CONVOLUTION INEQUALITIES IN LORENTZ SPACES

ERLAN NURSULTANOV AND SERGEY TIKHONOV

ABSTRACT. In this paper we study boundedness of the convolution
operator in different Lorentz spaces. In particular, we obtain the limit
case of the Young-O’Neil inequality in the classical Lorentz spaces.
We also investigate the convolution operator in the weighted Lorentz
spaces. Finally, norm inequalities for the potential operator are pre-
sented.

1. INTRODUCTION

The Young convolution inequality of the form
1+ Kllp < £l 1K

and in a more general form

11 1
FeKlg < Mflp 1K,  14+4-==+-
[ lg < [1£1p 1K il

plays a very important role both in Harmonic Analysis and PDE.
O’Neil [ON], Yap [Ya], and Blozinski [Bl3] studied the boundedness of
the convolution operator

(L1) Af(y) = /D K(y — )f(2)de

in the Lorentz spaces. In particular, the following Young-O’Neil inequality
was obtained: for 1 < p,q,7 < 00, 0 < hy,ho,hg < 00, 1+ % = % + %, and
1

hy
(1.2) [AFN Loy @) < Cllf 1 Lpny (o) 1S

where Q —D={x—y:2€Q,ye D}.

In this paper we continue investigating the Young-type inequalities in
different Lorentz spaces.

The outline of the paper is as follows. In section 2 we study the bounded-
ness of the operator A from Ly, () into Ly, (), i.e., the limit case of the

-1 4 1
=, 7 one has

Lrnhg (Q2—D)
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Young-O’Neil inequality (p = ¢ and r = 1). It is known (see [B12, Theorem
2]) that if Q@ =R"™, hy < hy < 00 and K > 0, then

A Lphz (Rn) - Lphl (Rn)

implies A = 0, i.e., K = 0. We show that in the case when Q is of finite
measure, the same problem has a nontrivial solution: for 1 < p=¢ <
one has

ICE ) Mlpna < el Mg [ 1,

The case p = ¢ = oo is studied separately in Section 3. In this case we
consider the Lq-spaces ([BRS], [BMR]) and we obtain

”K * f”Loo,hl <2 Hf||L<>o,112 |K**||Ll,h3'

Further, Section 4 is devoted to the general Young-O’Neil-type inequality
in the weighted Lorentz spaces AY(w), I'Y(w), and S9(w), i.e.,

A(w) = {umq(w) - ( / () ) dt)l/q < oo},
Pi(w) = {||f|w - ( / T () i) dt)l/q < oo},

) 1/q
S (w) = {”f'S‘l(w) = (/0 (£t — £ @) 'w(t) dt) < oo}

(see, e.g., [CGMP], [Sa]).
In section 5 we obtain the following inequality for the convolution oper-
ator

/O 0" (5)(Af)™ (s)ds < / g (1) / F7(5) K (|t — s)dsdt

We use it to prove the norm inequalities for the Riesz operator.
Finally, section 6 contains the Young-O’Neil inequalities for multidimen-
sional Lorentz spaces.

Basic notations. Let u be n-dimensional Lebesgue measure and 2 C R" a
measurable subset. For 1 < p < 0o, L,(?) is the usual Lebesgue space with
1

norm || f[|z (q) = (fQ |f(z)|P d,u) " < oco. The distribution of a measurable
function f on  is defined by

m(o, f) = p{z € Q: |f(x)] > o}
Then f*(t) =inf{o : m(o, f) <t} is the decreasing rearrangement of f.
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Let 0 < p,qg < oco. We will say that a measurable function f on 2
belongs to the Lorentz space Ly (€, p) if

Ie]] 1/q
1Nz, = </O (77 £ (1)) C?) < o0

for 0 < ¢ < oo, and

1l = sup  £/7F5(1) < o0,
te(o,j92)

where || is the measure of Q2. We also define

(13) =1 / "

By C, C};, ¢ we will denote positive constants that may be different on differ-
ent occasions. We write F' < G if F < (G and G < CyF for some positive
constants C7 and Cs independent of appropriate quantities involved in the
expressions F' and G.

2. CONVOLUTION IN THE LORENTZ SPACE OF PERIODIC FUNCTIONS

Let L,,[0,1] be the Lorentz space of all 1-periodic functions with the

norm given by
vy " th v
1fllpg = 1 fll 2,000 = ; Erfr ) -

It is known [BS, p. 219] that for 1 < p < oo and 1 < ¢ < 0o we have

b= ([ G Cff) <Nl

where f** is defined by (1.3) and can be written as [BS, p. 53]

21 fllz,, <

(2.2) o= s o / 1 (@)|da

le|=t
eC[0,1]
Here p’ = -£7 and pie = lel.
Note that for p = 1, (2.1) is not true. For a fixed f € L; the func-
tional || f**|l1,4 is non-decreasing as a function of % € [0, +00); moreover

I and [|/**[l11 =< [|fllz10g 2-
We will need the following Hardy-type lemma.
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Lemma 2.1. Let f(t) be a non-increasing non-negative function on (0,00),
0< ¢(t) <1 and [;° ¢(t)dt = d < oo. Then

d fe’e)
(2.3) | s [ oot

Proof. Indeed, [ hidt > [ hodt implies [[hifdt > [;° hof dt for any
non-increasing nonnegative function f on (0,00) (see, for example, [BS, p.
56]), and (2.3) follows. O

Lemma 2.2. Letl1<p<ooandl < h<oo. If f € L, (Q, 1), then

lim t%f**(t) =0 and lim t%f**(t) =0.

t—0 t—oo

Proof. Tt follows from

S dt 5o dt
lim [ (tv f**(t))"— = lim (te f**(t)"— =0
5—0 s/2 t §—0 s/2 t
and
%
(//z(tpf <t>>ht> > G 7 7(s). O

