WEIGHTED HARDY SPACES FOR THE UNIT DISC:
APPROXIMATION PROPERTIES
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ABSTRACT. In this paper we study basic properties of the weighted
Hardy space for the unit disc with the weight function satisfying
Muckenhoupt’s (A7) condition, and study related approximation pro-
blems (expansion, moment and interpolation) with respect to two in-
complete systems of holomorphic functions in this space.

1. INTRODUCTION

The weighted Hardy space with the weight function w satisfying Muck-
enhoupt’s (A7) condition was originally defined and studied in [7], but
therein the focus of study was on the case for the upper half plane. The
corresponding weighted Hardy space HZ (D) for the unit disc D was also
defined in [7] but no details were given. As pointed out in [7], it is in fact
in [13] that the idea to develop a theory of weighted H? spaces appears for
the first time. In the present paper, we shall study basic properties of the
space HP (D) and related approximation problems, which include biorthog-
onal expansions and moment and interpolation problems, for two systems
of holomorphic functions in the space. In the classical Hardy space H?(D)
(i.e. when w = 1) for the unit disc, these kinds of approximation problems
were studied, for example, in [11], [1], [2] and [14]. We shall generalize some
related results to the case with general (A7) weights.

Muckenhoupt’s (A?) condition was introduced in [12]. Assume that w is
a non-negative (with 0 < w < 0o a.e.) and measurable function defined in
(—00,00). For 1 < g < 0o, we say w satisfies Muckenhoupt’s (A9) condition
or w € (A9) (we also call w an (A9) weight), if there is a constant C' such
that for every interval I,

(i) G o) <o
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where |I| denotes the length of I. We say w € (A!) if

1
i Jutede < ull,
1] Jz
for every interval I, where ||w||; denotes the essential infimum of w over I.

In this paper, as in [12, Theorem 10] and [9, Theorem 1], we additionally
assume that the above weight w is 27 periodic (and we shall write w(6)
rather than w(z)). Thus, in the above definition of (A?) weight, “for every
interval I” can be replaced by “for every interval I with |I| < 27”7 (the value
of the constant C' may change). For completeness, we provide a proof of
this easy fact. First assume that 1 < ¢ < co and that there is a constant ¢
such that for every interval I" with |I’| < 2,

(1.1) (|11/| /I/w(G)dG) (Ifl’I /I/w(o)—qlldé))ql <ec

We claim that there is a constant C' such that for every interval I, the above
inequality holds with I’ and ¢ being replaced by I and C|, respectively. We
need only consider the case when |I| > 27 (if |I| < 27, the conclusion is
clearly true with C = ¢ by the assumption). Without loss of generality,
assume that |I| = 2km + |I"”| with £ > 1 and 0 < |[I”| < 27 (if k = 1 then
|[I"] # 0), where I" is a sub-interval of I. Since, by (1.1), both w and woTT
are integrable on [, 7], let [7 wdf = A and |"_ w T1df = B. Then,
noting that w is 2m-periodic and nonnegative, we have

(1 o) (i =)

kA + ! do
w
2]€7T+ |I//| 2k77+ |I//| I

kB + - w7 T dY "
2k7r+|IH| 2]{:71'—1— ‘I//| I

A _AN(B B\,
2 27 2 2w T

which is independent of I.
For ¢ = 1, the argument is essentially the same, noting that, for |I| > 27,
we have [l = [l r.tx

We collect below some of the basic properties of (A7) weights. Note that
part of (i) has already been used in the proof above. It is known (see [9,
p. 229, p. 231, and Lemma 5]) that (i) if w(f) € (A?) with 1 < ¢ < oo,
then w(6), [w(@)]_q%l and log w(f) are integrable on [—, 7; (ii) w € (A9)
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if and only if w!~¢" € (A7) where % + % =1; (iii) if w € (A%) and ¢ > q,

then w € (A®); (iv) if w € (A7) with 1 < ¢ < oo, then w € (A7) for some
¢ with 1 < ¢ <gq.

Given w € (A%) for some ¢ with 1 < ¢ < oo, we denote by ¢, the critical
exponent for w, that is, the infimum of all r’s such that w € (A"). In this
case, we say that w is an (A?) weight with critical exponent g,,. We have
Gw > 1, and by (iv) above, unless ¢, = 1, w is never an (A%) weight, but
by (iii), w € A", for all r > gy,.

In [9] and [12], weighted norm inequalities for the Hilbert transform, the
Hardy-Littlewood maximal operator and the Poisson integral were studied.
For definitions, see equations (2.14) and (2.8), respectively. The principal
problem considered there is the determination of all non-negative weight
functions w(#) with period 27 such that the weighted norm inequality

[ 1iere@a <o [ s

holds, where 1 < p < oo, f has period 27, C' is a constant independent of
f, and f denotes the Hilbert transform (or the Hardy-Littlewood maximal
operator, or the Poisson integral) of f. The above inequality means that
the operator f is bounded from LP (-, 7) into itself (the definition of the
space LP will be given below). The main result there is that w(6) is such a
function if and only if w(#) € (AP). We shall use this important result later
in this paper, namely in the proof of Lemmas 2.5 and 2.7.

For w(#) € (A7), 1 < ¢ < oo and 0 < p < 0o, the weighted Hardy space
H? (D) for the unit disc D = {z € C: |z| < 1} (see [7]) is the collection of
functions f(z) which are holomorphic in D and satisfy

1 [7 .
Dy = SUD = #)Pw(8)do < oc.
gy =515 [ 1Fre)Pu(o)ds < o
The classical Hardy space H?(D) is obtained by taking w = 1. Similarly,
we can define the space HE (D) where Do, = {z € C: |z| > 1} as the
collection of functions h(z) which are holomorphic in Do, with h(co) = 0
and satisfy
1 (7 -
P f— D — i0y|p
Iy =00 5 /4 Ih(rei®)Pw(0)d6 < +oc.
The space LP (T) is the collection of measurable functions f(t) on T = {t €
C: |t| = 1} which satisfy
1 T .
D o 0\ |p
111y 0y = 5 [ 1H)Pu(8)d0 < +oc.

—T
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For 1 <p < oo, HE (D), HP (Do) and LE (T) are Banach spaces. From
now on in this paper, we assume that w is an (A?) weight, for some
1 < g < oo with critical exponent g,,, and when we study the spaces
H? (D), HE(Dy) and LE(T), in most cases, we shall assume that ¢, <
p < 0o, and hence most spaces considered in this paper are Banach spaces.

Let {ax} be a sequence of complex numbers with a € D (k =1,2,...),
a; # ay if j # k. Assume that {ay} satisfies the Blaschke condition

(1.2) > (1= ag]) < o0

k=1

(such a sequence is called a Blaschke sequence), and B(z) is the Blaschke
product of {a}:

k=1

(taking |Z—:| = —1 if ap = 0). Consider two systems of functions
1 1
( 3) 6k(z) omi 1 — gz ( ) 4y )
and
) B(z
(1.4) or(2) = (—i) - (2) (k=1,2,...).

