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Abstract. In this paper we study basic properties of the weighted
Hardy space for the unit disc with the weight function satisfying
Muckenhoupt’s (Aq) condition, and study related approximation pro-
blems (expansion, moment and interpolation) with respect to two in-
complete systems of holomorphic functions in this space.

1. Introduction

The weighted Hardy space with the weight function w satisfying Muck-
enhoupt’s (Aq) condition was originally defined and studied in [7], but
therein the focus of study was on the case for the upper half plane. The
corresponding weighted Hardy space Hp

w(D) for the unit disc D was also
defined in [7] but no details were given. As pointed out in [7], it is in fact
in [13] that the idea to develop a theory of weighted Hp spaces appears for
the first time. In the present paper, we shall study basic properties of the
space Hp

w(D) and related approximation problems, which include biorthog-
onal expansions and moment and interpolation problems, for two systems
of holomorphic functions in the space. In the classical Hardy space Hp(D)
(i.e. when w ≡ 1) for the unit disc, these kinds of approximation problems
were studied, for example, in [11], [1], [2] and [14]. We shall generalize some
related results to the case with general (Aq) weights.

Muckenhoupt’s (Aq) condition was introduced in [12]. Assume that w is
a non-negative (with 0 < w < ∞ a.e.) and measurable function defined in
(−∞,∞). For 1 < q < ∞, we say w satisfies Muckenhoupt’s (Aq) condition
or w ∈ (Aq) (we also call w an (Aq) weight), if there is a constant C such
that for every interval I,

(
1
|I|

∫

I

w(x)dx

)(
1
|I|

∫

I

w(x)−
1

q−1 dx

)q−1

≤ C,
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where |I| denotes the length of I. We say w ∈ (A1) if
1
|I|

∫

I

w(x)dx ≤ C ‖w‖I ,

for every interval I, where ‖w‖I denotes the essential infimum of w over I.

In this paper, as in [12, Theorem 10] and [9, Theorem 1], we additionally
assume that the above weight w is 2π periodic (and we shall write w(θ)
rather than w(x)). Thus, in the above definition of (Aq) weight, “for every
interval I” can be replaced by “for every interval I with |I| ≤ 2π” (the value
of the constant C may change). For completeness, we provide a proof of
this easy fact. First assume that 1 < q < ∞ and that there is a constant c
such that for every interval I ′ with |I ′| ≤ 2π,

(1.1)
(

1
|I ′|

∫

I′
w(θ)dθ

)(
1
|I ′|

∫

I′
w(θ)−

1
q−1 dθ

)q−1

≤ c.

We claim that there is a constant C such that for every interval I, the above
inequality holds with I ′ and c being replaced by I and C, respectively. We
need only consider the case when |I| > 2π (if |I| ≤ 2π, the conclusion is
clearly true with C = c by the assumption). Without loss of generality,
assume that |I| = 2kπ + |I ′′| with k ≥ 1 and 0 ≤ |I ′′| < 2π (if k = 1 then
|I ′′| 6= 0), where I ′′ is a sub-interval of I. Since, by (1.1), both w and w−

1
q−1

are integrable on [−π, π], let
∫ π

−π
wdθ = A and

∫ π

−π
w−

1
q−1 dθ = B. Then,

noting that w is 2π-periodic and nonnegative, we have
(

1
|I|

∫

I

w(θ)dθ

)(
1
|I|

∫

I

[w(θ)]−
1

q−1

)q−1

=
(

kA

2kπ + |I ′′| +
1

2kπ + |I ′′|
∫

I′′
wdθ

)

·
(

kB

2kπ + |I ′′| +
1

2kπ + |I ′′|
∫

I′′
w−

1
q−1 dθ

)q−1

≤
(

A

2π
+

A

2π

)(
B

2π
+

B

2π

)q−1

=: C,

which is independent of I.
For q = 1, the argument is essentially the same, noting that, for |I| > 2π,

we have ‖w‖I = ‖w‖[−π,+π].

We collect below some of the basic properties of (Aq) weights. Note that
part of (i) has already been used in the proof above. It is known (see [9,
p. 229, p. 231, and Lemma 5]) that (i) if w(θ) ∈ (Aq) with 1 < q < ∞,
then w(θ), [w(θ)]−

1
q−1 and log w(θ) are integrable on [−π, π]; (ii) w ∈ (Aq)
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if and only if w1−q′ ∈ (Aq′) where 1
q + 1

q′ = 1; (iii) if w ∈ (Aq) and q0 > q,
then w ∈ (Aq0); (iv) if w ∈ (Aq) with 1 < q < ∞, then w ∈ (Aq1) for some
q1 with 1 < q1 < q.

Given w ∈ (Aq) for some q with 1 < q < ∞, we denote by qw the critical
exponent for w, that is, the infimum of all r’s such that w ∈ (Ar). In this
case, we say that w is an (Aq) weight with critical exponent qw. We have
qw ≥ 1, and by (iv) above, unless qw = 1, w is never an (Aqw) weight, but
by (iii), w ∈ Ar, for all r > qw.

In [9] and [12], weighted norm inequalities for the Hilbert transform, the
Hardy-Littlewood maximal operator and the Poisson integral were studied.
For definitions, see equations (2.14) and (2.8), respectively. The principal
problem considered there is the determination of all non-negative weight
functions w(θ) with period 2π such that the weighted norm inequality

∫ π

−π

|f̃(θ)|pw(θ)dθ ≤ C

∫ π

−π

|f(θ)|pw(θ)dθ

holds, where 1 < p < ∞, f has period 2π, C is a constant independent of
f , and f̃ denotes the Hilbert transform (or the Hardy-Littlewood maximal
operator, or the Poisson integral) of f . The above inequality means that
the operator f̃ is bounded from Lp

w(−π, π) into itself (the definition of the
space Lp

w will be given below). The main result there is that w(θ) is such a
function if and only if w(θ) ∈ (Ap). We shall use this important result later
in this paper, namely in the proof of Lemmas 2.5 and 2.7.

For w(θ) ∈ (Aq), 1 ≤ q < ∞ and 0 < p < ∞, the weighted Hardy space
Hp

w(D) for the unit disc D = {z ∈ C : |z| < 1} (see [7]) is the collection of
functions f(z) which are holomorphic in D and satisfy

‖f‖p
Hp

w(D)
:= sup

r<1

1
2π

∫ π

−π

|f(reiθ)|pw(θ)dθ < ∞.

The classical Hardy space Hp(D) is obtained by taking w ≡ 1. Similarly,
we can define the space Hp

w(D∞) where D∞ = {z ∈ C : |z| > 1} as the
collection of functions h(z) which are holomorphic in D∞ with h(∞) = 0
and satisfy

‖h‖p
Hp

w(D∞)
:= sup

r>1

1
2π

∫ π

−π

|h(reiθ)|pw(θ)dθ < +∞.

The space Lp
w(T ) is the collection of measurable functions f(t) on T = {t ∈

C : |t| = 1} which satisfy

‖f‖p
Lp

w(T )
:=

1
2π

∫ π

−π

|f(eiθ)|pw(θ)dθ < +∞.
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For 1 ≤ p < ∞, Hp
w(D),Hp

w(D∞) and Lp
w(T ) are Banach spaces. From

now on in this paper, we assume that w is an (Aq) weight, for some
1 < q < ∞ with critical exponent qw, and when we study the spaces
Hp

w(D), Hp
w(D∞) and Lp

w(T ), in most cases, we shall assume that qw <
p < ∞, and hence most spaces considered in this paper are Banach spaces.

Let {ak} be a sequence of complex numbers with ak ∈ D (k = 1, 2, . . .),
aj 6= ak if j 6= k. Assume that {ak} satisfies the Blaschke condition

(1.2)
∞∑

k=1

(1− |ak|) < +∞

(such a sequence is called a Blaschke sequence), and B(z) is the Blaschke
product of {ak}:

B(z) =
∞∏

k=1

[
ak − z

1− akz
· |ak|

ak

]

(taking |ak|
ak

= −1 if ak = 0). Consider two systems of functions

(1.3) ek(z) =
1

2πi
· 1
1− akz

(k = 1, 2, . . .)

and

(1.4) φk(z) = (−i) · B(z)
(z − ak)B′(ak)

(k = 1, 2, . . .).

We verify that all the functions in the systems (1.3) and (1.4) are in Hp
w(D)

(clearly, they are holomorphic in D). Indeed, for 0 ≤ r < 1, we have

1
2π

∫ π

−π

|ek(reiθ)|pw(θ)dθ =
1
2π

∫ π

−π

∣∣∣∣
1

1− akreiθ

∣∣∣∣
p

w(θ)dθ

≤ 1
2π

(
1

1− |ak|
)p ∫ π

−π

w(θ)dθ < ∞,

hence ek(z) ∈ Hp
w(D). To verify that φk(z) ∈ Hp

w(D), note that |B(z)| < 1
for z ∈ D.