Theorem 2.1. Suppose measurable functions f,g, and K are defined on
[0,1]; then

1 1
(2.4) / g () (K * f)™"(t)dt < 2/ tg™ (6) f7 () K (t)dt.
0 0
If we also assume that

(2.5) Jim K@) (19" (1) = 0,

then

(2.6) /0 g O+ /)T @)dt < gl £ e, (1K,

+/O tg™ (6) 7 (8) (K7 () — K7 (1)) dt.
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Proof. From (2.2) and the Hardy-Littlewood inequality [BS, p.44], we write

1
/0 g (5)(K % )™ (s)ds

< / (5) sup / e / |K(y — )| dydads
</Olg*<s>|bup/0 (| 1w~ |dy) (1) drds
:/ (s) sup / 1( ‘wslul? ?H // |K (y — x)| dedydtds

wClo,

1 1
< / g (s) / 7 | sup sup = / / K(y— )| ddy | deds.
0 0 el=s lwl=t |€\| |

cOl

We consider

D(s,t) = ‘s‘up e| Tl / /|K x)| dydx

= sup am / xe(®) / X 0) 1K (y — 2)| dyda

lwl=t

I
= sup am/o |K(2)] |len (w+ x)|dz

le|=s
/ K*(€)$(€)de,

|w|=t
where ¢(€) is the non-increasing rearrangement of the function |eN (w + x)|.
Then ¢(§) satisfies

//\

\w\ t

¢(s) < min([e], |wl)

and

/ S(€)dE = el u].
0
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We assume that s = |e| < |w| = ¢, then the function ¢o(§) = &(&)/|e]
satisfies conditions of Lemma 2.1 with d = |w|. Then for s < ¢t we have

D(s,t) < sup / K*(&)po(€
=s,eC[0,1] |w|
\w\ t,wC[0,1
[w]

K*(&)d§ = K™ (t)

< sup
|w|=t |w|

As above, for s > t we write

lel

e|s

Therefore we have

1 1 1
(2.7 /0 g*(s)(K*f)**(s)ds</0 g*(s)/O FH@) K (max{s,t})dt ds.

Using this inequality, we get

N

/0 ') /0 U ) K (max(t, 5))deds

_ /0 L )K" (5) /0 " P ()dtds
v 06 [ O waras

<2 /O K (0)g™ (1) F** (V) dt.

/0 07 (5)(K * )™ (s)ds

Thus, inequality (2.4) is verified. To prove (2.6), we use

o [ 5 wars 57 [ oo ( [ o [ f*(t)dt)/-

Therefore, (2.7) implies

/Olg*(s)(K*f)**(S)d5</ / FH() K (max(t, s))dtds

/K** ( /f Vbt )/ ())ds
/ K™ (s ( A g ()t /0 f*(t)dt) ds.
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Integrating by parts, we get

1

1 s
| @ py s < ks /f it [ o]

/ / i / “()dt (K (s))' ds.

Hence, using (K**(s))' =— ( f K*(t)dt %K*(s)) —% (K**(s)—K*(s))
and (2.5), we obtain

AgWWMﬁ”wasmmwmmmm
+/F¢wvwwmww—Kw»w
0

The proof is complete. O
Theorem 2.2. Let 1 < p,q,r 1 < hy,ho,hsy < 00, and
(2.8) 1+1—1—|—1 1—1+1

. q p o hi hy hz

Suppose f € Ly p,[0,1] and K € L, 3,0, 1] are 1-periodic functions.
a) (Young-O’Neil) If 1 < p,q,r < oo, then K x f € Ly}, and

K fllzgn, <elfllo, KL, .,

b) Ifl<p=g<oocorp=q=hy =hy=hg=o00, then Kxf &€ Lpp,
and

(2.9) 1K * flln, ., < cllfllz,n, 1K1 n,-

c) Ifp=q=1and 1 < hy,ho,hg < 0o, then K % f € Lyj,, and

ICE s ) Nany < el ne [ s
Proof. Let f** € Lp,hz,K**ELT hs, and g**EL Ry Where P, q,hl,hg,h3
satisfy (2.8). If p1 = ¢/, p2 = p,p3 = 1, then ottt =2 and }, +

h% + h% = 1. This implies that at least one of the parameters h'l’ h2, hl3

differs from zero. Let us assume that hi, > 0. Then Lemma 2.2 implies
1
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limy_,q t1/P1 g**(t) = 0. Applying the Holder inequality twice, we get

K () 7 (£)g™ (8) = (73 K (1)) (¢72 f**(£)) (t77 g™ (¢))
1/h}

o 1 ¢ ’;—éds 1 ¢ Z—%ds
L (s L ([ ghds
S i-ves \ 5 t1=1/p2 \ J, 57
1
VKL 1 iy (17797 (1))

L ok
= CIE Ny 1S Wiy (17797 (1))

1/h;

Therefore,

(2.10) lim £2K** (t) f** (£)g** () = 0.

t—0

By Theorem 2.1 and the Hoélder inequality, we have

1
If *K|lp,,. < sup / o) (K * ) ()dy

lalle,y . =1

1
< s /O g (0) (I * 1) (9)dy

lglle,, . =
q’,h]

< sup o [lglley 1Az, Kz,

=1
lollz g,

+/O t(K**(t)—K*(t))f**(t)g**(t)dt}

< sup o [lglly 1Az, Kz

lolley =1
Loa U L
4 / (5 (1)) (757 p ) (7 g ()t
0
<c  sup K eng 1 oo 197 g mg -
91 e =
Thus we derive
(2.10) |f*KllL,,, <c  sap K |rngllf* pnallg™ g7 1y -

g”Lq/,h/lzl

In the case a), i.e.,, 1 < p,7,q,< oo, we have ||f**||pn, =< Hf||Lp’h2,
9™ Nar.ny = NGl o Il ms = (K|, and inequality (2.10) implies

