A TYPE OF PERTURBATION OF THE HARMONIC
OSCILLATOR
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ABSTRACT. The derivative d/dx is perturbed by adding a multiple of the prod-
uct by 7! when it acts on odd functions. This gives rise to a new perturbed
harmonic oscillator, whose study is the goal of the paper: self-adjointness, spec-
trum, perturbed Hermite polynomials, eigenfunction estimates and embedding
results. Conjugation by powers of x on R} produce a more general perturbed
harmonic oscillator, which satisfies the same kind of properties.
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1. INTRODUCTION

On smooth functions of a variable x, a perturbation, D, of the usual derivative,
depending on a parameter ¢ € R, is defined by D, = % on even functions and

D, = % — oz~ ! on odd functions. This gives rise to a perturbation of the
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harmonic oscillator, J = —D? + s?z%, depending on ¢ and a usual parameter
s > 0. The following properties are proved for J when ¢ > —1, which generalize
well known properties of the harmonic oscillator:

e With domain the Schwartz space S, the operator J is essentially self-
adjoint in L?(R, |z|? dz). Its spectrum is described, like in the case of the
usual harmonic oscillator, by using the corresponding perturbed annihi-
lation and creation operators.

e The eigenfunctions of J are of the form ¢y(z) = pp(x)e /2, k € N,
for certain perturbed Hermite polinomials pg, which form a sequence of
orthogonal polynomials on R for the measure e~**"|z|° da.

e max, |r|7¢?(z) satisfies certain upper and lower estimates, where x varies
in an appropriate subset of R.

e S consists of the functions ¢ € L*(R, |z|” dz) whose “Fourier coefficients”
J &(x)dr(x)|2x|” dz are rapidly decreasing on k.

The first and second properties follow with an adaptation of the arguments
used in the case of the harmonic oscillator.

To prove the estimates of max, |z|7¢?(z), we apply the method of Bonan-
Clark [1]. But the computations become more involved in this perturbed version;
indeed, several cases will be considered separately, and the estimates have some
significant difference in some of them.

To characterize the functions in § by having rapidly decreasing “Fourier co-
efficients” with respect to the eigenfunctions ¢, we prove embedding results; in
particular, a generalization of the Sobolev embedding theorem is shown. These
embedding results involve perturbations of the usual norms involved in the defi-
nition of S. Those perturbed norms give rise to a perturbation S, of S. It will be
shown that S, = S as Fréchet spaces, but the proof is difficult and very indirect.
A more direct proof would be desirable.

Finally, we restrict J to R, , and consider its conjugation by operators of mul-
tiplication by functions of the form z® for a € R. This gives rise to versions of
the above properties for operators of the form

? 2,2 o d -2
—@jLs T° — %—l—c%r ,
for s > 0 and appropriate c¢1,co € R, acting on functions on R,; we get an
operator of the same type if %x_l is used instead of x_lﬁ.

We hope to apply these results to give a new interpretation to the analysis
with differential forms on pseudo-manifolds began by J. Cheeger [2, 3].

See e.g. [6, 7] for the study of perturbed harmonic operators satisfying other
conditions.

Acknowledgment. Part of this research was made during the visit of the first
author to the Centre de Recerca Matematica (CRM) during the research program
“Foliations”, in April-July, 2010.
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2. PRELIMINARIES

Recall that the harmonic oscillator is the operator

2

ST T

on C*° = C*(R), which depends on some fixed s > 0 (see e.g. [8]). In the study
of H, an important role is played by the annihilation and creation operators,

d y d
A:sx—l—%, A :sx—%,
which satisfy
(1) H=AA"—-s=A"A+s,
(2) [H,A] = —2sA, [H,A"] =2sA",
(3) [A, A*] = 2s.

Recall also that the Schwartz space S = S(R) is the space of functions ¢ € C'*>

such that
Igllsm = Y suplae ()]
itj<m *

is finite for all m € N (including zero'). This defines a sequence of norms || ||sm
on S, which is endowed with the corresponding Fréchet topology. The Banach
space completion of S with respect to each norm || ||sm will be denoted by S™.
We have ™+ C 8™ continuously?, and S =, S™.

With domain S, the operator H is essentially self-adjoint operator in L? =
L*(R), and its spectrum consists of the eigenvalues (2k + 1)s of multiplicity

one for k € N. The corresponding normalized eigenfunctions v, are inductively
defined by

(4) Vo = 51/47r*1/4e*”2/2 :
(5) Yp = (2ks)VPA Y, E>1.

In this sense, A* “creates” the spectrum of H. On the other hand, A “annihilates”
it:

(6) Atpy =0,
(7) Ay, = (2ks) apyy, E>1.
Writing

V(@) = hy(x)e 72

IWe adopt the convention 0 € N.

2Let X and Y be topological vector spaces. It is said that X C Y continuously if X is a
linear subspace of Y and the inclusion map X — Y is continuous. The term bounded inclusion
can be similarly used when X and Y are Banach spaces.
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for some functions hy, the conditions (4) and (5) become
) o = stz 11,
(9) hi, = (2ks)"V2(2sxhg_y — by ), k>1.

Hence the functions hy are, up to normalization, the Hermite polynomials. Each
hy, and therefore v, as well, is an even (respectively, odd) function just when k
is even (respectively, odd). They also satisfy

(10) hy, = (2ks)?hy_y, k>1.
Finally, recall that any f € L? is in S if and only if its “Fourier coefficients”
(Yg, f) are rapidly decreasing on k.
3. FIRST PERTURBATION OF THE DERIVATIVE
Recall that (see e.g. [5, Theorem 1.1.9]), for any ¢ € C*°, there is some ¢ € C'>
such that ¢(z) — ¢(0) = xp(z). It is given by

(1) M@=A¢ﬁwﬁ,

obtaining
1
(12) W) = [ g e)
0
for all m € N; in particular,
1
13 m)(0) = ——¢™*D(0) .
(13) 9Im(0) = " (0)

When ¢(0) = 0, we may write 27'¢ for 1.

Consider the decomposition C* = O, ® C55,, as direct sum of subspaces
of even and odd functions. The matrix expressions of operators on C'* will be
considered with respect to this decomposition. Observe that % and (the operator

of multiplication by) = interchange CS° ~and C23,; i.e., we can write

d _ (o0 £ (0 =
v \L o) "7 \z 0"

Moreover C55, = x CS,,, because any odd function vanishes at zero, and therefore

even

the operator 7! : €5, — C2  is well defined and continuous. Then, for any

fixed 0 € R, we can define the perturbed derivative
(0 Lozt d 0 z*

on C*°. Let also
c 0
X = (O —O') :
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Since
0 z! 0 z\| (1 O
0O 0 /)'\x 0)] \0 -1/~
we get
(14) [Dy,z] =143,
(15) D, X+¥D, =X +Xx=0.

For 1) € C* and ¢ = x1), it follows from (11) and (12) that

1 1
1) o) +a [ eree) = [ e ) d
0 0
for all m € N, obtaining the following version of (13):
(17) (D719)(0) = (m + 1+ a)(D7'4)(0) -

To simplify the notation, we introduce a perturbed factorial m!, of each m € N,
which is inductively defined by setting 0!, = 1, and

| (m—1)l,m if m is even
ml, = . .
(m—1!,(m+ o) if misodd
for m > 0. Observe that m!, > 0if ¢ > —1, which will be the case of our interest;
otherwise, m!, may be < 0. For k& < m, even when k!, = 0, the quotient m!, /k!,

can be understood as the product of the factors from the definition of m!, which
are not included in the definition of k!,.

Lemma 3.1. For any ¢ € C* and m € N,

(D7)(0) = —F6!™(0) .

Proof. In the first case, suppose that ¢ € C%. . If m is odd, then both sides
of this equality vanish. When m is even, we proceed by induction. For m = 0,
this equality is obvious. Now let m be an even integer > 0 and assume that the
statement holds for m — 2. Let ¢ € C, such that z¢p = ¢’ = D,¢. Then
D2p = ¢ + 09, By (13),

ml,

(DPO)O) = (D 26" + 3u))(0) = =26 + o) "2 0
_(m=2), o (M=l v mly
=y A ) = e 0) = TEe(0).

In the second case, suppose that ¢ € C35,. If m is even, then both sides of
the equality of the statement vanish. If m = 0, the result is obvious. So we
can assume that m is an odd integer > 0. Let ¢ € Cg,, with 29 = ¢. Then
D,¢p = ¢ + o1p. By (13) and the above case,

m m—1¢ ./ (m - 1)!0
(D7) (0) = (Dy (¢ + 09))(0) = —57

@ o))
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_ (m — 1)!0
 (m—1)!

Remark 1. Observe that (17) also follows from Lemma 3.1 and (13).

Ty amygy — Mo L m)
1+ 2y (0) = P gm) . O

4. FIRST PERTURBATION OF THE HARMONIC OSCILLATOR
By using D,, instead of %, we get the perturbed harmonic oscillator
-14d
T 0
J:—D§+52x2:H—J( de 1)

0 EZL‘

on C'*°. The more precise notation J, will be used instead of J only if necessary.
Now the perturbed annihilation and creation operators are:

0 2!

o _ e 0 7!
B —sm—DJ—A—U(O 0).

By (14) and (15),

1
(BB* + B* B) |

(18)  J=BB"—(1+%)s=B"B+(1+%)s=

(19) [J,B] = —2sB, [J,B*]=2sB*
(20) [B,B*] =2s(1+%),

(21) [J,S] = BS + £B = B*S + $B* =0 .

Here, (18)—(20) are perturbed versions of (1)—(3).

The above decomposition of C'*° can be restricted to S, giving S = Seven ®Sodd-
The matrix expressions of operators on S will be considered with respect to this
decomposition. For ¢ € C° 1 = 7' and i,j € N, it follows from (12) that

1
o) < [ ()00 )] de < suply' 6 )
0 yeR

for all z € R. Thus ||[¢)||sm < ||¢||sm+1 for all m € N, obtaining that Syaqa = & Seven
and x7 ! : C%q — O, restricts to a continuous operator 27 Sodd — Seven-
Therefore x : Seven — Soaa 18 an isomorphism of Fréchet spaces, and D,, B, B*”
and J define continuous operators on §. From now on, consider D,, B, B* and
J with domain S, unless otherwise stated.

Let (, )y and || || denote the scalar product and the norm of the weighted L?
space L2 = L*(R,|z|’ dx). Assume from now on that o > —1, and therefore S is

a dense subset of L2.