It is known (see [11]) that these two systems are biorthogonal on |z| = 1,
that is

∫

|z|=1

ek(z)φj(z)
dz

iz
=

∫

|z|=1

ek(z)φj(z)
dz

iz
= δkj =

{
1 if k = j,
0 if k 6= j.
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Using the residue theorem, we obtain the following integral representation
for the system defined in (1.4): for z 6= ak,

(1.5) φk(z) =
B(z)
2π

∫

ck

dξ

B(ξ)(ξ − z)
, k = 1, 2, . . . ,

where ck ⊂ D is a sufficiently small circle with center at ak, not containing
aj (j 6= k), and not containing z.

We shall show some basic properties of the space Hp
w(D) in Sections 2

and 3, then study expansions and moments in this space with respect to the
system (1.3) in Section 4, and finally, the expansion and interpolation with
respect to the system (1.4) in Section 5.

Before ending this section, we give a useful lemma. Assume that {ak} is
a Blaschke sequence. For any positive integer n, denote

(1.6) Bn(z) =
n∏

k=1

[
ak − z

1− akz
· |ak|

ak

]
.

Lemma 1.1. For any h(t) ∈ Lp
w(T ) with qw < p < ∞, as n →∞, we have

(1.7) ‖h(t)[Bn(t)−B(t)]‖Lp
w(T ) → 0,

where B(z) is the Blaschke product of {ak}.
Proof. Since h(eiθ) ∈ Lp

w(−π, π), we have h(eiθ)(w(θ))1/p ∈ Lp(−π, π).
Thus (see, for example, [11, p. 36]), as n →∞,

‖h(eiθ)(w(θ))1/p[Bn(eiθ)−B(eiθ)]‖Lp(−π,π) → 0

which is actually (1.7). ¤

2. Some properties of Hp
w(D), Part I

The following two important lemmas are indications of the close relation
that exists between the weighted and classical case.

Lemma 2.1. Assume that qw < p < ∞. Then Hp
w(D) ⊂ Hp0(D) and

Lp
w(T ) ⊂ Lp0(T ) for some p0 with 1 < p0 < p.

Proof. Since qw < p < ∞, by the definition of qw, we have w ∈ (Ap1) for
some p1 with 1 < p1 < p. Set p0 = p/p1. Note that 1 < p0 < p and
p1 = p/p0. Let P = p/p0 and 1/P + 1/P ′ = 1. Then P ′ = p/(p− p0). So,

w1−P ′ = w−p0/(p−p0) ∈ (AP ′) = (Ap/(p−p0)).

Hence, by property (i) of the (Aq) weights mentioned above,
1
2π

∫ π

−π

(w(θ))−p0/(p−p0)dθ ≡ C < ∞,
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where C is a constant. Now for any f ∈ Hp
w(D) and any r ∈ [0, 1), we use

Hölder’s inequality with indices p/p0 and p/(p− p0) to get

(
1
2π

∫ π

−π

|f(reiθ)|p0dθ

)1/p0

≤
(

1
2π

∫ π

−π

|f(reiθ)|pw(θ)dθ

)1/p

·
(

1
2π

∫ π

−π

(w(θ))−p0/(p−p0)dθ

)(p−p0)/pp0

.

(2.1)

Taking the supremum over all r yields

‖f‖Hp0 (D) ≤ C ′‖f‖Hp
w(D) < ∞,

where C ′ is a constant, so f ∈ Hp0(D) as required. Clearly, (2.1) also holds
for r = 1, hence Lp

w(T ) ⊂ Lp0(T ). The proof is complete. ¤
Remark 2.2. If f(z) ∈ Hp

w(D) with qw < p < ∞, by Lemma 2.1, f(z) ∈
Hp0(D) for some p0 with 1 < p0 < p, hence f(z) ∈ H1(D). By a well-known
result (see [5, Theorem 2.2]), f(z) has non-tangential limits f(t) a.e. on T
and f(t) ∈ Lp0(T ). We call f(t) the boundary function of f(z).

For w ∈ (Aq) with 1 < q < ∞, recalling that log w(θ) is integrable on
[−π, π], consider the function

(2.2) g(z) = exp
(

1
2π

∫ π

−π

eit + z

eit − z
log w(t)dt

)
, z ∈ D.

Clearly, we have, for z = reiθ ∈ D,

|g(z)| = |g(reiθ)| = exp
(

1
2π

∫ π

−π

<
[
eit + z

eit − z

]
log w(t)dt

)

= exp
(

1
2π

∫ π

−π

Pr(θ − t) log w(t)dt

)
,

(2.3)

where Pr(θ − t) is the Poisson kernel:

Pr(θ − t) =
1− r2

1− 2r cos (θ − t) + r2
.

It is known (see, for example, [8, p. 58]) that g(z) ∈ H1(D). Moreover,
by (2.3), it follows that the boundary function g(eiθ) of g(z) satisfies

(2.4) |g(eiθ)| = w(θ) a.e. in (−π, π).

Lemma 2.3. Assume that w ∈ (Aq) with 1 < q < ∞, and that 0 < p < ∞.
If f(z) ∈ Hp

w(D), then f(z)Wp(z) ∈ Hp(D), where

Wp(z) = exp
(

1
2pπ

∫ π

−π

eit + z

eit − z
log w(t)dt

)
, z ∈ D.
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Proof. Suppose f ∈ Hp
w(D). Since f is holomorphic in |z| < 1 where

z = reiθ, for 0 < ρ < 1, writting fρ(z) = f(ρz), we have

log |fρ(z)| ≤ 1
2π

∫ π

−π

Pr(θ − t) log |fρ(eit)|dt,

hence

|fρ(z)|p ≤ exp
( 1

2π

∫ π

−π

Pr(θ − t) log |fρ(eit)|pdt
)
.

Noting that |Wp(z)|p = |g(z)| and combining the inequality above with (2.3)
gives

|fρ(z)Wp(z)|p ≤ exp
( 1

2π

∫ π

−π

Pr(θ − t) log
(|fρ(eit)|pw(t)

)
dt

)
,

which is by Jensen’s inequality

≤ 1
2π

∫ π

−π

Pr(θ − t)|fρ(eit)|pw(t)dt.

Hence,

1
2π

∫ π

−π

|f(ρreiθ)Wp(reiθ)|pdθ ≤ 1
(2π)2

∫ π

−π

∫ π

−π

Pr(θ − t)|fρ(eit)|pw(t)dtdθ

=
1
2π

∫ π

−π

|fρ(eit)|pw(t)dt.

Hence by Fatou’s lemma,
∫ π

−π

|f(reiθ)Wp(reiθ)|pdθ ≤ lim inf
ρ→1

∫ π

−π

|fρ(eit)|pw(t)dt

≤ sup
0<ρ<1

∫ π

−π

|fρ(eit)|pw(t)dt = 2π‖f‖p
Hp

w(D)
.

From this it now follows that f(z)Wp(z) ∈ Hp(D). ¤

Remark 2.4. The proof presented here was shown to us by M. Stoll. In
this lemma, the reverse is also true, that is, f(z) ∈ Hp

w(D) if and only if
f(z)Wp(z) ∈ Hp(D). This result was mentioned in [7, p. 6] but without
proof. M. Stoll also has a proof for its sufficiency. Since we shall not use the
reverse part in this paper, we omit its proof here.

Lemma 2.5. Assume that w ∈ (Aq), 1 < q < ∞ and that qw < p < ∞. If
f(z) ∈ Hp

w(D), then its boundary function f(t) ∈ Lp
w(T ), and we have

(2.5) lim
r→1−

∫ π

−π

|f(reiθ)|pw(θ)dθ =
∫ π

−π

|f(eiθ)|pw(θ)dθ
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and

(2.6) ‖f(t)‖Lp
w(T ) ≤ ‖f(z)‖Hp

w(D) ≤ Cp ‖f(t)‖Lp
w(T ),

where Cp is a constant depending only on p.

Proof. Let f(t) denote the boundary function of f(z), which exists by Re-
mark 2.2. Noting that (Wp(z))p = g(z), and that g(z) ∈ H1(D), it follows
that Wp(z) ∈ Hp(D) and hence that Wp(z) has boundary function Wp(t)
a.e. on T . By Lemma 2.3, f(z)Wp(z) ∈ Hp(D), and hence its boundary
function, denoted H(t), belongs to Lp(T ). From the existence of f(t) and
Wp(t), it follows immediately that H(t) = f(t)Wp(t) a.e. on T. and hence
that f(t)Wp(t) ∈ Lp(T ). But by (2.4), |Wp(eiθ)|p = w(θ) a.e., and hence
we get that f(eiθ) ∈ Lp

w(−π, π).

