CLASSES OF MEASURES GENERATED BY CAPACITIES
G. DAFNI*, G.E. KARADZHOVT AND J. XIAO*

ABSTRACT. We introduce classes of measures in the half-space RT’I,
generated by Riesz, or Bessel, or Besov capacities in R™, and give a
geometric characterization as Carleson-type measures.

1. INTRODUCTION

Recall that a Carleson measure is a positive Borel measure p on the upper
half-space RTfr+1 = R" x (0, 00) satisfying

W(TB) < C|B] (L1)

for some constant C' < oo and all balls B in R™. Here |B| is the n-
dimensional Lebesgue measure of B and 1B is the “tent” over B:

TB = {(x,t) : x € B,t < dist(z,dB)}.

Note that in condition (1.1), the balls may be replaced by cubes. From
this, using a Whitney decomposition and the additivity of Lebesgue mea-
sure, we can replace balls by any open sets (see [15], Chapter II, Section
2.3.2).

A positive Borel measure p on the upper half-space RT’l is called a
(-Carleson measure if

uT(B)) < C|BJ (1.2)

for some constant C' < oo and all balls B. We denote the class of such
measures by C%. These classes were considered in [9], [11]
When 5 > 1, we can again replace balls by open sets since we have

Y oIBT < Q1B
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However, in the case § < 1, the condition on open sets is stronger. For
example, in the upper-half plane, consider the measure

=1
n=D 0 0t
k=1

where §p denotes the unit mass at point P. Then u(T(I)) < C|I|? for every
interval I but one can construct open sets O = Ul with

K

K
1
0| =k2|m ~ka1/5 <0 <o
=1 =1

and

The spaces V? of measures satisfying the condition (1.2) for all bounded
open sets were considered in [5], [4], [7],[10].

We are interested in whether we can modify (1.2) so as to give a condition
on open sets which is equivalent to the -Carleson condition on balls. An
example of such a result is the following:

Lemma 1.1 (DX). For 0 < 8 < 1, u € C? if and only if there exists
C < oo such that for every open set O C R™,

w(T0) < CALY(0).

Here AEIOO), 0 < d <, is d-dimensional Hausdorff capacity, defined (see
[1]) for a set E C R™ by

Afioo)(E) = inf Z 7";-1,
J

where the infimum is taken over all countable covers E' C |J; Bj, with each
Bj a ball of radius 7;.

This paper is concerned with investigating and showing that there exist
similar relationships between Carleson-type measures and classes of mea-
sures generated by capacities. In addition to Hausdorff capacity, we consider
classes of positive measures on the half-space generated by Riesz, Bessel, or
Besov capacities.

For 0 < a < n, 1 < p < n/a denote by hy(R") the Riesz potential
spaces, defined by the Riesz potentials, R,

(F9)(a) = clan) [ o=l "g(s)d.
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where ¢(, n) is a certain positive constant (see [12]), as follows:
hy :==A{f:f=R",g€ L},
with a norm

£ llng == llgllzr-

Here L? is the Lebesgue space on R".
For any open set O C R", the Riesz capacity of O is defined by (see [2]),

cap(Os1i) s=int{|f Iy £ € 5.4 >0, /(@) = 1itw € O,

where S is the Schwartz class of functions on R".
Let ® be a positive function on (0,00), ®(0) = 0. We define the classes
of measures Cap®(hg) as follows:

p € Cap®(hy) iff  p(TO) < ®(cap(O; hy)),

uniformly for all open sets O C R™.

Here the short notation X < Y is used for the estimate X < c¢Y. If X <Y
and Y < X then we write X = Y.

This definition is the analogue, for measures on the upper half-space and
tents over sets, of a definition given by Maz’ya for measures and sets in R"
(see Ch. 8 of [12], also [13] for the original idea). Namely, define the class
of Maz’ya measures, M ‘D(hg), consisting of all positive measures v in R"™
such that

v(0) < ®(cap(O; hy)).

Note that if v € M®(h3) and é denotes the unit mass at some € > 0, then
the measure = v x é. on R’frﬂ belongs to Cap‘b(hfj)7 since

W(TO0) = v(0.) < V(O) < (eap(O; %)),

where O, = {z € O : dist(z,00) > €}.

The main goal of this paper is to give a more geometric characterization
of the classes Cap‘b(hg‘) in terms of Carleson-type measures C®, defined as
follows:

peC® iff w(TB,) < d(r),
uniformly for all balls B, in R™ of radius r. For example, if ®(r) = r"f,
B> 0, then C® is the class CP? of f—Carleson measures, as in (1.2).