(z — ag)B'(ar)
We verify that all the functions in the systems (1.3) and (1.4) are in H? (D)
(clearly, they are holomorphic in D). Indeed, for 0 < r < 1, we have

p

L )i

1 —aret®

L[ ek re®) Pu(0)do 1/

o ), 2 ) .

L (R p/ﬂ (0)do <
o \1—Jau) /.. " o

hence ey (z) € HE (D). To verify that ¢r(z) € HE (D), note that |B(z)| < 1
for z € D.

It is known (see [11]) that these two systems are biorthogonal on |z| = 1,
that is

——dz [ —— o dz 1 ifk=},
[ e@mmE - /lzl_lemz)@(z) =, = {0 i
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Using the residue theorem, we obtain the following integral representation
for the system defined in (1.4): for z ;é ag,

1. = k=1,2,...
(15) o) =52 | e 2

where ¢, C D is a sufficiently small c1rcle Wlth center at ay, not containing
a; (j # k), and not containing z.

We shall show some basic properties of the space H? (D) in Sections 2
and 3, then study expansions and moments in this space with respect to the
system (1.3) in Section 4, and finally, the expansion and interpolation with
respect to the system (1.4) in Section 5.

Before ending this section, we give a useful lemma. Assume that {ax} is
a Blaschke sequence. For any positive integer n, denote

(1.6) By(z) = ﬁ [ U — 2 .|ak|] .

l—apz a
pate k k

Lemma 1.1. For any h(t) € LE(T) with ¢, < p < 00, as n — 00, we have
(L.7) [2()[Bn(t) — Bl s, () — O,
where B(z) is the Blaschke product of {ay}.
Proof. Since h(e) € L2 (—m,7), we have h(e')(w(0))'/? € LP(—m, 7).
Thus (see, for example, [11, p. 36]), as n — oo,

1A (™) (w(0)) /P [Bn(e") = B(e" )]l Lo (= mim) — O
which is actually (1.7). O

2. SOME PROPERTIES OF HP? (D), PART 1

The following two important lemmas are indications of the close relation
that exists between the weighted and classical case.

Lemma 2.1. Assume that q, < p < oco. Then HY(D) C HP (D) and
L2 (T) C LPo(T') for some po with 1 < py < p.

Proof. Since ¢, < p < 00, by the definition of g,,, we have w € (AP?) for
some p; with 1 < p; < p. Set pg = p/p1. Note that 1 < pg < p and
=p/po. Let P =p/pg and 1/P +1/P'=1. Then P’ =p/(p — po). So,

WP = P/ (Pmpo) ¢ (AP") = (AP/(P=Po)y,
Hence, by property (i) of the (A?) weights mentioned above,
1 s

o (w(9))~Po/P=P0) g = O < o0,
™
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where C is a constant. Now for any f € HP(D) and any r € [0,1), we use
Holder’s inequality with indices p/pg and p/(p — po) to get

(2.1)

7'r 4 1/po w ) 1/p
(57 [ trwenmas) < (5= [ irtetpuoan)

1 (7 (p—po)/pPPo
. (2 / (w(g))po/(ppo)d9> .
™ —T

Taking the supremum over all r yields

£l 70 (D) < €[]

where C” is a constant, so f € HP°(D) as required. Clearly, (2.1) also holds
for r = 1, hence L2 (T) C LP°(T). The proof is complete. O

Remark 2.2. If f(z) € HE(D) with g, < p < oo, by Lemma 2.1, f(z) €
HPo (D) for some py with 1 < pg < p, hence f(z) € H(D). By a well-known
result (see [5, Theorem 2.2]), f(z) has non-tangential limits f(¢) a.e. on T
and f(t) € LPo(T). We call f(t) the boundary function of f(z).

HE (D) < 00,

For w € (A7) with 1 < ¢ < oo, recalling that log w(#) is integrable on
[—7, 7], consider the function

1 T it
(2.2) g(z) = exp (27r /_Tr ;t i— i log w(t)dt> , z€D.
Clearly, we have, for z = re? € D,
TF ezt + 2z
9601 = latre ) =ex (5 [ | S fog wiar)
(2.3)
= exp ( / P.(60 —t)log w(t )dt>
where P.(6 —t) is the Poisson kernel:
1—1r2

P(0—1) =

1—2rcos(0 —t)+r?

It is known (see, for example, [8, p. 58]) that g(z) € H'(D). Moreover,
by (2.3), it follows that the boundary function g(e'?) of g(2) satisfies

(2.4) lg(e'?)| = w(8) a.e. in (—m,m).
Lemma 2.3. Assume that w € (A9) with 1 < g < 00, and that 0 < p < 0.
If f(z) € HE (D), then f(2)Wp(z) € HP(D), where

1 T it
W, (z) = exp (2p7r/ c i—i log w(t)dt> , ze€D.

1t
_x €
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Proof. Suppose f € HE(D). Since f is holomorphic in |z] < 1 where
z=re?, for 0 < p < 1, writting f,(z) = f(pz), we have

1 4 .
log [,(2) / Po(0— 1) log|f, (™) dt,

<
2 J_,
hence
P <exp (o= [P0 - t)log £yt
P - 2w " P

Noting that |W,(2)|? = |g(z)| and combining the inequality above with (2.3)
gives

fo ()W (2)P < exp (% /_ﬂ Po(0 = 1)10g (1, (") Pw(®))dt),

which is by Jensen’s inequality

<o [ RO-0lf Pl

Hence,
1 g ) ) 1 T p )
3 [l Wi < o [ [P — g puias
1 (™ .
= 5 | £, (") [P (t)dt.

—T

Hence by Fatou’s lemma,

/Tr |f (e YW, (re'?)|Pdl < liznj?f /_7; £ (™) [P (t)dt

—T

< sup/ |fp(6it)|pw(t)dt:27THf||Zf)I$L(D)'
0<p<lJ—7

From this it now follows that f(z)W,(z) € H?(D). O

Remark 2.4. The proof presented here was shown to us by M. Stoll. In
this lemma, the reverse is also true, that is, f(z) € HE(D) if and only if
f(x)Wp(z) € HP(D). This result was mentioned in [7, p. 6] but without
proof. M. Stoll also has a proof for its sufficiency. Since we shall not use the
reverse part in this paper, we omit its proof here.

Lemma 2.5. Assume that w € (A?),1 < g < o0 and that ¢, < p < oo. If
f(z) € HE (D), then its boundary function f(t) € L2 (T), and we have

us T

(2.5) im [ f(re®)Pw(0)do = / £ (e®)Pw(0)d0

r—=1=J_n -7
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and

(2.6) IFOllee, oy < 1z ) < Cp [1F ()]

where Cy, is a constant depending only on p.