Since f(z) ∈ H1(D), by [5, Theorem 3.1], f(z) can be represented as the
Poisson integral of its boundary function f(eiθ):

(2.7) f(z) = f(reiθ) =
1
2π

∫ π

−π

Pr(θ − t)f(eit)dt, |z| = r < 1.

Thus, by [3, p. 113],

|f(reiθ)| ≤ Mf(eiθ),

where

(2.8) Mf(eiθ) := sup
0<φ<π

1
2φ

∫ θ+φ

θ−φ

|f(eis)|ds

is the Hardy-Littlewood maximal operator. By [12], the operator Mf
is bounded from Lp

w(T ) into itself. Therefore, (2.5) follows by applying
Lebesgue’s dominated convergence theorem. The first inequality in (2.6) fol-
lows immediately from (2.5), and the second one follows from (2.7) and [12,
Theorem 10]. ¤

Remark 2.6. By the above lemma, for qw < p < ∞, we see that the con-
vergence of functions in Hp

w(D) and the convergence of the corresponding
boundary functions in Lp

w(T ) are equivalent, and the space Hp
w(D) can

be identified with the space of all boundary functions f(t) of functions
f(z) ∈ Hp

w(D), which is a subspace of Lp
w(T ).

Lemma 2.7. Assume that qw < p < ∞. If f(t) ∈ Lp
w(T ), then

(1) the function

(2.9) F+(z) =
1

2πi

∫

|t|=1

f(t)
t− z

dt, z ∈ D
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belongs to Hp
w(D), and there exists a constant Cp depending only on p such

that

(2.10) ‖F+‖Hp
w(D) ≤ Cp‖f‖Lp

w(T );

(2) the function

F−(z) =
1

2πi

∫

|t|=1

f(t)
t− z

dt, z ∈ D∞

belongs to Hp
w(D∞), and there exists a constant cp depending only on p such

that

(2.11) ‖F−‖Hp
w(D∞) ≤ cp‖f‖Lp

w(T ),

and F−(z) has boundary function F−(t) a.e. on T satisfying

(2.12) F+(t)− F−(t) = f(t) a.e. on T .

Proof. By Lemma 2.1, f(t) ∈ Lp0(T ) for some 1 < p0 < p. Consider the
Poisson integral U of f : for z = reiθ, 0 ≤ r < 1,

U(z) = U(reiθ) =
1
2π

∫ π

−π

1− r2

1 + r2 − 2r cos (θ − t)
· f(eit)dt,

and the conjugate harmonic function Ũ of U with Ũ(0) = 0:

Ũ(z) = Ũ(reiθ) =
1
2π

∫ π

−π

2r sin (θ − t)
1 + r2 − 2r cos (θ − t)

· f(eit)dt.

We have

U(z) + iŨ(z) =
1
2π

∫ π

−π

eit + z

eit − z
· f(eit)dt

= 2 · 1
2πi

∫

|ξ|=1

f(ξ)
ξ − z

dξ − 1
2πi

∫

|ξ|=1

f(ξ)
ξ

dξ

= 2F+(z)− U(0).

Hence,

(2.13) F+(z) =
1
2
U(z) +

i

2
Ũ(z) +

1
2
U(0).

By M. Riesz’s theorem (see [10, Chapter V, Section B]), the Hilbert
transform

(2.14) Hf(eiθ) = lim
ε→0+

1
π

∫

ε≤|φ|≤π

f(ei(θ−φ))
2 tan φ

2

dφ
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exists a.e. in (−π, π), Hf(eiθ) ∈ Lp0(−π, π), and furthermore, for 0 ≤ r <
1,

Ũ(reiθ) =
1
2π

∫ π

−π

1− r2

1 + r2 − 2r cos (θ − t)
·Hf(eit)dt.

Since w ∈ (Ap), and f ∈ Lp
w(T ), by [12, Theorem 10],

(2.15)
∫ π

−π

|U(reiθ)|pw(θ)dθ ≤ C ′p‖f‖p
Lp

w(T )
,

and
∫ π

−π

|Ũ(reiθ)|pw(θ)dθ ≤ C ′′p

∫ π

−π

|Hf(eiθ)|pw(θ)dθ,

where C ′p, C
′′
p (and C ′′′p , C ′′′′p below) are constants depending only on p.

By [9, Theorem 4], the Hilbert transform Hf is a bounded operator which
maps Lp

w(T ) into itself, that is,

∫ π

−π

|Hf(eiθ)|pw(θ)dθ ≤ C ′′′p ‖f‖p
Lp

w(T )
.

Moreover,

U(0) =
1
2π

∫ π

−π

f(eiθ)dθ =
1
2π

∫ π

−π

[f(eiθ)(w(θ))1/p](w(θ))−1/pdθ,

so by Hölder’s inequality,

|U(0)|p ≤ C
′′′′
p ‖f‖p

Lp
w(T )

.

Thus, by (2.13), we have

(2.16)
1
2π

∫ π

−π

|F+(reiθ)|pw(θ)dθ ≤ Cp
p‖f‖p

Lp
w(T )

< +∞,

where Cp is a constant depending only on p. Here we used the inequality

(a + b)p ≤ 2p(ap + bp), if a ≥ 0, b ≥ 0 and 1 < p < ∞.

Since F+(z) is holomorphic in D, so F+(z) ∈ Hp
w(D), and (2.10) holds.

Part (1) is proved.
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For z = reiθ with 0 < r < 1, we have

F+(z)− F−
(

1
z

)
=

1
2πi

∫

|t|=1

f(t) ·
[

1
t− z

− 1
t− 1

z

]
dt

=
1

2πi

∫

|t|=1

f(t) · r2 − 1
t2z − t(r2 + 1) + z

dt

=
1
2π

∫ π

−π

f(eiφ) · r2 − 1
re−i(θ−φ) + rei(θ−φ) − (1 + r2)

dφ

=
1
2π

∫ π

−π

f(eiφ) · 1− r2

1 + r2 − 2r cos (θ − φ)
dφ

= U(reiθ) = U(z).(2.17)

Thus, noting (2.16) and (2.15), we have

sup
r>1

∫ π

−π

|F−(reiθ)|pw(θ)dθ = sup
r>1

∫ π

−π

∣∣∣∣F+
(1

r
eiθ

)
− U

(1
r
eiθ

)∣∣∣∣
p

w(θ)dθ

≤ 2p

[
sup
ρ<1

∫ π

−π

|F+(ρeiθ)|pw(θ)dθ + sup
ρ<1

∫ π

−π

|U(ρeiθ)|pw(θ)dθ

]

≤ cp
p‖f‖p

Lp
w(T )

< +∞,

where cp is a constant depending only on p. Since F−(z) is holomorphic in
D∞ and by (2.17),

F−(∞) = F+(0)− U(0) =
1

2πi

∫

|t|=1

f(t)
t

dt− 1
2π

∫ π

−π

f(eiθ)dθ = 0,

we have F−(z) ∈ Hp
w(D∞) and (2.11). By (2.17), we see that F−(z) has

boundary function F−(t) a.e. on T ; and letting r → 1−, we obtain (2.12).
Part (2) is proved. ¤
Corollary 2.8. Assume that qw < p < ∞, and B(z) is a Blaschke product.
If f(t) ∈ Lp

w(T ), then

(2.18) Hf (z) :=
B(z)
2πi

∫

|t|=1

f(t)
B(t)(t− z)

dt

belongs to Hp
w(D).

Proof. If f(t) ∈ Lp
w(T ), noting that |B(t)| = 1 a.e. on T , we have f(t)

B(t) ∈
Lp

w(T ). Thus, by Lemma 2.7,

(2.19) G(z) :=
1

2πi

∫

|t|=1

f(t)
B(t)(t− z)

dt

belongs to Hp
w(D). Hence, Hf ∈ Hp

w(D) follows from the fact that B(z) is
holomorphic and |B(z)| < 1 for z ∈ D. ¤
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Lemma 2.9. Assume that qw < p < ∞. If f(z) ∈ Hp
w(D), then

(2.20)
1

2πi

∫

|t|=1

f(t)
t− z

dt =

{
f(z), z ∈ D;
0, z ∈ D∞.

Proof. If f(z) ∈ Hp
w(D), by Remark 2.2, f(z) ∈ H1(D). Hence, by [5,

p. 40], (2.20) holds. ¤

Lemma 2.10. If f(z) ∈ Hp
w(D) with qw < p < ∞, then for any compact

subset K of D, we have

(2.21) |f(z)| ≤ C(K, p)‖f‖Lp
w(|t|=1), z ∈ K,

where C(K, p) is a positive constant depending only on K and p.