We now state a typical result, proved in the paper. Suppose that ® is a
function from [0, c0) onto itself which is equivalent to a strictly increasing
function <T>7 ie ¢ = CT), and which satisfies the following conditions:

®(0) =0, D(cs) = ®(s), ¢ >0, (1.3)
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(with constants which may depend on ¢), and for some («,p), 1 < p < oo,
0<a<n/p,

/05 [ (u) r/p du [ (s) r/p for all s > 0. (1.4)

un—op U gn—ap

Then
Cap® (h) = C? if o (s) = B(s7 7). (1.5)

For example, if ®(s) = s"%(1 + |log s|)”, then ® satisfies (1.3) and (1.4)
for 1 <p<oo, f>1—ap/n, 0 <a < n/p, and all real v. Note that
if v > 0 then @ is strictly increasing, and otherwise @ is equivalent to a
strictly increasing function ®.

In proving (1.5), we use the property

cap(By;hy) = cr" P, 1 <p <n/a, (1.6)

where c is the capacity of the unit ball. Hence the embedding
Capq)“(hg) CCO®1<p<n/a, u(s) = @((s/c)nflcw), (1.7)

is always true.
In order to see the inverse embedding, we prove weak-type estimates for
certain convolution operators of the form

f = U, u(‘r7t) = f * ¢t(z)> ¢t($) - tin@b(x/t)v (18)

for certain kernels ¢, when the domain is hj; and the range is an appro-
priate Lorentz space in R’f’l with respect to the measure p € C®. These
weak-type estimates are proved using an analogy with the technique ap-
plied by Adams (see Adams’ proof of Theorem 2, Section 1.4.1 of [12]) in
proving sharp embeddings of hy into the Lebesgue space built-up over a
positive measure in R™. Moreover, such type of estimates are important
for applications (see [11], [16] and [17]), so we devote Section 5 to deriving
the corresponding strong-type estimates. They are related to the problem
of sharp embeddings. Because of the analogy between our classes of mea-
sures and Maz’ya measures, we can try to extend the embedding results
(and methods) from [12] to certain convolution operators of type (1.8) and
measures y1 € Cap® (h).

For related embedding theorems in the case of measures on the unit ball
in C", see [8].

2. MEASURES GENERATED BY HOMOGENEOUS CAPACITIES

2.1. Riesz capacities. The main result is the following theorem
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Theorem 2.1. Let the function ® satisfy conditions (1.3) and (1.4). Then
Cap® (h3) = C® if By (s) = B(s77). (2.1)

Proof. One embedding is given by (1.7). To see the other, let u € C®. As
it has been already explained, we are going to derive weak-type estimates
for the convolution operator f — wu, u(z,t) = f+*¢(x), where ¢ is a positive
function such that (see [11])

o(z) < (14 |z))™", ¢ € L. (2.2)

The proof follows the scheme of the proof of Lemma 3.2 in [11]. For
A >0, let

h(N) = u(Ey), EBx={(z,t) e RE : [fxe(a)] > A} (23)
If f =R%g, g € L?, then
frof) = | it =g

where

B(t, 2) = cla,n) / ly — 2% i (y)dy,

n

and according to Lemma 3.1 of [11],

Yt x) < (t+|2)7", 0<a<n. (2.4)
Therefore
M) < [ A s o< [ oG [ (4l - o) dud,
E\ R” E\

whence (cf. [11], proof of Lemma 3.2)
() < / pan=1 / 19(2) (T Bz, 7)) dzdr, (2.5)

0 n

where g is the restriction of p to Fy.

Let
T1(s) :/0 po—n=l /Rn lg(2)|\pA(TB(z,r))dzdr,

T = [ [ @l (T Bz )dsdr

We estimate T3 (s) for arbitrary s > 0. Using Holder’s inequality, we get

n < [ () |g<z>wTB<z7r>>dz)1/p (1))~ dr,
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where I(r) = [g. pa(TB(z,7))dz. Since

I(r) = / / dpdz = / / dz | dp < r"h(N),
n JTB(z,r)NEx (z,t)EEN B(z,r—t)

(2.6)
and p € C®, we get

y d
12(5) =< lllr b7 [ remiratinn (2.7
0
Analogously, now using the estimate py(T'B(z,r)) < h(\), we derive
Ta(s) < |lgllLrh(N)s*™/P if a < n/p, 1 < p < 0. (2.8)
In this way, using also (1.4), we have

ARA) =< fllng IRV P [@(s)] VP52 4 B(A)s* /7). (2.9)

Replacing, if necessary, ® by an equivalent strictly increasing function ® in
(2.9), we can choose s > 0 such that ®(s) = h(\). Then

M@= (B < | fllag. (2.10)

which is the desired weak-type estimate.

