’—V’H i:]-v"'7n7
Bj:—i/Jj+Xj+Vj7 j=n-+1,...,2n -1,
Ci:Ti, i:(),...,n—l,
Di:wif"yi+§i+0i, 7;:0,...,717
Dj:*7j+§j+0ja j:n+1,...,2n72,
Don—1 = —72n-1+ S2n—1-
Dividing the first equation by the second one, we have
3 2n—1
Ao%—f—Al (%) +.o..+ A (%)

Co+Ca (%)2 .o +Cay (%)2%2

By + By (%)2 oot Boy (%)4%2

= 3 In—1°
Dok + D (%) +ooi Doy (%)
which is equivalent to the following polynomial equation of degree 3n — 1
in the variable z = (£/R)?
(17)
Z(An,lz”’l +.. + Az + Ao)(Danlzznil +...+D1z+ DQ)—
(Bap_122" 1+ 4+ Biz+By)(Cp12" 4+ ...+ C1z2+Cy) = 0.

So it can have 3n — 1 positive real roots at most, moreover, each root with
respect to the variable (£/R)? provides a unique solution in the variables
(R, &) using the equality

4n—2 2
Day1 (%) +...4D; (%) + Dy
- 2n—2 2
Chn_1 (%) +...+C (%) + Co

Now we claim that by choosing conveniently the coefficients of system
(2), we can have 3n — 1 roots of (17). To prove this, we note that the

&=
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coefficients B; and D; can be chosen arbitrary for i = 0,...,n, because \;
and w; can be chosen arbitrary. Then, let

May,0 = Oy 9n—1,0cosfsin®" 1,

Mop_ok—22k4+2=0, k=0,...,n—1,

r= (— L 05?726 4 cos®™ % @ sin? 9) 3.

2n—3
Thus,
B((2n — 3)/2, (21 + 1)/2)p3C 2m_
Co = ((n=3)/2,@n+1)/2)psCh.2 W ¢g=0 i=1,...,n
(2n— 1)
So the coefficients of the monomials of degree from 0 to n — 1 can be chosen
arbitrarily in equation (17) . Therefore, if L1 2,1 = —A0,1,2n-1 sin’ 6, then

Ki9n—1 = Ap,1,2n—1 cos O sin @, which implies

1
An_l == ;B((2n - 3)/2, 3/2)]731407172”_1.

So the coefficients of the monomials of degree from n to 2n can be chosen
arbitrarily in equation (17). Finally, if we take

MZn—Qi—l,ZH—l = Sin2n_2i_1 97 1=0,...,n—1,

Lop—2j2; = —Ao2n—2j2;sin®" 210, j=0,...n,

then
Kgnfgj,gj = AO’Qn,Qj,Qj cos 6 Sinzn_Qj 0.
So we have
1 27 0

Py 2n—1,1(0) / Kon—2j,2j(¢)dp — Lan—2j25(0) | db
(18) TJo 0

_LHB((ZL 2j +1)/2,1/2)A o

- (2n — 2] + ]_)’/T n—zj + ’ 0,2n—23,275-

That is, let S be a set of variables and if we denote L(S) the linear combi-
nation of all variables in S, then from the expressions of v;, ¢; and o, we
have

(19) D; = L(Ao2n—2k,2k,k =0,...,2n — j — 1) + constant;
for j =n+1,...,2n — 1. More precisely, let Y = (D, 41,...,D2,-1)T and
X = (Aoa2n-4,---,A02n0)T, we can write system (19) in a matrix form

Y = SX 4 C and the coefficient matrix S is upper—triangular with non—
zero elements in the main diagonal by equation (18). So the coefficients D;
can be chosen arbitrarily for j = n+1,...,2n — 1, which means that the
coefficients of the monomials with degree from 2n+ 1 to 3n — 1 in equation
(17) can also be chosen arbitrarily. By the same arguments in Section 3, we
get the result.
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