Proof. By Lemma 2.9, and using Hölder’s inequality, we have for z ∈ K,

|f(z)| ≤ 1
2π

∫

|t|=1

|f(t)|
|t− z| |dt|

≤ 1
2π

(∫

|t|=1

w−p′/p

|t− z|p′ |dt|
)1/p′( ∫

|t|=1

|f(t)|pw|dt|
)1/p

,

where 1
p + 1

p′ = 1. Noting that for |t| = 1 and z ∈ K, we have |t − z| > c

where c is a constant depending only on K, and [w(θ)]−p′/p = [w(θ)]1−p′ is
integrable in (−π, π), the inequality (2.21) follows. ¤

Remark 2.11. By Lemma 2.10, convergence in Hp
w(D) (or equivalently, in

Lp
w(T ), by Remark 2.6) implies uniform convergence on each compact subset

of D.

3. Some properties of Hp
w(D), Part II

Now we deduce the representation of bounded linear functionals in Hp
w(D).

Lemma 3.1. Assume that qw < p < ∞ and 1
p + 1

p′ = 1. Then for every

bounded linear functional l ∈ (Hp
w(D))∗, there is a Φ(z) ∈ Hp′

w1−p′ (D) such
that

l(f) =
1
2π

∫ π

−π

f(eiθ)Φ(eiθ)dθ =
1

2πi

∫

|t|=1

f(t)
Φ(t)

t
dt,

for f(z) ∈ Hp
w(D). Moreover

‖l‖ ≤ ‖Φ(z)‖
Hp′

w1−p′ (D)
≤ C · ‖l‖,

where ‖l‖ is the norm of l and C is a positive constant depending only on
p.
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Proof. We claim that if l ∈ (Hp
w(D))∗ then there is a function s(t) ∈

Lp′

w1−p′ (T ) such that

(3.1) ‖l‖ ≤ C‖s(t)‖
Lp′

w1−p′ (T )
,

and for all f(z) ∈ Hp
w(D),

(3.2) l(f) =
1
2π

∫ π

−π

f(eiθ) · s(eiθ)dθ =
1

2πi

∫

|t|=1

f(t)
s(t)
t

dt.

To see this, note that Hp
w(D) can be identified with a subspace of Lp

w(T )
(see Remark 2.6), and for any f(z) ∈ Hp

w(D),

‖f(eiθ)‖Lp
w(−π,π) = ‖f(eiθ)(w(θ))1/p‖Lp(−π,π).

Thus, by the Riesz representation theorem (see, for example, [5, Section 7.2]),
to each l ∈ (Hp

w(D))∗ corresponds a function φ(t) ∈ Lp′(T ), such that for
all f(z) ∈ Hp

w(D),

l(f) =
1
2π

∫ π

−π

[
f(eiθ)(w(θ))1/p

] · φ(eiθ)dθ

=
1
2π

∫ π

−π

f(eiθ) · φ(eiθ)(w(θ))1/pdθ

=
1
2π

∫ π

−π

f(eiθ) · φ(eiθ)[(w(θ))1−p′ ]−1/p′dθ,

and ‖l‖ ≤ ‖φ(t)‖Lp′ (T ). Denote

s(eiθ) := φ(eiθ)[(w(θ))1−p′ ]−1/p′ .

It is clear that
‖s(t)‖

Lp′
w1−p′ (|t|=1)

= ‖φ(t)‖Lp′ (T ),

hence s(eiθ) ∈ Lp′

w1−p′ (−π, π) since φ(eiθ) ∈ Lp′(−π, π), and (3.1) and (3.2)
hold.

Define functions S+(z) in D and S−(z) in D∞ by the Cauchy-type inte-
gral

1
2πi

∫

|t|=1

s(t)
t(t− z)

dt.

Since s(t)
t ∈ Lp′

w1−p′ (T ), by Lemmas 2.7, we have S+(z) ∈ Hp′

w1−p′ (D),

S−(z) ∈ Hp′

w1−p′ (D∞), and

(3.3) S+(t)− S−(t) =
s(t)
t

a.e. .
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For any f(z) ∈ Hp
w(D), by Hölder’s inequality, we have f(z)S+(z) ∈ H1(D),

hence (see [5, Theorems 3.7-3.9]),
∫

|t|=1

f(t)S+(t)dt = 0.

Thus, by (3.2) and (3.3), we have

l(f) =
1

2πi

∫

|t|=1

f(t)(−S−(t))dt =
1

2πi

∫

|t|=1

f(t)h(t)dt

=
1
2π

∫ π

−π

f(eiθ)[h(eiθ)eiθ]dθ,(3.4)

where h(z) := −S−(z) ∈ Hp′

w1−p′ (D∞).

Denote, for z ∈ D∞, φ1(z) = h(z)z = −z ·S−(z). By a careful computa-
tion, we obtain

φ1(z) =
1

2πi

∫

|t|=1

s(t)
t− (z)−1

dt, z ∈ D∞.

Setting ξ = (z)−1, and Φ(ξ) := φ1

(
(ξ)−1

)
, we have

Φ(ξ) =
1

2πi

∫

|t|=1

s(t)
t− ξ

dt, ξ ∈ D,

and, by Lemma 2.7, Φ(ξ) ∈ Hp′

w1−p′ (D). Noting that φ1(eiθ) = Φ(eiθ), by
(3.4), we obtain

l(f) =
1
2π

∫ π

−π

f(eiθ)Φ(eiθ)dθ,

and, by Lemma 2.7 and (3.1),

‖l‖ ≤ ‖Φ(z)‖
Hp′

w1−p′ (D)
≤ C · ‖s(t)‖

Lp′
w1−p′ (T )

,

where C is a positive constant depending only on p. The lemma is proved.
¤

Corollary 3.2. There is a constant C ≥ 1 such that, if f(z) ∈ Hp
w(D) with

qw < p < ∞, and 1
p + 1

p′ = 1, then

(3.5) ‖f(z)‖Hp
w(D) ≤ sup

h(z)∈Hp′
w1−p′ (D)

‖h(z)‖
H

p′
w1−p′ (D)

≤C

∣∣∣∣∣
1

2πi

∫

|t|=1

f(t)
h(t)

t
dt

∣∣∣∣∣ ,
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and

(3.6) ‖f(z)‖Hp
w(D) ≤ sup

h(z)∈Hp′
w1−p′ (D)

‖h(z)‖
H

p′
w1−p′ (D)

≤C

∣∣∣∣∣
1

2πi

∫

|t|=1

f(t)
h(t)

t
dt

∣∣∣∣∣ .

Proof. For f(z) ∈ Hp
w(D), as a consequence of the Hahn-Banach theorem,

there is an l ∈ (Hp
w(D))∗ such that

l(f) = ‖f(z)‖Hp
w(D) and ‖l‖ = 1.

Thus, by Lemma 3.1, there is a Φ(z) ∈ Hp′

w1−p′ (D) satisfying

1 ≤ ‖Φ(z)‖
Hp′

w1−p′ (D)
≤ C,

for some constant C, not depending on f , such that

‖f(z)‖Hp
w(D) =

1
2πi

∫

|t|=1

f(t)
Φ(t)

t
dt.

Hence, (3.5) holds, and so does (3.6). ¤

A system of functions is called complete in Hp
w(D) if the closed linear

span of elements of the system is the space Hp
w(D). Otherwise, it is called

incomplete.

Lemma 3.3. Assume that qw < p < ∞, and {ak} is a Blaschke sequence,
then the system {ek(z)} defined by (1.3) is incomplete in Hp

w(D).

Proof. Clearly, the Blaschke product B(z) of {ak} is in Hp′

w1−p′ (D) where
1
p + 1

p′ = 1. Consider the continuous linear functional

l(f) =
1
2π

∫ π

−π

f(eiθ)B(eiθ)dθ, f ∈ Hp
w(D).

We have

l(ek) =
1
2π

∫ π

−π

B(eiθ)ek(eiθ)dθ

=
1
2π

∫

|t|=1

B(t)
[

1
−2πi

· 1
1− akt

]
· dt

it

=
i

2π
· 1
2πi

∫

|t|=1

B(t)
t− ak

dt =
i

2π
B(ak) = 0.

Since l(ek) = 0 (k = 1, 2, . . .), and B(z) 6≡ 0, this implies that {ek(z)} is
incomplete in Hp

w(D) by the Hahn-Banach theorem. ¤
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Remark 3.4. By the above lemma, if {ak} is a Blaschke sequence, then the
closed linear span of the elements of the system {ek(z)}, namely Ep,w(D),
is a proper subspace of Hp

w(D).

Lemma 3.5. Assume that qw < p < ∞. If Hf (z) is defined by (2.18), with
f(z) ∈ Ep,w(D). Then Hf (z) ≡ 0 for z ∈ D.

Proof. If f(z) ∈ Ep,w(D), then there is a sequence

Pn(z) =
n∑

k=1

b
(n)
k ek(z)

such that
lim

n→∞
‖f − Pn‖Lp

w(T ) = 0.