1K Ly, <c  sup Kz, 12,0, 190z, . = elE L, 1,0, -

|9\|Lq,’h,1:1
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b) Let now r = land 1 < p = ¢q < 00,f € Lyp,, K € Lip,,g €
Ly p;. Then since at least one of the parameters %,17 h%, h% differs from
zero, by Lemma 2.2, we write (2.10) and, therefore, (2.10). Then because
Of | Mlp,ny = W fllz, 0, and g™ Iy = ll9llz,, ,, > We finally have

If*Kllz,,, <c  sup  [|[K™

lgllz,

vl Flly s gl
"y =

= al[ K™ ns £
For the case p =g = hy = ho = hy = oo, we simply write

1 * Kl < cellfllzall K

p.ho*

c)Let g=p=r=1and 1< hy < oo. Then using [CGMP, Th 4.1] and
periodicity of functions, we get!

1 % ) lop = sup / ) (K * )(w)dy

lollz__,, =1
och/l

p / f(2)(g % ) (2)da

= su
HQHLOCh,l =1

1
< s [ PR s
ol =10
We again apply Theorem 2.1 and the Holder inequality:

1K £) [lny < e sup (IIfIILIIIfLIIIKIILl

lgllz o, =1

1
+/ LR () (977 (1) —9*(t))dt)

0
<c sup va**Hl,hz”K”T,hg

llgllz
1 *k *\h' h
g —g9)"
|g|1+</( L2 dt)
0
=l £ K

The proof is complete. O

oo,h’l -

=

ISee the definition of the space L, Ry in the next section
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Let us give two examples showing sharpness of the results of Theorem
2.2. First, we prove that in inequality (2.9), the factor |K**||r, . could

not be changed to ||K|[z, ,,. That is, in general, for 1 < p = ¢ < co and

1 _ 1 1 . .
= T the inequality

(2.11) 1K fllz,n, < CUfllLy KL,
does not hold.

Example 2.1. Let N € N. We define f(t) = (min(N, 1/t))1/p and K (t) =
min(N, 1/t). Then

1£llz,.,, = (InN)/"
and
1K | L, ,, = (InN)" = (InN)/Pmt/he

Define

o) = 0 for x € [0, a) 0
wl@) {(K*f)(a:) for z € [a,1) ’

Therefore if © € [a, 1) we write

(" +1).

Z\H

1 L

TN ds 1 "N ds  NYPIn(Nz—1)
p(x) > > - _

v osv@—s) (@-g)rdy wms (Ne— DU

li
Noting (g?é) = p’g}ffl < 0 for & € [eP, 1], we obtain that the function

g‘fp is decreasing on [eP, 1]. Hence,

In (N(t+a)—1)
(t+a— )"

" (t) = for te(0,1—a).

Using this, we get

1
ot
. //0 (17 1)y O

t

N /1—“ (tl/P In(N(t + a) — 1))“ dt
~Jo (t+a—y)/r t
- /1a (tl/” In(N(t+a) — 1))’“ dt
). (t+a—+)/P t
q [T (In(N(t +a) — 1) dt

>0 :

hl“( (t+a)—1) 17" < (In N)M+L,

>
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Thus, (2.11) implies
InN < C.

This contradiction concludes the proof.

We now provide an example showing sharpness of (2.9) in the following
sense: none of the parameters could be changed to make the inequality
stronger.

Corollary 2.2.1. Let 1 < p < 00,1 < hy,hg < 00 and 1/h = (1/hy —
1/ha)y. Then for the Cesaro operator of 1-periodic function f, given by

N
ox(fi2) = g S0 Sklfi)
k=0

1
- / fW)Fx(x —y)dy, Fu(x)

1 sin?7(2N — 1)z
N sin’ mz ’

we write
1/h
NN | 2yy =Ly = NG 10 = (I NP

Proof. By Theorem 2.2, we have

lonllz,yn,—Lpn, <CIFN 1A

Further, we estimate

e = </01/N (/Ot (FN(S)X[O,I/Q](S))*dS> hit
L L ooy a) 2

Using the known inequalities Fiy(s) < ¢N for x > 0 and Fy(s) < ¢/(Nz?)
for x € (1/N,1), we write

1/h
1/N Lot
1Nz, , <c Nh/ th_ldt+/ — <c(nN)Y"
" 0 iyn

1/h

Finally, we get

TN |2y, =Ly, < (I N)Y™

On the other hand, defining
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and using Hardy-Littlewood’s theorem on Fourier coefficients for the Lorentz

space [Se], we obtain
N 1\ 1/he
1 - 1/h
(S (wts) 5] =

Hf0||Lp,h,2 =
k=1
N h 1/h1
N—-E\"1 1/h
lon(folllz,.,, = (I; <N> k) = (1+InN)/"".

Therefore, we derive

lon (fo)ll .0,

= (In N)/M=Vh — (1 N)V/P
||f0||Lp,h2 ’

||O-N||Lp‘hz—>Lp,h1 =z

completing the proof. O

3. CONVOLUTION IN THE LORENTZ SPACE OF PERIODIC FUNCTIONS:
THE CASE OF p = ¢ = 00

Theorem 2.2 does not encompass the limit case p = g = co (h; < 00). It
is clear that in this case the classical Lorentz space is trivial. We consider
another scale of Lorentz spaces.