Next we prove that (2.10) implies o € Cap®=(hg). Let O C R" be an
openset andlet f €S, f >0, f > 1onO.If (z,t) € TO, then B(z,t) C O,
hence

frofa) = [ f@oa-aaz [ ote-ai= [ o

(z,t) {z:]z|<1}

Therefore,
TO C {(2,) : f % du(x) > dy ::/ 6(2)dz).
{z:|z]<1}
Thus
w(TO) < h(dy). (2.11)
On the other hand, the above f can be chosen so that ||f|F. <
2cap(O; hy). Then (2.10) gives
[(b_l(h(d¢))]n7ap < cap(O; hy), (2.12)
which together with (1.3) implies

h(dy) < @ ([cap(O; h;;)]n—%p) . (2.13)
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Note that if we used the equivalent strictly increasing function ® instead
of ® in (2.10), we can now go back to using ® on the right-hand-side.
Combining (2.11) and (2.13) gives the desired conclusion:

1

w(TO) < @4 (cap(O; hy)), Pol(s) = P(smor).
]
2.2. Homogeneous Sobolev capacities. The homogeneous Sobolev

spaces, wy", 1 < p < oo, m—positive integer, are defined as the closure of
Cg§° —functions on R™ with respect to the norm

1w = > 1D fllzs-

|r|=m

As in the previous subsection we can define the homogeneous Sobolev ca-
pacities

cap(Osw) = inf{|[f L  f € S, [ 20, f(a) = 1if € O},
and the classes of measures Cap®(wy"),
u € Cap®(w o) iff pu(TO) < ®(cap(O;wy")).
Then Theorem 2.1 implies the following

Corollary 2.2. Let ® satisfy the conditions (1.3) and (1.4). If 1 < p <
n/m, or p=1 and m < n is even, then

Cap® (W) = C*,  Bu(s) = B(s7m). (2.14)

Indeed, using the Fourier transform F, defined on functions f € L'(R")
by

FIO = [ fla)e ™ da,

R”
one can write the Riesz potential of a function g € S(R™) as

Rg=F (¢~ Fg),
while the partial derivatives of f € S(R™) are given by
O;f = F~H(i&;F ).
If m is an even integer, and f = R™g, we have
“HEmFES = F O EMPFE,

which leads to the inclusion wy' C hy', p > 1.
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This containment and the opposite one for any integer m and 1 < p < oo,
follows from the fact that for this range of p the Riesz transforms R,
1 < j <n, defined (for g € S(R™)) by

Ry = F ({5 %a)

extend to bounded operators from LP to LP. If f = R™g, m an odd integer,
then

_ m— o i€ m—
9= FellEl " VEN = i (Y e () E),

which gives again wy" C hy' for 1 <p < oco.

For the converse, note that for any integer m, if f = R"g with g €
LP(R™) and « is a multi-index with |x| = m, we get
(i€)"
gl

Thus if 1 < p < n/m, then wy," = h* and (2.14) follows from Theorem
2.1. If p=1 and m is even then wi™ C A", hence

C* = Cap® (h") C Cap® (w]").

D“f:]-"*l( ]-"g):(Rl,Rg,...,Rn)”geL”(R”), 1< p< oo

Finally, since
n—m

cap(B;wi") = er™™™,

we have
Cap®= (wi") c C®.
2.3. Homogeneous Besov capacities. We can define the homogeneous
Besov spaces, by, ,, @ > 0,1 <p <00, 0 < ¢ < 00, by interpolation:
bpq = (Lﬂw?)a/m’q, O<a<m, (2.15)

where (-,),,, stands for the real interpolation method (see, for example,

[6]).
For any open set O C R", the homogeneous Besov capacity of O is
defined by

cap(0;b% ) = inf{||f||€g’q cfeS, >0, f(z) >1ifz € O},

?7P,q

and the classes of measures C*(b% ) by

[LGC(I)(bg’q) iff 1(TO) < ®(cap(O; b)), uniformly for all open setsO C R™.

