ON THE BOUNDEDNESS ON INHOMOGENEOUS
LIPSCHITZ SPACES OF FRACTIONAL INTEGRALS,
SINGULAR INTEGRALS AND HYPERSINGULAR
INTEGRALS ASSOCIATED TO NON-DOUBLING
MEASURES ON METRIC SPACES

EDUARDO GATTO

ABSTRACT. In this paper we prove T1 type necessary and sufficient
conditions for the boundedness on inhomogeneous Lipschitz spaces of
fractional integrals and singular integrals defined on a measure metric
space whose measure satisfies a n-dimensional growth. We also show
that hypersingular integrals are bounded on these spaces.

1. INTRODUCTION. DEFINITIONS AND STATEMENT OF THE THEOREMS

Let (X,d,u) be a measure metric space whose measure p satisfies a n-
dimensional growth condition, that is (X,d) is a metric space and p a Borel
measure that satisfies the following condition: there is n > 0 and a constant
A > 0 such that p(B,) < Ar™ for all balls B, of radius r and for all » > 0.
Note that this condition allows the consideration of non-doubling measures
as well as doubling measures.

Our results will apply to functions defined on the support of p, of course
the support of u has to be well defined, where supp(u) is the smallest closed
set F' such that for all Borel sets E, E C F¢, u(E) = 0. For example, if X is
separable, then the support of p is well defined. Furthermore to avoid any
confusion we will assume that X =supp(u)

The inhomogeneous Lipschitz spaces of order 3,0 < # < 1, will be de-
noted Lipjz and consists of all bounded functions f (or class in L>°) such
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that supm,% = |[fll(gy < oo.The norm of f in Lipjgis defined

£ llg) = 1 fllse + 11£ 1l g) -

We will state and prove the theorems for the case pu(X) < oo.After that,
we will indicate how these results can be extended to p(X) = co.

The letter ¢ will denote a constant not necessarily the same at each
ocurrence.

Let = X x X\A,where A = {(z,y) : 2 = y}.

A function L, (z,y) : © — C will be called a standard fractional integral
kernel of order o, 0 < < 1,when there are constants By and Bs such that:

(L1)|L (x y)| < m

(L2)|Lo(z1,y) — La(za,y)| < Bgdnda(f% for some 7,0 <y < 1, and
2d(z1,x2) < d(x1,Yy).

The fractional integral of order « of a function f in Lipjs is defined by:

Laf(z) = / Loz, y)f(5)du(y).

Note that in particular L,(z,y) = m is a standard fractional
kernel of order «.

Theorem 1

Llet0<a<y<l,0<f<l,anda+p8<nif n<lora+p<1if
1 < n.The following statements are equivalent:

a)Lal S Lip[a_,_ﬁ].

b)Le : Lipig) — Lipja4p is bounded.

We will define now the singular integral kernels that we will consider
in Theorem2. A function K(z,y) : @ — C will be called in this singular
integral kernel when there are constants C; Cs, C'3 and a number v,0 < v <
1,tales que:

(Sl) |K((E y)' < d”(x y)

(S2) |K(x1,y) — K(22,y)| < Cgﬁffi%,for 2d(z1,22) < d(z1,y)

(S3) fn<d(w,y)<r2 K(z,y)du(y )‘ <Csforal0<r; <ry<oo.

Let 1 be a function in C! [0, 00) such that n(s) = 0 for 0 < s < 1/2 and
n(s) =1 for 1 < s.Let K.(z,y) = 77(‘1(“Ij YK (x,y), € > 0. where K(x,y) is

a standard singular kernel that satisfies (S1), (S2) and (S3). We will also
denote K. the operator K. f(z) = [ K.(z,y)f(y)du(y).

Theorem 2
Let 0 < 8 < 1. The following two propositions are equivalent:
a) | K:1||j5 < Cf, for all € > 0.
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b) K. : Lipjg) — Lip(g are bounded and|[ K|y, . rp
e > 0.

< (4, for all
G

In the next theorem we will consider principal value singular integrals.

Let

(S4)lim. o [ <tz <1 K (@ y)du(y) exists p— a.e.
The principal value singular integral of a function f € Lip(g is defined
by

Kf(z) = lim o) K(z,y)f(y)du(y)
£ T,y

Theorem 3

Let 0 < 8 < lL,and f € Lipig. Then K f(x) is well defined y — a.e.and
the following two propositions are equivalent:

a) K1l e Lip[ﬁ]

b) K : Lipys — Lipjg) is bounded

A function Dy (z,y) : & — C will be called a standard hypersingular
kernel of order «,0 < « < 1,when there are constants E and E’ such that:

(DV)|Da )| < ey

(D2)|Dy(21,y) — Doz, y)| < E’dﬂa(fi%,for some 7,0 <y <1, and
2d(z1,22) < d(x1,y).