Following Bennett et al. [BRS] (see also [BMR], [CGMP]), we define
Ln[0,1] as follows

Loogl0,1] = {f € L1[0,1] : [ fllzeyio,1) == 1z 10,1)

([ 5 ) <),

The following embedding hold: for 1 <p<ooand 1 < ¢ < g1 < o0
Loo[0,1] = Lo 1[0,1] < Logg[0,1] = Loo,q, [0, 1] — L,[0, 1].
Moreover,

dt

1
[flos = ||f||1+/O (f" =)~

— 1 — / (£ (1) di
— 1l £ 0) = (1) = [ fl

i.e., Loo,l = Loo
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The last embedding follows from Holder’s inequality (one can assume
that p < q1 )

1/p

1
1z, = 11z, = I fllzs + ( [ u=ry dt)

1 » 1/17_1/(11 1 Wk e\ 1/q1
St ([ o) ([ )
0 0 t

< ch”Loo,ql :

Lemma 3.1. Suppose f € L1]0,1] and K € L[0,1]; then

(B1) (f*E)™ () < S OIK]L + K™ (1) / (=7 (5))'sds
1
+ [ reysKk s

Proof. By (2.2),

(o) "< ow [k [1K6-2) ayar

le|=t

= sup / @)K (@, e), d

le|=t JO

and by Hardy’s inequality,

< sup /1 FH(s)K*(s,e)ds =

:iup{ /K e dg‘ / (5)) sK** (5, €)ds

/ K*(,e df‘ ' Sup — () sK**(s)ds.
le|=t
Then the estimate

sup K**(s,e) < K**(max(s, 1))
le|=t
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gives

~ 1
sF )R (s,0)|

sup
|€|:t

0 ] Rete ] - o
(1)K (max(1,1))
+§1i%sf (s) K™ (max(s,t))
= [FWIE + K7 (2) lim s f7(s)
= (WKL

(note that tliH(l) tf*(t) = 0 because of f € L) and

Sup/ (—f*(s))'sK**(s)dsé/() (—f*(s))'sK**(max(s, t))ds

le|=t JO
:/O (=1 (s)) sK** (t)ds
+ /t (= F*(s))'sK** (s)ds.

Hence we derive
t
(f+E)™ () < fFOIK L+ K**(lﬁ)/0 (=f"(s)) sds

1
+ [ s s
t
and the proof is now complete. ([l

Theorem 3.1. Let1 < hy, ho, hy < 00 and h% = h%,"‘h% For any 1-periodic
functions f € Lo 1,10,1] and K € Ly j,[0,1] we have

(3-2) I f o, < 20 2y I 2y -

Proof. Let us suppose first that h; > 1. Without loss of generality, we can
assume that K and f are from C*°.
Puth=Kx f. If

1]l = </01 (™ (1) = B* (1)) cit)

1Pl 2y < 201P00 < 20 F Loy 1K L4,

l/h1

then
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and (3.2) is proved. Now suppose the reverse:

Lo e hlﬂl/hl
(3:3) |h||1<(/0 (W™ () — B* (1)) t)
Then
1 1/h
e, <2( [ 000 - w0) )
= 2/0 g(t) (R (t) — h*(t)) dt
where

UG}
1/h),
E(Jy (e () = we ()™ )

The function g satisfies the following conditions:

1) g(t) =0,
2)  g(1) <1 (see (3.3)),

7

3 (e )" =1,
4) geC™.

g(t) =

By A denote a collection of all functions satisfying 1) - 4). From (3.3), we
get

1565 s, < 250 [ a0 )7 0= 1) ) .
For g € A,
/0 " o) () 1 (1)) i = /0 a0 () a
1 1 /
= —tgon @ + [ (o) (o)) o
= —g(D)h™(1) + /01 OGO

< /0 1 (to0)) (1)) .
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Hence,

1 ’
1 ¢ Pl <sup [ (t9(0) 7 (0) e
(3.4) gealo

= sup /0 1 (tg(t))/h**(t) dt.

gEA, (tg(t))'>0

We now use Lemma 3.1:

/ (ta(0) 1+ Py

1

< [ ooy [ @I+ 570 [ () sds
+ /t (- f*(s))'sK**(s)ds}dt

= FOaOIKT + [ o)K@ [ 1) sdsae
+ [ raysea [ ow)yas

/

= rwoil+ o ([ ey [eooras)

t 1

= £ @aIET + K@) ( [ @) ss) ([ Gsatyas)

0

+ /O L (k) - K1) ( /O a 7(s))'sds) ( /O t(sg(s))’ds)dt.

Integrating by parts, we write
/ (—=f"(5))sds = —f* ()t +/ [r(s)ds =t (f*(t) — f*(t))
0 0
and therefore
1 ’
| () 7@t < o1

+/O EET () — K7 () (7 (1) = £7(1) g(t)dt.
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By the Holder inequality and the definition of A, we obtain

1
1K fllpn,, <2 sup {g(l)Kllllfh n ( | - ror dt)
geA 0

([ 8] (o 2) ")

L2 [[fllpsony K Ly -
Let now h; = 1. Then

1
1o Kl = I # Kl = sup / K(x—y)f(y)dy‘

z€[0,1]

1 t 1
</0 K*l(t)f*(t)dtf*(t)/o K* (s)ds|,
+

/0 (—f* ()™ ()t

=rists [ ([ ererss) o
= rt+ ([ - ysas) o),

o 1 (/ t(f*(S))’st) ()~ k() &

—rolsh+ ([ l(f*(S))/sd8> 1K,

+f 1 (/ t(f*(S))’st) ()~ k() &

1
= [IF I K ] +/0 (7" = )OE™ () — K7 (t))dt

SNl pony | 2,

The proof is complete. 0

4. CONVOLUTION IN THE WEIGHTED LORENTZ SPACES

Let pu be the Lebesgue measure and €2, D be measurable subsets of R".
For functions f and K defined on € and D — € we consider the convolution

Af(y) = /QK(y —z)f(z)dz.
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Theorem 4.1. Let f, g, and K be measurable functions on ), D, and D—$)
of R™. One has

/0 T AR ()ds < 21 (0)g™ (K (1)
+ [ T g () — K ()t
0

(4.1) / 6" ($)(A)™ (s)ds < 2 / LF7 ()07 (0 K ()t
and

(4.2) / () (AF) (s)ds < / T / ()K" ([t — s])didt.