Lemma 4.1. When S is considered as domain, —D, is adjoint of D, in L.
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Proof. For ¢ € Seven and ¢ € Soqq,
(Gpothe = [ Solalds
iy /0 i'w” da
- /0 ) 62 + Yoa" ) da
_ 9 /O S + oz~ )a” da

—— [ oW+ o Wlal o

d

= _<¢7 (% + U$_1)¢>U . O

Corollary 4.2. When S, is considered as domain, B** is adjoint of B in L2,
and J is symmetric in L2.

Let ¢ be the sequence of functions in & inductively defined by the following
versions of (4) and (5):

(22) ¢y = sTVAD((0 + 1) /2)"2e52/2
(23) o = (2]{5)_1/23*”@44 if k is even
T @k +0)s) 2B gy if k is odd

for k > 1. The following is the corresponding version of (6) and (7).
Lemma 4.3. We have Bgy = 0, and

By = (2ks)Y2 ¢y, if k is even
T @k +0)s) 2y if ks odd .

for k> 1.
Proof. By (22),

By = sVAT((0 4+ 1)/2) 2 (s + %)6—512/2 —0.
Next, we proceed by induction on k£ > 1. By (18) and (23),

By = (2(1+ 0)s)"/>BB* ¢,

(2(1+0)s)2(B* B +2(1+ X)s)¢y
2(1 + 0)s)"22(1 4 o) s¢y)
2(1 4 0)s)%¢y .

(
(
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Now, let £ > 2 and suppose that the statement holds for ¢,_;. To simplify the
notation, let v, = 1 — (—=1)¥. Observe that v}, = vy + 2(—1)*"1. Then, by (18)
and (23) again,

Boy = ((2k + 1,0)s) > BB* ¢,
= ((2k + v40)s) " Y3(B** B + 2(1 + X)) dp_1
= ((2k + v40)s) V2 (2(k — 1 + vp_10)8) /2 B* ¢,y
+2(1+ (=1)*"'o)s¢p_1)
= ((2k 4+ v40)s) Y2 (2(k — 1 + vj_10)s + 2(1 + (=1)*10)s)dr_s
= ((2k + 140)8) 2 pp_1 . O

Proposition 4.4. For each k € N, ¢y is an eigenfunction of J, normalized in
L2, with corresponding eigenvalue (2k + 1+ 0)s.

o’

Proof. Like in the case of H, this follows by induction on k. For k = 0,

Joo = [[voll; " Jtbo = [¥oll;" (Hbo — oz~ 4p)
= Yol (L + o)stho = (1 + 0)sdy
and ||¢gll, = 1 because

/ e |z da = 2/ e 1% dr = s~ OVT((0 +1)/2) .
- 0

o0

Now suppose that k > 1 and the result holds for ¢_;. Let v, = 1 — (—1)%, like
in the proof of Lemma 4.3. By (18), (19), (23) and Corollary 4.2,

Jow = ((2k + vo)s) Y2 IB* ¢y

(2k + v,0)s) V(B J + 25B* )1

(2k + 13,0)8) V2 ((2(k — 1) + 14 0)s + 25) B* ¢y
2k + 1+ 0)soy ,

(2k + v3.0)s) " (BB* ¢p—1, Op—1)e

(2k + v40)s) ™ (T + (1 + Z)s )cbk 1 Pr—1)o

(2k +vi0)s) " 2k + 0 + (1) o)s [[dr 5

| prl|2

(
(
(
(
(
(
1.

O

From (22), (23) and the definition of B**, it follows that ¢ = pre**"/2 for the
sequence of perturbed Hermite polynomials p, inductively defined by

(24) po = sUVAT (o0 +1)/2)7Y2

) {(2ks)_1/2(2sxpk_1 — Dypr_1) if k is even
k pr—

25
(25) (2(k 4 0)s)"V2(2swpr_1 — Dopi—1) if k is odd ,
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for k > 1. Each py is of precise degree k, even (respectively, odd) if k is even
(respectively, odd), and with positive leading coefficient. So py is the sequence of
orthogonal polynomials associated with the measure |z|7¢=**" dz [9]. It follows
that the functions ¢, form a base of the linear subspace

P = {pe’m2/2 | pis a polynomial} cS.

The density of P in L? does not follow from the general theory of orthogonal
polynomials [9, Section 3.1], and therefore a particular proof must be given like
in the case of the Hermite polynomials [9, Theorem 5.7.1].

Proposition 4.5. P is dense in L2.
Proof. For each integer j > 0, let f;(z) = 2e5%/2 We have

0 ' )
1512 = [ 2ol da

oo

o
:2/ gtoe=sa® go
0
o
:51/2/ YT e Vdy
0

1
= 57121 + T

2
. o
< s+ L2

where we have used the substitution y = sz?. Hence
NN/ N — _ o a N —
G GHT2 fille < 7L I 21N 222 () 72

for each A € R because
; a I ; a
! 2 J 2
It follows that the series

ix—sx? - ZA J
e A /2 Z ( '|> f]
[

is convergent in L2; indeed, it belongs to P because fi € P. Therefore any f
orthogonal to P in L2 satisfies

/ f(x)ei)\xfst/Q‘xr dr =0

for all A\ € R, obtaining f(x)e %"/ 2|z|° = 0 almost everywhere with respect to dx
by Plancherel’s theorem. So f = 0 almost everywhere with respect to |z|” dz. O
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The following result is a direct consequence of Propositions 4.4 and 4.5, and
Corollary 4.2.

Corollary 4.6. With domain S, the operator J is essentially self-adjoint in L?,
and its spectrum consists of the eigenvalues and eigenfunctions stated in Propo-
sition 4.4.
5. BASIC PROPERTIES OF THE PERTURBED HERMITE POLYNOMIALS
Let 7 > 0 denote the leading coefficient of each py. By (25),
k=1/2(25) 12, if k is even
(26) L L
(k+0) "%(28)" v,y if kis odd .
The following is a version of (10).
Lemma 5.1. We have D,py = 0, and
) (2ks) P pa if k is even
Pk = (2(k +0)s) ?pp_y if k is odd .

Proof. The first equality is obvious, and the second one is proved by induction
on k. For k =1, by (14) and (25),

Dyp1 = (2 + 20)s) 225D, (zpy)
= ((2+20)s)"225(1 4 o)po
=((2+ 20)3)1/2]90 )

Now let £ > 0 and assume that the statement holds for £ — 1. Consider once
more the simplifying notation v, = 1 — (—=1). Then, by (14) and (25) again,

Dypr = ((2k + 140)s) " Y2(25 Dy (2pr_1) — D2pp_1)
= ((2k 4+ 10)s) " V2(25(1 + Z)pr_y
+((2(k = 1) + vp_10)5) 2 (252pp—2 — Dopr_2))
= ((2k + 10)s) V2 (2s(1 + (=1 o) + (2(k = 1) + v4_10)8)pr_1
= ((2k + v40)s)pr_y O
The following recursion formula follows directly from (25) and Lemma 5.1:
@) pe= {kl/Q((Q_s)l/zxpk_l —(k—=1+0)"?pp_s) %f k %s even
(k+0)2((25)2apyy — (k — 1)"?py_p) if kis odd .

We have pg(0) = 0 if and only if % is odd, and p},(0) = 0 if and only if % is
even. By (27) and induction on k,

(28) pk(o):(_1)k/2\/(k—1+0)(k—3+a)...(1—|—0)p0

k(k—2)---2
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if k& is even. When £ is odd, by Lemma 5.1 and (28),

(Dopr)(0) = (_1)<k—1)/z\/(/f +o)(k—=2+0)---(14+0)2s

(k—1)(k—3)---2 Po
obtaining
s (=DEV2 (ko) (k—240)--(1+0)2s
(29) 0 =" ¢ h—Dk—3) .2 "

by Lemma 3.1. From (27) and by induction on k, we also get

11

(30) = Z (_1)’“51\/ (k—=1)(k—3)--- (£ +2)2s

0€{0,2,....k—1}

if k is odd?.

(k+o)k—240)--({+1+0

)Pe

The following assertions come from the general theory of orthogonal polyno-
mials [9, Chapter ITI]. All zeros of each polynomial pj, are real and of multiplicity
one. Each open interval between consecutive zeros of p, contains exactly one
zero of pry1, and at least one zero of every p, with ¢ > k. Moreover p; has
exactly |k/2] positive zeros and |k/2] negative zeros. The zeros of each py will
be denoted 1 > x> -+ > 2. On each interval (xy;41,2k;), the function

Pr+1/ Pk 1s strictly increasing, and satisfies

lim pk+1(x)

For every polynomial p of degree < k — 1, we have

(31) P(z) < / TR Y i)
-0 =0

for all z € R. The Gauss-Jacobi formula states that there are Ay 1, Ai 2, . .

R such that, for any polynomial p of degree < 2k — 1,
9 k
(32) /pmmwmmzmemw
- i=1
Lemma 5.2. We have

p;gz(xk,i))\k,z’ = {

2s if k is even
2s/(14+0) ifk is odd .

-7>\k,k €

3As a convention, the product of an empty set of factors is 1. Thus (k—1)(k—3)--- ({+2) =1

for £ =k —11in (30), and (28) and (29) also hold for kK = 0 and k = 1, respectively.
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Proof. This is a direct adaptation of the proof of [1, Corollary 3]. With

_ PkPk—1
T — T

the formula (32) becomes

Yo Pi(@hi)Pr—1(Thi) A
Vk—1
and the result follows from (26) and Lemma 5.1. O

6. ESTIMATES OF THE PERTURBED HERMITE FUNCTIONS

To get uniform estimates of the functions ¢, they are multiplied by |z[?/2,
obtaining eigenfunctions of another perturbation of H.

6.1. Second perturbation of H. By conjugation, we get another perturbed
derivative,

— 3T 0

d 4 g1
Ea=|fv|"/2Dalfv!”/2:(i ot # TR >
dx 2

and another perturbed harmonic oscillator,

K = |z|??J|x|77/? = —E?% 4 %2

(H+%(0—2)x? 0
N 0 H+%(c+2)z72) "

|x|"/28 = |x|"/2 Seven P |x|"/2 Sodd -

defined on

Like in the case of J, the notation K, will be used instead of K only if necessary.
By Corollary 4.6 and since |2|7/? : L*(R, |z|° dv) — L*(R,dz) is a unitary iso-
morphism, K is essentially self-adjoint in L*(R, dz), and its spectrum consists of
the eigenvalues (2k + 1+ 0)s, k € N, of multiplicity one with the corresponding
eigenspaces generated by

o g _sz
& = 2|72y = prla|”Pe 2

Each & is C* on R\ {0}, and it is C* on R if and only if 0 € 2N. If ¢ > 0
or k is odd, then & is defined and continuous on R, and &,(0) = 0. If ¢ < 0 and
k is even, then & is only defined on R\ {0}; in fact, by (28),

hg[l)f’k(x) = (-0 .