We claim that for z ∈ D and all n,

(3.7)
∫

|t|=1

Pn(t)dt

Bn(t)(t− z)
= 0,

where Bn(z) is defined by (1.6). Indeed, note that
∫

|t|=1

Pn(t)dt

Bn(t)(t− z)
=

n∑

k=1

b
(n)
k ·

∫

|t|=1

ek(t)
Bn(t)(1− akt)(t− z)

dt

=
n∑

k=1

b
(n)
k · 1

2πi

∫

|t|=1

1
Bn(t)(1− akt)(t− z)

dt,

and, for any fixed z ∈ D and k = 1, 2, . . . , n, the function

F (t) :=
1

Bn(t)(1− akt)(t− z)

is holomorphic in |t| > 1, and as |t| → ∞,

|F (t)| = O
( 1
|t|2

)
.

Thus, by the residue theorem,
1

2πi

∫

|t|=1

F (t)dt = −Res(F,∞) = 0,

hence (3.7) follows. Thus, by Hölder’s inequality, noting that |Bn(t)| = 1
on T , for any fixed z ∈ D, we have∣∣∣∣∣
∫

|t|=1

f(t)dt

Bn(t)(t− z)

∣∣∣∣∣ =

∣∣∣∣∣
∫

|t|=1

[f(t)− Pn(t)]dt

Bn(t)(t− z)

∣∣∣∣∣ ≤
∫ π

−π

|f(eiθ)− Pn(eiθ)|
1− |z| dθ

≤ ‖f − Pn‖Lp
w(T ) ·

(∫ π

−π

(w(θ))1−p′dθ

)1/p′

· 1
1− |z|
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where 1
p + 1

p′ = 1. Since w1−p′ ∈ (Ap′), w1−p′ is integrable in (−π, π), we
obtain, as n →∞,

(3.8)
∫

|t|=1

f(t)dt

Bn(t)(t− z)
→ 0, z ∈ D.

For z ∈ D, we have
∣∣∣∣∣
∫

|t|=1

f(t)dt

B(t)(t− z)

∣∣∣∣∣ ≤
∣∣∣∣∣
∫

|t|=1

f(t)dt

Bn(t)(t− z)

∣∣∣∣∣ +

∣∣∣∣∣
∫

|t|=1

f(t)
t− z

·
[

1
B(t)

− 1
Bn(t)

]
dt

∣∣∣∣∣

=: I1,n(z) + I2,n(z).

By (3.8), as n →∞, I1,n(z) → 0. For I2,n(z), we have

I2,n(z) ≤
∫

|t|=1

|f(t)|
|t− z| ·

∣∣∣∣
|Bn(t)−B(t)|
|B(t)||Bn(t)|

∣∣∣∣ |dt|

≤ C1 ·
∫

|t|=1

|f(t)||Bn(t)−B(t)||dt|

≤ C · ‖f(t)[Bn(t)−B(t)]‖Lp
w(T ),

where C1 and C are constants depending on z but independent of n, and we
used Hölder’s inequality. By Lemma 1.1, we obtain, as n →∞, I2,n(z) → 0.
Thus, if f(z) ∈ Ep,w(D),

∫

|t|=1

f(t)dt

B(t)(t− z)
≡ 0,

hence Hf (z) ≡ 0 for z ∈ D. The proof is complete. ¤

4. Expansion and moment

In this section we study approximation problems in Hp
w(D) with respect

to the system (1.3). First, we give an expansion theorem under the Blaschke
condition.

Theorem 4.1. Assume that qw < p < ∞, and the systems {ek(z)} and
{φk(z)} are given by (1.3) and (1.4) with {ak} being a Blaschke sequence.
If f(z) ∈ Hp

w(D), then the biorthogonal expansion of f(z) with respect to
the system {ek(z)} is

(4.1) f(z) = PEf(z) + Hf (z), z ∈ D

where Hf (z) is defined by (2.18), and

(4.2) PEf(z) = lim
n→∞

n∑

k=1

α(f, φk) ·
(

B(ak)
Bn(ak)

)
· ek(z), z ∈ D,
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where the limit is in the sense of Hp
w(D) convergence1,

(4.3) α(f, φk) :=
∫

|t|=1

f(t)φk(t)
dt

it
, k = 1, 2, . . . ,

and B(z) is the Blaschke product of {ak} and Bn(z) is defined by (1.6).

Proof. For z ∈ D, let

l(ξ) =
B(ξ)
Bn(ξ)

· 1
1− ξz

, ξ ∈ D,

then
(

B(ak)
Bn(ak)

)
· ek(z) =

1
2πi

(
B(ak)
Bn(ak)

)
· 1
1− akz

=
1

2πi

(
B(ak)
Bn(ak)

· 1
1− akz

)
=

1
2πi

l(ak).

Noting that B(t)B(t) = 1 a.e. on T , and choosing sufficiently small ck

as in (1.5), we have

SE,nf(z) :=

:=
n∑

k=1

α(f, φk) ·
(

B(ak)
Bn(ak)

)
· ek(z)

=
n∑

k=1

(∫

|t|=1

f(t)
(

(−i)
B(t)

B′(ak)(t− ak)

)
dt

it

)
· 1
2πi

l(ak)

=
∫

|t|=1

f(t)

(
1

2πiB(t)

n∑

k=1

(
l(ak)

B′(ak)(t− ak)

))
dt

t

=
∫

|t|=1

f(t)


 1

2πiB(t)

(
n∑

k=1

1
2πi

∫

ck

l(ξ)dξ

B(ξ)(t− ξ)

)
 dt

t
(residue theorem)

=
∫

|t|=1

f(t)


 1

2πiB(t)

(
n∑

k=1

1
2πi

∫

ck

dξ

Bn(ξ)(t− ξ)(1− ξz)

)
 dt

t

=:
∫

|t|=1

f(t)Gn(z, t)dt,

1Hence, by Remark 2.11, the limit is also in the sense of uniform convergence on each
compact subset of D.
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where

Gn(z, t) =
1

2πiB(t)t

(
n∑

k=1

1
2πi

∫

ck

dξ

Bn(ξ)(t− ξ)(1− ξz)

)

with |t| = 1, z ∈ D.

Since, as ξ →∞,∣∣∣∣
1

Bn(ξ)(t− ξ)(1− ξz)

∣∣∣∣ = O

(
1
|ξ|2

)
,

Res
[

1
Bn(ξ)(t− ξ)(1− ξz)

, ξ = ∞
]

= 0,

by the residue theorem, we have, for |t| = 1, z ∈ D,
n∑

k=1

1
2πi

∫

ck

dξ

Bn(ξ)(t− ξ)(1− ξz)

=−Res
[

1
Bn(ξ)(t− ξ)(1− ξz)

, ξ = t

]
−Res

[
1

Bn(ξ)(t− ξ)(1− ξz)
, ξ =

1
z

]

=−1
z

[
1

Bn(t)(t− 1
z )

+
1

Bn( 1
z )( 1

z − t)

]
.

Hence,
(

n∑

k=1

1
2πi

∫

ck

dξ

Bn(ξ)(t− ξ)(1− ξz)

)
= t

(
Bn(t)
t− z

− Bn(z)
t− z

)
.

Here we used the facts that on T, tt = 1,

Bn(t)Bn(t) = 1,

and for z ∈ D, Bn(z)Bn( 1
z ) = 1.

Thus,

Gn(z, t) =
1

2πiB(t)

(
Bn(t)
t− z

− Bn(z)
t− z

)
,

and furthermore,

SE,nf(z) =
1

2πi

∫

|t|=1

Bn(t)f(t)dt

B(t)(t− z)
− Bn(z)

2πi

∫

|t|=1

f(t)dt

B(t)(t− z)

=: S
(1)
E,n(z)− S

(2)
E,n(z);

note that this can also be obtained by taking s = 0 in formula (16) of [11].
Noting that |Bn(t)| = 1 on T and |Bn(z)| < 1 for z ∈ D, by Corollary 2.8
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it follows that the functions S
(1)
E,n(z) and S

(2)
E,n(z) belong to Hp

w(D). Thus,
by Lemmas 2.9, 2.7 and 1.1, we have , as n →∞,

‖f(z)− S
(1)
E,n(z)‖Hp

w(D) =

∥∥∥∥∥
1

2πi

∫

|t|=1

(
1− Bn(t)

B(t)

)
f(t)dt

t− z

∥∥∥∥∥
Hp

w(D)

≤ Cp

∥∥∥∥
(

1− Bn(t)
B(t)

)
f(t)

∥∥∥∥
Lp

w(T )

= Cp‖f(t)[B(t)−Bn(t)]‖Lp
w(T ) → 0;

and by Lemmas 2.5 and 1.1, we have, as n →∞,

‖Hf (z)− S
(2)
E,n(z)‖Hp

w(D) =

∥∥∥∥∥
Bn(z)−B(z)

2πi

∫

|t|=1

f(t)dt

B(t)(t− z)

∥∥∥∥∥
Hp

w(D)

≤ Cp‖[Bn(t)−B(t)]G(t)‖Lp
w(T ) → 0,

where G(z) is defined by (2.19), G(t) ∈ Lp
w(T ). Hence, as n →∞,

‖SE,nf(z)− [f(z)−Hf (z)]‖Hp
w(D) → 0.