Proof. It is similar to the proof of Theorem 2.1. Indeed, the same technique
that we used implies the following inequality:

(4.3) /000 g (s)(Af)™(s)ds < /000 9" (s) /OOO fH() K (max(s,t))dt ds.
Then

| aeanteis< [Too [ 1o e
+/Oo *(s) /Oof* (t) K™ (t)dtds
Ll

[ wr(f o ow)-

_ (g (K1)
4 / S1*(3)g™ () (K™ (s) — K*(s)) ds,
0
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The second inequality follows from

/Ooog*(S)(Af)**(s)ds</Ooog*(s)K**(s)/osf*(t)dtds
+/OO g9°(s) /OO F* () K (t)dtds

:/OC s) K" (s / f*(t)dtds
/ frO) K™ (t / *(s)dsdt

<2 / EF (g™ ()™ ().

Using K**(max(s,t)) < K**(|t — s|), (4.3) implies inequality (4.2). The
proof is now complete. (]

Now we are going to study the Young-O’Neil inequality in weighted
Lorentz spaces A?(w) and I'(w). We remark (see [Sa]) that

Af(w) =T(w)
if and only if the weight w satisfies the B)-condition, that is,
/ “t) 4 < ¢ w(t)dt.
x 14 ‘rq 0

We also recall the definition of the associated space

< 00

=7l = sup ‘ /X Fodu(e)

IIQHE 1

It is known ([CRS, 2.4], [KM]) that

(4.4) I7(@) = (Aw)  g>1,
where

(4.5) Gt) =t W () w(t),
and

W(z) = /Ox w(t)dt.

In the case of the classical example w(t) = t9/P~1, 1 < p,q < oo, we have
1 fllaa@) = I fllvagwy = [ fllzea, &(8) = ¢4/7 71, de, (LP9) = LV
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Theorem 4.2. Let w € B,. We have

(4.6) 1K * fllraw) =< 1K * fllaa) < Clfllra @) K ez )
for1/qg=1/s1+1/s2, 1 < q< o0, 1< 51,82 < 00, and
t 1/s1 1/s2
wi () wa(t)
(4.7 /0 w(z)dr < cw(t) O

Proof. We first remark that (4.7) can be rewritten as follows
(4.8) t < et wy(t)Y  wy(t) /52

Then by Theorem 4.1 ( see (4.1)) and Holder’s inequality, we write

[ow ( [ s y)dx) dy

<o [ @m0 ][ 0] [ (2]
<o [ CROR=0 ) ‘ ([ (rw) aoa) B
( /0 M(K**(t))szwg(t) dt) B

Considering the supremum over g such that [|g|/re () = 1, we obtain
| K * f||(rq’(a))/ < 2c||f|

Finally, since w € B,,, we have (Aq(w))” = A%w) and then (4.6) follows
from (4.4). O

< 2l|9llper @) (1 s wn) 1 llps2 ws)-

I'#1(wy) ||K||F52(w2)'

Corollary 4.2.1. Under the hypotheses of Theorem 4.2, if additionally,
w1 € Bs, and wy € Bs,, then

1K fllaa) < Clfllast ) a5 (ws)-

Examples. 1. For w(t) = t9/"=1 w(t) = t51/P71 wy(t) = t%2/7~1 and
1/q = 1/s1 + 1/s9, inequality (4.7) is equivalent to %tlfl/h < ett/pHl/r,
Hence, for 1 +1/h=1/p+1/r and for 1 < p,r, h < oo, we have

[ fllng < CIE lpsi [ F 5o < ClIKp,s 1
(see (2.1)).

|T,327
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2. Let w(t) = t/M=1e0M(t), wi (8) =t /P= 105 (1), wo(t) =52/~ €D (1),
where 1/g=1/s1 +1/s9, 1+ 1/h=1/p+ 1/r, and &; are slowly oscillating
functions. Then inequality (4.7) is equivalent to

&' (z) < C& (2)€5 (@),
i.e., in this case we obtain the Young-O’Neil-type inequality for the Lorentz-
Zygmund spaces [BS, p. 253].

Further we study the convolution inequality for periodic functions. Sup-
pose w, w1, ws are weights on [0, 1] and 0 < ¢ < oo; then by definition,

S (w) = {||f||sa(w) =|fll. + (/o (f*(s) = f*(S))qw(s)ds> "< oo} .

Theorem 4.3. Let wy € L. We have

||K * f”S‘l(w) < CHfHSsl(wl) ||K||Ss2(w2)
for1/g=1/s1+1/s9, 1 < qg< o0, 1< 81,82 < 00, and
(4.9) twt/9(t) < Cwy Vo1 (t)wo /52 (t).