PERTURBATION OF THE HARMONIC OSCILLATOR
By Lemma 5.1 and (27),
o
(83) & =+ (5 — sw)pu)lal/Pem /2

i

(V2kspr—1 + (5% — s )pp)| |7/ 2e 57" /2 if k is even

(V2(k + 0)spr_1 — (£ + sx)pp)|z|7/2e™**/2 i k is odd

(
-

(

(2 + Z)p — \/2(k + 1+ 0)sppy1)|w]7/2e=/2 i k is even
(sz — —)pk — 20k 4 1)spps1)| |7 257/ if k is odd .

By (33), (28) and (29),

(0 ifo>2o0ro=0

+pi(0) ito=2

l —
e () = 4 +(-1) %0 if0<o <2

| F(—1)*?00 if-1<0<0
if k is even,

(0 if o >0

lim &.(z) = ¢ pi.(0) if o =0

L(=D)F D00 if =1 <0 <0

if k is odd, and
0 if k is odd or o € {0} U (1, 00)
_ +p2(0)/2 if kis even and o =1
35 1 () = g
(35) xi%li(gkgk)(w) +o0 if k& is even and o € (0,1)
Foo if k is even and o € (—1,0) .
By (34),
(36) & ST+ 5= —/2(k+1+0)s p"“ if k& is even
& st — 2 — /2(k + 1)sH if k is odd

which generalizes a formula of [4] for the Hermite functions.
For the sake of simplicity, let

o, = oo — (=1)*2) .
Each &, satisfies
(37) p+ @k =0,

where
g = (2k +1+0)s — s°2* — ka_Q :

13
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6.2. Description of ¢;. The function gy is even, defined at least on R\ {0}, and
satisfies

We have
which satisfies

We get g, € C°(R) if and only if g, = 0. Otherwise, we get

—00 if6k>0

z—0

lim gy.(z) = {

00 if 6, <0,

, +oo if&k>0
(x) = L
Foo if g, <0.

We have the following cases for the zeros of ¢;:

o If 55, > 0, then ¢; has two zeros, which are

+Tmax = £1/V0k/25 ,
At these points, ¢, reaches its maximum, which equals ¢y .S for
Cmax:2k+1+a_\/5k .

o If 5, = 0, then ¢;, has one zero, which is 0, where g, reaches its maximum
Cmax$S as above with cpax = 2k + 1 + 0.
o If 6, <0, then ¢;, >0 on R_ and ¢, <0 on Ry.

We have the following possibilities for the zeros of gy:

e If 5, > 0 and cpax > 0, then ¢ has four zeros, which are

2k+1 —v(2k+1 2—0
iak:i\/ tlto \/(2 +1+0)? -0k
S

Y

2k +1 2k +1 2—0
S

e If 5, > 0 and ¢ = 0, then ¢ has two zeros, £b, = +ay, defined as
above, and g, < 0 elsewhere.

o If 5, > 0 and ¢y < 0, then ¢ < 0.

o If 5, < 0, then g has two zeros, +by, defined as above.

e If 5, = 0, then ¢, has two zeros, +b, defined as above.
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If g, has four zeros, +a; and +by, then

(38) 5(br — ar)?® = Cmax
and -
2sa; = Ok ,
2k+1+0++/(2k+1+0)2—d4
obtaining
(39) ar € O(k~1/?%)

as k — oo. If ¢ has at least two zeros, £by, then
4(k* =) +4(1+ o)k —0) + 7, — Gy,
Vk+1+0)2 -6, ++/(20+1+0)2 -5

2s(b; — b)) =2+

for ¢ < k, obtaining

(40) bey1 — by € O(K71?)
as k — oo, and
(41) by — by > C(k — 0)k~1/?

for some C' > 0 if k and ¢ are large enough. If 5, = 0, then sb? = cpax.-

The maximal open intervals where ¢ is defined and > 0 (respectively, < 0)
will be called oscillation (respectively, non-oscillation) intervals of &; this termi-
nology is justified by Lemma 6.1 bellow. We have the following possibilities for
the oscillation intervals:

o If 6, > 0 and cyay > 0, then & has two oscillation intervals, (ag, bx) and
(—bk, —ay), containing .y and —xpyayx, respectively.
o If 5, > 0 and cpax < 0, then & has no oscillation intervals.

o If 5, < 0, then & has two oscillation intervals, (—bg, 0) and (0, b).
e If 5, = 0, then & has one oscillation interval, (—bg, by).

These conditions on 65 and cpa have simple interpretations that depend on
the parity of k. When k£ is even, we have the following:

e 7 > 0 and ¢pay > 0 if and only if £ > 0 and 0 € (—1,0) U (2,00), or
k=0and o € (—1/4,0) U (2, 00).

g, > 0 and cpax = 0 if and only if £ =0 and 0 = —1/4.

g, >0 and cpax < 0if and only if £ =0 and o € (—1,—1/4).

o, < 0 if and only if o € (0, 2).

o, = 0 if and only if o € {0,2}.

When £ is odd, we have the following:

e 0, > 0 and ¢y > 0 if and only if o > 0.
e 7 < 0if and only if 0 < 0.
e 7, = 0 if and only if 0 = 0.



16 J.A. ALVAREZ LOPEZ AND M. CALAZA CABANAS

6.3. Location of the zeros of ¢ and &,. In R\ {0}, the functions & and
pr. have the same zeros. Then &, and &, have no common zeros by (33). The
functions &y and & have no zeros in R\ {0}, and the two zeros £x5; of & are in

R\ {0}.
Lemma 6.1. On R\ {0}:

(i) the zeros of &, belong to the oscillation intervals of &;
(ii) if k is odd or o > 0, the zeros of &, belong to the oscillation intervals of
&gy and
(iii) of k is even and o < 0, the zeros of &, possibly except Lxy /2, belong to
the oscillation intervals of &.

Proof. 1t is enough to consider the zeros in R, because & is either even or odd.
We can also assume that £ has zeros on Ry, otherwise there is nothing to
prove.

Let x, and z* denote the minimum and maximum of the zeros of £}, in R;.
By (37),

(&&h) = & — a&l > 0

on the non-oscillation intervals, and therefore &£, is strictly increasing on
those intervals. In particular, since &) is strictly increasing on (by,o00) and
(&k€r) () — 0 as x — o0, it follows that x* < b. This shows the statement when
there is one oscillation interval of the form (—by, ;). So it remains to consider
the case where there is an oscillation interval of & in R of the form (ay, bx). This
holds when k is odd and ¢ > 0, k = 0 and 0 € (—1/4,0) U (2,00), or k € 2Z,
and o € (—1,0) U (2, 00).

If k is odd and ¢ > 0, or k is even and o € (2, 00), then =, < a; because &,
is strictly increasing on (0, ax) and (£x€,)(x) — 0 as z — 07 by (35).

Finally, assume that k € 2Z and ¢ € (—1,0). Then the above arguments do
not work because (£€,)(x) — —oo as @ — 07 by (35). Let f be the function

on R defined by f(z) = sz + 5=. We have f(r) — —oo as + — 0%, and
f'=s5—35% >0onR,. Moreover /—0c/2s is the unique zero of f in R,.
If . is a zero of &, then p; has no zeros in [—x,,x,], and therefore 0 is the

unique zero of py,1 in this interval. So py1/pr > 0 on (0, z,]. Since
Pri1(T4)
by (36), it follows that f(z.) > 0, obtaining x, > \/—0c/2s. But

az:2k+1+a—\/(2k:+1)2—|—4(k:+1)0 .
2s 25

0=f(z,) =20k +1+0)s

because k > 1, obtaining z, > ay.
If 2, is a zero of &, (i.e., x4 = Ty x/2), then the other positive zeros of &), are
greater than ay because this function is strictly increasing in (0, ay). O
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In the case of Lemma 6.1-(iii), the zeros £ /2 of § may be in oscillation
intervals, in non-oscilation intervals or in their common boundary points. For

instance, for k = 2,
2 9 14+o0
= {4/ st — 1/
P2 lto B Po

by (25), obtaining

9 1+o
I271 - 28 .
Moreover
2 5+0c—v25+ 120
a5 = 5% )
So
—4 4+ /25 + 120
To1 — Az = 95 )

and therefore o > —3/4 if and only if z5; > as. So (ag, b2) contains no zero of
& when o € (—1,—-3/4]. For k > 2, every oscillation interval of & contains some
zero of & by Lemma 6.1.

Lemma 6.2. There exist Cy, C1,Cy > 0, depending on o, such that, if k > Cj
and I is any oscillation interval of &, then there is some subinterval J C I so
that:

(i) for every x € J, there exists some zero xy; of & in I such that
&
()

(ii) each connected component of I\ J is of length < Cyk™'/2.

|z — x| <

3

Proof. According to Section 6.2, for any ¢ > 0 with ¢s € gx([), the set I, =
I N g "([cs,o0)) is a subinterval of I, whose boundary in I is I N g; '(cs).

Claim 1. If length(I.) > 27/+/cs, then each boundary point of I. in I satisfies
the condition of (iii) with x4, € I. and Cy = 27.

Let f. be the function on R defined by f.(x) = sin(y/csz), whose zeros are
(r/+/cs for ¢ € Z. Since f! + csf. = 0 and ¢s < g on 1., the zeros of & in I,
separate the zeros of f. in I. by Sturm’s comparison theorem. If length(l.) >
27 /+/cs, then each boundary point = of I, is at a distance < 27/4/cs of two
consecutive zeros of f. in I., and there is some zero of &, between them, which
shows Claim 1 because gx(x) = cs.

Now we have to analyze each type of oscillation interval separately, correspond-
ing to the possibilities for 64 and c.c. When there are two oscillation intervals of
&k, it is enough to consider only the oscillation interval contained in R, because
the function & is either even or odd.
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The first type of oscillation interval is of the form I = (ag,bx), which cor-
responds to the conditions g, > 0 and c¢pax > 0. We have cs € ¢,(I) when
0 < ¢ < ¢pax. Then qk_l(cs) consists of the points

j:am:j:\/Qk—i-l—i-U—c—\/(22164-1—1-0—0)2—6k’
s

2k 4+ 1 — 2k +1 —c)2 -0
(12) ibk,czi\/ +1+0 c—l—\/(2 +1+0—c) 0k7
s

and we get I, = [ak,, brc]. Since

(43) S(bk,c - ak,c)Q = Cmax — C,

we have length(1,) > 2m/+/cs if and only if ¢(cpax — ¢) > 472, which means that
Cmax = 4m and ¢ < ¢ < ¢, for

Crax £ A/C2. . — 1672

2
Since cmax € O(k) as k — oo, there is some Cy > 0, depending on o, such that
Cmax > 4m for all & > Cy. Assuming k > Cy, let ap+ = ag,. and by = by,
satisfying

Cy =

ap < Qp,— < a4+ < bkﬁ_ < bk,_ < by .