LY (T)»

Proof. Let f(t) denote the boundary function of f(z), which exists by Re-
mark 2.2. Noting that (W,(2))? = g(z), and that g(z) € H'(D), it follows
that W,(z) € HP(D) and hence that W,(z) has boundary function W(t)
a.e. on T. By Lemma 2.3, f(2)W,(z) € HP(D), and hence its boundary
function, denoted H(t), belongs to LP(T'). From the existence of f(t) and
W,(t), it follows immediately that H(t) = f(t)W,(t) a.e. on T. and hence
that f(t)W,(t) € LP(T). But by (2.4), [W,(e??)|P = w(f) a.e., and hence
we get that f(e?) € LP (—m, ).

Since f(z) € HY(D), by [5, Theorem 3.1], f(z) can be represented as the
Poisson integral of its boundary function f(e):

(2.7) f(z) = f(re) = L /Tr P.(0—t)f(eM)dt, |z]=7r<1.

2 J_,
Thus, by [3, p. 113],
[f(re')] < M f(e"),
where

‘ 1 [0+
(2.8) Mf(e?) := sup

— f(e™®)|ds
oS 2 o £ (e*)]

is the Hardy-Littlewood maximal operator. By [12], the operator M f
is bounded from L (T') into itself. Therefore, (2.5) follows by applying
Lebesgue’s dominated convergence theorem. The first inequality in (2.6) fol-
lows immediately from (2.5), and the second one follows from (2.7) and [12,
Theorem 10]. O

Remark 2.6. By the above lemma, for ¢, < p < oo, we see that the con-
vergence of functions in HP (D) and the convergence of the corresponding
boundary functions in LP (T') are equivalent, and the space HP (D) can
be identified with the space of all boundary functions f(¢) of functions
f(z) € HE (D), which is a subspace of L2 (T).

Lemma 2.7. Assume that q, < p < co. If f(t) € LP (T), then
(1) the function

1 f(t)
2.9 Ft(z)=— dt, ze€eD
(2.9) (2) / e

210 = t— 2
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belongs to HE (D), and there exists a constant Cp depending only on p such
that

(2.10) IF* Nz oy < Cpll fll e, 1y
(2) the function

P L[

= — dt, eD
271 |t|=1 t—2z : o

belongs to H? (D), and there exists a constant c,, depending only on p such
that

(2.11) IE Nz pa) < ol fllze ),
and F~(2) has boundary function F~(t) a.e. on T satisfying
(2.12) FT(t)—F(t) = f(t) a.e. on T.

Proof. By Lemma 2.1, f(t) € LP°(T) for some 1 < py < p. Consider the
Poisson integral U of f: for z = re? 0 < r < 1,

, 1 [ 11— ,
— AN . it
U(z) = Ure™) = 2m /7T 1+7r2—2rcos(6—t) f(eT)dt,

and the conjugate harmonic function U of U with U(0) = 0:

() = Urei?) = = /ﬂ 2rsin(0=t) _pinyge

T2 ) . 1+12—2rcos(0—t)
We have
~ T it .
Uiz)+iU(z) = % - Z“ i— j - fle™at

2mi g §-2 2w )i €
= 2F*(2) - U(0).
Hence,
; 1
(2.13) F(z) = %U(z) +50() + 50 0).

By M. Riesz’s theorem (see [10, Chapter V, Section B]), the Hilbert
transform

) 1 i(0—¢)
(2.14) Hf(e") = lim /<|¢|< %w
e<|p|<m bl
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exists a.e. in (—m,7), Hf(e?) € LPo(—m,7), and furthermore, for 0 < r <

~ 1 (7 1—r? ,
0y _ H it )
Ulre™) 27 /n 1472 —2rcos(f —1t) f(etydt

Since w € (AP), and f € LP (T'), by [12, Theorem 10],
(2.15) | 0te Pu@)ds < 1y

and

/ "B () Pu0)ds < / " H () Pw(0)d0),

—Tr —T

where C),C) (and C}’,C)" below) are constants depending only on p.
By [9, Theorem 4], the Hilbert transform H f is a bounded operator which
maps L2 (T') into itself, that is,

| IHAE i) < Gy o,
Moreover,

U(O) i " (eie)de = i /W [f(eié)(w(e))l/p](w(e))—l/pd97

:27r e 2 J_,

so by Hélder’s inequality,

1111

UOF < 1712, 0.

Thus, by (2.13), we have

1 T .
(2.16) o [E* (re®)[Pw(0)dd < CIfI s ) < +00

—T
where C), is a constant depending only on p. Here we used the inequality
(a+bP <2P(a? +0bP), if a>0, b>0 and 1<p< oco.

Since F*(z) is holomorphic in D, so F(z) € HP

P (D), and (2.10) holds.
Part (1) is proved.



WEIGHTED HARDY SPACES FOR THE UNIT DISC: APPROXIMATION PROP. 11

For z = e’ with 0 < r < 1, we have

Ft(z)—F~ (i) = % M:lf(t)- le - tli} dt

1 r?—1
= — t) - dt
271, mzl f( ) t2§—t(r2 +1> + z
I ; r2—1
= — iy .
2r J_ . () re=i0-9) 4 reil@=9) — (1 4 12) a9
(", 1—r?
= _ i .
2 J_ . ) 1472 —2rcos(0 — o) dé
(2.17) = U(re”) =U(2).
Thus, noting (2.16) and (2.15), we have
™ ) ™ 1 . 1 . p
) — i0\|p o + (=, 10\ _ )
ilirl) 77T|F (re'”)[Pw(9)df = igg[ﬂ F (re ) U(Te ) w(6)db

< 2 s [ 1 e @) +sup [ 06" Pue)as

p<lJ—m p<lJ_—m
< @Iy o <+,

where ¢, is a constant depending only on p. Since F'~(z) is holomorphic in
Do and by (2.17),

T omi S om

we have F'~(z) € HE (D) and (2.11). By (2.17), we see that F'~(z) has
boundary function F~(¢) a.e. on T; and letting » — 17, we obtain (2.12).
Part (2) is proved. O

F~(00) = F*(0) — U(0) = =— /| . T [ seyan =0,

—T

Corollary 2.8. Assume that q, < p < 0o, and B(z) is a Blaschke product.
If £(t) € L1, (1), then

(2.18) Hy(z) = gfé) /t|_1 B(t{((;)—z)dt

belongs to HP (D).

Proof. If f(t) € L2 (T), noting that |B(t)| = 1 a.e. on T, we have % €
L2 (T). Thus, by Lemma 2.7,

1 f@t)
(2.19) G(z) = 2i |t]=1 m

belongs to H? (D). Hence, H; € HP (D) follows from the fact that B(z) is
holomorphic and |B(z)| < 1 for z € D. O
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Lemma 2.9. Assume that q,, < p < oo. If f(z) € HE(D), then
1 ﬂﬂﬁ_{ﬂ@,zeﬂ

2.20 —
( ) 21 m:lt—z 0, ZGDOO.