P,
Theorem 2.3. Let the function ® satisfy conditions (1.3) and (1.4). Then

C’ap‘b“(b;q) =C%ifl <p<nja, 0<q< oo, Bu(s)= @(snjap). (2.16)
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Proof. Since
cap(By; by ) = er" P 1 <p <n/a,
where ¢ = cap(Bi; by, ), we have the embedding
C’ap%(bg,q) CC?if1 <p<n/aand B, (s) = <I>((s/c)"—1fw),
for any @ > 0.
To see the inverse, we use the weak-type estimate (2.10) for u € C® and
real interpolation for fixed p > 1 and ®. Since ([6], Theorem 6.3.1),

(R hp®)o.q = by,

o 1 <p<00,0<qg< o0, a=(1-0)ag+0az, 0<0 <1,

we derive from (2.10),
Ae RO < £ - (2.17)

Note that if we had to use the equivalent strictly increasing function ®
instead of @ in (2.10), we would now have ®~! in (2.17). As at the end of
the proof of Theorem 2.1, we conclude that (2.17) implies p € Cap® (b3 ).
|

Theorem 2.4 (Case b{',). Let the function ® satisfy conditions (1.8) and
s /P 1/rd o 1/r
/ <(“)) “<((s)> Jlr=1—a/n, 0<a<n. (2.18)
0 u" U sn
Then

Cap® (b7 ,) = C* ®,(s) = D(s7=). (2.19)

Note that (2.18) implies (1.4) if p = 1.
Proof. If 4 € C®, f € L", and ® satisfies (2.18), then the same proof as
that of Theorem 2.1 (formally taking o = 0), and again replacing ® by an
equivalent strictly increasing function if necessary, shows that

M@ BN < I ey 17 < o0,
We can interpolate this inequality, hence
(@7 (BN =< 1 ey 1< 7 < 00,0 < g < o0,

where L™ is the Lorentz space (see [6]).
Since we have the embedding

T, C LM 1/r=1-a/n0<a<n,
we get
_ n/r
A@7HRO))™T <l (2.20)

i.e. the estimate (2.17) for p = 1. As before, we conclude from (2.20) that
p € Cap®(by,). m
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Remark 2.5. The same proofs as those of Theorems 2.1 and 2.3 show
the following embeddings for a larger classes of functions ®. Namely, let ®
satisfy (1.3) and let

F(s):=s (/O (%(U)>W ?)p, 1< p<nja, Bu(s)=(siap).

u
(2.21)
Then
C* Cc Cap"(h§)1<p<n/a (2.22)
and
c® c CapF(bqu) l<p<n/ao. (2.23)

For example, if ®(u) = «" *P(1 + |logu|)?, v < —p, then F(s) = s(1 +
|log s[)7*7.

3. MEASURES GENERATED BY INHOMOGENEOUS CAPACITIES

3.1. Bessel capacities. We first recall the definition of the Bessel potential
spaces, Hy, 0 < a <n, 1 <p < oo (see [2], [12]). We say that f € Hy iff
f=Gax*g, g€ LP, and the norm is given by [|f|[ae = [|g| L+, where G, is
the Bessel kernel

Gal) = 2] @K o (fe)),

and K is the modified Bessel function of third kind:

n—a—1
Kuo(|2]) = clz| 7/ 2eI] /0 et TR <1 + ;ﬂ) du.
In particular, we have the global estimate
Golz) < e (14 [z[*m) (3.1)

For any open set O C R"™, we define its Bessel capacity by
cap(O; Hy') = inf{\|f||pg :feS8, >0, f(z) >1ifz € O}.
For example (see [2]),
cap(By; Hy) ="~ P if 0 <r <1, 0<a<n/p, 1 <p<oo (3.2)

and
cap(Bp; Hy) =" ifr > 1, 0 <a <n/p, 1 <p < oo. (3.3)

The classes of measures Cap‘I’(H;}) are defined as follows:
p € Cap® (Hy) iff y(TO) < ®(cap(O; Hy)),

uniformly for all open sets O C R™.
Our main result in the nonhomogeneous context is the following theorem.
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Theorem 3.1. Let U be a function from [0,00) onto itself which is equiv-
alent to a strictly increasing function and satisfies condition (1.3), as well

as /Os (qjiu)y/p? ) (\I,S)) 1/p 5.0

for every s > 0. Set

v ={ gl esi 39)
Then
Capq’(Hg‘) =0, 1<p<nja (3.6)
Proof. Using (3.2), (3.3), we obtain the embedding
Cap\l’(Hg) cCc¥, 1<p<njo (3.7)

Conversely, assume g € C¥”. As in the proof of Theorem 2.1, we can write

M) < [ A sau@ldu< [ @G o - dindz. (39

Ex R” "
We need the estimate
Go * ¢p(x) < min{ (¢t + |2|)*", (¢ + |z|) 7"}, (3.9)
if ¢ is a non-negative smooth function with compact support in the unit
ball, and dg := [, ¢(z)dz > 0.

