EXISTENCE AND UNIQUENESS OF VISCOSITY SOLUTION
FOR HAMILTON-JACOBI EQUATION WITH
DISCONTINUOUS COEFFICIENTS DEPENDENT ON TIME

MARTA KORNAFEL

ABSTRACT. The main result is a proof of the existence of a unique viscosity
solution for Hamilton-Jacobi equation, where the hamiltonian is discontinuous
with respect to variable, usually interpreted as the spatial one. Obtained
generalized solution is continuous, but not necessarily differentiable.

1. INTRODUCTION

The transport equation is used in many areas of applied mathematics for mod-
elling phenomena as age-structured population, epidemiology and transport phe-
nomena in physics. We are particulary interested in the model of vintage capital

up + uy = —p(t, z)u+ui(t,z) (t,z) € (0,7] xR
{ u(0,x) = f(x) z e R. (+)

This partial differential equation generalizes well-known dynamical description of
the firm capital accumulation u'(t) = u; (t) — pu(t). Such a model appeared in 2],
[9], [8]. Fabbri ([8], 2008) gives a solution of control problem in case of constant
depreciation factor u(t,z) = p in state equation. The problem is reformulated
in infinite-dimensional manner and definitions and tools for showing existence
of viscosity solution is appropiate to this. However, author indicates that his
proof does not work in case of u dependent on ¢ or x. Barucci and Gozzi ([2],
2001) and Feichtinger, Prskawetz and Veliov (]9], 2004) discuss model governed
by () from economic point of view (again, depreciation factor is constant there),
with assumptions assuring existence of classical solutions to the control problems.

In this paper we will take an attempt to answer (partially) the question put
in [8]. We use different mathematical tools for that, following the idea proposed
by Stromberg in [11], who treats (*) not as a state equation but as a particular
form of Hamilton-Jacobi equation. Moreover, assumptions allows some coeffi-
cients in the model to be discontinuous in variable x. Similarily to [11], the
arguments used in the proofs might be applied not only to the model (%), but
also to equation in the generalized form.
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The line of the proof is to approximate the problem by problems with contin-
uous coeflicients, for which the classical results by Crandall, Lions and Ishii ([5])
may be applied.

Thorough this article we consider pointwise convergence, if it is not specified
different.

2. FORMULATION OF THE PROBLEM

We are interested in the existence and uniqueness result for the Cauchy problem
(1) w + H(t,z,u, Du) =0, (t,z) € (0,T] x R"
(2) w(0,z) = f(z), =zeR"
where discontinuity for function H in variable x is allowed as well as dependence
of coefficients of equation on time variable.

The classical theory of viscosity solutions is derived under continuity assump-

tion put on H. This is the main difficulty here to overcome. In order to formulate
definitions of viscosity solution in such case, the auxiliary functions will be needed:

Ho(t,z,r,p) = lim inf H(' 2 r' p)

"' r',p")—(t,x,r,p)
H*(t,xz,r,p) = lim sup H{ 2 ', p).
'z ' p')—(t,x,r,p)
Now we are ready to explain what we understand by viscosity solution of (1).

Definition 1.
A function w is a viscosity subsolution of (1), if it is upper semicontinuous on
(0,7] x R™ and for any ¢ € C'((0,T) x R™), such that u — ¢ assigns local
maximum at (¢,x) € (0,7] x R™, the following inequality is satisfied:

oi(t,x) + Ho(t, x,u(t,x), Dp(t,z)) < 0. (%)

A function w is a wviscosity supersolution of (1), if it is lower semicontinuous on
(0, T) xR™ and for any ¢ € C*((0,T)xR™), such that u—¢ assigns local minimum
at (t,z) € (0,T] x R™, the following inequality is satisfied:

oi(t,x) + H*(t, z,u(t,x), Do(t,x)) > 0. ()
A function u is a viscosity solution of (1), if it is viscosity sub- and supersolution
of (1).

If we want to talk about a viscosity solution of the Cauchy problem (1)-(2),
the additional conditions w(0,2) < f(z), u(0,z) > f(x) and u(0,z) = f(x)
respectively are required for x € R".