Proof. 1f f(z) € HE(D), by Remark 2.2, f(2) € H*(D). Hence, by [5,
p. 40], (2.20) holds. O

Lemma 2.10. If f(z) € HE(D) with g, < p < o0, then for any compact
subset K of D, we have

(2.21) |f(2)] < C(K,p)| f]
where C (K, p) is a positive constant depending only on K and p.

e (tj=1), 2 €K,

Proof. By Lemma 2.9, and using Holder’s inequality, we have for z € K,

G

27 Jigj=1 |t — 2|

1 w=P' /P 1/p’ 1/p
< o () ala) (] irpulan) "
21\ Jjg=1 [t — 2| [t|]=1

where 1 + L = 1. Noting that for [t = 1 and z € K, we have |t — z| > ¢

) <

p P
where ¢ is a constant depending only on K, and [w(0)]~?/? = [w(h)]* 7 is
integrable in (—m, ), the inequality (2.21) follows. O

Remark 2.11. By Lemma 2.10, convergence in HP (D) (or equivalently, in
L? (T), by Remark 2.6) implies uniform convergence on each compact subset
of D.

3. SOME PROPERTIES OF HP (D), PART II

Now we deduce the representation of bounded linear functionals in HZ (D).

Lemma 3.1. Assume that g, < p < oo and % + i = 1. Then for every

bounded linear functional | € (HE/(D))*, there is a ®(z) € Hle,p, (D) such
that
_ X TGy - L (1)
1) = gz [ SCEE0 = o [ 0%

for f(z) € HE(D). Moreover

1< 12 oy < €11

”H”/
wl

where ||l|| is the norm of I and C is a positive constant depending only on
p.
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Proof. We claim that if | € (HP(D))* then there is a function s(t) €
LP, (T) such that

(3.1) It < CllsOll ).
and for all f(z) € HE (D),
B2 1N =g [ s e - o | . £ ar

To see this, note that H? (D) can be identified with a subspace of L2 (T)
(see Remark 2.6), and for any f(z) € HE (D),

£ Lty (—mmy = () @O) Pl (-
Thus, by the Riesz representation theorem (see, for example, [5, Section 7.2]),

to each [ € (HP (D))* corresponds a function ¢(t) € L? (T), such that for
all f(z) € H{,(D),

1) = o [ [Fe0©)7] - 5emas
= o [ ) S @) T
1

= L7 pe) Sy s,

27 J_ .

and (1]l < [6(t)]l (). Denote

s(6”) = o) [(w(8) ]
It is clear that
15O gy = 16Oy,

hence s(e?) € L, (—m, ) since ¢(e??) € L¥ (=, 7), and (3.1) and (3.2)

wl—r’
hold.

Define functions ST (z) in D and S~ (z) in D4, by the Cauchy-type inte-

gral
1
S / M)y
20 Jjy=1 t(t — 2)

Since @ € Li}ll,p, (T), by Lemmas 2.7, we have S*(z) € H”

wl—»' (D)7
S57(2) e H!,_ (D), and

(3.3) ST(t) — S (1) = Si—” ae.
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For any f(2) € HE (D), by Hélder’s inequality, we have f(2)S*(z) € H'(D),
hence (see [5, Theorems 3.7-3.9]),

f(H)ST(t)dt = 0.

[t]=1
Thus, by (3.2) and (3.3), we have
1 = 5= [ IWES @a= o [ foh@
T Jig=1 T Jj=1
(3.4) = / fle 19 eif 19]d9
where h(z) := —S7(z) € Hil o (Doo)-

Denote, for z € Do, ¢1(2) = h(z)z = —Z- S~ (z). By a careful computa-

tion, we obtain
1 s(t
$1(2) = /
( ) 2’/TZ |t|=1 t— (

)
)~

Setting & = (2)7!, and ®(€) := ¢1 ((§)'), we have
)

1 s(t
21 [t|=1 t— f

—=—dt, 2€ Dx.

(D(g = dt, §eD,
and, by Lemma 2.7, ®(¢) € Hglfp,(D). Noting that ¢(ei) = ®(ei?), by
(3.4), we obtain

1

=5 [
and, by Lemma 2.7 and (3.1),

12 < ||<I’(Z)||H5’lfp,<D) =C ”S(t)HLﬁ'l,p, ()’

f( 7)@(e??)ds,

where C' is a positive constant depending only on p. The lemma is proved.
|

Corollary 3.2. There is a constant C > 1 such that, if f(z) € HE (D) with
Quw < p < 00, and%Jrl%:l, then

3:5) G lazw) < sup
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and
1 —_h(t)
(36 I Glmpm s sw |- [ FO-Ca
nz)eH”, (D) 7 Jit|=1
IR =
wl=p

Proof. For f(z) € HE(D), as a consequence of the Hahn-Banach theorem,
there is an | € (HE (D))* such that

1) =IfGlagoy and I =1.
Thus, by Lemma 3.1, there is a ®(z) € Hglfp, (D) satisfying

1< H(I)(Z)HHP’F (D) <C,

for some constant C, not depending on f, such that

1 D(t)
e = 37 [ 507
Hence, (3.5) holds, and so does (3.6). O

A system of functions is called complete in HE (D) if the closed linear
span of elements of the system is the space HP (D). Otherwise, it is called
incomplete.

Lemma 3.3. Assume that q, < p < 0o, and {ay} is a Blaschke sequence,
then the system {ex(z)} defined by (1.3) is incomplete in HE (D).

Proof. Clearly, the Blaschke product B(z) of {ay} is in H” ,17 /(D) where
wl—p
% + —pl, = 1. Consider the continuous linear functional

1N =g [ 1 BEa0, 1 e HyD).
We have
lley) = % 7TB(ew)ek(ew)dﬁ

—T

1 1 1 dt
= 7/ B(t) { . } .
2T lt|=1 =27 1 — ayt it

) 1 B(t) )
L —— dt=—R8B =0.
2w 2w /t|_1 t— ag 2 (ax)

Since I(ex) = 0 (k = 1,2,...), and B(z) # 0, this implies that {ex(z)} is
incomplete in HP (D) by the Hahn-Banach theorem. O
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Remark 3.4. By the above lemma, if {ay} is a Blaschke sequence, then the
closed linear span of the elements of the system {ey(z)}, namely E, ., (D),
is a proper subspace of H? (D).

Lemma 3.5. Assume that g, < p < oo. If Hy(z) is defined by (2.18), with
f(2) € Ep.(D). Then Hy(z) =0 for z € D.