Fix any x € I and let gx(z) = ¢s. First, v € [ag_, ak+] U [br 4, bk -] if and
only if length(I.) > 27 /4/cs, and in this case x satisfies the condition of (i) with
xr; € I, and Cy = 27 by Claim 1. Second, if x € (ag, ax—) U (b, bi), then
length(I.) < 27/+/cs, I. D I._, and we already know that [._ contains some zero
of &. Hence x also satisfies the condition of (i) with C; = 27. And third, if
x E (ak,Jr? bk7+), then

1672 3272 3272
< <

C+ ~ Cmax = C

$(bpy — Ay )? = Cnax — C = C_ =

by (43), obtaining

427

es

Since 1. C I, and it is already proved that I, contains some zero of §, it follows
that o also satisfies the condition of (i) with C; = 4v/27. Summarizing, (i) holds
in this case with J = I and O] = 4v/27 if ¢payx > 4. In this case, (ii) is obvious
because J = I.

The second type of oscillation interval is of the form I = (0, b;), which corre-
sponds to the condition 54 < 0. Now, cs € gx(I) for any ¢ > 0, the set g, '(cs)
consists of the points +by ., defined like in (42), and we have I. = (0, bg.]. The
equality cs = gx(27/+/cs) holds when

(44) (2k+1+4+0)* -6, —167° >0

length(/.,) <
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and c is

22k +14+0+/(2k+1+0)2— 54 — 1672

o, — 1672 ’
Assuming (44), we have length(l.) > 27/+/cs if and only if ¢. < ¢ < ¢y. Let
bk,:ﬁ: = bkﬁi? satisfying 0< bk7+ < bk7_ < bk

Fix any « € [ and let ¢x(xr) = cs. First, x € [by+,br—] if and only if
length(1.) > 27/y/cs, and in this case z satisfies the condition of (i) with z; € I.
and C; = 27 by Claim 1. And second, if x € (bg —, bx), then length(I.) < 27/+/cs,
I. D I. , and we already know that I._ contains some zero of . Hence z also
satisfies the condition of (i) with Cy = 27. So, when (44) is true, (i) holds with
J = [bkﬂ_,bk) and Cl = 2.

Notice that ¢, € O(k) as k — oo. Then there are some Cy, Cy > 0, depending
on o, such that, if & > Cj, then (44) holds and Sbiar = 47n?/c, < Cok™1,
showing (ii) in this case.

The third and final type of oscillation interval is I = (—by,bx), which cor-
responds to the condition g, = 0. We have c¢s € ¢x(I) when 0 < ¢ < cpax.
Then ¢; ' (cs) consists of the points +by ., defined like in (42), and we get I, =
[—br.c, bic]. Since

(45) Sb;c = Cmax — C,

we have length(I.) > 27 /y/cs if and only if ¢(cpax — ¢) > 72, which means that
Cmax > T and c_ < ¢ < ¢y for

cy =8m

max

Crax £ A/C2 . — 472
Cy = 9

Since cmax € O(k) as k — oo, there is some Cy > 0, depending on o, such that
Cmax > 4m for all &k > Cy. Assuming k > Cy, let by 1 = by .., which satisfy
0< bk,+ < ka_ < bg..

Fix any = € I and let ¢z(x) = cs. First, b+ < |z| < by if and only if
length(1.) > 27/y/cs, and in this case z satisfies the condition of (i) with zy; € I.
and C; = 27 by Claim 1. Second, if |x| > by, then length(l.) < 2m/+/cs,
I. D I. , and we already know that I. contains some zero of &. Hence x also
satisfies the condition of (i) with C} = 27. And third, if |z| < by 4, then

, 4w 8r? 8w’
Sbk7+:CmaX—C+:C_: < <

Ct+ Cmax c

V2

Ves
Since I, C 1., and it is already proved that I., contains some zero of , it follows
that 2 also satisfies the condition of (i) with C; = v/27. Summarizing, (i) holds

in this case with J = I and C} = 27. In this case, (ii) is also obvious because
J=1. O

by (45), obtaining

length(/., ) <
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Lemma 6.3. There exist Cj,Cy,Cy > 0, depending on o and s, such that, if
k > C§ and I is any oscillation interval of &, then there is some subinterval
J' C I so that:

(i) qu > C1kY? on J'; and

(ii) each connected component of I\ J' is of length < Chk~1/6.

Proof. We use the notation of the proof of Lemma 6.2. The same type of argument
can be used for all types of oscillation intervals. Thus, e.g., suppose that I is of
the type (0, ;). Since by € O(k'/?) as k — oo, we have b}, = b, — k=% € I for k
large enough, and

ar (b)) = —s2 (k73 = 20k ™V%) — Gy (b — E7V/0) 72 = 1,%) € O(K'?)

as k — oo. So there are Cf, C] > 0, depending on ¢ and s, such that 0} € I and
d = qu(b},) > C1kY3 for k > C4. Then (i) and (ii) hold with J' = I, = (0,b,]. O

Corollary 6.4. There exist Cfj,CY > 0, depending on o and s, such that, if
k> C{ and I is any oscillation interval of &, then, for each x € I, there exists
some zero xy,; of & in I so that

|z — a2 < COVETVE

Proof. With the notation of Lemmas 6.2 and 6.3, let C] = max{Cy, C{} and
CY = max{Cy, C4}. Assume k > C{ and consider the subinterval J” = JnJ' C I.
By Lemmas 6.2-(ii) and 6.3-(ii), each connected component of I\ J” is of length
< CYk~Y/6. Then, for each x € I, there is some 2” € J” such that |z — 2”| <
Cyk~Y/6. By Lemmas 6.2-(i) and 6.3-(i), there is some zero xy,; of &, in I such
that

‘:IZ‘H . ZL‘]“’ _ & < Ch L—1/6
U V@) T /O
Hence
|7 — 1.5 < (C4 4+ C1//C)k™Y5 . O

6.4. Estimates of &;.

Lemma 6.5. Let I be an oscillation interval of &, let x € I and let xy; be a
zero of & in I. Then

2 %W — Tl if k is even
() < g P
3(1+g)'|ff — x| ifk is odd .

Proof. We can assume that there are no zeros of &, between = and xj ;. For the
sake of simplicity, suppose also that x; < = and & > 0 on (xy,, z); the other
cases are analogous. The key observation of [1] is that then the graph of &, on
[k, 2] is concave down, and therefore

%fk(x)(:c C ) < / cult) dt
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By Schwartz’s inequality and (32), it follows that

e ) =([ ) [o-ors)

— Tk 1)3
3 )
and the result follows by Lemma 5.2. U

/2
= Di xkz)Akz

With the notation of Lemma 6.2, for each £ > CY, let EC denote the union of the
oscillation intervals of &, and let J, C I denote the union of the corresponding
subintervals J defined in the proof of Lemma 6.2. More precisely:

e if 5, > 0 and cpax > 0, then jk = fk = (—ak, —bg) U (ag, bg);
o if o < O then [Ic ( bk,O) U (O,bk) and J, = (—bk,bk7+] [bk +,bk) and
o if O'k—o then Jk—Ik ( bk,bk)

If £ < Cy, we also use the notation jk = fk for the union of the oscillation
intervals, which may be empty if there are no oscillation intervals.

Theorem 6.6. There exist C,C",C" > 0, depending on o and s, such that, for
kE>1:

(i) &(z) < C/\/an(@) for all z € Ty ;
(ii) if k is odd or o > 0, then 5;%(56) < C'kL/6 forallz € R ; and
(iii) if k is even and o < 0, then & (z) < C"EY6 G x| > k)2

Proof. Part (i) follows from Lemmas 6.2 and 6.5.

In any case, {(z) — 0 as © — oo. If moreover k is odd or ¢ > 0, then & is
continuous on R. Thus & is bounded and reaches its maximum at some point
z € R. Since &(0) =0 (if g, #0) or 0 € I (if 3, = 0), it follows from Lemma 6.1
that # € 1. Then (ii) follows by Corollary 6.4 and Lemma 6.5.

If k is even and o < 0, then & is not defined at 0 and &(z) — oo as z — 0.
So we can only conclude as above that the restriction of & to the set defined
by |z| > xj/2 is bounded, and reaches its maximum at some point Z of this

set. Then z € I; by Lemma 6.1, and therefore (iii) holds by Corollary 6.4 and
Lemma 6.5. O

Consider the case o < 0 and k even, when Theorem 6.6 does not provide any
estimate of & around zero. According to Section 5, the function pi(z) on the
region |z| < xyy/» reaches its maximum at z = 0, and moreover pi(0) < pg
by (28). Hence ¢7(x) < p§ for |x| < xy x/2, which complements Theorem 6.6-(iii).
On the other hand, ¢7(z) < &(x) for || < 1. Moreover @y < 1 for k large
enough by Corollary 6.4 since a;, — 0 as k — 0o. So the following result follows
from Theorem 6.6-(iii).
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Corollary 6.7. Suppose that o < 0. There exist C" > 0, depending on o and s,
such that ¢2(z) < C" for all k even and all x € R.

Theorem 6.8. There exist CUV), C) > 0, depending on o and s, such that, for
k>1:

(1) maxger E2(x) > CUVIE=Y/6: and,
(ii) if k is even and 0 <0, then max|y>a, , , $i(7) < CV) =176,

The following lemmas will be used in the proof of Theorem 6.8.