The hypersingular integral of order av of a function f € Lipg ,a < 8 < 1is
defined by:

r) = / Dol 9) [f () — f(z)] dp(y)

Note that in particular D, (z,y) = d”++(x,y) is a standard hypersingular
kernel of order a.In addition when X=R" and p is the Lebesgue measure
we have [ d”T(ry) [f(y) — f(z)]dy = co(A% f)(z) for f sufficiently smooth
and 0 < v < 2.

Theorem 4
Let 0 < o < B and 8 < =y, where ~ is the exponent in condition (D2).Then
D*:Lipg) — Lip|g—q) is bounded.

Note that D*1 = 0 by definition.
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2. PROOFS

We would like to point out that all four proofs are based in the same
classical method. In a way, we are showing that this method can be extended
to this modern (“T1” type theorems) formulation and to this more general
context .

For carrying out the proofs we need the following known lemma about
measures with the given growth condition.

Lemma
Let (X,d,u) be a measure metric space such that p satisfies the n-
dimensional growth condition, v > 0,7 > 0. Then

1'fd(ﬂff,y)<r mdﬂ(y) <cir?,

2'fr§d(r,y) mdﬂ(y) < cor™?

1
3-J1j2<ate yy<r Ty WUY) < €3

Proof of the Lemma

The three parts are a consequence of the growth condition.

To prove partl, we rewrite the integral as a series and mayorize each
term using the growth condition and we add the resulting series.

In detail we have:

1 - 1
———du(x) = / ———dp(z) <
A(w,xo)<r dn—a(on) ( ) ];J 2=k 1r<ld(z,x,)<27Fr dnfa(x,mo) ( )

n

MBle - o 2
Z 2k1 na*AZle na_AT(Qoz_l)'

To prove part 2 we performe a similar estimate:

oo

1 1
——du(x) = / ——du(x) <
/d(:c,aco)>r dn+a(x’xo) 'u( ) k=0 2kr<d(z,x,)<2k+1p dnJra(x’xo) ‘u( ) -
I BQHI 7,)) 2 (2k L) L, 2m2e
< A - = Ar ¢
Z n+o¢ - k;) (ri)nJra r (2a _ 1>

Finally for part 3 we have:

1 #(Br(zo)) n
f'r/QSd(r,y)<r dn (z,y) dﬂ( ) < (r/2)m < A2™.
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Proof of Theorem1

Observe first that 1 € Lipz and therefore condition b) implies condition
a).

We will prove now that condition a) implies condition b).

We can consider the case L, (z, y):m,becausc the general case is
proven in the same way, and we will denote L, = 1.

Condition (L1) is clearly valid. To show that condition (L2) is verified
we use the Mean Value Theorem, consider

2d(z1, z2) < d(z1,y), and 0 < 0 < 1 we have:

1 _ 1
dn_a($15y> dn—a(x27y)

St;p!(—n+a)(9d(w17y)+(1—9)(d(sv2,y)) e d(zy, y) —d(wa, y))|

d(l‘l,xg)
dr=eti(zy,y)

Now we will estimate ||I,f]|, .Let 2 € X.We will use the Lemma to
obtain

<

IN

IA

Bs

(Lo f ()|

IN

W)l /W)l
/d(:t,y)<1 dnfa(x’ y) du(y) - /1§d(z,y) dnia(l’a y) dﬂl(y)
[l (1 + p(X)),

IN

and therefore | Lo fll.o < ]l (1 + u(X)).

We will estimate next [|Zo f[|(5,. We write

I(xf 3?1) Iaf($2)

_ fy _ I
= /ana% u(y)—/xdn,a(my)du(y)

fly) — 1

= Aol d()+f($1)/ mdﬂ(y)
f() f( )

dn% w) ful/dnam’ ()

=/fm 0~ [ g o

+ f (1) [Ial(xl) = Lo(72)].
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The last term can be mayorized using the hypothesis, and we have

[f(z1) Tal(z1) = La(@2)]] < ¢ || fllo d*TF (21, 22).
Let now r = d(x1,x2) and Bs,.(x1) the ball of radius 2r and center x1.We
write

‘/ Wdu(y)— Md“(y)’ =

x dnfoz(sc27 y)
1) — fly)] [f(y) — fl@y]
/B%'(xl) dnia(xl’ y) dlu(y) " -/Bzr(afl) dnia(l’Q, y) dﬂ(y)‘i‘

1
A= (zy,y)  d"=o(z2,y)

[ 1w =g ) = i+ o+

For the first term using the lemma we have

Ji

IN

d?(z1,y)
17 / ELY) ) < el et
(B) Bov (1) dn=a(z1,7) (8)

= ¢ ||f||(g) daJrﬁ(a?la 2).