Proof. It f(z) € E, (D), then there is a sequence

S
such that
Jim |[f = Pallzy, () = 0.
We claim that for z € D and all n,

P.(t)dt
0 /tl_l BOG—2 "

where B,,(z) is defined by (1.6). Indeed, note that
t)
§ b - / it dt
fome= =1 BaO(— @) (E— 2)

_ Z pm L 1 gt
270 Jjyy=1 Bn(t)(1 — @xt)(t — 2) ’
and, for any ﬁxed z E D and k=1,2,...,n, the function
1
B, (t)(1 —agt)(t — z)
is holomorphic in [¢t| > 1, and as || — oo,

7001 = 0(773):

Thus, by the residue theorem,
1
— F(t)dt = — F =0
5w [, POt = ~Res(. 00
hence (3.7) follows. Thus, by Holder’s inequality, noting that |B,(t)| = 1

on T, for any fixed z € D, we have
T 0\ _ P 6
< [ B,

/ / [f(t) = Pu(t))dt
[t|= 1Bn t_Z |t]=1 n t—Z) -7 1_‘Z|

1/’
<1 = Pllany - ([ w0 'a0) =

F(t) :=
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where % + i = 1. Since w'~?" € (A7), w'~?" is integrable in (—m,), we
obtain, as n — 0o,
t)dt
(3.8) / _Swdt e
it=1 Bn()(t — 2)

For z € D, we have

f(t)dt F(t)dt
|/t|_1B<t><t— 3| amie =
=: I (%) + I2.n(2).
By (3.8), as n — o0, I1 »(2) — 0. For I ,(2), we have

JO 11
+| It|=1 [B

i~ |BO Bnu)} a

FO] [1Ba(t) - B@)

bnlz) < /ﬂ_l t—21 | IBOIB.®) "dt'
< - /| @11 - By
< C-[lf®)[Bn(t) — Bl e, (1)

where C7 and C' are constants depending on z but independent of n, and we
used Holder’s inequality. By Lemma 1.1, we obtain, as n — 00, I3 ,(z) — 0.
Thus, if f(z) € E, (D),

/ fd
=1 Bt —2) 7

hence Hy(z) =0 for z € D. The proof is complete. O

4. EXPANSION AND MOMENT

In this section we study approximation problems in HE (D) with respect
to the system (1.3). First, we give an expansion theorem under the Blaschke
condition.

Theorem 4.1. Assume that q, < p < oo, and the systems {ex(z)} and
{br(2)} are given by (1.8) and (1.4) with {ay} being a Blaschke sequence.
If f(z) € HE(D), then the biorthogonal expansion of f(z) with respect to
the system {ex(2)} is

(4.1) f(2) = Ppf(z)+ Hy(z), z€D

where Hy(z) is defined by (2.18), and

—imna . Blax) ez z
42 Pese) = Jim Yathon) (gy) e <D
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where the limit is in the sense of HE(D) convergence?,

(4.3 alfon = [ FORDY, k=12,

[t1=1
and B(z) is the Blaschke product of {ar} and B,(z) is defined by (1.6).
Proof. For z € D, let

1(§) = ]i(é)) : 1_152, ¢eD,
then
B(ak) - L B(ak) ) 1
(motes) )= 5 (Zoieg) 1o

(Bl T\ _ 1

" 2mi (Bn(ak) 1 akz> T 2mi

Noting that B(t)B(t) = 1 a.e. on T, and choosing sufficiently small ¢
as in (1.5), we have

SE,nf(Z) =

l(ak)

1 "1 1(€)d¢ dt .
/tlf_(f) (27riB(t) (k Py c,ﬁ(f)@—f))) " (residue theorem)

. L (o i @
L (2m3<t> (Z o |, BT o= £z>>) :

1Hence7 by Remark 2.11, the limit is also in the sense of uniform convergence on each

compact subset of D.
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where

Gnl2,1) = 2mB <Z 2mi / (1 - fz))

with |t| =1,z € D.

Slnce, as 5 — 007
‘

1
—O(mz)’
Res[ !

Bn@)(t—s)(l—sz)’ﬁ:“} =0

by the residue theorem, we have, for |[t| =1,z € D,

Z 211 / B, (¢ )(1—¢&2)

1 1
= ReS{Bn(é)(t—f)(l_g )’5 } ReS[Bn(f)( 5)(1_52)’6 z]
:_1[ 1 N 1 ]
2 B.00-D " B.OE-0
Hence,
n 1 df _ Bn(t) B Bn(z)
<; 270 Je, Bn(f)(t—f)(l—fz)> t<t—z t—z)

Here we used the facts that on T, ¢t = 1,
Bn(t)Bn(t) =1,
and for z € D, B,(2)B, (%) = 1.

Thus,
B 1 B,(t) Bn(z)
Gn(z,1) = 27riB(t)<tz - tz)’

and furthermore,

SE,nf(Z) =

1 [ Bu®f(0)dt  Bu(2) / f(t)d
211 [t|=1 B(t)(t—z) 211 ‘

i1 B —2)
S§(2) = 8$) (2);

note that this can also be obtained by taking s = 0 in formula (16) of [11].
Noting that |B,(¢)] =1 on T and |B,(z)| < 1 for z € D, by Corollary 2.8
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it follows that the functions Sg)n(z) and Sg)n (2) belong to HE (D). Thus,
by Lemmas 2.9, 2.7 and 1.1, we have , as n — o0,

5 ) 100

B,(1)
<1‘ B(1) )f 21 .
= CIFOIBW) - Ba®lluser — 0

and by Lemmas 2.5 and 1.1, we have, as n — oo,

Bn(z) — B(2) / f)dt
2m |t|=1 B(t)(t — Z)

< Gpll[Ba(t) = BM)IG®)lly,(r) — 0,
where G(z) is defined by (2.19), G(t) € L2 (T). Hence, as n — oo,

1Senf(2) = [f(2) — Hp(2)]|
The theorem is proved. O

1£(2) = S50 () n oy

HY (D)

IA

Cyp

1H (2) = Sen () anpy =

HY (D)

Remark 4.2. In Theorem 4.1, Pg f(z) is called the orthogonal projection of
f(2) with respect to the system {eg(z)} because

[ 156) = Pesole@ - [ 0a@ - i) =0, k-1

The second equality above is based on the following fact: If h(z) € HE (D),
by Lemma 2.9,

(44)  a(b,ey) ;:/tl_lh(t)ek(t)dt i h(t)

it 2 lt|=1 t— ag

dt = Zh(ak)

Recall that a Blaschke sequence {ay} is called uniformly separated [6,
p. 67], if there is a positive number § such that

(4.5) 1nf H

JFk

An equivalent expression of the above uniformly separated condition is
(see [6, p. 158])

(4.6) (1—|ax|®)|B'(ax)| >0 >0, k=1,2,...
where B(z) is the Blaschke product of {a}.

>6>0.