Lemma 6.9. There is some F' > 0 such that, for k> 1 and x > by1,
Fl—5/12

(SE — bk)2 '

Proof. Let zg € (zg.1, bx) such that &, (z9) = 0. Since

0= g
and &, (z) < 0 for = > by, we get

/Zwm@ﬁ>o

zo

§e(x) <

for x > by. Because & (x) > 0 for x > zg, gx(x) > 0 for zy < z < by and gx(x) <0
for x > by, it follows that

(46 [ atwgw s - [ e

xo by

_ According to Corollary 6.4 and Theorem 6.6-(ii),(iii), for k¥ > C and with
C' = max{C",C"}, we get

bk _ bk
/ a(D)&(t) dt < Ol/%—lm/ qr(t) dt

— OV/2p-1/12 ((2k + 14 0)s(br — 20)
82 Ok ,,_ _
- 3O — o) + (0" - ””“"01>>

< CV2pm12 ((2k + 14 0)sClEY/6

|G |CY RS )

2
— 20— (b — IO

3 4bk(bk — C{/k_l/G)

< CV2p12 <(2k +1+40)sCIE™Y/S
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37.-1/2
. 82 (Cilbzkl/ﬁ . C{lzbkkil/g . Oi, g / )
|| CY RS )

4bk(bk — C{,kfl/ﬁ)

Since .
Ok
27€+1+0—3bi:@,
there is some Fy > 0 such that
by,
(47) / ae()ER(t) dt < Fok'/™?

xo
for all £ € N.
On the other hand,

T

- [(awana>-aw [ aa.

bk bk

With the substitution v =t — b, we get

g (t) = —s"u(u + 2by) + éf_l% N %(u +be) 2,
giving
—&k(2) /x qi(t) dt = & ()| s° (%(IE — b)) + b (2 — bk)Q)
bk

2 |0%| o okl 4
ka(@((s b — m) (l‘—bk) _Tbk )

for x > by41. By (40), it follows that there is some F; > 0 such that

(49) - [ a6 d 2 Bl 2o - by
by,
for all k and x > by41. Now the result follows from (46)—(48). O

Lemma 6.10. For each ¢ > 0, there is some G > 0 such that, for all k € N,

k—1
max Z@?(aﬁ) < GkYS .
=0

|o—mp 1 |<ek~1/6
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Proof. Take any = € R such that |x — 1| < ek~/%. By Corollary 6.4,
(49) |x - bk‘ < |$ — xk,l’ + |l’k,1 — bk| < (6 + Ci’)k_l/G

for £ > C{/. In particular, by < x if k is large enough. With this assumption, let
by, U1, 05 € N satisfying 0 < fy < ¢1 < 5 — 1, where ¢y and ¢; will be determined
later, and /5 is the maximum of the naturals ¢ < k with by < x for all ¢/ < £. Let

f+t)=V2t+1+0+1

for t > 1. We have

+4(20+140)+4+0

fe(0) — /sy = ( 7) ?@
2020+ 14+ 0+2—/(20+1+0)2—7,) (fe(0) + V/sbe)

for ¢ € Z,. So, assuming that k is large enough, we can fix ¢y, independently of
k and z, so that

f-(6) < /sby < fi(0)
for all £ > ¢y. We have f,(¢1) < f_(l2) because ¢; < {5 — 1. Moreover observe
that

() =02t+2+0)?>0
Ji(t) = ( ,
") = —(2t+24+0)2 <0
for all t > 1. Then, by Lemma 6.9,

-1 -1 -1
1 1 F2¢-5/6 1 (—5/6
G <Y — <Py ——
(=t =t (@ —bo)* =ty (bey — be)*
6—1
1 6—5/6 4 75—5/6 dt
< F?\/s < F*/s :
g@ (f=(l2) = f+(0))* o (f-(l2) = f4()*
and, after integrating by parts four times, we get
/fl a0 () 56 ()
o (f=(l2) = [ ()" 7 3(f=(l2) = f4(£1))* ~ 36 (f-(l2) — f+(£1))?

550,70 £ 73 00y) 935
216 (f_(f2) — f+(6) | 1206

21505 b _
1 B —29/6 p1 —4 )

00 PN In(f- (£2))

Therefore, since f/ (t) € O(t71/2) as t — oo, there exists some G; > 0, indepen-
dent of k£ and x, such that

-1 g1/ y75/6

Z o) =6 <<f_(€2) 0P TG - 0
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6;4/3

~11/6 ], , n(f () .
by 6 ) ()

We have

G (f () + In(f (1)) < 6
for k large enough. Then ZEO ! ¢(x) has an upper bound of the type of the
statement if ¢; satisfies

/3 6;5/6 /3

< 1 1 61/6
60w (T ) S
On the other hand, according to Theorem 6.6-(ii), (iii),
1)
Z&g( <CZ£ 1/6<C/ Y6 dy = 6§(£g/6_£?/6)7

41

where C' = max{C’,C"}. Then Y ;2 ¢, & () has an upper bound of the type of
the statement if

08— 20 < Gu0y®
for some G5 > 0, independent of k£ and x, which is equivalent to
(51) 0> 6(1— Goty )
Thus we must check the compatibility of (50) with (51) for some ¢; and Gs.

By (51) and since, for each Gs,6 > 0, we have G2£2_2/3 < €;§+6 for k large
enough, we can replace (50) with

BN
(f=(l2) = fr(€))* 7 (f-(l2) = fo(€1))*”
G- )Y 5}
f-(t2) = f(th)

6/5

< /"

for some § > 0, which is equivalent to

2
<\/2€2+0—€“(1— 050y ) _2to

2

for
(a,b) € {(-1/6,—-2/15),(=1/2,-1/2),(-3/2,—-8/5)} .

Thus the compatibility of (50) with (51) holds if there is some G5,0 > 0 such
that

2
l(1 — Gty ) < <\/2€2+0—£“(1—€ 3*‘5)”> Ao

2
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which is equivalent to

1 ol s 2y 5/6
oz (- -

There is some GG > 0 satisfying this condition because the I’'Hospital rule shows
that, for 6 small enough, each function

2/3 1 a—2 —245\b * d+to -1 V6
PR(1= {5 V2+ott —t 2(1—t75%) -t

is convergent in R as t — oo.
Now, if /5 < k — 1, let /3 denote minimum integer ¢ < k such that by > x for

all ¢/ > (. Also, let G, and Gpax denote the minimum and maximum values of
oy for £ € N. Then

\/2(63—1)+1+a+\/(2(63—1)+1+a)2+&min -
2s -

_ \/2(£2+1)+1+a+\/(2(£2+1)+1+0)2+5max
25 ’

obtaining

2(63 - 62) —

\/ 624‘1 +1+0) +5max_\/(2<€3_1>+1+0_>2+6_min‘
If /3 > {5 + 1, it follows that
2003+ 1)+ 1+ 0)? + Gmax > (2005 — 1) + 14 0) + Fain

giving
VOmax — Omin > V(2(la + 1) + 1+ 0)2 — (2(f3 — 1) + 1 + 0)?

> 2(l; — ly) —

Therefore Zﬁ‘“’: o1 & () has an upper bound of the type of the statement by
Theorem 6.6-(ii), (iii).
Let

Umax )

4
,if {3 < k — 1, then

h(t) = (2t + 1+ 0)s — s%2% —
for t > 0. According to Theorem 6.6-(i)

k—1 k—1 1 k—1 1 k—1 dt
2z) < C <c <c
2. SW=C 2 = 2 S

l=l3+1 l=03+1 qer =05+1 l3

= 2%(\/h(k — 1) — Vh(ls)) < 2—6; 2(k —1—103) .

§‘
—
N
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Hence 25;513 167 (x) also has an upper bound like in the statement because,

by (41), (40) and (49), there is some G5, G4 > 0 such that
Gs(k =1 —l)k ™ V2 < by — by, < by —x < Guk™V%. O
Proof of Theorem 6.8. By (32),
1= [T () ey,
oo \T = Tr1 /) P (Tra) Ak
Thus, by (31) and Lemma 6.10,

/ <pk<as> ) z7e”
jo—a | <ek-1/6 \T = Th1 ) P2 (Th1) A

k—1

k—1
< / €2(x) dr < 2ek~Y5  max Z@Q(m) < 2eG
|z—ap,1|<ek=1/6 7, —0

—0 |z—ap, 1 |<ek—1/6

for any € > 0. It follows that

() \*|z[7e= 1
(52) / ( Pr > I dr> -
|z—zk,1|>ek—1/6 T — Tk D (xk,l))\k,l 2

1
G

When £ is even and o < 0, either 0 < zj/2 < ak, or |Tg 2 — a| < CYE™1/0
for k large enough according to Corollary 6.4. Moreover |zy; — by| < Cyk=1/6
for k large enough by Corollary 6.4 as well. So, by (39) and (38), there are some

Cy, C1 > 0, independent of k, such that

when e < which implies part (i).

T2 < ap + CVE=Y8 < Cok1/2
Tt — Tpgs > by — ap — 200KY6 = | [ER_ o0np-1/6 > /2
S

On the other hand, by (28), there is some Cy > 0, independent of k, such that
& (x) < Colz|7 for |x| < xy k2. Therefore

2
[ gew e,
‘x|§$k,k/2 (x - xkyl) (:Ekal - $k7k/2) ‘xlgl‘k,k/Z

B 20571, _ 20,68 ot 20,09+
(0 4+ 1) (21 — Tppp2)? ~ (0 +1)CF (o +1)C?

This inequality and (52) imply part (ii). O
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7. PERTURBED SCHWARTZ SPACE

We introduce a perturbed version S, of S. It will be shown that S, = S after
all, but the relevance of this new definition to study J will become clear in the
next section; in particular, the norms used to define S, will be appropriate to
show embedding results, like a version of the Sobolev embedding theorem. Since
S, must contain the functions ¢, Theorem 6.6 and Corollary 6.7 indicate that
different definitions must be given for ¢ > 0 and ¢ < 0.

When o > 0, for any ¢ € C'"° and m € N, let

(53) Illsy = > supla|”?2'Dig(x)| .

itj<m ¥

This defines a norm || ||s» on the linear space of functions ¢ € C* with [|¢||sm <
oo, and let 8" denote the corresponding Banach space completion. There is a
canonical inclusion ™! C 8™, and the perturbed Schwartz space is defined as
Sy =, ST, endowed with the corresponding Fréchet topology. In particular,
Sy is the usual Schwartz space §. Like in the case of S, there are direct sum
decompositions into subspaces of even and odd functions, S = S en © 7 oaq
for each m € N, and S; = Sy cven © So0dd-

When o < 0, the spaces of even and odd functions are considered separately.