In the following we will base on the assumptions:

(A1) There exists C > 0, such that for z,p,p’ € R", r,7’ € R, t,t' € (0,T]:
[H(t,z,r,p) — H{t 7', p)| < C(L+ |2|)(|t = | + [r —r'| + [p — P'[)
and © — H(t,z,7,0) is continuous for any ¢ € (0, 7] and r € R.
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(A2) For any p > 0 there exist ® € C'(R™ x R"; R, ) such that ®(z,y) = 0 <
r =y, and G € C(R x R;R,) such that G(0,0) = 0, and:

Ho(t,z,r,AD,®(x,y)) — H*(t,y,7, —ADy®(z,y)) > —G(AP(z,y), |z — y|)

for t € (0,T], x,y € B(0,p), r € Rand A > 0.
(A3) There exist a function a: [0, 00) — (0, 00) — continuous and nondecreas-
ing, satisfying condition [ offi) = oo such that
Vi e (0,T],z,p e R",r e RA>0 Ho(t,z,r,p+Ax)— Hq(t,x,r,p) >—a(|z|)|z].
(A4) For t € [0,T), z,pe R", r;7' € R

H*(t,z,r,p) > H*(t,z,7",p) if >0

Theorem 1.
Under assumptions (A1), (A2), (A3), (A4) and if the initial function f is con-

tinuous there exists a unique viscosity solution of (1)-(2).

The proof of the theorem will be based on the four lemmas. We will present
them in the next section.

3. PROOF OF THE MAIN RESULT

In this part of paper we prove existence and uniqueness of solution of the
problem (1). They are based on the four lemmas. The first two of them describe
properties of the infimal convolutions of H, necessary for further approximation.
Fore € (0,1/C), (t,z,u,p) € (0,7] x R* x R x R" let:

H.(t,x,r,p) = inf <H(t,y,r,p) — H(t,y,r,0)+ M) + H(t,z,r,0)

yeR” g
. _ B _pllz —y
He(t,z,r,p) .= sup | H(t,y,r,p) — H(t,y,r,0) — ——— | + H(t,z,7,0).
y€ER" £

The following proposition is known in the literature, compare [3].

Proposition 1.

Let p: R™ x R" — R be a Lipschitz function with respect to the second variable
having the first one fized — let’s denote it as x, v € R™. Assume that p(z,p) >
—C|z| for some positive C. Let

. pllz =y
pe(,p) = mf (w(y,p) + T) '
Then
we /" o while € \, 0,
where po(T,p) := lgriigfw(y,p).
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PROOF.
The monotonicity of the sequence (. ). comes stright from the definition of those
functions. For the proof of convergence let’s write the following:

o(x,p) = liminfsf)(%p)zsup( inf sa(y,p))
y—x e>0 \WEB(z,¢)

= lim (inf (sO(y,p)Jr'x}—”')) = lim o (z,p). O
e—0

e—0t \ yeR"

The analogous result is obvious for ¢*(z, p) := limsupp(y, p) (which is nonin-

Yy—x

cerasing sequence of functions), taking into account the relations ¢* = —(—¢).
and ¢* = —(—¢p)..

Lemma 2.

Assume (A1). Then
(i) for any (t,z,7,p) € (0, TIXR"XRXR"™: Ho(t,x,r,p) = liminfH (¢, 2,7, p)
and H*(t,z,r,p) = limsupH (t,z', r, p)

' —zx

(ii) foree€(0,1/C) the functions H., H® are continuous on (0, T]x R” x R xR",

1.€.:

pllz =yl
€

|H(t, x,r,p) — He(t,y, 7, p)| < +[H(t 2,r,0) — H(t,y,7,0)]

|H(t, 2,7, p) = He(t', 2,7, )| < De(L+ |2 ) ([t =] + |r = '] + [p = p'])
fort,t' € (0,T), r,r' €R, xz,y,p,p € R", D, = ng_;(ig) (analog. for HE).
(i) H. /" He and H® ™\, H* when €\ 0.

The proof will be formulated only for the case H. and H, as for the other
function is analogous.

PROOF.
Basing on the definitions of our functions and assumption (A1), we obtain:

Hl(t,z,r,p) = lim inf H(t' ' v’ p") < liminfH(t, 2", 7, p)

(tl7xl7r/ ,p’)—>(t,x,r,p)

= lim inf {H({t' ' ', p)+ H(t, 2", r,p) — HH 2", v, p')}

(t/7$,7r,7pl) —’(t,.I,T,p)

< lim inf {H{' ', v, p) + C(1+ |2])(|t — ']

2’ v ,p')—(t,x,r,p)
+ |r =7+ p—p])}
= H,(t,z,r,p).
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The Lipschitz continuity of H. in x is a result of evaluation of the difference:

[Ho(t,x,r,p) — H(t,2,7,0)] — [He(t,y,r,p) — H(t,y,7,0)] =

= inf (H(t7§’r7p)_H(t7§,T,0)+ |p||$—€|)