Proof. Since we € Ly we have | K| < C||K]|
In the case when (h = K x f)

T2 (ws)-
1l < ( / () - f*(s))ffms)ds)é ,

we write
1 1/q
Ihlls, <2 ( RGOS h*(t))%(t)dt)
1
_ / glt) (W (8) — b* (1)) dt

where

wt) (b - 0)"
(i (r=(s) — () w()as)

We remark that the function g satisfies the following conditions:

g(t) >0,
g(1) < w(1),

q 1/q
(fol (£2) w(t)dt) =1,

g e C™.

g(t) =

1
2

W

)
)
)
)

4
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Similar to the proof of Theorem 3.1, one has

lAlls, @) <2 sup {9(1)||K||L1f||L1
geEA

+ / E(IE () — K™ (8) (F () — (1) g(t)dt}

1 1/s2
< IRl + Csup ([ (570 - K°0)* Ol
geA 0
1 1/s1 1 ) ) 1/4
. ( [ umo-ror W1(t)dt) ( [ <t>]dt)
< C | flls., ) 1K]ls., (@s)
and we obtain the required inequality. ([

We finally remark that for Example 2 above, condition (4.9) is again
equivalent to

A B D
&' (z) < C& (x)fs ().
5. RIESZ POTENTIAL IN WEIGHTED LEBESGUE SPACES

Let v(z) be a weight, i.e., a non-negative, measurable and locally inte-
grable in R™. We define the norm in the weighted Lebesgue space L,(R",v)

as y
p
s = ([ romras)

We consider the Riesz kernel K(z,y) = |z —y|"™™, 0 < v < n, and the
corresponding potential operator

(5.1) L f(z) = /R Ady, xz € R™.

e

Continuity properties of the potential operator in the Lebesgue spaces have
been extensively studied (see [BS], [So], [SW]). In particular, it is well
known that I, is of strong type (p,q), where 1 < p < n/y and 1/¢q =
1/p—~/n. Analogous questions have been also investigated in the weighted
Lebesgue spaces. In this case, the solution of the classical problem: to
describe necessary and sufficient conditions on a weight for I, f(x) to be
bounded on L,(R™, ) into L,(R™,v), can be found in [MW], [EKM], [KK]
and others.

We continue this line of work with the goal to estimate the norm of the
potential operator from above and from below.
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Theorem 5.1. Suppose 1 <p<qg<oo, 0<py<mn, 1/¢<1/p—~/n;
then for the potential operator (5.1) the following inequalities hold

1 - -n
¢ s [ty [ w @)l -y dnay
1/2<wl/lel<2 Jw|7T7 Je w
(5.2) <Lz, @ py—L, @) <
1 e ol
C sup ﬁ/ V*(t)/ (1) (s)|t — 5|7/ tdsdt.
1/2<]wl/lel<2 [w|7F7 Jo 0

Proof. Let us prove the left-hand side inequality. If I, is bounded on
L,(R", 1) into Ly(R™,v), then

Af(y) = / vy (@)f(z)

lz —y|"=

is such that A : L,(R™) — L,(R™). Therefore, it is (p, q) weak-type opera-
tor, i.e., A: L,1 — Lyoo, and by Corollary 3.1.1 from [NT] (see also [KN]),
we have

15z, ) =Ly = 1AL, —L, = AL, Ly
1

1 1
su v (x)|r —y|" "ded
lebo,l}jbo le|1/a’ |w|1/p_/6 (y)/wﬂ (@)]z -y Y
1 - -n
sup - — 1 /V(y)/ p (@) |z — y" " dwdy.
le|=|w|>0 |UJ|‘1, ) e w

1/2< w|/]e|<2

X

WV

Let us now show the accuracy of the right-hand side inequality. We
denote M* := {e € R": 0 < |e|] < oo} and take e,w € M*. Suppose also
that |e| > |w]|. Then there exists an integer M > 1 such that (M — 1)|w| <
le] < M|wl|, where p, g are any numbers satisfying 1 < p < n/v, 1/¢ <1/p.

Let K () = |z|"~". Noting K**(|t—s|) =< |t —s|= ! and using inequality
(4.2) from theorem 4.1, we estimate

1 1 _ _n
MW/”(?/)/ p @)z —y| " dwdy
le] |w| 1 o1
_ .
< =T |w|1/p/ 0 el st

C /|w| /kw|
< - — s/ Ldtds.
(M w4 [w| /P Jo Z Dl |
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We divide the last expression into two terms:

|w] 2|w|
(M|w|)1c;q’|w1/p/0 (u=h)* (S)/ v ()|t — |7/ Ldtds

c |w| |
+ (M|w|)1/q’|w|1/P/0 Z/ ol ()]t — s/ Ldtds
=1 + I5.
By changing the variables t — ¢ + (k — 1)|w],
Bkl Jul N
/( vE () [t—s|/ " dt :/O V*(t+(kfl)|w\)‘t+(k71)|w\f dt.

k—1)|w|

Further, we estimate
v/n—1 v/n—1 v/n—1

=)+ = Dwl| " < (=Dl =fe=s) " < (k=)

and then

wl v/n—1 ] v*(t)
V¥ (t+(k=1)|w|)|t+(k—1)|w|—s dt < 7 At
I | | I (06~ 2ful)

This yields

bs ) dt ds.
2 (M|w|)1/q"w|1/p /0 (N ) (8)/0 |w|1—7/" kz:; (k: — 2)1—~//n s

Noting that 1/¢' > 1—1/p+ v/n, we get
M
M-V Z (k—2)/"t < oM/ L O
k=3

Summing up the estimates for I; and I, we finally have

1 1 _ —n
T ) [ i @l =y ey
1 Wl 2| s
< —H)* *(t) |t — nldtd
C(Mmmwmvné (1 H@A (1)t — 5| s

1 [w] ) w]
* |wl/p+1/q/_/0 (n™) (S)/o vt — s dtds

1 el Jul
<C sup ﬁ/ V*(t)/ (™1 (s)|t — s/ Ldsdt.
0 0

1/2<]wl/lel<2 |w|a 7

If |w| > |e|, then we use similar estimates (we also use v/n < 1/p).
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Thus we obtain the following estimates

IAllz, &r)—L, @) < CY,

where
1 le] |w]
J= sup ﬁ/ V*(t)/ (1) (s)|t — 5|7/ Ldsdt.
1/2<wl/le|<2 Jw|7 7 Jo 0
We note that the expression on the right-hand side is independent on all
pairs (p, q) such that (1/p—1/q) is a constant. Therefore, if J < 0o, then the
operator A is a (p, q) weak-type operator for 1/p—1/¢ = C and 1 < p < v/n.