- ajak
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Remark 4.3. An important result about uniformly separated sequences is
(see [6, Chapter 6, p. 157], or [5, p. 152]): If {ar} C D is uniformly separated,
then there exists a constant C' such that for every f(z) € HP(D) (0 < p <

00),
oo

D (= la)f @)l < CIf G-
k=1
Later, we shall use this result in the proof of Theorems 4.5 and 5.3.

Assume that ¢, < p < 0o, and define the function

47 w(z) = exp (1 /W ei 2 og (w(t))l_p/]dt> , zeD,

wn
2 J_ e z

where % + ﬁ = 1. Comparing with the function g(z) defined in (2.2), we
see that

(4.8) o(z) =g, PRI =lg(z)l, z€D,

and by (2.4),

(4.9) [o(e)] = [w(O)] 77 = [wO)]' " ae.

Remark 4.4. Since w € (AP), we have w'™?" € (AP') with %—i— ﬁ = 1. Thus,

by Lemma 2.3, if f(z) € Hf;lfp,(D) then f(2)V, (z) € H? (D), where

Vo (2) = exp( L /W et ® [log (w(t))lp’]dt> , zeD.

' ) et —z

Now we are ready to give a moment theorem.

Theorem 4.5. Assume that (a) q, < p < 00 and % + 1% = 1; (b) the

sequence {ay} is uniformly separated; (c) the systems {ex(2)} and {¢pr(2)}
are defined by (1.8) and (1.4), and (d) v(2) is defined by (4.7). If a sequence
of complex numbers {by} satisfies

(1.10) S I [(1 - e PBlo(a)l] 7 < toc.
k=1
then
(4.11) J(z) = Zbkek(z), zeD,
k=1

belongs to E, ., (D), where the series converges in the sense of HY (D), and

(4.12) alJ, ér) == »/tl—l J(t)ng(t)% =by, k=1,2,....
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Proof. By Corollary 3.2 (3.6), we have

> brew(2)

HSm‘_SEHHEUn =

h=n+1 HE(D)
(1 —dt
< sup Z by, <2/ h(t)ek(t)f> )
(=)l _ (D) lk=n+1 T Jjt=1 L
b <€
wl=—p'

where S, (z) is the partial sum of the series (4.11). For the above h, we have

1 —dt i 1 h(t)

— htep(t) — = —— dt=H
2 [t|=1 ( )ek( )Zt 21 2mi It|=1 t — ay (ak)7
where
H(z) = — dt € H”, (D),
O =gz [ e H D)
and, if we require [|h(2)]| ;. ) <C,
”H(Z)HHP/l_ (D) < CthHL”/l_ o < C1C = Oy,

where Cs is a constant depending only on p. Thus,

m m
(4.13) Z brer(z) < sup Z |bx H (a)|-
k=n+1 HY,(D) H(z)GH:)lip, (D) k=n+1
IHE <0
1 ’

wt TP

Moreover, by Hélder’s inequality, we have

> bkH(a)| < ( > (- |ak|2)|H(ak)|p/|U(ak)|> p
(4.14) k=nt1 k=n+1

'@\‘-E

( Z |bk|p[(1—|ak|2)|v(ak)|}_ ) )
k=n+1

By Remark 4.4, H(2)V,(2) € HP (D), and since |Vy(2)["" = |v(z)| and

{ax} is uniformly separated, hence by Remark 4.3, and by (4.9), we have
D (1= fax)) H (ar) P [v(ar)]

(4.15) k=1

< G| HVy |

ip/(T) - O,?,”H”]zp/ < 04.

ey
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Thus, by (4.10), (4.13), (4.14) and (4.15), it follows that the series (4.11) is
Cauchy, hence converges in HE (D) to a function J(z) € E, (D). And since
J — a(J, ¢1) is a continuous linear functional on L2 (T), by the biorthogo-
nality of the two systems, (4.12) holds. The proof is complete. O

As an application of the above moment theorem, now we give the biortho-
gonal expansion in HP (D) under the uniformly separated condition. We
need a lemma:

Lemma 4.6. Assume that ¢, < p < oo; {ax} is a Blaschke sequence,
{ex(2)} and {¢r(2)} are defined by (1.3) and (1.4). If h(t) € LP (T), then

/ h(t)?(t)ﬁ =0 (k=1,2,...)
t=1 i

and
——dt
MDD =0 (k=1,2,..)
[t]=1 it
are equivalent.

Proof. Since, by Lemma 2.1, h(t) € LP (T) implies h(t) € LP°(T) for some py
with 1 < pg < p, this lemma follows immediately from [14, Theorem 1]. O

Theorem 4.7. 2 In Theorem 4.1, if {ax} is uniformly separated, then the
expansion (4.1) becomes

(4.16) fz) = HILH;O Za(f, or)er(z) + Hy(z), z€D,
k=1

where the limit is in the sense of HE (D) convergence.

Proof. We claim that

< fs

(4.17) S lalf,on P[0 larP)le(@)]] < o,

k=1

where v(2) is defined by (4.7). Noting that, under the uniformly separated
condition, by (4.6),

1 1 — |ag|?

\B'(ar)] = 6 7

k=1,2,....

2This result for the classical case was obtained in [1].
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Thus, we have

. ot :
(ol =| [ 105D ‘ Jy TG
_ 1 Mdt < C1(1 = |ag|P)P|G(ay)?,

1B (ak)| Jjg=1 t(t — ax)
where C is a constant and

1 fOB(t) 1
G(Z) % [t|=1 t . t—=z

Since JOEW ¢ 7 (T), by Lemmas 2.7 and 2.5, G(z) € HP,(D), and

- FOBW

=C|/f]

L5,(T)

ey <C LE(T)s

where C' is a constant depending only on p. Noting that p — 1% =1, by
(4.8), we have

o

> (- IakIQ)”IG(ak)\”[(l — lax|*)lv(ar)|

k=1

s

o0

- Z(l — Jay|?)|Gax)[P|v(ar)| "
k=1

o0

= ) (1—|ax*)|G(ar)P|g(ar)]
k=1

o0

= Y (= laP) Gl W)

k=1
< 02||GWP||Z£p(T) = C2||G||Z£§U(T) < C3||f|‘zj'ig(T) < oo,

where Cy and Cj are constants. Here we used (4.8), the fact that (see
Lemma 2.3) G(2)W,(z) € HP(D), and a result in [6, Chapter 6, p. 157] (see
Remark 4.3). Hence (4.17) holds. Thus, by Theorem 4.5,

Za f7¢k ek eEp,w(D)v
k=1

and

alJ, or) = alf,ér), k=1,2,....
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By Theorem 4.1, f(z) — Hy(z) € Ep (D). Let h(z) = f(2) — Hf(z) — J(2).
We have h(z) € E, ,,(D), and

a(h, o) = o f, ér) — a(Hyf, 1) — (I, o) = —a(Hy, 0r), k=1,2,....