Let

(54) lollsy = > sup |2"(D}6)(2))|

i+j<m, i+j even

+ Z sup |a:|g/2|Iz(D¢]y¢)(x)’

itj<m, i+j odd T#Y

for ¢ € C35.,, and let

(55) llellsy = > sigmr’/?rxi(Dzas)(x)!

i+j<m, i1+j even

+ ) swld (Dig)()|

i+j<m, i+j odd *

for ¢ € C354. These expressions define a norm || ||sp» on the linear spaces of
functions ¢ in C554 and C,,, with [|¢||s» < co. The corresponding Banach space
completions will be denoted by 87, 14 and 8., Let S = S 0, B S), 44, Which
is also a Banach space by considering e.g. the norm, also denoted by || |/sm,
defined by the maximum of the norms on both components. There are canonical
inclusions S7* C 87, and let S, = [N,, S&", endowed with the corresponding

o)

Fréchet topologies. We have S, = S,even ® Soodd for Speven = [, Sf;?even and
Scr,odd = ﬂm ngodd-
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From these definitions, it easily follows that S, consists of functions which are
C* on R\ {0} but a priori possibly not even defined at zero, and SI* N C* is
dense in 8 for all m; thus S, N C™ is dense in S, .

Obviously, X defines a bounded operator on each ). It is also easy to see that
D, defines a bounded operator 87! — S™ for any m; notice that, when o < 0,
the role played by the parity of i + j fits well to prove this property. Similarly, x
defines a bounded operator S™*! — 8™ for any m because

S
(7 +3)Di7t if 5 is odd
by (14) and (15). So B and B*’ define bounded operators 8™ — 8™ too,
and J defines a bounded operator S™*? — 8™. Therefore D,, x, 3, B, B*
and J define continuous operators on S,. When these operators are considered
with domain S, instead of S, the equations (14)—(21) hold as well. Moreover the
operators D, and x interchange S, even and Sy oda-

Proposition 7.1. S, = S as Fréchet spaces.

In order to prove Proposition 7.1, we introduce an intermediate weakly per-

turbed Schwartz space S,,,. Like S,, it is defined as a Fréchet space of the form
=), Su's» Where each S}, is the Banach space defined like SJ* by using d

1nstead of D, in the right hand sides of (53)—(55). The notation H |lsm_ will be
used for the norm of nga. As before, S, , consists of functions which are C™ on
R\ {0} but a priori possibly not even defined at zero, S,, , NC™ is dense in S, ,,
and there is a canonical decomposition S, ¢ = Sy seven @ Swo0da given by the
subspaces of even and odd functions, and % and z define continuous operators
on S, », which interchange Sy 5 even and Sy 5,0dd-

Lemma 7.2. § = S,,, as Fréchet spaces.
Proof of Lemma 7.2 when o > 0. This follows from the following assertions.

Claim 2. S™*le/2l ¢ S, continuously for each m € N.

Claim 3. For each m € N, there is some m’ € N such that Sﬂf; C 8™ continuously.

To prove Claim 2, let ¢ € S. For all i and j, we have
722 ¢ ()] <[22 ()]
for |z| > 1, and
|27 ()] < [a'¢P ()]
for |z] <1. So

1@llsy, < [|@llsmtrorz
for all m.
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To prove Claim 3, let ¢ € S,,,. For all ¢ and j,
(56) !¢\ ()] < |27’ ¢\ ()]

for |x| > 1. Tt remains to prove an inequality of this type for |x| < 1, which

is the only difficult part of the proof. It will be a consequence of the following
assertion.

Claim 4. For each n € N, there are finite families of real numbers, ¢, di., and
€y > Where the indices a, b, k, £, u and v run in finite subsets of N, such that all
indices k are > n and

Z o xto® (1) 4 Z dyp ¢ ) + Z T /1 "W (t) dt

for all ¢ € C’OO.

Assuming that Claim 4 is true, the proof of Claim 3 can be completed as
follows. Let ¢ € S, » and set n = [o/2]. For |z| < 1, according to Claim 4,

z)| §Z|Cg,b||¢(b |+Z|d o269 ()]

+ Z € \QmaXIt%(” (t)]

t1<1

< Z ICZ,b|I¢>(b)(1)| + ) g |26 9 ()]
i k.

n 19 ta/2 (v)t ]
+ 3 I 2 0

Let m,7,7 € N with ¢ + 7 < m. By applying the above inequality to the func-
tion 2°¢U), and expressing each derivative (°¢))(") as a linear combination of
functions of the form 2P¢9 with p + ¢ < i + j + r, it follows that there is some
C > 1, depending only on ¢ and m, such that

(57) |20V (2)] < C || gy
for |z| < 1, where M is the maximum of the indices b, ¢ and v. By (56) and (57),
[6llsm < C 19llsg,

with m' =m + M.
Now, let us prove Claim 4. By induction on n and using integration by parts,
it is easy to prove that

1 n |
n ;(n+1 n—r 1 r r(r
[ e a= 3 (600 - e0w)
This shows directly Claim 4 for n € {0,1}. Proceeding by induction, let n > 1
and assume that Claim 4 holds for n—1. By (58), it is enough to find appropriate
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expressions of 2"¢(") (z) for 0 < r < n. For that purpose, apply Claim 4 for n — 1
to each function ¢, and multiply the resulting equality by 2" to get

T¢(r Z Cn 1 r+a¢ r+b ) + Z dz’zl$r+k¢(r+£)(ﬂf)
k0

+ Zen 1 r+u/ tn—1¢(r+v) (t) dt 7

where a, b, k, ¢, v and v run in finite subsets of N with & > n — 1. In this
expression, the exponents r + k are > n, and therefore it only remains to rise the
exponent of ¢t by a unit in the integrals of the last sum. Once more, integration
by parts makes the job:

1 1
/ tn¢(r+v+1)(t) dt — gb(r—l—v)(l) . l,nqb(r-i-v)(m) . n/ tn—1¢(r+v) dt . 0

xT

Remark 2. In Claim 4, let M = M,, denote the maximum of the indices b, ¢ and
v. Notice that its proof shows that M,, is reached with the indices v, and satisfies
My=1and M,, = M,,_1 +n forn > 0; i.e., M, =1+ @ So we can take

[0/2] (fo/2] +1)

!
p— 1
m m-+1+ 5

in Claim 3.

Proof of Lemma 7.2 when o < 0. Like in the above case, this is a consequence of
the following assertions.

Claim 5. St € 8™ continuously for each m € N.
Claim 6. 8™ C S}, continuously for each m € N.

To prove Claim 5, let 4, j € N such that i + j < m. Since

12 f9(2)] < |2]7/? |2 V) ()] if0<|z| <1
> |x|"/2]:€i+1<b(j)(x)] if |IE| > 1.

for any ¢ € C=, we get |¢llsm < 16l sz

Claim 6 is proved by induction on m. We have || |[so = = || ||so on C,,. On

the other hand, for ¢ € C5, and p =27 '¢ € C we get

even ?

o/2 ()] if0<lz]<1
27| (z)| < {]¢(x)| Elo]> 1.

So, by (12),
9]y, < max{[|}]lso, [¢]lso} < [|9llst -



32 J.A. ALVAREZ LOPEZ AND M. CALAZA CABANAS

Now, assume that m > 0 and that Claim 6 holds for m — 1. Let ¢, 7 € N such
that i + j < m, and let ¢ € Seven. If i = 0 and j is odd, then ¢\ € Syqq. Thus
there is some 1 € Seven such that ¢) = 1), obtaining

|W“wm@ﬂs{wmﬂ if0<|z[ <1

0D ()] if |2 > 1.
If + 4+ 7 is odd and ¢ > 0, then

|zt (z)| if0< o) <1

0/2| .0 1(5) < oo
2|7 |z (z)] < {‘xz(b(j)(wﬂ if 2| > 1.

Hence, by (12), there is some C' > 0, independent of f, such that

9], < Cmax{||@]lsm, [¢]lso} < Cmax{[|g]sm, |6V |51} < C|g]|lsmss -
Finally, let ¢ € Syqq. There is some 1) € Seyen such that ¢ = x. If 7 is even
j =0, then
/21 rip(x)| if0< |z <1
wio@)| if o 2 1.

If + 4+ 7 is even and j > 0, then

2O (@)] + jla| 7P|V V(@)] 0 < |z <1

0120 () ()| <
e ()'—{WW(@\+j\xr”/2\xw<ﬂ—l><x>| it Jof 2 1

because . ‘
@ Tt
g =i
Therefore, by (12) and the induction hypothesis, there are some C’,C” > 0,
independent of f, such that

Ipllsm, < C"max{[|gllsm, [[P]lsmir + 1]l gpr} < C"[8]lsmsz - O

From Lemma 7.2, it follows that ! : C%, — € defines a continuous
Opel"ator Sw,a,odd - Sw,a,evem

Lemma 7.3. S,,, C S, continuously.

Proof. The result follows from the following assertion, which is shown by induc-
tion on m.

Claim 7. For each m € N, there is some m; € N such that §', C S continu-
ously.

We obviously have Sy, , = §” = & as Fréchet spaces. Now, take any m > 0,
and assume that the result holds for m — 1.
For ¢ € C3%4, 1 +7 < m with j > 0 and x € R, we have

2" Dip ()| < [2' D)7 ¢/ ()] + ofa’ D) 2 ()]
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So there is some C' > 0, independent of ¢, such that

I8llse < C(I16 llsp1 + Iz Bllsp—1)

By the induction hypothesis, it follows that there are some C’ > 0 and some
mo € N, independent of ¢, so that

I8llsy < C"(ll¢f

Since 27! and % define continuous operators on Sy, .0dd — Sw,s,even, We get that
there is some C” > 0 and some m; € N, independent of ¢, such that

I¢llsy < C™ll0llsy, -

and ¢, j and z as above, we have
' Dy ()| = |2" DI ¢/ ()] -

smo + ||9571¢||s$f9,) :

w,o

For ¢ € C%

ven)
So we similarly get

[Pllsy < CllP llgp—r < C Ml llszg < C" NI 0llsy, - O

To complete the proof of Proposition 7.1, we use the following lemma that will
be proved in the next section in a rather indirect way.

Lemma 7.4. The operator x=' : C%5y — O defines a continuous operator

7 S 0dd — Soeven- o

The following result can be proved like Lemma 7.3 by using Lemma 7.4.
Lemma 7.5. S, C S, continuously.

After showing Lemma 7.4, Proposition 7.1 will follow from Lemmas 7.2, 7.3

and 7.5.

8. PERTURBED SOBOLEV SPACES

Since Lemma 7.4 is not proved yet, we still do not know that S, = S as Fréchet
spaces. We only know that S C S, by Lemmas 7.2 and 7.3. Observe also that
S, C L?. When D, is considered with domain S, instead of S, the proof of
Lemma 4.1 works exactly the same to get the following.

Lemma 8.1. With domain S,, —D,, is adjoint of D, in L.

Corollary 8.2. With domain S,, B* is adjoint of B in L?, and J is symmetric
in L2.

Corollary 8.3. With domain S,, J is essentially self-adjoint in L2, and it has
the same self-adjoint extension as J with domain S.