Further, there exist two pairs (pg, go) and (p1, q1) such that 1 < pg < p <
p1 <00, 1<qo<q<q <oo,and 1/po—1/q0=1/pr—1/q1 =1/p—1/q.
Therefore, if the right-hand side of (5.2) is bounded, then

A: Lpy1 — Lgyoo and A:Lp 1 — Ly o,
where the norms are controlled by C'J. Then by the interpolation theorem,
we write
Az Loy = Lg(o)
and
Al <CJ
for
1/p(0) = (1 = 0)/po +6/p1, 1/q(0) = (1 —6)/q0 +0/q1.
We have p(f) = p for some 0 < 6 < 1. Since 1/pg — 1/q0 = 1/p1 —

1/q1 = 1/p(0) — 1/q(6), in this case ¢(0) coincides with ¢g. The proof is now
complete. O

Note that in the case when weights satisfy some regular conditions, the
left-hand side and the right-hand side integrals are equivalent. Then Theo-
rem 5.1 implies the following relation for the norm of the potential operator.

Corollary 5.1.1. Let 1 <p< g< oo, 1/q¢ < 1/p— . Suppose weights p
and v satisfy

(5.3)

then

11l el e (s)
1151z R,u—1)—L,(R,v) = Sup 77/ / —————=dsdt.
Y Lp(R,p=1)—Lg(R,v) | g\eﬁ \w|% o Jo Jt—si

< g

1
2wl
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Remark. Any monotone or quasi-monotone (i.e., there exists 7 > 0 such
that p(t)t~" is monotone) p and v satisfy (5.3).

Proof. By Theorem 5.1, it is sufficient to prove the inequality

lel |w\

ddt
t—s|1 gl

1 1
< osp L l//&glddy
e T |w| v |z =yl

1< <z lefs

1< < |w\

Using (5.3), we have

/el/wl d it < /€|/w| f% <nl<t ff<\5\<s (g)dndgdsdt
t—s |1 7 0 tslt — s['=7

[w] 2l r20El gedt
—of [ [ [ e s

Now let 0 < & <n. If £ > 7, then
/25 /2" dtds /°° /°° dtds 1 /°° /°° dtds
ts|t — s|1—7 w Je lt—sl'ts v )y Je o |t —s|its

1 /°° /OO dtds ¢, < Cy
e S SR e e N
If £ < 7, then

/25 /2" dids  _ 1 /25 /2’7 dtds
¢ Jp [t—s|tTts = n - 28t ¢ Jy s

(In2)? ¢ < c

=3 gty T gt
Similarly, in the case of 0 < n < &, one has

/25 /2’7 dtds ¢

e Jy Nt—s[tTts T p— gt

2in| r21€] dsdt ey
<

Jo Jo W= < e

/ |/w| \t—5|1 vdtd / /:U' e n|1 7dgcz

which concludes the proof. (I

Thus,

and
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6. CONVOLUTION IN MULTIDIMENSIONAL LORENTZ SPACES

Let vectors p = (p1,.--,Pn); 4 = (¢1,-..,¢n) be such that 0 < p;,¢; <
oo, j = 1,...,n and if p; = oo, then ¢; = oo. Then for two vectors p
and q and for a given rearrangement * = (j1,J2, - ,Jjn) of the sequence
(1,2,--- ,n) we define the following functional

cbpq*(@)

_ /0°°</0°°

where the expression (fOOO(G(s))Q%)l/q is understood as sup,., G(s) for
q = 0.

471 dtjl ) 951 dtjn "
t DR

1 1

Pt oty )

J1 tj,

Let m = (my,---,my) € N and let f(z1,---,2z,) be a measurable
function on R™ = R™* x ... x R™ . Applying decreasing rearrangement
according to z; € R™ ... 'z, € R™» with other variables being fixed
we will construct a function f*1>"*n(¢y,--- ,t,). This function is called a

decreasing rearrangement of f in R™.
The Lorentz space Lpg«(R™) is defined as the collection of measurable
functions on R™ such that

”fHqu*(lRm) = (I’pq*(f*lm*n) < 0.

In the case m = (1,--- ,1) and * = (1,--- ,n), this space was introduced
by Blozinski [Bl1]. He also obtained corresponding convolution inequalities.
In a general case, this definition can be found in [Nu]. Below we prove the
Young-O’Neil-type inequality for this case.

Theorem 6.1. Let m = (mq,---m,) € N and let 1 < q,p,r < o0,
1/q+1=1/p+1/r, 1<h/h;,hy <o, and 1/h=1/hy +1/ha. Let

also * = (j1,- -+ ,jn) be a rearrangement of (1,2,--- ,n). If K € Ly n: (R™)
and g € Lp ny(R™), then for the convolution

(K*g)(y) = - K(x —y)g(x)dx

one has

(6.1) K5 gl L e ) S CUE L, s ) 1911y g ) -
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Proof. First, we show that for all measurable functions f, g and K on R™
one has

(6.2)