Note that, by Corollary 2.8, Hs(z) € HE (D). Thus, by (4.4), o(Hy,ex) =
iHy(ar). Hence a(Hy,ep) =0,k=1,2,..., and by Lemma 4.6, a(Hy, ¢r.) =
0,k=1,2,.... So, a(h,¢r) =0, k=1,2,..., and by Theorem 4.1, h(z) =
Hy(z), z € D. But, Hy(z) = 0 by Lemma 3.5 due to h(z) € E, (D),
hence h(z) = 0. Thus, f(z) = J(z) + Hs(z), this is (4.16). The theorem is
proved. O

5. EXPANSION AND INTERPOLATION

In this section, we give results corresponding to Theorems 4.1, 4.5 and 4.7
but with respect to the system {¢(2)}.

Denote by @, the closed linear span of the elements of the system
{¢x(2)} in H? (D). By the next Lemma and Lemma 3.3, we see that ®,, ,, is
also a proper subspace of HP (D), and the system {¢x(z)} is also incomplete
in HP? (D).

Lemma 5.1. Assume that q, < p < oo, and {ax} C D is a Blaschke
sequence. Then

O, (D) C Ep (D).

Proof. If there were a function, say ¢;(z), in the system {¢x(z)}, which did
not belong to Ej, ., (D), then by the Hahn-Banach theorem, there would be
a linear functional [ € (H?(D))* such that

(5.1) l(ep) =0 (k=1,2,...)
but
(5-2) 1(¢5) # 0.
By Lemma 3.1, there exists h € Hglfp, (D) such that
1 (7 e 1 ——dt

)= g7 [ SR =5 [ ST

with f € H? (D) and % + 1% = 1. So, (5.2) becomes
1 i ; 5/ O~

(5.3) — | 6;(e)h(e®)d # 0,

2 J_,
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and by (5.1), it follows that [(e;) = 0. Hence

1 (" ; 1 1
0 = %/,W (") {—m 1 —akew] 40
o L/ My 11 h(t)dt
=2mi 2mi Jjy=q (1 —apt=1)t =27 2mi Jyyor t—ar’
So
1 h(t)

— dt =0 k=12,...
21 let*a, ( T )7

that is, by Lemma 2.9,
(5.4) h(ar) =0 (k=1,2,...).

Since, by (1.5),
L BE) [ e
5= 5 | mEe—

we have, by (5.3), and Fubini’s theorem,

1T [ BE) d
27 /,W 27 / B(g)(f_eig)]h( 9)do

B(e)h(e'?)
27T/B [27‘( £ — et dﬂldf#O
But

B 619 629
[2% T e _ it ‘| 27T/ B 610 e zg)de
(5.6)

/ L’f)dt
5 27 Jym Bt - (©)1)
where we used the fact that B(t) = 1/B(t) for almost every t € T. Noting
that (i) since h € H” (D), w'~?" € (AP'), and thus by Lemma 2.1, we
have h € HPo(D) for some 1 < py < p/, and since, by (5.4), h(ax) = 0 =
B(ag), k=1,2,..., it follows by [5, Theorem 2.5] that
h(z)
B(z)
(ii) since £ € ¢;, we have (§)~! € Dy, and thus, by Lemma 2.9, the integral
n (5.6) must be zero, a contradiction with (5.5). The proof is complete. [

(5.5)

€ HP(D);

Now, we give an expansion theorem which is corresponding to Theo-
rem 4.1.
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Theorem 5.2. Under the assumptions of Theorem 4.1, if f(z) € HE(D),
then the biorthogonal expansion of f(z) with respect to the system {¢r(z)}
18

(5.7) f(2) = Paf(2) + Hy(z), z€D,
where Hy(z) is defined by (2.18), and

Paf(2) = Jim 3a(fen) - 5
k=1 "

'(Z)k(z)v ZED,

where the limit is in the sense of HP(D) convergence®, and

a(faek) = f(t)?(t)ﬁv k:]-a?a
jt1=1 u

Proof. First, let us find the representation for the partial sum

B
Snaf() =Y alf.e) o g2
k=1 Bn(ax)
For z = a; (j = ...), (6.7) must hold since ¢i(a;) = —idy; and
a(f,e;) = if(aj) (see 44) So, we assume that 2| < 1 and z # a; (j =

3Hence7 by Remark 2.11, the limit is also in the sense of uniform convergence on each
compact subset of D.
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1,2,...). Choose sufficiently small circles ¢; as in (1.5). We have

S<I>,nf(z) =

k=1
N 9= flax)Blay) 1
= 250 Bl a0 B

= " )f residue theorem
B = 27rz /B &€ — )dg( due th )
< —B() f(€)

= 2o / GG

_ N~BR) 11 [ f@)dt de .

" —B(z) d§
O iy / Gl

k=1

- / F)Gn(z 1),

I
=
I

where

B "\ —B(z) dg
Gn(z,t) = Z 2mi)2 /pk B,(&)(E—2)(t—=¢&)

k=1

with |[t| =1, z€ D and z # a (k=1,2,...).

Since, as £ — oo,

Bn(é“)(f—lZ)(f—t)‘ -9 (|51|> /

we have, for |[t| =1,z € D,

1
Bn(§)(§ —2)(§—1)

Res{ ,5:00]20,
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hence, by the residue theorem,

2 3 / B @) - 2)(E— 1)

1 1

EAGIEDE ] ‘ReS[Bn@(g—z)(a vy
1 1
B,(2)(t—z) Bnt)(t—2z)

Thus, we obtain

Gu(zrt) = B8 { L1 ]

= —Res[ ,524

2wt | Bp(2)(t —2) Bnt)(t—=2)
So, by Lemma 2.9, we have

B(z) ,,, B() F(o)dt
BB o /t|=1 Byt —2)

Thus, as in the proof of Theorem 4.1, we obtain, as n — oo,

(58) Sq>,nf(2:) =

I0.0f(2) = £2) + (Mo < | )= )| N
B(z) [ [B(€) — Bu(©f(€) de
210 Jje|=1 B, (§)B(§) E—z HE(D)
< 2G[[fO)[B(¢) — Bu(®)]ll Lt () — O
The proof is complete. O

Next, we give an interpolation theorem.