The theorem is proved. ¤

Remark 4.2. In Theorem 4.1, PEf(z) is called the orthogonal projection of
f(z) with respect to the system {ek(z)} because
∫

|t|=1

[f(t)− PEf(t)]ek(t)
dt

it
=

∫

|t|=1

Hf (t)ek(t)
dt

it
= iHf (ak) = 0, k = 1, 2, . . . .

The second equality above is based on the following fact: If h(z) ∈ Hp
w(D),

by Lemma 2.9,

(4.4) α(h, ek) :=
∫

|t|=1

h(t)ek(t)
dt

it
=

i

2πi

∫

|t|=1

h(t)
t− ak

dt = ih(ak).

Recall that a Blaschke sequence {ak} is called uniformly separated [6,
p. 67], if there is a positive number δ such that

(4.5) inf
k

∏

j 6=k

∣∣∣∣
aj − ak

1− ajak

∣∣∣∣ ≥ δ > 0.

An equivalent expression of the above uniformly separated condition is
(see [6, p. 158])

(4.6) (1− |ak|2)|B′(ak)| ≥ δ > 0, k = 1, 2, . . .

where B(z) is the Blaschke product of {ak}.
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Remark 4.3. An important result about uniformly separated sequences is
(see [6, Chapter 6, p. 157], or [5, p. 152]): If {ak} ⊂ D is uniformly separated,
then there exists a constant C such that for every f(z) ∈ Hp(D) (0 < p <
∞),

∞∑

k=1

(1− |ak|2)|f(ak)|p ≤ C‖f‖p
Lp(T ).

Later, we shall use this result in the proof of Theorems 4.5 and 5.3.

Assume that qw < p < ∞, and define the function

(4.7) v(z) = exp
(

1
2π

∫ π

−π

eit + z

eit − z
[log (w(t))1−p′ ]dt

)
, z ∈ D,

where 1
p + 1

p′ = 1. Comparing with the function g(z) defined in (2.2), we
see that

(4.8) v(z) = [g(z)]1−p′ , |v(z)|− p
p′ = |g(z)|, z ∈ D,

and by (2.4),

(4.9) |v(eiθ)| = [w(θ)]−p′/p = [w(θ)]1−p′ a.e.

Remark 4.4. Since w ∈ (Ap), we have w1−p′ ∈ (Ap′) with 1
p + 1

p′ = 1. Thus,

by Lemma 2.3, if f(z) ∈ Hp′

w1−p′ (D) then f(z)Vp′(z) ∈ Hp′(D), where

Vp′(z) = exp
(

1
2p′π

∫ π

−π

eit + z

eit − z
[log (w(t))1−p′ ]dt

)
, z ∈ D.

Now we are ready to give a moment theorem.

Theorem 4.5. Assume that (a) qw < p < ∞ and 1
p + 1

p′ = 1; (b) the
sequence {ak} is uniformly separated; (c) the systems {ek(z)} and {φk(z)}
are defined by (1.3) and (1.4), and (d) v(z) is defined by (4.7). If a sequence
of complex numbers {bk} satisfies

(4.10)
∞∑

k=1

|bk|p
[
(1− |ak|2)|v(ak)|

]− p
p′

< +∞,

then

(4.11) J(z) =
∞∑

k=1

bkek(z), z ∈ D,

belongs to Ep,w(D), where the series converges in the sense of Hp
w(D), and

(4.12) α(J, φk) :=
∫

|t|=1

J(t)φk(t)
dt

it
= bk, k = 1, 2, . . . .
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Proof. By Corollary 3.2 (3.6), we have

‖Sm − Sn‖Hp
w(D) =

∥∥∥∥∥
m∑

k=n+1

bkek(z)

∥∥∥∥∥
Hp

w(D)

≤ sup
h(z)∈Hp′

w1−p′ (D)

‖h(z)‖
H

p′
w1−p′ (D)

≤C

∣∣∣∣∣
m∑

k=n+1

bk

(
1
2π

∫

|t|=1

h(t)ek(t)
dt

it

)∣∣∣∣∣ ,

where Sn(z) is the partial sum of the series (4.11). For the above h, we have

1
2π

∫

|t|=1

h(t)ek(t)
dt

it
=

i

2π

1
2πi

∫

|t|=1

h(t)
t− ak

dt = H(ak),

where

H(z) =
1

4π2

∫

|t|=1

h(t)
t− z

dt ∈ Hp′

w1−p′ (D),

and, if we require ‖h(z)‖
Hp′

w1−p′ (D)
≤ C,

‖H(z)‖
Hp′

w1−p′ (D)
≤ C1‖h‖Lp′

w1−p′ (T )
≤ C1C := C2,

where C2 is a constant depending only on p. Thus,

(4.13)

∥∥∥∥∥
m∑

k=n+1

bkek(z)

∥∥∥∥∥
Hp

w(D)

≤ sup
H(z)∈Hp′

w1−p′ (D)

‖H(z)‖
H

p′
w1−p′ (D

≤C2

m∑

k=n+1

|bkH(ak)|.

Moreover, by Hölder’s inequality, we have

m∑

k=n+1

|bkH(ak)| ≤
(

m∑

k=n+1

(1− |ak|2)|H(ak)|p′ |v(ak)|
) 1

p′

·
(

m∑

k=n+1

|bk|p
[
(1− |ak|2)|v(ak)|

]− p
p′

) 1
p

.

(4.14)

By Remark 4.4, H(z)Vp′(z) ∈ Hp′(D), and since |Vp′(z)|p′ = |v(z)| and
{ak} is uniformly separated, hence by Remark 4.3, and by (4.9), we have

∞∑

k=1

(1− |ak|2)|H(ak)|p′ |v(ak)|

< C3‖HVp′‖p′

Lp′ (T )
= C3‖H‖p′

Lp′
w1−p′ (T )

< C4.

(4.15)
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Thus, by (4.10), (4.13), (4.14) and (4.15), it follows that the series (4.11) is
Cauchy, hence converges in Hp

w(D) to a function J(z) ∈ Ep,w(D). And since
J → α(J, φk) is a continuous linear functional on Lp

w(T ), by the biorthogo-
nality of the two systems, (4.12) holds. The proof is complete. ¤

As an application of the above moment theorem, now we give the biortho-
gonal expansion in Hp

w(D) under the uniformly separated condition. We
need a lemma:

Lemma 4.6. Assume that qw < p < ∞; {ak} is a Blaschke sequence,
{ek(z)} and {φk(z)} are defined by (1.3) and (1.4). If h(t) ∈ Lp

w(T ), then
∫

|t|=1

h(t)ek(t)
dt

it
= 0 (k = 1, 2, . . .)

and ∫

|t|=1

h(t)φk(t)
dt

it
= 0 (k = 1, 2, . . .)

are equivalent.

Proof. Since, by Lemma 2.1, h(t) ∈ Lp
w(T ) implies h(t) ∈ Lp0(T ) for some p0

with 1 < p0 < p, this lemma follows immediately from [14, Theorem 1]. ¤

Theorem 4.7. 2 In Theorem 4.1, if {ak} is uniformly separated, then the
expansion (4.1) becomes

(4.16) f(z) = lim
n→∞

n∑

k=1

α(f, φk)ek(z) + Hf (z), z ∈ D,

where the limit is in the sense of Hp
w(D) convergence.

Proof. We claim that

(4.17)
∞∑

k=1

|α(f, φk)|p
[
(1− |ak|2)|v(ak)|

]− p
p′

< ∞,

where v(z) is defined by (4.7). Noting that, under the uniformly separated
condition, by (4.6),

1
|B′(ak)| ≤

1− |ak|2
δ

, k = 1, 2, . . . .

2This result for the classical case was obtained in [1].
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Thus, we have

|α(f, φk)|p =

∣∣∣∣∣
∫

|t|=1

f(t)φk(t)
dt

it

∣∣∣∣∣

p

=

∣∣∣∣∣
∫

|t|=1

f(t)φk(t)
dt

it

∣∣∣∣∣

p

=

∣∣∣∣∣
1

|B′(ak)|
∫

|t|=1

f(t)B(t)
t(t− ak)

dt

∣∣∣∣∣

p

≤ C1(1− |ak|2)p|G(ak)|p,

where C1 is a constant and

G(z) =
1

2πi

∫

|t|=1

f(t)B(t)
t

· 1
t− z

dt.