/mf(y)/mg(af)K(w y)dzdy < / / cotn ()
Gty ) K (b, - ty)dty - - dty,

where

1 t1 tn
Pt ) = g [ [T e s ds,
z‘:lti 0 0

Using (4.1),

[t [ @K@=y

( fwny) [ K- yl,xy>g<x1,x>dmdy1) dxdy
R™1

R™1
Rmn R™Mm2 JR™Mn R™2

( / QK™ (t1,% — y)g*™ (t1,%) f** (11, Y) dtl) dx dy
0

72/ t / / f(**)l(tl,}’)/
0 Rmn RmM2 RmMn

/ KU (), x — y) g (t1, %) dt1>dxdy,
R™2

\’3

where (x) = (z2, - ,zy,) and dx = dxg---dz,. Continuing this process,
we will obtain the required inequality.
Secondly, inequality (6.2) implies

1K< glrgpeem = s [ f) [ K= patedsdy

FIE s ey =1

2" sup //tf** S (OK (H)dty - - db,

11 gy e iy =1

N

o0 o0
=2" sup ) / . / L () g™ () K™ (t)dty, - - - di;, .
=1Jo Jo

112 g )=
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Then the Holder inequality implies

1K * gl L e ()

<2 sup 1 2y ) [ K| e o) (197 M 2 s (R0
Hf”Lq/h,* (rm)=1 1 2

Using Hardy’s inequality, one can see for 1 < p < oo that
11 Ly e Ry <L, e (Rm) = P e (077).
Thus, we derive
1K # gl @m) < KL, 0 @m)ll9llz, b @m)-
The proof is complete. O

We note that in the case of m = (1,--- ,1) and * = (1,--- ,n) the O’Neil-
type inequality (6.1) was proved by Blozinski [B11].

Remarks. 1. The classical Young-O’Neil inequality for the convolution
Af = K+ finthecase 1 <p = (p,---,p) < q= (¢, ,q) < oo and
1/r=1+1/q—1/p is given by

||A||Lp(Rn)HLq(R“') < C||K||Lm(1Rn)~
Also, Stepanov [St] proved the following inequality
(6.3) 1AL, @y —r,@ny <l 1K Lo ®ey) Lo Rar)-
On the other hand, inequality (6.1) yields

(6.4) Al L, @)~ L@y S ClKllLq . o ooy ®)
which is an improvement. Indeed, suppose n = 2, then
1/r,1/
||K||L(7',T'),(oo,oo)(R2) = sup tl T"t2 TK*I*Q(t1>t2)
t1>0,t2>0
Va1 [
< sup tl/rtQ/T_ K**2(ty, 89)dso
t1>0,t2>0 0
= sup t}/rté/r_l sup [ K*'(t1,x0)dzs
t1>0,t2>0 le|=t2 Je
= sup t}/r_lt;/r_lsup / sup /|K(xl,x2)|dx1d:172.
t1>0,t2>0 le|=t2 Jelw|=t1 Jw

From the definition of supremum, for a.e. x5 € e there exists a measurable
set w(xz) (in general, depending on xs) such that |w(zs)| = t; and

sup / |K (21, 22)|dz1 < 2/ |K (21, z2)|dzy.
w w(x2)

lw|=t1
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Therefore,

K < L K(z)|dp =< |K

L 10y o000y (BR2) < 2HS§121£0W Q| (@)|dp = | K||L, . r2)

where p is the Lebesgue measure, x = (21, z3).
Let us also verify that (6.4) implies (6.3). Indeed,

1/r,1/r—1
HKHL(M),(OO,OQ>(R2) < sup t1/7t2/r sup /K (t1,x9)dxs
' t1>0,62>0 le|=t2

sup t;ﬁfl sup /sup t}/TK*l(tl,xg)dxg
t2>0 IG‘:tQ et1>0

ta
—sup " [ (1K (o)
t2>0 0
t
sup /1 ’ s/ ds
Lol Rmz) 2 0 2 2

=c]| HKHLM(RM)HLW(RM)

N

*2
Lroo(Ra, )) (s2)ds2

N

KL, @)

Now we show that for the function
K(z1,22) = (Jz1]jz2) 7Y™, l1<r<oo

one has HKHL(T 7)1 (00,00) (RZ) < 00 and HKHL ®2) =

Obviously, sup;,~g.s,>0 /T2 (4 1)) < oo, Let us prove that
SUp,~ o tY/"K*(t) = oo. Indeed, for & > 0 we define a set e, = {(x1,22) : € <
21 <1, 0< 29 <e/x1}. Then

W/ K(x1,29)dr1das < |ln5|1/’" — 00 as e —0,

and therefore

/K )dx

2. The statement of this theorem in the limit case is not true, that is,
it for some g, we have p;, = 1, then (6.1) does not generally hold. The
counter-example can be constructed as in [B12]. We present an analogue of
Young-O’Neil inequality for the limit case.

Let vectors p=(p1,...,Pn), 4=(q1,--.,¢s) be such that 0 < p;,q; < oo,
j=1,...,nand if p; = oo, then g; = co. The Lorentz space Lpqx([0,1]™)

K|z, = sup

lel>0 |e |1 [e[* =1/
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is defined as the collection of measurable 1-periodic (on each variable) func-
tions f such that

(Nl pe (0,27

_ /0</0

Theorem 6.2. Let m = (mq,---my,) € N* and let 1 < p < q < o0,
1/q+1=1/p+1/r, 1 <h/hy,hy < oo, and 1/h =1/hy + 1/h,.

Let also * = (j1,- -+ ,jn) be a rearrangement of (1,2,--- ,n). Then for
the convolution

1

@ g dig. d 2,
U dts \%n t.
jl) e ; In < 0.
J

1 1

t{Tl Ef*hm’*n(tl,...,tn)

tj,

n

(K g)(y) = / Kz — y)g(e)de

(0,1]™

one has
K+ gl Lo (0.17m) < CUE N, e 0,21 1977 2y g (10,21

The proof is similar to the proof of Theorem 6.1 (using inequality (4.2)).
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