Theorem 5.3. Under the assumptions of Theorem 4.5, if a sequence of
complex numbers {by} satisfies

oo

(5.9) S b (1 — far ) olar)| 7 < +oo,
k=1
then the series
(5.10) > bk ()
k=1

converges in the sense of HE(D), and its sum function I(z) belongs to

O, (D) and satisfies
I(ak):bk, ]€=1,2,....
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Proof. For any positive integer n, let S,,(z) be the partial sum of the series
(5.10). By Corollary 3.2 (3.5), we have

[1Sm = Sn(2)l ) = Z b (2
k=n-+1 Hﬁ,(D)
1 - ——dt
< sup o ( > bk¢>k(t)> h(t)—
v T Jitl=1 \, 5 it
h(z)Gle_p,(D) k=n+1
IO () SC
S 1 — . dt
= Sllp Z b (271' A » h(t)or(t) Zt)
h(z)eH” D k=11 [l
1R o ,(D)SC
b 1 L) B(t)dt
= Sup Brlag) \2mi J,_, t—an) )|
h(z )eHP (D) lk=nt1 k [t]=1 k
LU ,(D)SC

where C' is a constant depending only on p with C' > 1. Let

1 (t)B(t)
BT M
Since
MOBO) oy
t 1—p/ 9

by Lemma 2.7, we have H(z) € Hf:lfp, (D), and, if we require
D) 5= ©

LI (Drcﬂ————H

(T)_ Cth‘” 7P,(T)§C1'C::CQ

where C5 is a constant depending only on p. Thus, by (4.6), we have
(5.11)

> bo(2)

k=n+1

< sup
HE/(D) H(z)eH” _y (D) k=n+l
|H (= )H

o (D)SC2
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By Holder’s inequality,

(5.12)

ST 1bel(t = lax) Har)] <

k=n+1
( 2 ““’f'zﬂH(ak)I”'lv(ak))p ( 2 <1|ak|2)bk|p|v(ak>|5> |
h=ntl k=nt1

Since H(2)Vy(2) € HP (D) and |V, (2)[P" = |v(2)| (see Remark 4.4), and
since {ax} is uniformly separated, as in the proof of Theorem 4.5, by Re-
mark 4.3 and by (4.9), we have

> = la ) H@)l [olar)] < Call HVyl| )
(5.13) k—1
(T) < Cng = C4y.

Thus, by (5.9), (5.11), (5.12) and (5.13), it follows that the series in (5.10)
is Cauchy, hence converges in H® (D) to a function I(z) € ®,,,. And, by
Remark 2.11, the series uniformly converges on each compact subset of D,
so it is pointwise convergent in D. Noting that ¢p(a;) = —idk;, we get
I(a;) = b (k=1,2,...). The proof is complete. a

= G| H|
wl

—P

Finally, we give an expansion theorem which is corresponding to Theo-
rem 4.7.

Theorem 5.4. In Theorem 5.2, if {ar} is uniformly separated, then the
expansion (5.7) becomes
(5.14) f(2) = alfien)dn(z) + Hy(2), =z€D,
k=

1
where the limit is in the sense of HE (D) convergence.

Proof. By Lemma 2.3, f(2)W,(z) € HP(D), and since |W,(2)|P = |g(2)|,
hence, by the uniformly separated condition, we have (see Remark 4.3)

o0

S0 — Jag )1 (@) Plgar)] < oo,

k=1
Thus, by (4.8),

o0

S 1Fa)P (1 — fax[?)o(an)|" 7 < oo,

k=1
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Hence by Theorem 5.3,

I(z) =Y if(ar)¢r(z) € ®pu(D), z€D,

k=1

and since ¢ (a;) = i§kj7 we get I(ar) = f(ax) (K = 1,2,...). But, by
Theorem 5.2, f( ) — H¢(z) € ®po(D). Let G(2) = f(z) — Hy(z) — I(2).
Clearly, G(z ) ®, (D ) hence, by Lemma 5.1, G(2) € E, (D ) Thus, by
Lemma 3.5, Hg(z) = 0 for z € D. Meanwhile, G(ay) = f( k) — Hy(ag) —
I(ay) = 0, hence by (4.4), a(G,er) = 0 (k = 1,2,...). Thus, by Theo-
rem 5.2, G(z) = Hg(2), z € D. So, G(z) =0 for z € D, this is (5.14) due
to if(ag) = a(f,er). The proof is complete. O

Acknowledgement. We are indebted to Manfred Stoll and Gordon Sinna-
mon for their valuable help and suggestions during the preparation of this

paper.

REFERENCES

[1] G. M. Airapetian, On the bases of rational functions in subspaces of Hardy spaces
Hp (1 < p < o), Izv. Akad. Nauk Armjan SSR, Ser. Mat., 6 (1973), 429-450 (In
Russian).

[2] G. M. Airapetian, Multple interpolation and bases of certain biorthogonal systems
of rational functions in Hardy classes Hp, Izv. Akad. Nauk Armjan SSR, Ser. Mat.,
12 (1977), 262-277 (In Russian).

[3] S. Axler, P. Bourdon and W. Ramey, Harmonic Function Theory, Springer-Verlag,
1992.

[4] J. A. Cima, A. L. Matheson and W. T. Ross, The Cauchy Transform, Amer. Math.
Soc., 2006.

[5] P. L. Duren, Theory of HP Spaces, Academic Press, 1970; Dover Publications, 2000.

[6] P. L. Duren and A. Schuster, Bergman Spaces, Amer. Math. Soc., 2004.

[7] J. Garcia-Cuerva, Weighted HP spaces, Dissertationes Mathematicae, 162 (1979),
1-63.

[8] K. Hoffman, Banach Spaces of Analytic Functions, Prentice-Hall, 1962.

[9] R. Hunt, B. Muckenhoupt and R. Wheeden, Weighted norm inequalities for the con-
Jugate function and Hilbert transform, Trans. Amer. Math. Soc., 176 (1973), 227-251.

[10] P. Koosis, Introduction to H, Spaces, Cambridge Univ. Press, 2nd Ed., 1998.

[11] M. S. Martirosian and V.Kh. Musoyan, Summation of biorthogonal expansion in
non-complete system of rational functions in the spaces HP (1 < p < 00), J. Contemp.
Math. Anal., Armen. Acad. Sci., 32 (1997), no. 5, 27-38; translation from Izv. Nats.
Akad. Nauk Armen., Mat. 32, no. 5, 32-44 (1997).

[12] B. Muckenhoupt, Weighted norm inequalities for the Hardy mazimal function,
Trans. Amer. Math. Soc., 165 (1972), 207-226.

[13] M. Rosenblum, Summability of Fourier series in LP(du), Trans. Amer. Math. Soc.,
105 (1962), 32-42.

[14] X. Shen, On the problem of incompleteness of the biorthogonal systems of functions,
Approx. Theory and its Appl., 4 (1988), 1-7.



WEIGHTED HARDY SPACES FOR THE UNIT DISC: APPROXIMATION PROP. 33

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF WESTERN ONTARIO, LONDON, ONT.,
CANADA NGA 5B7

E-mazil address: boivin@uwo.ca

DEPARTEMENT DE MATHEMATIQUES ET DE STATISTIQUE, UNIVERSITE DE MONTREAL,

MONTREAL, QUE., CANADA H3C 3J7
E-mail address: gauthier@DMS.UMontreal.CA

DEPARTEMENT DE MATHEMATIQUES ET DE STATISTIQUE, UNIVERSITE DE MONTREAL,

MONTREAL, QUE., CANADA H3C 3J7
E-mail address: chang@DMS.UMontreal.CA