The first estimate is a consequence of G, (z) < |z|*™™ and (2.4). To
prove the second estimate, we use the properties G, € L' and ®; < t™.
This gives G * ¢¢(z) <t™", or

Go * e(x) < (t+ |z|) 7" if |z| < 2t (3.10)

If || > 2t and y € support of ¢; (hence |y| < t), then |z| +t < |z|/2 <
|z — y|. Therefore (3.1) implies

Gox 0n(@) <Oy [ o=l (1o =401

or
Go *x de(x) < (t+ |z|) 7™ if || > 2¢. (3.11)
In estimating h(\), we consider two cases. We assume that ¥ is strictly
increasing, otherwise we replace it by a strictly increasing function ¥ with
UaU.
Case 1: h(A\) < ¥(1). In this case we apply the first estimate in (3.9).
Thus we get (2.5) so we can argue as in the proof of Theorem 2.1. We
take s < 1 so that in estimate (2.7) for Ti(s) we can use the fact that



12 G. DAFNI, G.E. KARADZHOV AND J. XIAO

ux(TB(z,r)) < U(r"~2P). With the change of variable r"~*? — r (note
a < n/p), and using (3.4), we get

AR(A) =< fllag {s™VPIE(S)] VPR P 4 57 HPR(A) . (3.12)

Since h(A\) < ¥(1), and we are assuming ¥ is strictly increasing, we can
choose s < 1 such that ¥(s) = h(A). In this case we get

A RO < g (3.13)

Case 2: h(A) > ¥(1). Here we can assume s > 1. We start with (3.8)
and write
A(A) < T+ 114111, (3.14)

I= / / 19(2)|Ga * ¢r(x — 2)durdz,
" J{(wt):|le—z|+t<1/2}

= / / |g(z)‘Ga * ¢t(.’E — Z)d/_udz,
mJ{(x,t):1/2< |z — 2| +t<s/2}

III = / / |9(2)|Ga * dt(x — 2)dprdz, 1 < s.
n J{(z,t):|lz—z|+t>s/2}

The first integral can be estimated in the same way as T7(sg) for some
constant sg, so that (2.7) simplifies to

L=< || fllzrg [POOTH P (3.15)

To estimate I, we use the second bound in (3.9), whence

< f o lple = 0] dprds
R™ J{(z,t):1/2<p(z—z,t)<s/2}

where p(z,t) := |x| + t. Since

S
p " </ " drif p < 5/2,
o

where

now we have, instead of (2.5),

II</ r"l/ ux(TB(z,r))dzdr.

Arguing as before and using u(TB(z,7)) < $*(r) < U(r™) if r > 1/2 (by
definition (3.5) and property (1.3) for ¥), we get

II‘<||f||Hg/ r_n/p_l\I/(T")l/pdT[h(/\)]l_l/p-
0

Again changing variables 7" — r, and using (3.4), we obtain

IT < || fllzrg s~ /P[0 (s)] /P R(N)] P (3.16)
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Analogously,

III%/ 7"_”_1/ ux(TB(z,r))dzdr,
s/2 n

and using px(TB(z,r)) < h(\) we get, as before (also changing variables
),
IIT < || f||mes™/Ph(N). (3.17)

Unifying (3.14), (3.15), (3.16) and (3.17), we get (3.12) for s > 1 as well.
Since now h(A) > ¥(1), and again assuming we’ve replaced W, if necessary,
by an equivalent strictly increasing function, we can choose s > 1 to solve
the equation ¥(s) = h()), and therefore (3.13) holds in this case as well.

In order to prove that (3.13) implies . € Cap” (H}'), we start with (2.11).
Analogously to (2.12), we derive from (3.13) that

U (h(dg)) < cap(O; Hy).
Together with (2.11) this means that u € Cap¥ (HS). =

3.2. Inhomogeneous Sobolev capacities. If a = m is integer and 1 <
p < oo, then H)" = W - the Sobolev space with norm

1Fllwg = > IID"fllzs-
|k|<m

As in the homogeneous case, this can be seen via the Fourier transform,
since the Bessel potential f = G,,, * g can be written as

fF=F A+ ¢ 2 Fy), (3.18)

and the operators defined by the Fourier multipliers W, k| < m,
are bounded on LP(R™) for 1 < p < oo (see also [14], Ch. V, Theorem 3.3).
When p =1 and m is even, (3.18) shows

wit c H", (3.19)