For the second term we write

2r
Jo < / —d <c dtP (g ,T9),
1<l [, ety ) < Ml @ orwa)

For the third term we use (L2) and the lemma to get

By
J3 < / — = d <ec dotP(zy, x
3 < [Ifll(g) s (o) PP ) () < cllflls (w1, 72)

Collecting the previous estimates, we have

[Lafllg < Clflig
This concludes the proof of Theorem 1.

Proof of Theorem 2
Observe first that 1 € Lipyz and therefore condition b) implies condition

a).
The proof of Theorem 3 is analogous of that of Theorem 2 and we will
only sketch it. Before doing the proof of the theorem and for the sake of
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completness, we will show that K. satisfies conditions (S1), (S2), and (S3)
with constants independent of ¢.

Condition (S1) is true because 7 is bounded.

To show condition (S2), assume that 2d(xy,z2) < d(x1,y).and consider
the following two cases:

Case 1: 1 < M and 1 < @.In this case K.(z,y) = K(x,y), and
therefore (S2) is true with the same constant.

Case 2: 1 > M orl> %.Assnme 1> M.We write

d(z1,y) d(wa,
— ) ol

d(f”?vy))‘ (K (21, y) — K(z2,9)]

K.(21,y) - K.(en,y)] < \m y)>\ K (21,9)| +

3

‘77(

The first term above is less than or equal to

|d(z1,y) — d(x2,y)| | K (21,)] <

/
Il =
o d(xy, d(x1,x
< e B2 Ky, ) < (D K ()
d (x4, x2)

c— 2]
- anty (1'1 s 1’2)
On the other hand the second term is less than or equal to

c|K (21,y) — K(x2,y)| < eq5tinta)

ntY(zy,x2) "
To see condition (S3), observe that

/; K< (2, y)| du(y) < c

se<d(z,y)<e
with ¢ independent of . Since K.(z,y) = K(x,y) for e < d(z,y),we have

Jecatewy<rs Ke@ 9)d(y) = [0y <r, K (@, y)du(y) and
therefore for € < ro we also have

/ K. (z,y)du(y)
e<d(z,y)<rs

We will estimate || K. f||, .Observe first that

<C3

|Ke f(2)] < +

/ Ko (2, 9) () duy)
d(z,y)<1

/ Ko (2,9) f(y)du(y)| <
d(z,y)>1
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/d( )<1 | Ke(z,9)| | f(y) — f(z)|du(y)| +

/ K (x,y)du(y)
Le<d(z,y)<1

Now, by conditions (S1), (S3) and using the Lemma we can mayorize the
first two terms by || f[|5 , and therefore || K. f||, < c||f[l(5 -

To estimate the K. f(z1) — K. f(x2), we consider the following decompo-
sition:

+1f ()]

+ellfllo p(X)

Kgmn=&mm=/kumwﬂwww—/kumMﬂw@@

/K'm, mﬂMM)+fw1/K’m,MM)

/Kdmwﬂﬂw—f@ﬂMMw—f@ﬂ/Kdmwmmw=

/Ks(xl,y) [f(y) = f(z1)] dp(y) +/Ke(x2,y) [f(y) = f ()] dp(y)+

fa1) [Kel(z1) — Ko1(22)]
Observe now that the last term can be estimated using the hypothesis
and we have

|f (1) [Ke(z1) = Kl(w2)]| < el fllo d° (1, 22).