EeR 13
— inf <H(t,§,’l",p) - H(t7€ar7 0) + ‘pHy — £|)
EER 15
: p| Ipl|z -y
< —inf (E(y = _ < Wt = I
== int ( - (y=&l+lz =€) ) = =

with use of some usual properties for infima and the triangle inequality. The
same calculus with inversed roles of  and y completes the proof of this part.
Let’s note now that thanks to (A1) we have
He(t,x,r,p) — H(t,z,r,0) < C(1+ |])[p].
On the other hand

, Iollz—¢]
€

>

C(1+ |z|)pl > H(t, & r,p) — H(t,&,7,0)

>+ 1Dlpl+ =8 > 1ol o - g+ 2=

so the infimum H. (¢, x,p)— H(t, x,0) is not assigned at the point £ € R" satifying

C(1+|z)|p| < =C( + |z| + |z — &))|p| + M

or equivalently, taking p #£ 0
2Ce
1—eC

The stated boundary with respect to (¢,p) is a result of the following (let
x € R" be fixed):

(3) |z —¢&] > (1 + |z]).

Ha(ta z,r, p) - Ha(tlv z, tlap,) =

~ inf {H(t,s,r,m H( 6, 0) + M} T H(t,2,r,0)

£ER™ S

. / 1o ! / ‘x_ngl‘ ! /
_glrﬁzaf H ¢ r'p)—H{, ¢ r",0)+ ————— 7 — H(t',z,r",0)
SN 15



6 MARTA KORNAFEL

< inf { CH(t 6, p) — H(E, &0, p)] + [H(E,€,7,0) — H(t,€,7,0)]

£eRn
/ —_—
PP o)y 0 — (0 0 0)

Sgg{00+ﬂﬂﬂw—pﬂ+V—TW+H—5D+Cﬂ%ﬁﬂmr—ﬂk+ﬁ—fD
lp— 7
19

+

2 €1} + C+ [al)lt — ¢

Hence, recalling the condition (3):

3+ eC
1—eC
The repeat of the evaluations above for the inversed roles of (¢, 7, p) and (¢, ', p')

finishes the proof of the assertion (ii).
The last assertion is obvious in view of proposition 1 (apply it to the function

o(y,p) = ¢(t,y,r,p) = H(t,y,r,p) — H(t,y,r,0), p= (t,r,p)). O

Lemma 3 (Comparison Principle).
Assume (A2), (A3) and (A4). Let u i v be sub- and supersolution of (1), respec-
tively. Then

H.(t,z,r,p) — H.(t',z,7",p) < C- A+ |z)(p—=p|+r=7" |+t =1]).

sup (U - U)+ = Sllp(U/(O, ) - ’U(O, ))+
[0,T]xR™ R™

Let’s note that if v and v are considered to be sub- and supersolutions of
(1)—(2), the assertion of this lemma might be reformulated as u < v, what is
standard formulation of comparison result.

PROOF.

The inequality sup (u—v)* > sup(u(0,-) —v(0,-))" is obvious.
[0,T]xR" Rr

For the proof of the inverse one, let’s consider the function
1
W) g
F(t,x) =1+ / —
,2) 1 a(s)
and the family of compacts (with 5 > 0):
Sg:={(t,z) € [0,T] xR" : F(t,x) < B}.
Let g: (0,00) — (0, 00) be a nondecreasing function such that
(4) 9% > max{u(t,z) —v(t,x) : (t,2) € S}
and
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The functions 13 are smooth solutions to differetial inequality for
(t,z) € (0,T] x R™

(6) Ui(t, x) — a|z])[ Dy (¢, x)| > 0.

Taking into account that ma Ys(t, ) = 0, for completion of the proof it’s enough

to show that
u(t,z) — v(t,z) — Yg(t, x) < sup(u(0,-) —v(0,-))*" VB3 > 0,Y(t,x) € Sp.
RTL

Let’s assume inversely, that for some 3 > 0 (fixed from here) there exists a con-
stant ¢ > 0 and point (¢,x) € (0,7] x R™, for which

(7) u<t7 ZL‘) - ’U(t, ZL’) - 77Z)5(t7 l’) —ct> Sup(u((), ) - ’U(O, ))+
Rn
Define the penalty function, corresponding to the left side of the inequality above:

(t,s,2,y) — u(t,z) —v(s,y) — (Ys(t,x) + ct + jO(x,y))
for (t,x) € Sz and (s,y) € Sp. Having j fixed, each such function assigns maxi-

mum at some point (¢;, s;, z;,y;), as a difference of upper semicontinuous function
u — v and the one of class C' on the compact span of variables.