but this inclusion fails for m odd, and equality does not hold (see [14], Ch.
V, Section 6.6).
By definition, for any open set O C R",

cap(O; W) = inf{|| fl[jym : €S, f >0, f(z) > 1ifz € O},
and
p € Cape (W) iff 1(TO) < @(cap(O; W),

uniformly for all open sets O C R™.
Theorem 3.1 implies the following corollary.
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Corollary 3.2. Let m be an integer less than n. With ¥ and ™ as in
Theorem 3.1, we have
Cap® (W) =C"" (3.20)
forl<p<n/m orp=1 and m even.
Proof. If 1 < p < n/m then W = H}* and (3.20) follows from Theo-
rem 3.1 . If p =1 and m is even then the inclusion (3.19) implies
CY" = Cap¥(H™) C Cap® (W™). (3.21)
On the other hand, for m < n we have
cap(B, W) <r"Tmif0<r <1
and
cap(Br; W) < r™if r > 1.
Therefore,
Cap* W™y cC¥", 1<m < n. (3.22)
Combining (3.21) and (3.22) gives (3.20). m

3.3. Inhomogeneous Besov capacities. We can define the inhomoge-
neous Besov spaces, By, a >0, 1 <p < o0, 0 < ¢ < oo, by interpolation:
By, = (LP W ) a/mgs 0 < a<m. (3.23)

We need the following formula (see [6])
By, = (Hy, Hy?)p g o= (1-0)ar+0az, 1 <p < oo, 0<g< o0 (3.24)

For any open set O C R™ the inhomogeneous Besov capacity of O is
defined by

cap(0: By,) = inf{|fllp, : f €S, 20, fx) 2 1ifx € 0)
and the classes of measures C*(Bg, ) as follows:
e C'i’(Bg’q) iff  p(TO) < ®(cap(O; By ,)),
uniformly for all open sets O C R™.

Theorem 3.3. Let Q be a function from [0,00) onto itself, which is equiv-
alent to a strictly increasing function, and satisfies condition (1.3). For
0<a<n/pandl <p< oo, assume ) satisfies condition (1.4) whenever
0 < s <1, while when s > 1 it satisfies

/18 (W>1/pm<(9(s))1/p and 5" < Qs). (3.25)

um U s™

Then for 0 < g < oo,
Cap=(BY ) = C2, (3.26)

p.q
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where

_ Q(S"%“P) if0<s <1,
Qa(s) = { (st ifs> 1. (3.27)

For example, with 8y > 1 — ap/n and B; > 1, we can take

nfBo Yoo i
Q(s):{s (1+ |logs|) ifo<s<1,

s"(1 4 [logs|)  if s> 1. (3.28)

Proof. Let U(s) = Q,(s). Then ¥*(s) = Q(s), where U® is defined by
(3.5). Moreover, W satisfies (3.4) and (1.3), and if Q ~ Q for some strictly
increasing function S~2, then W is equivalent to the strictly increasing function
Qa. Therefore, with p € C, we have the estimate (3.13). This estimate
can be interpolated for fixed © and p. Using (3.24), we derive from (3.13)

- 1
A O] < 1 s, (3.20)
From (3.29), it follows as before that p € Cap” (Bg,), i.e.
C? C Cap™ (By,).

To see the inverse inclusion, we notice that for 0 < o < n/p, cap(B,; B;q) <
r"ePif 0 <r < 1 and cap(B,; By ) < " if r > 1. Hence

Cap®e (Bpg) C ce.

4. RELATION WITH HAUSDORFF CAPACITIES

For any open set O C R"™ and any positive increasing function w on
(0,00), define the (w-)Hausdorff capacity of O by

A (0) =inf > w(r)),

where the infimum is taken over all coverings of O by countable unions of
balls of radii 7;, O C UB,,. In particular,

AT (Br) < w(r). (4.1)

If w(r) = r? d > 0, this is the d-dimensional Hausdorff capacity (or
Hausdorff content) as defined by Adams (see [1]), and we write AS° instead
of A?. Since the set function O + cap(O; hy) is countably subadditive (see
[2], p. 26), we see that

cap(O; hy) < A3 ,,(0), 1 <p<n/a. (4.2)

n—ap
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The inverse inequality can not be true uniformly for all open sets O (see
[2], p. 148). Using the Hausdorff capacities, we can define classes of positive
measures Cap®(AS°) in R as follows:

i€ Cap® (M) iff j(TO) < B(AF(0)),
uniformly for all open sets O C R™.