To estimate the first two terms, let r = d(z1,z2), we rewrite them as
follows:

/Kg(xl,y) [f(y) = f(x1)] du(y)+/Ka(xz7y) [f(y) — f(21)] duly) =

Ke(21,y) [f(y) = fla)ldu(y) + | Ke(z2,y) [f(y) — f(21)] du(y)+

d(z1,y)<3r d(z1,y)<3r

A <d( ) [f(y) - f(xl)} [Ks(mlvy) - Kg(xg,y)] d,u(y) = Hl + H2 + _H’3

The absolute value of H3z can be estimated as follows,
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d?(z1,
2] < [y @ (o02) [ (1,9)

) < cllfll ) d”(x1,22)
3r<d(zy,y) d"-&-’y(xl,y) )

For |H;|we have

Ch
| < |1f] / G ) < ellfllp @, w2)
® d(z1,y)<3r ar ﬁ(xhy) )

Finally to estimate Hy we write

/ Ko(w2,9) [f () — F(21)] dp(y) =
d(z1,y)<3r

/ K. (22,9) [f(4) — F(2)] dpu(y)
d(z1,y)<3r

+{fa) -~ fa)] [ Ke(es,y)dply) = Iy + I
{y:e/2<d(z2,y) }N{y:d(x1,y)<3r}

For the first term we have

¢ ||fH(5)
ey O _au(y) < e il gy dP a1, 0)
d(z2,y)<4r ar ﬁ(any) ®
To estimate J, consider first
/ Ke(az,y)duly) = | K. (02, y)du(y)+
d(z1,y)<3r d(z2,y)<2r

/ K (2, 9)du(y)
{y:d(z1,y)<3r}\{y:d(z2,y)<2r}

Observe now that

/ K.(22,y)du(y)| < Cs

d(z2,y)<2r

and using part 3 of the lemma we get

/ Koo y)duly)| < [ [Keloa)ldu(y) <
{y:d(z1,y)<3r}\{y:d(z2,y)<2r} {y:2r<d(z2,y)<4r}

therefore

o] < el £l 5y d° (1, 22)
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collecting the estimates we have:

K. f(w1) — K f(22)] < c||fll5 d” (a1, 22)
and finally

VKAl < €l
with ¢ independent of ¢.

Proof of Theorem 3
Observe first that 1 € Lipz and therefore condition b) implies condition
a)

Let f € Lipig,we will show that

Kf(z) = lim K(z,y) f(y)du(y)
e=0 Jecd(a,y)

exists u — a.e.. Assume € < 1,we can write

Kf(x) = lim dyet K(z,y) [f(y) — f(2)] duly)+
f(z) tim Kagdu) + [ K@i @)
e0 Je<d(ay)<1 1<d(z,y)

Note that the first integral converges absolutely, the limit of the second
term exists by hypothesis and finally last integral converges absolutely be-
cause the integrand is bounded. Furthermore, we have |K f|., < c|/f|| -

We will estimate now K f(x1) — K f(xs) for x1,zs two points for which
K f(x) exists. We write

Kf(r1)—=Kf(rz) =lim [ K(z1,y)f(y)du(y)—lim | K(z2,y)f(y)du(y)

e—0

e~V Je<d(z1,y) e<d(z2,y)
= lim [ K(z1,y) [f(y) — f(z)]dp(y) + f(z1) lim | K (21, y)du(y)—
e—0 e<d(z1,y) e e<d(z1,y)

lim [ K(x2,y) [f(y) = f(z1)] duly) — f(z1) lim [ K(22,y)du(y) =

=0 Je<d(wa,y) £=0 Je<d(za.y)

lim [ K(z1,y) [f(y) — f(@1)] du(y) + lim [ K(z2,y) [f(y) — f(21)] duly)+

e~V Je<d(z1,y) e7P Je<d(za,y)

fla1) [K1(21) — K1(22)]
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Observe now that the last term can be estimated using the hypothesis
and we have

|f (1) [K1(21) = K1(22)]] < el|fll @ (a1, 22).

To estimate the first two terms, let r = d(x1,z2), and € < r, we rewrite
them as follows:

lim [ K(z1,y) [f(y)—f(z)]du(y)+lim [ K(zo,y) [f(y)—f(21)] duly) =

£=0 Je<d(z1,y) =0 e<d(z2,y)

lim [ K (z1,y) [f(y) = fa)] du(y)+lim [ K(zo,y) [f(y) = f(z1)] dply)+
<70 Je<d(ary)<ar =70 yre<d(wa )N yid(ar.y)<3r}

lim [f(y) = f(@)] [K(z1,y) — K(22,y)] du(y) = Hy + Ha + H3

e—0 3r<d(zy,y)

The absolute value of H3 can be estimated as follows,

df(x Y
2] < 1y @ (o022) [ (1,9)

——dp(y) < c||fll g d° (21, 22)
Sr<d(z:y) @ (21,Y) )