Since f(t)B(t)
t ∈ Lp

w(T ), by Lemmas 2.7 and 2.5, G(z) ∈ Hp
w(D), and

‖G‖Lp
w(T ) ≤ C

∥∥∥∥∥
f(t)B(t)

t

∥∥∥∥∥
Lp

w(T )

= C‖f‖Lp
w(T ),

where C is a constant depending only on p. Noting that p − p
p′ = 1, by

(4.8), we have
∞∑

k=1

(1− |ak|2)p|G(ak)|p
[
(1− |ak|2)|v(ak)|

]− p
p′

=
∞∑

k=1

(1− |ak|2)|G(ak)|p|v(ak)|− p
p′

=
∞∑

k=1

(1− |ak|2)|G(ak)|p|g(ak)|

=
∞∑

k=1

(1− |ak|2)|G(ak)|p|Wp(ak)|p

≤ C2‖GWp‖p
Lp(T ) = C2‖G‖p

Lp
w(T )

≤ C3‖f‖p
Lp

w(T )
< ∞,

where C2 and C3 are constants. Here we used (4.8), the fact that (see
Lemma 2.3) G(z)Wp(z) ∈ Hp(D), and a result in [6, Chapter 6, p. 157] (see
Remark 4.3). Hence (4.17) holds. Thus, by Theorem 4.5,

J(z) =
∞∑

k=1

α(f, φk)ek(z) ∈ Ep,w(D),

and
α(J, φk) = α(f, φk), k = 1, 2, . . . .
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By Theorem 4.1, f(z)−Hf (z) ∈ Ep,w(D). Let h(z) = f(z)−Hf (z)−J(z).
We have h(z) ∈ Ep,w(D), and

α(h, φk) = α(f, φk)− α(Hf , φk)− α(J, φk) = −α(Hf , φk), k = 1, 2, . . . .

Note that, by Corollary 2.8, Hf (z)∈Hp
w(D). Thus, by (4.4), α(Hf , ek) =

iHf (ak). Hence α(Hf , ek) = 0, k=1, 2, . . ., and by Lemma 4.6, α(Hf , φk) =
0, k = 1, 2, . . .. So, α(h, φk) = 0, k = 1, 2, . . ., and by Theorem 4.1, h(z) =
Hh(z), z ∈ D. But, Hh(z) ≡ 0 by Lemma 3.5 due to h(z) ∈ Ep,w(D),
hence h(z) ≡ 0. Thus, f(z) = J(z) + Hf (z), this is (4.16). The theorem is
proved. ¤

5. Expansion and interpolation

In this section, we give results corresponding to Theorems 4.1, 4.5 and 4.7
but with respect to the system {φk(z)}.

Denote by Φp,w the closed linear span of the elements of the system
{φk(z)} in Hp

w(D). By the next Lemma and Lemma 3.3, we see that Φp,w is
also a proper subspace of Hp

w(D), and the system {φk(z)} is also incomplete
in Hp

w(D).

Lemma 5.1. Assume that qw < p < ∞, and {ak} ⊂ D is a Blaschke
sequence. Then

Φp,w(D) ⊂ Ep,w(D).

Proof. If there were a function, say φj(z), in the system {φk(z)}, which did
not belong to Ep,w(D), then by the Hahn-Banach theorem, there would be
a linear functional l ∈ (Hp

w(D))∗ such that

(5.1) l(ek) = 0 (k = 1, 2, . . .)

but

(5.2) l(φj) 6= 0.

By Lemma 3.1, there exists h ∈ Hp′

w1−p′ (D) such that

l(f) =
1
2π

∫ +π

−π

f(eiθ)h(eiθ)dθ =
1

2πi

∫

|t|=1

f(t)h(t)
dt

t

with f ∈ Hp
w(D) and 1

p + 1
p′ = 1. So, (5.2) becomes

(5.3)
1
2π

∫ π

−π

φj(eiθ)h(eiθ)dθ 6= 0,
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and by (5.1), it follows that l(ek) = 0. Hence

0 =
1
2π

∫ π

−π

h(eiθ)
[

1
−2πi

· 1
1− ake−iθ

]
dθ

=
1

−2πi
· 1
2πi

∫

|t|=1

h(t)
(1− akt−1)t

dt =
1

−2πi
· 1
2πi

∫

|t|=1

h(t)dt

t− ak
.

So
1

2πi

∫

|t|=1

h(t)
t− ak

dt = 0 (k = 1, 2, . . .),

that is, by Lemma 2.9,

(5.4) h(ak) = 0 (k = 1, 2, . . .).

Since, by (1.5),

φj(z) =
B(z)
2π

∫

cj

dξ

B(ξ)(ξ − z)
,

we have, by (5.3), and Fubini’s theorem,

1
2π

∫ π

−π

[
B(eiθ)

2π

∫

cj

dξ

B(ξ)(ξ − eiθ)

]
h(eiθ)dθ

=
1
2π

∫

cj

1
B(ξ)

·
[

1
2π

∫ π

−π

B(eiθ)h(eiθ)
ξ − eiθ

dθ

]
dξ 6= 0.

(5.5)

But [
1
2π

∫ π

−π

B(eiθ)h(eiθ)
ξ − eiθ

dθ

]
=

1
2π

∫ π

−π

h(eiθ)
B(eiθ)(ξ − e−iθ)

dθ

=
1
ξ

1
2πi

∫

|t|=1

h(t)
B(t)(t− (ξ)−1)

dt,

(5.6)

where we used the fact that B(t) = 1/B(t) for almost every t ∈ T . Noting
that (i) since h ∈ Hp′

w1−p′ (D), w1−p′ ∈ (Ap′), and thus by Lemma 2.1, we
have h ∈ Hp0(D) for some 1 < p0 < p′, and since, by (5.4), h(ak) = 0 =
B(ak), k = 1, 2, . . ., it follows by [5, Theorem 2.5] that

h(z)
B(z)

∈ Hp0(D);

(ii) since ξ ∈ cj , we have (ξ)−1 ∈ D∞, and thus, by Lemma 2.9, the integral
in (5.6) must be zero, a contradiction with (5.5). The proof is complete. ¤

Now, we give an expansion theorem which is corresponding to Theo-
rem 4.1.
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Theorem 5.2. Under the assumptions of Theorem 4.1, if f(z) ∈ Hp
w(D),

then the biorthogonal expansion of f(z) with respect to the system {φk(z)}
is

(5.7) f(z) = PΦf(z) + Hf (z), z ∈ D,

where Hf (z) is defined by (2.18), and

PΦf(z) = lim
n→∞

n∑

k=1

α(f, ek) · B(ak)
Bn(ak)

· φk(z), z ∈ D,

where the limit is in the sense of Hp
w(D) convergence3, and

α(f, ek) :=
∫

|t|=1

f(t)ek(t)
dt

it
, k = 1, 2, . . . .

Proof. First, let us find the representation for the partial sum

SΦ,nf(z) :=
n∑

k=1

α(f, ek) · B(ak)
Bn(ak)

· φk(z).

For z = aj (j = 1, 2, . . .), (5.7) must hold since φk(aj) = −iδkj and
α(f, ej) = if(aj) (see 4.4). So, we assume that |z| < 1 and z 6= aj (j =

3Hence, by Remark 2.11, the limit is also in the sense of uniform convergence on each
compact subset of D.
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1, 2, . . .). Choose sufficiently small circles ck as in (1.5). We have

SΦ,nf(z) =

=
n∑

k=1

[if(ak)] · B(ak)
Bn(ak)

·
[
(−i) · B(z)

B′(ak)(z − ak)

]

=
n∑

k=1

B(z) · f(ak)B(ak)
Bn(ak)(z − ak)

· 1
B′(ak)

=
n∑

k=1

−B(z)
2πi

∫

ck

B(ξ)f(ξ)
Bn(ξ)(ξ − z)

· 1
B(ξ)

dξ (residue theorem)

=
n∑

k=1

−B(z)
2πi

∫

ck

f(ξ)
Bn(ξ)(ξ − z)

dξ

=
n∑

k=1

−B(z)
2πi

∫

ck

[ 1
2πi

∫

|t|=1

f(t)dt

t− ξ

] dξ

Bn(ξ)(ξ − z)
(Lemma 2.9)

=
∫

|t|=1

f(t)
[ n∑

k=1

−B(z)
(2πi)2

∫

ck

dξ

Bn(ξ)(ξ − z)(t− ξ)

]
dt

=:
∫

|t|=1

f(t)Gn(z, t)dt,

where

Gn(z, t) =
n∑

k=1

−B(z)
(2πi)2

∫

ck

dξ

Bn(ξ)(ξ − z)(t− ξ)

with |t| = 1, z ∈ D and z 6= ak (k = 1, 2, . . .).