Theorem 4.1. Let the function ® be equivalent to a strictly increasing
function and satisfy conditions (1.3) and (1.4). Then

Cap® (A ,,) = Cap®= (hS) = C? if o (s) = B(s77 ). (4.3)
Proof. From (4.2) we derive the embedding
Cap®= (hy) C C’ap%(Aﬁbo_ap), 1<p<n/a,

and using (4.1) we see that

1

Cap® (A ) C C%, B, (s) = B(s7=ap).

n—ap
It remains to apply Theorem 2.1. =

Note that the equality Cap®(Ay® ) = C® for ®(r) = r"~°? is just
Lemma 1.1 with 8 =1 — ap/n.

Analogously, for Bessel capacities we have

cap(O; HY) < Ay (0), 1 <p <n/a, (4.4)

where wq (r) = " if 0 <r < 1, and wa(r) =" if r > 1.
Theorem 4.2. Let the function U satisfy conditions (1.3) and (3.25). Then

Cap” (A3) = Cap™ (HZ) = C"" if U™ = W o w,,. (4.5)
Proof. From (4.4) it follows that

Cap® (HE) € Cap"(A).
and using (4.1) we derive
Cap” (A) c C"".

It remains to apply Theorem 3.1. =

5. RELATED CONVOLUTION OPERATORS

Here we prove strong type estimates for the convolution operators (1.8).
Let ¢ be positive function on R™, satisfying the following condition (see
[15], Chapter II, Section 2.4):

¢ has a non-increasing radial majorant that is integrable and bounded.
(5.1)
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For any positive strictly increasing function ® on (0, c0) and any positive
measure f on R’ffl, let AL (®~1), 1 < p < oo, denote the Lorentz space on
R/™!, consisting of all measurable functions F(x,t) such that

1/p

1F g oy = ( I <I>-1<h<A>>dv) < oo,

where h(A) = p{(z,?) : [F(x,t)| > A} If @ is not strictly increasing but

only equivalent to a strictly increasing function ®, we replace ®~! by ®~1in

the above definition (where the size of the norm may depend on the choice
®), but for the sake of simplicity we keep the same notation.

Theorem 5.1. Let ¢ satisfy (5.1) and let ® be as above and satisfy (1.3).
If u e Coap‘b(hg‘)7 then

If = dellaz@-1y < [Ifllng, 1 <p<n/a (5.2)
Conversely, the estimate (5.2) implies p € Cap® (h).
Proof. We start with (2.3) and use the relation (see [15])
h(A) = p(T{x : M f(z) > cA}), (5.3)

where M is the Hardy-Littlewood maximal function and ¢ is a positive
constant depending on ¢.
If € Cap®(h$), then (5.3) implies

®(R(N) < cap({x : M f(z) > cA}; hY). (5.4)
Hence

/00 O~ 1(h(N)dNP < /OO cap({x : M f(z) > cA}; hy )dAP. (5.5)
0 0

It remains to apply Dahlberg’s estimate (see [12]). m
As a consequence of Theorems 2.1 and 5.1, we get (see also [11], where
the case ®(s) = s™%, 3 > 1 — an/p is covered)

Corollary 5.2. Let ¢ satisfy (5.1) and let @ satisfy (1.3) and (1.4). If
e C® @,(s)=d(s""), 1 < p<n/a, then

If * Gellan(@-1) < I fllng- (5.6)
Theorem 5.3. Let ¢ satisfy (5.1) and let @ satisfy (1.3). If u € Capq>(b§‘7q),
then
| f * (z)tHAﬁ((@*l)b) = Hf||bg,qa 1<p<n/a, 1<q< oo, (5.7)
where
a = max{p, ¢}, b = max{1,q/p}. (5.8)

Conversely, the estimate (5.7) implies p € Cap®(b3,).
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Proof. For € Cap® (b3 ,) we have, analogously to (5.5),

/OO[CI)*l(h(A))]bd)\“ < /Oo [cap({z : M f(z) > cA}; by )]PdA®.
0 0

Applying Corollary 1 of [3] and Lemma 4.1 of [17], we get (5.7). m
As a consequence of Theorems 2.3 and 5.3, we get (see also [11])

Corollary 5.4. Let ¢ satisfy (5.1) and let ® satisfy (1.8) and (1.4). If
p € C% &,(s)=&(s" ), 1 <p<n/a, then

1 * D¢l aa (@-1ye) < [ fllvg, » (5.9)
where a, b are defined by (5.8).

Using Theorems 5.1 and 5.3, and Remark 2.5, we have the following
estimates for a larger classes of functions .