For |H;|we have

C1
< |f] / O quy) < elfl g P (a1, z)
® d(z1,y)<3r ar ﬁ(.’lﬁl,y) )

Finally to estimate Hy we write

lim K(z2,y) [f(y) — fla1)] duly) =
e M yre<d(z2,y) }n{y:d(z1,y)<3r}

lim K(z2,y) [f(y) — f(x2)] du(y)

e=0 Myie<d(@a,y) }n{y:d(z1,y) <3r}

+[f(z2) — f(21)] lim K(z9,y)du(y) = J1 + J2
e—0 {y:e<d(z2,y) }N{y:d(z1,y)<3r}

For the first term we have

C||fH(;3)
JS/ ——2 _du(y) < cl||fll 5 d°(z1,
| J1] sonyetr T P(2,1) () < cllfllg) d” (21, 22)

To estimate the second Jy consider first
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lim K(x2,y)du(y) = lim K(xo,y)du(y)+
e—0 {y:e<d(w2,y)}N{y:d(x1,y)<3r} e—0 e<d(za,y)<2r
/ K (x2,y)dp(y)
{y:d(z1,y)<3r}\{y:d(z2,y)<2r}

Observe now that

< (s

lim / K (22, y)dpu(y)
e<d(za,y)<2r

e—0

and using part 3 of the lemma we get

/ K (22, 5)dp(y)
{y:d(z1,y)<3r}\{y:d(z2,y)<2r}

< /{ K (2, 9)| dpa(y) <

y:2r<d(z2,y)<4r}

therefore

| T2| < ¢l fll gy d° (21, 22)
collecting the estimates we have:

K f(x1) = K f(x2)] < el|fllz) @7 (21, 22)
and finally

HKfH[g] sc Hf”[g]

This concludes the proof of Theorem 2. The rest of the proof is similar
to that of Theorem 2, except for the use of the new hypothesis and we leave
the details to the reader.

Proof of Theorem 4
We will prove the theorem for D, (z,y) :m,‘ohe general case is

identical.
We will estimate first | D f||  for f € Lipjg.We have

D f ()]

IN

ORI
/‘i(z,y)gl dnta(z, y) dp(y) + c || fll o (X)

IN

1
f / —————du(y) + || fll , u(X
Il [, ey )+ M o )
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Since 0 < a < # < 1, we use the lemma to estimate the integral and we
obtain that D*f(x) is well defined everywhere and

1D flloe < cllflli -

To estimate the Lipschitz norm of D f, we consider r = d(z,y) and write

D f(z1) — D° f(w5) =
_ OESICAPN 1)~ f(a2)
- /d(ﬂclvy)SQr d"“‘(xby) dﬂ(y) /d(3617y)§2r dnJra(zQ’y) d:“’(?/) +
1 1

- /d(r17y)>2r [f(y) a f($1)] |:d"+o‘(x1,y) a dn+e (l'z,y) du(y) -

/d(rl y)>2r dMte (72,Y) du(y)

Using partl of the Lemma and the fact that f is Lip(3) we can mayorize
the absolute value of each of the first two terms by c | f[| 5 d?=(z,y). Using
part 2 of the Lemma we can also mayorize the absolute value of the fourth
term by c||f]| 5 d°~*(x,y).

To estimate the third term observe first that for 2d(z1,x2) < d(z1,y),

1 1
dnte (1'17 y) dnte (1'2, y)

sup |(n—a)(@d(w1,y)+(1—0)(d(z2,)) "7 |d(z1, y) —d(2, )|

c d(xl,xg)
T drtetl(zy,y)

IN

Therefore using this estimate, the fact that feLip(8) and the Lemma we
obtain that the third term is less than or equal to c| fl| 4 d?=%(z,y)and
consequentily [[D*f| 5 < c[[fll5-

Finally combinig the estimates above we get ||Daf|\[m <cllfllg -

To conclude we would like to mention that these results can be extended
to spaces with u(X) = co. Theorem 4 extends without changes. To extend
the other theorems fractional integrals and singular integrals have to be
redefined so they converge for d(z,y) > 1.The operator’s norm in each
result will depend on the normalization.

We will denote with ’ the normalizations. Let z, € X be a fixed point
and define:
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L f(x) = / L (2,y) — L(0r )] F(0)d(y)

K' (@) = liny [ [K(e,) = K(eor)] S0)du(y)

where in addition z, is such that lim._,q fs K(xo,y)du(y) exists

Ww—a.e.

<d(zo,y)<1
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