Since, as ξ →∞,

∣∣∣∣
1

Bn(ξ)(ξ − z)(ξ − t)

∣∣∣∣ = O

(
1
|ξ|2

)
,

we have, for |t| = 1, z ∈ D,

Res
[

1
Bn(ξ)(ξ − z)(ξ − t)

, ξ = ∞
]

= 0,
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hence, by the residue theorem,
n∑

k=1

1
2πi

∫

ck

dξ

Bn(ξ)(ξ − z)(ξ − t)

= −Res
[

1
Bn(ξ)(ξ − z)(ξ − t)

, ξ = z

]
− Res

[
1

Bn(ξ)(ξ − z)(ξ − t)
, ξ= t

]

=
1

Bn(z)(t− z)
− 1

Bn(t)(t− z)
.

Thus, we obtain

Gn(z, t) =
B(z)
2πi

[
1

Bn(z)(t− z)
− 1

Bn(t)(t− z)

]
.

So, by Lemma 2.9, we have

(5.8) SΦ,nf(z) =
B(z)
Bn(z)

f(z)− B(z)
2πi

∫

|t|=1

f(t)dt

Bn(t)(t− z)
.

Thus, as in the proof of Theorem 4.1, we obtain, as n →∞,

‖SΦ,nf(z)− f(z) + Hf (z)‖Hp
w(D) ≤

∥∥∥∥
B(z)
Bn(z)

f(z)− f(z)
∥∥∥∥

Hp
w(D)

+

∥∥∥∥∥
B(z)
2πi

∫

|ξ|=1

[B(ξ)−Bn(ξ)]f(ξ)
Bn(ξ)B(ξ)

· dξ

ξ − z

∥∥∥∥∥
Hp

w(D)

≤ 2Cp‖f(t)[B(t)−Bn(t)]‖Lp
w(T ) → 0.

The proof is complete. ¤

Next, we give an interpolation theorem.

Theorem 5.3. Under the assumptions of Theorem 4.5, if a sequence of
complex numbers {bk} satisfies

(5.9)
∞∑

k=1

|bk|p(1− |ak|2)|v(ak)|− p
p′ < +∞,

then the series

(5.10)
∞∑

k=1

ibkφk(z)

converges in the sense of Hp
w(D), and its sum function I(z) belongs to

Φp,w(D) and satisfies

I(ak) = bk, k = 1, 2, . . . .
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Proof. For any positive integer n, let Sn(z) be the partial sum of the series
(5.10). By Corollary 3.2 (3.5), we have

‖Sm − Sn(z)‖Hp
w(D) =

∥∥∥∥∥
m∑

k=n+1

bkφk(z)

∥∥∥∥∥
Hp

w(D)

≤ sup
h(z)∈Hp′

w1−p′ (D)

‖h(z)‖
H

p′
w1−p′ (D)

≤C

∣∣∣∣∣
1
2π

∫

|t|=1

(
m∑

k=n+1

bkφk(t)

)
h(t)

dt

it

∣∣∣∣∣

= sup
h(z)∈Hp′

w1−p′ (D)

‖h(z)‖
H

p′
w1−p′ (D)

≤C

∣∣∣∣∣
m∑

k=n+1

bk

(
1
2π

∫

|t|=1

h(t)φk(t)
dt

it

)∣∣∣∣∣

= sup
h(z)∈Hp′

w1−p′ (D)

‖h(z)‖
H

p′
w1−p′ (D)

≤C

∣∣∣∣∣
m∑

k=n+1

bk

B′(ak)

(
1

2πi

∫

|t|=1

h(t)B(t)dt

t(t− ak)

)∣∣∣∣∣ ,

where C is a constant depending only on p with C ≥ 1. Let

H(z) =
1

2πi

∫

|t|=1

h(t)B(t)
t(t− z)

dt.

Since

h(t)B(t)
t

∈ Lp′

w1−p′ (T ),

by Lemma 2.7, we have H(z) ∈ Hp′

w1−p′ (D), and, if we require
‖h(z)‖

Hp′
w1−p′ (D

≤ C,

‖H(z)‖
Hp′

w1−p′ (D)
≤C1

∥∥∥h(t)B(t)
t

∥∥∥
Lp′

w1−p′ (T )
= C1‖h‖Lp′

w1−p′ (T )
≤C1 ·C :=C2

where C2 is a constant depending only on p. Thus, by (4.6), we have
(5.11)∥∥∥∥∥

m∑

k=n+1

bkφk(z)

∥∥∥∥∥
Hp

w(D)

≤ sup
H(z)∈Hp′

w1−p′ (D)

‖H(z)‖
H

p′
w1−p′ (D)≤C2

m∑

k=n+1

∣∣∣∣
(1− |ak|2)

δ
bkH(ak)

∣∣∣∣ .
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By Hölder’s inequality,

m∑

k=n+1

|bk|(1− |ak|2)H(ak)| ≤

(
m∑

k=n+1

(1− |ak|2)|H(ak)|p′ |v(ak)|
) 1

p′
(

m∑

k=n+1

(1− |ak|2)|bk|p|v(ak)|− p
p′

) 1
p

.

(5.12)

Since H(z)Vp′(z) ∈ Hp′(D) and |Vp′(z)|p′ = |v(z)| (see Remark 4.4), and
since {ak} is uniformly separated, as in the proof of Theorem 4.5, by Re-
mark 4.3 and by (4.9), we have

∞∑

k=1

(1− |ak|2)|H(ak)|p′ |v(ak)| ≤ C3‖HVp′‖Lp′ (T )

= C3‖H‖Lp′
w1−p′ (T )

< C2C3 := C4.

(5.13)

Thus, by (5.9), (5.11), (5.12) and (5.13), it follows that the series in (5.10)
is Cauchy, hence converges in Hp

w(D) to a function I(z) ∈ Φp,w. And, by
Remark 2.11, the series uniformly converges on each compact subset of D,
so it is pointwise convergent in D. Noting that φk(aj) = −iδkj , we get
I(ak) = bk (k = 1, 2, . . .). The proof is complete. ¤

Finally, we give an expansion theorem which is corresponding to Theo-
rem 4.7.

Theorem 5.4. In Theorem 5.2, if {ak} is uniformly separated, then the
expansion (5.7) becomes

(5.14) f(z) =
∞∑

k=1

α(f, ek)φk(z) + Hf (z), z ∈ D,

where the limit is in the sense of Hp
w(D) convergence.

Proof. By Lemma 2.3, f(z)Wp(z) ∈ Hp(D), and since |Wp(z)|p = |g(z)|,
hence, by the uniformly separated condition, we have (see Remark 4.3)

∞∑

k=1

(1− |ak|2)|f(ak)|p|g(ak)| < ∞.

Thus, by (4.8),
∞∑

k=1

|f(ak)|p(1− |ak|2)|v(ak)|− p
p′ < ∞.
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Hence by Theorem 5.3,

I(z) =
∞∑

k=1

if(ak)φk(z) ∈ Φp,w(D), z ∈ D,

and since φk(aj) = −iδkj , we get I(ak) = f(ak) (k = 1, 2, . . .). But, by
Theorem 5.2, f(z) − Hf (z) ∈ Φp,w(D). Let G(z) = f(z) − Hf (z) − I(z).
Clearly, G(z) ∈ Φp,w(D), hence, by Lemma 5.1, G(z) ∈ Ep,w(D). Thus, by
Lemma 3.5, HG(z) ≡ 0 for z ∈ D. Meanwhile, G(ak) = f(ak) −Hf (ak) −
I(ak) = 0, hence, by (4.4), α(G, ek) = 0 (k = 1, 2, . . .). Thus, by Theo-
rem 5.2, G(z) = HG(z), z ∈ D. So, G(z) ≡ 0 for z ∈ D, this is (5.14) due
to if(ak) = α(f, ek). The proof is complete. ¤

Acknowledgement. We are indebted to Manfred Stoll and Gordon Sinna-
mon for their valuable help and suggestions during the preparation of this
paper.

References

[1] G. M. Airapetian, On the bases of rational functions in subspaces of Hardy spaces
Hp (1 < p < ∞), Izv. Akad. Nauk Armjan SSR, Ser. Mat., 6 (1973), 429-450 (In
Russian).

[2] G. M. Airapetian, Multple interpolation and bases of certain biorthogonal systems
of rational functions in Hardy classes Hp, Izv. Akad. Nauk Armjan SSR, Ser. Mat.,
12 (1977), 262-277 (In Russian).

[3] S. Axler, P. Bourdon and W. Ramey, Harmonic Function Theory, Springer-Verlag,
1992.

[4] J. A. Cima, A. L. Matheson and W. T. Ross, The Cauchy Transform, Amer. Math.
Soc., 2006.

[5] P. L. Duren, Theory of Hp Spaces, Academic Press, 1970; Dover Publications, 2000.
[6] P. L. Duren and A. Schuster, Bergman Spaces, Amer. Math. Soc., 2004.
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