Proof. To be precise, let J and J denote the operators defined by J with domains
S and S,, respectively, and let J denote the closure of J in L2, which is its self-
adjoint extension. Since S C S, and by Corollary 8.2, we have J C JC J, and
the result follows. Il
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For each m € N, let W " be the Hilbert space completion of & with respect to
the scalar product ( , )wm defined by

<¢7 w>W§” - <(1 + ‘]>m¢7 ¢>¢T :

The corresponding norm will be denoted by || ||wm, whose equivalence class is
independent of the parameter s used to define J. In particular, W2 = L2. As
usual, W' C W7 when m/ > m, and let W = W7, which is endowed with

—1m
the induced Fréchet topology. Once more, there are direct sum decompositions
into subspaces of even and odd (generalized) functions, Wi = W7, .. & W[ 4

o,even
o0 [e.9] e 9]
and W2 =W & Wiaa-

o,even

By Corollary 4.6, the space W)* can be defined for any real number m because
(1 + J)™ is given by the spectral theorem. Also, according to Corollary 8.3, S,
could be used instead of § in the definition of each W".

Obviously, J defines a bounded operator W™+2 — W™ for each m > 0, and
therefore a continuous operator on W2°. Moreover, by (21), ¥ defines a bounded

operator on each W, and therefore a continuous operators on W3°.

Lemma 8.4. B and B** define bounded operators W™t — W™ for each m.

Proof. This follows by induction on m. For m = 0, by (18) and Corollary 4.2, for
each ¢ € S,

1Bollz = 1B*¢ll; = (B* B, d)o = ((J — (1 + X)s), 0)s < Co |9l

for some Cy > 0 independent of ¢. It follows that B and B* define bounded
operators W}! — L2
Now take m > 0 and assume that there are some C,,_1,C/,_; > 0 so that

1Bl 1 < Craca 191y, 1Bl < Cray 0l
for all ¢ € S. Then, by (19),
1By = (1 + J)Bo, BY)yym-1
= |Bo|l3ym—1 + (JBY, BY)yym
= (1=29)[|Bol§ymr + (B, B)yym
< (1= 29) [|Bol3ym—r + 1By [ By
< Crua (1= 29) |91 3y -1 + 1 TS llwye 19lIwze)
< Cm ||¢H12/V;n+1
for some C},, > 0 independent of ¢. Similarly,
1B 0l < Cl 161y
for some C!, > 0 independent of ¢. d

Remark 3. B* is not adjoint of B in W) for m > 0.
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J and X preserve W7, ., and W, for each m, whilst B and B* interchange
these subspaces.

The motivation of our tour through perturbed Schwartz spaces is the following
embedding results; the second one is a version of the Sobolev embedding theorem.

Proposition 8.5. For integers m,m’ > 0, if m' —m > 1/2, then S C W
continuously.

Proposition 8.6. If m' —m > 1, then W C ST continuously.
Corollary 8.7. S, = WS° as Fréchet spaces for o > 0.

For each non-commutative polynomial p, the continuous operators p(B, B*)
and p(B**, B) on S, are adjoint from each other in L? by Corollary 8.2. Thus
p(B, B**) is symmetric in L? if and only if p(B, B**) = p(B*7, B); in this case,
we can assume that p is symmetric. The following lemma will be used in the
proof of Proposition 8.5

Lemma 8.8. For each non-negative integer m, we have
(L+J)" = qu(B*,B)q.(B,B*)
for some finite family of homogeneous non-commutative polynomials q, of degree
<m.
Proof. The result follows easily from the following assertions.

Claim 8. If m is even, then J™ = g,,(B, B**)? for some symmetric homogeneous
non-commutative polynomial g,, of degree m.

Claim 9. If m is odd, then
Jm = gm,l(B*ga B)gm,l(Ba B*U) + gm,?(B*oa B)gm,Q(Ba B*g)
for some homogeneous non-commutative polynomials g,, ; and g,, 2 of degree m.

If m is even, then J™? = g¢,,(B, B**) for some symmetric homogeneous non-
commutative polynomial g, of degree < m by (18) and Corollary 4.2. So J™ =
gm(B, B**)?, showing Claim 8.

If m is odd, then write J™/2 = £, (B, B*) as above for some symmetric
homogeneous non-commutative polynomial f,, of degree < m —1. Then, by (18),

1
JM = §fm(B, B*)(BB* + B* B) f,(B, B*) .
Thus Claim 9 follows with

gm,l(BaB a) = EB ofm(BaB U) 5 gm,Q(BaB U) = EBfm(B7B U) : O
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Proof of Proposition 8.5 when o > 0. By the definitions of B and B*7, for each
non-commutative polynomial p of degree < m/, there is some C}, > 0 such that
|2]°/2|(p(x, B, B**)@| is uniformly bounded by C, @]l 5 for all ¢ € S,. Write

(14 J)" an (B**, B)qa(B, B*)

according to Lemma 8.8, and let
Ga(r, B, B*) = 2™ ™q,(B, B*) .
Then, for each ¢ € S,,

16117 =D (ga(B, B*)¢,4a(B, B*)¢)o
<2} / (@B, B)8) (@)% da

<23 (C2 + 2 / 272 d) (| 6]|%,
a 1 7

where the integral is finite because —2(m' —m) < —1. O
Proof of Proposition 8.5 when o < 0. Now, for each homogeneous non-commu-
tative polynomial p of degree d < m’, there is some C), > 0 such that:
e |(p(z, B, B*)¢| is uniformly bounded by C, ||¢||Sg}éven for all ¢ € Sy even if
d is even, and by C, ||¢||S;T,Lc/)dd for all ¢ € S, 0da if d is 0dd;
o |2|7?|(p(z, B, B*)¢| is uniformly bounded by Cp||¢||5§'fédd for all ¢ €
Sooaa if d is even, and by C, ||¢]| ST for all ¢ € Sy even if d is odd.

With the notation of Lemma 8.8, let d, denote the degree of each homogenous
non-commutative polynomial ¢,, and let g,(x, B, B*) be defined like in the above
case. Then, as above,

1 e
ol <2 Y (ch [ warrcz [Tarmmean) ol
0 1

a with d, even

vz S (cawcq [Temman) ol

a with d, odd
for (b € So,even; and

lolfe <2 3 (chcz [Tamac) ol

a with d, even

1 00
+2 Z (C’i /0 2% do + CZ, /1 g 2m —m)te dﬂ?) Hng‘Qg';r};dd

a with dg odd
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for ¢ € Sy even, Where the integrals are finite because —1 < 0 < 0 and —2(m’'—m)
< —1. [l

Let C denote the space of rapidly decreasing sequences of real numbers. Recall
that a sequence ¢ = (c) € RY is rapidly decreasing if

Ielle.. = sup el (1 + K)™

is finite for all m > 0, and these expressions define norms || ||¢,, on C. Let C,,
denote the completion of C with respect to || ||¢,,, which consists of the sequences
c € RN with |¢|l¢,, < oo. So € =), Cpn with the induced Fréchet topology.
Let also ¢2, denote the Hilbert space completion of C with respect to the scalar
product (, )e defined by

(e, =D anci(1+ k)"
k

for ¢ = (cx) and ¢ = (¢,). The corresponding norm will be denoted by || ||e, .
Thus ¢2, is a weighted version of ¢%; in particular, £§ = 2. Let (2, = (), (2, with
the corresponding Fréchet topology.

A sequence ¢ = (¢;) will be called even (respectively, odd) if ¢, = 0 for all
odd (respectively, even) k. We get the following direct sum decompositions into
subspaces of even and odd sequences:

Cm = Cm,even % Cm,odd ) C = Ceven ¥ Codd )

2 _ p2 2 2 __ p2 2
gm - gm,even @ gm,odd ) goo - goo,even D eoo,odd :

Lemma 8.9. (3 C C,, and C,, C 2, continuously if 2m’ —m > 1.

Proof. 1t is easy to see that

m—2m’\1/2
lelle., < lella,, » lelle, < lelle,, (D (1 + &)™)
k

for any ¢ € C, where the last series is convergent because m — 2m’ < —1. U
Corollary 8.10. (*, = C as Fréchet spaces.

By Corollary 4.6, the “Fourier coefficients” mapping ¢ — ((¢x, ¢),) defines a
quasi-isometry W™ — (2 for all m, and therefore an isomorphism W — C of
Fréchet espaces. Notice that the “Fourier coefficients” mapping can be restricted
to the even and odd subspaces.

Corollary 8.11. Any ¢ € L2 is in S, if and only if its “Fourier coefficients”
(Pr, D)o are rapidly degreasing on k.

Proof. By Corollary 8.7, the “Fourier coefficients” mapping defines an isomor-
phism S, — C of Fréchet spaces. O

There is also a version of the Rellich theorem stated as follows.
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Proposition 8.12. The operator W;"”' — W is compact for m' > m.

By using the “Fourier coefficients” mapping, Proposition 8.12 follows from the
following lemma (see e.g. [8, Theorem 5.8]).

Lemma 8.13. The operator (%, — (% is compact for m’ > m.

Proof of Proposition 8.6. For ¢ € S,, its “Fourier coefficients” ¢ = (¢, ¢), form
a sequence ¢ = (¢i) in C, and

S el (L4 R < lelle, (31 + k)2
k k

by Cauchy-Schwartz inequality, where the last series is convergent since m —m’ <
—1. Therefore

(59) D lerl T+ k)™ < Ol
k

for some C' > 0 independent of ¢.