Corollary 5.5. Let ¢ satisfy (5.1) and let ® satisfy (1.3). If p € C®, then
I1f * dellan -1y < | fllng, 1 <p <n/a (5.10)
and
1 * D¢l aa (m-1yp) < I fllog,» (5.11)
where a, b are defined by (5.8) and F is given by (2.21).

The results of Theorem 5.3 and Corollary 5.4 for ¢ < p are not sharp in
the sense that the range space can be taken smaller in general. To see this,
we are going to use a slightly different approach.

We need classes of measures V', generated by the Lebesgue measure in
R", as follows:

p e VT iff u(TO) < @(|0V™)),
uniformly for all open sets O C R™, where |O] is the Lebesgue measure of
0.
Using the embedding
by, C L™, 1/r=1/p—a/n, 0 <a<n/p, 1<p<oo, 0<g<oo (5.12)
where L™ is the Lorentz space (see [6]), we see that

|O\17ap/” =< cap(O; b5 ).

19p.q
In particular, if ® satisfies (1.3), then

Ve C Cap®e (bp.q) C C*, ®,(s) = d(s"OP). (5.13)
Theorem 5.6. Let ¢ satisfy (5.1) and let ® satisfy (1.3). If u € V', then
||f * ¢t| AL((@-1)n/T) < ||fHLr,q, 1<r<oo, 0<qg< oo (514)

Conversely, the estimate (5.14) implies yu € V2.
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Proof. Starting with (5.3), we get
h(A) = ®(|{z : Mf(z) > cA}HY™).
Hence

I1f * bellag(@—ynrmy < 1M fllra <[ fllzra-

Choosing f to be the characteristic function of the set O, we derive as
before that the estimate (5.14) implies p € V®. (see also [15], Chapter II,
Section 5.9, where the case ®(s) = s™?, 3 > 0 is considered.) m

As a consequence we get

Corollary 5.7. Let ¢ satisfy (5.1) and let ® satisfy (1.3) and let p € V®.
Then

IS * bellag@-1yormy < [ fllog,» 1 <p <n/a, 0 <g<o0. (5.15)

Corollary 5.8. Let ¢ satisfy (5.1) and let ® satisfy (1.8), (1.4) and

S ey < oStV t; >0, (5.16)
If f € C%=, By(s) = ®(s"~P), 1 < p < n/a, then
ILf * dellaz(@-1yarey < [ fllog, - (5.17)

Before proving this result, note that the function ®(s) = s™%log” (1 + s),
8> 1,y >0, satisfies the conditions (1.3), (1.4), (5.16). Moreover, if § > 1,
then we can take v to be any real number. Indeed, let us check (5.16) for
3 > 1. Choose € > 0 such that S — e¢/n > 1, and notice that the function
s€/n log”(1 + st/ ™) is equivalent to an increasing function, therefore

6/"10g 1+t1/n Zt )/ log™ (1 _'_(th)l/n)’

and then
ST M og (1 + ") < St ) og (14 O )™
< (O t) log (1 + () t)™).

To prove Corollary 5.8, we notice that as in [15], we have
® — C? if ® satisfies (1.3) and (5.16). (5.18)

It remains to apply Theorem 5.6, the embeddings (5.12) and (5.13), and the
relation (5.18).
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6. NEGATIVE RESULTS

Theorem 6.1. Let the continuous function ® satisfy (1.3) and let

LT ®(u) T dy
A {un_ap] W =% l<p<n/a. (6.1)
Then )
Cap® (h3) # CT, ®o(s) = B(s7op). (6.2)

Proof. The condition (6.1) and Theorem 5.4.2 of [2] imply the existence of
a compact K C R™ such that Ag(K) > 0 and

cap(K; hy) = cap(K; Hy') = 0. (6.3)

By Theorem 5.1.12 of [2], there exists a positive measure v € M®(h%), such
that = v x §; € C® and v(K) ~ Ag(K). In particular,

V(K) > 0. (6.4)

Suppose that u € Cap® (h;“). Then by Theorem 5.1, where @ is replaced
by ®,, we have the estimate (5.2). For any open set O D K, let f € S be
such that [|f[|7. < 2cap(O;h$). Then by (2.11) and (5.2),

v(0) < h(dg) < ®qo(cap(O;hy)).

Taking the monotone limit O — K, we get v(K) < 0, which contradicts
(64). m

For example, if ®(u) = u""*?(1 4+ |logu|)?,v+p—1>0,1<p<n/a,
then ®,(u) ~ u(1l + [logul)” and Cap®=(hg) C C®, but these spaces are
different.
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