On the other hand, for all 7, 7 € N with i + 7 < m, there is some homogeneus
non-commutative polynomial p; ; of degree i + j such that 2'D’ = p; ;(B, B*).
Then, by (23) and Lemma 4.3,

(60) (o, ' Dig)o| < Cos(L+E)™> > eyl
le—k|<m

for some C; ; > 0 independent of ¢.
Now suppose that o > 0. By (59), (60) and Theorem 6.6-(ii), there is some
C;; > 0 independent of ¢ and x so that

(61) |al?|a" Dipla)| < [2]7/% ) [en, &' D)ol | ()]
k
=D len @' D30 |[6 ()] < Cij 1Ml
k

for all x. Hence [|§sm < C'[|§||yym for some C* > 0 independent of ¢.
Finally assume that ¢ < 0. By (59), (60) and Corollary 6.7, there is some
Ci; > 0, independent of ¢ and z, so that

@ DI ()] < [ 2 DI6)o 6w ()| < CL N1l
k

for all z if @ € Sy even and i+ is even, or ¢ € S, qq and i+ 7 is odd. On the other
hand, by (59), (60) and Theorem 6.6-(ii), there is some C}’; > 0, independent of
¢ and x, such that, like in (61),

27212 Dl 6 ()] < O | llywr

)
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for all z # 0 if ¢ € S,0aa and i + j is even, or ¢ € Sy even and i + j is odd.
Therefore there is some C” > 0 such that [|¢][sp, .. < C'[|l[ym for all ¢ € Sy even,

o,even —

and H¢||3m < C"ngﬁ”wy/ for all QZ5 - Sg’odd. O]

o,odd —

Proof of Lemma 7.4. As suggested by (30), consider the mapping ¢ = (¢;) — d =
(dg), where ¢ is odd and d is even with

d= (_1>k§1\/( (k—1)(k—3)---(£+2)2s .

ke{0+1,043,...} k+o)k—240)---({+1+0)

for ¢ even, assuming that this series is convergent. For m’ —m > 1, it defines a
bounded map Z: £,/ 44 — Crm,even because, by the Cauchy-Schwartz inequality,

> (k—1)(k—3)-- (£ +2)2s

ke{l+1,0+3,...} (k+o)k—2+0)---({+1+0)
<Vassip D fal(l+ 0"
ke{6+1,043,...}

<Vaselle sup (Y (k)T O™
m ¢

ke{l+1,6+3,... }

<V2s |elle, (D1 + B)m) 2

k

dllc,, = sup e (1 +6)™

where the last series is convergent since m —m’ < —1. Then, by Propositions 8.5
and 8.6, Lemma 8.9, and using the “Fourier coefficients” mapping, we get the
following composition of bounded maps:

S:?édd - W:ond - Egnz,odd = Crng,even giu,even - Wc:z;ven — Sg?even 3
where
(62) my—mg>1/2, mo—mg>1, 2mg—my>1, my—m>1.
By (30), this composite is an extension of the map 27! : Syqq — Seven- O

Remark 4. According to (62), it is enough to take 2m; > m + 10 in the proof of
Lemma 7.4.

Question 8.14. Is it possible to prove Lemma 7.4 without using (30) and the
perturbed Sobolev spaces? It seems that (16) should be involved in a direct proof.

Since the proof of Proposition 7.1 is completed, Corollary 8.11 can be written
as follows.

Corollary 8.15. Any ¢ € L? is in S if and only if its “Fourier coefficients”
(Pr, D)o are rapidly degreasing on k.
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9. MORE GENERAL PERTURBATIONS OF THE HARMONIC OSCILLATOR

More general perturbations of H can be obtained with conjugation of J by |z|*
for arbitrary a € R, like we did in Section 6.1 for the case a = o /2. For the sake
of simplicity, we will consider the conjugations of the even and odd components
of J separately, and acting on spaces of functions on R, . This will be also enough
for the application indicated in Section 1.

Let Jeven and Joqq, or more explicitly J, even and Jy 044, denote the restrictions
of J = J, t0 Seven and Soaq, respectively. Since the function |z|” is even, there
is an orthogonal decomposition L2 = L2 .., ® L2 4q as direct sum of subspaces
of even and odd functions. By restriction to each of those components, we get
obvious versions of Corollaries 4.6 and 8.15 for Jeven i L7 oo and Joga in L2 ,g4-

Let Seven,+ and Soaa,+ denote the linear subspaces of C*°(R,.) consisting of the
restrictions to R of the functions in Seven and Syqq, respectively. The restriction

to R, defines linear isomorphisms

(63) Seven = even,+ Sodd = Sodd,-i— )
and unitary isomorphisms
(64) Lg,even = LQ(R+a 227 dx) = Lg,odd .

Set L7, = L*(Ry,27dx), whose scalar product is denoted by ( , )o4. The
restriction of each ¢, to R, will be denoted by ¢y 1. Let Jeyen+ and Jogd +, or
more explicitly Jyeven+ and Jyodd,+, denote the operators defined by Jeven and
Jodd ON Seyen + and Seqq+ via the isomorphisms (63).

Going one step further, for any a € R, the operator (of multiplication by) x*
defines a unitary isomorphism x* : Li L= Lg_% 4~ Via this unitary isomorphism
and (64), we get obvious versions of Corollaries 4.6 and 8.15 for the operators
T Jeven +2~ ¢ and x%Jogq 427 in L?,_Zm 4 with respective domains 7% Seven+ and
2% Soda,+. By using
1 d?

d
, [@, x“] = 2ax“_1% +a(a—1)x"" %,

(65) [%, 2] = az®

it easily follows that all of those operators are of the form

d
P=H— 011‘71— + CQ.IiZ
dz

for some cq, ¢ € R.
Lemma 9.1. Fora € R, 0 > —1 and P as above, we have P = z%J, eyen+2 ¢
on 2% Seven+ Uf and only if a*—(1—c)a—cy=0and o =2a+c;.
Proof. By (65),

2

d
— 2% 4 sx? — e e + ey

da? dx

z Pz = —z7¢
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d
=ga 2ax i ala — 1)z~ % + sa?
T T

— clx_ld— — crax 2+ o7 + ¢35
T

d
=H — (2a + cl)m’1% + (—ala—1) —cia+cy)r? + c35 .

So

—a a - d
x Pz =H — (2a+ ¢1)x 1%4—035

if and only if a®> — (1 —¢;)a — ¢ = 0. O

Corollary 9.2. If the conditions of Lemma 9.1 are satisfied, then P, with do-
main T Seven,+, S essentially self-adjoint in Lgh L its spectrum consists of the
eigenvalues (4k + 1 + o)s, for k € N, with multiplicity one and corresponding
normalized eigenfunctions x%¢oy +; and any ¢ € Lg1,+ 15 i T Seven,+ Uf and only
if its “Fourier coefficients” (o 4+, 9)e, 4+ are rapidly decreasing on k.

Remark 5. We may also consider an operator of the form
d
Q = H — 01—1’71 + 021‘72 s
dx
but it is really of the same kind as P by (65):

d
Q=H— clx_la 4+ (cg+c1)r? 4 c35 .

Remark 6. By using (65), it is easy to check that J,eqd+ = TJotoevent®
on Sodd+ = TSeven+ for all o > —1. So no new operators are obtained by

conjugating J, odd,+ by powers of x.

The solutions

o 1—01:t\/(1—61)2+4C2

(66) a 5

of the polynomial equation of Lemma 9.1 are real if and only if
(67) (1—c1)?+4c,>0.

In this case,

(68) oc=2a+c,=1%+/(1—c1)?+4cy,

which is > —1 if and only if the positive square root is chosen, or if the negative
square root is chosen and (1 — ¢1)? + 4y < 4. If these conditions are fulfilled,
then Corollary 9.2 can be applied to P.

Example 9.3. Suppose that

d
P=H—-cx'—
1T dl”
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Thus P is has the form of J;, even+ if 1 > —1; however, this inequality is not
required a priori. Then (67) holds, and (66) means that a € {0,1 — ¢ }.

In the case a = 0, we get 0 = ¢; by (68). Then the condition ¢; > —1 is needed
to apply Lemma 9.1, which simply asserts that P = J., even,+ 00 Seyen+. S0 the
statement of Corollary 9.2 becomes a direct consequence of Corollary 4.6 in this
case.

Nevertheless, Corollary 9.2 gives new information in the case a =1 —¢;. Then
0 =2—c¢; by (68). Thus ¢ > —1 just when ¢; < 3 (¢; < —1 is allowed!). When
this inequality is satisfied, Corollary 9.2 states that P, with domain z'™% Seyen 1+,
is also essentially self-adjoint in LEL 4 its spectrum consists of the eigenvalues
(4k + 3 — ¢1)s, for k € N, with multiplicity one and corresponding normalized
eigenfunctions '™ ¢g 4; and its domain is characterized by the condition on
the “Fourier coefficients” to be rapidly decreasing.

When —1 < ¢; < 3, we have got two essentially self-adjoint operators in Lgl, n
defined by P, with domains Seyen+ and gl Seven,+, Which are equal just when
c¢1 = 1. In particular, if ¢; = 0, these operators are defined by H with domains
Seven,-i- and Q:Seven,—&- = Sodd,+-

REFERENCES

1. S.S. Bonan and D.S. Clark, Estimates of the Hermite and the Freud polynomials, J. of
Approx. Theory 63 (1990), 210-224.

2. J. Cheeger, On the Hodge theory of riemannian pseudomanifolds, Geometry of the Laplace
Operator (Proc. Sympos. Pure Math., Univ. Hawaii, Honolulu, Hawaii, 1979) (Providence,
R.I., 1980), Proc. Sympos. Pure Math., vol. XXXVI, Amer. Math. Soc., 1980, pp. 91-146.

3. J. Cheeger, Spectral geometry of singular Riemannian spaces, J. Differential Geom. 18
(1983), 575-657. MR 85d:58083

4. E. Hille, A class of reciprocal functions, Annals of Math. 27(4) (1926), 427-464.

5. L. Hormander, The analysis of linear partial differential operators. I. Distribution theory
and Fourier analysis, second ed., Grundlehren der mathematischen Wissenschaften, no.
256, Springer-Verlag, Berlin, 1990.

6. S. Mao and S. Nakamura, Wave front set for solutions to perturbed harmonic oscillators,
Comm. Partial Differential Equations 34 (2009), 506-519.

7. A. Pushnitski and 1. Sorrell, High energy asymptotics and trace formulas for the perturbed
harmonic oscillator, Ann. Henri Poincaré 7 (2006), 381-396.

8. J. Roe, Elliptic operators, topology and asymptotic methods, second ed., Pitman Research
Notes in Mathematics, vol. 395, Addison Wesley Longman Limited, Edinburgh Gate, Harlow,
Essex CM20 2JE, England, 1998.

9. G. Szegd, Orthogonal polynomials, fourth ed., Colloquium Publications, vol. 23, Amer. Math.
Soc., Providence, RI, 1975.



PERTURBATION OF THE HARMONIC OSCILLATOR

J.A. ALvAREZ LOPEZ
DEPARTAMENTO DE XEOMETRIA E TOPOLOXIA
FACULTADE DE MATEMATICAS
UNIVERSIDADE DE SANTIAGO DE COMPOSTELA
15782 SANTIAGO DE COMPOSTELA
SPAIN

E-mail address: jesus.alvarez@usc.es

M. CALAZA CABANAS
LABORATORIO DE INVESTIGACION 2 AND RHEUMATOLOGY UNIT
HospiTAL CLINICO UNIVERSITARIO DE SANTIAGO
SANTIAGO DE COMPOSTELA
SPAIN
E-mail address: manuel .calaza@usc.es

43