We may assume that the sequence ((¢;,s;,z;,y;)); converges to the point of the

form (¢,¢,Z,%). Indeed, let M;= sup [u(t,z)—v(s,y)—(Ys(t, x)+ct+5P(z,y))],
SﬁXSﬁ

it’s finite. It’s nonincreasing sequence and denote the limit of (¢;,s;,z;,y;) as
(t,5,%,7). Then

lim 0; = T {M; — [u(ty, 2;) = v(sj,y;) = (Ya(ty 25) + ctj + (25, 5))1} =0.

J——00

We have

J
My 2 ult) = olsy0) = (0a(t52) + ety + S0l )

> [u(ty, z;) —v(sj,y;) — Wp(ty, ;) + ety + P (x5, ;)] + ‘%‘I)(l‘ja Y;)

J
> M; —6; + 5‘1’(% Y;)

and therefore
2(Mjjo — Mj +6;) = j (), y;)-
Recalling the regularity of ® we see that lim j®(z;,y;)=0and lim ®(z;,y;)=0,
j—00 j—00
which gives T = ¢ in view of properties of ®. Moreover, the point (¢, Z) also max-
imizes the left side of (7), without lost of generality we may set ¢ = 3.

Hence (t,7) € Ss and according to the definition of Sg, F'(t,z) < 8. Taking into
account the fact of realizing maximum of left side of (7) at (¢, Z) and properties of
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g it’s easy to see that ¢ > 0 and more strict boundary holds: F(¢,z) < (3. There-
fore for sufficiently large j at points (¢}, z;), (s;,y;) F also attains a value strictly
less than (3. Summarizing, we have upper semicontinuous function u = u(t, x),
supersolution of (1) and smooth function ¢(t, z) = v(s,y)+s(t, ) +ct+jP(x,y)
such that u — ¢ assigns maximum at (¢;,z;) € (0,7] x R™. Then by definition
the following inequality holds:

c+ (¥p)e(ts, x5) + Hel(ty, x5, ulty, x;), DYps(ty, v;) + jDP (5, ;) < 0.
t,r) —

Analogously, for subsolution v = v(s,y) and ¢(s,y) = u(t,z) — Ys(t,z) — ct —
JjP(z,y) we derive
H* (55,5, v(s5,95), =i Dy®(x5,95)) = 0.

Finally,
(8) ¢+ (,lvbﬁ)t(tja xj) + H‘(tja Ly, U(t]’, xj)v D¢ﬂ(tj7 xj) + ij(I)(x]a y]))

— H*(sj, 5, 0(s5,43), =i Dy ®(5,;)) <0
Thanks to the choice of 13,

Dy - v -9(B) _gj

V1t zPa(y/1+[2?)

so taking A = A(¢t,z) = \/1+|x\1§§((f}1+\x|2) > 0 in the assumption (A3) and using

(6) we obtain
¢+ Ha(tj xj,ulty, x;), jDa® (s, y;)) — H* (55,95, v(s5,95), =i Dy®(x;,9;)) < 0.
Notice that thanks to hypothesis (7) for all j
u(tj7 xj) - U(‘SJ’ yj) = 5%135)'; [u<t7 :E) - U(Sa y) - (wﬁ(ta 1’) +ct+ ](I)(.’L', y))]
(9)

> I%E;X [u(t,x) —v(t,x) — (Ya(t,x) + ct)] >0

Finally, through (A2), (A4), (9) and regularity of H*:
¢ = G(xj,95), |v; —ys]) = CA+ [yt — 551 <0,

what in the limit gives a contradiction with the choice of ¢ > 0.

So, we have that for any # > 0 and (¢,x) € Ss
U(t7 ZL’) - U(tu l’) - ¢ﬁ(t7 ZL‘) < Sup(u(()? ) - ’U(O, ))+
Rn

Tending to the limit with 3 and taking supremum on the domain, we complete
the proof. O

The classical theory of viscosity solutions in view of regularity of infimal convo-
lutions H. and H* stated in lemma 2 assures existence and uniqueness of the con-
tinuous viscosity solutions for u;+ H.(t, z, u, Du) = 0 and u;+ H*(t, z,u, Du) = 0
with initial condition u(0,z) = f(x). Denote them as u. and u® respectively. The
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next lemma states the monotone properties of those sequences and, what is more
important, proves that their pointwise limits are super- and subsolutions of the
original problem u; + H(t,x,u, Du) = 0.

However, such assertion requires a bit stronger convergence arguments, namely
the epi-convergence (known in the literature also as gamma-convergence) of the
sequences of approximating solutions to assure convergence of a sequence of ex-
trema of the functions u. to an extremum of the limit function.

We recall some basic facts on epi- and hypo-convergence (see 7], [10]) used
in the proof of lemma 4. Given a function f : R" — R, the epigraph of f is
defined by

epif ={(z,a): Ve € Xf(x) < a}.

For any sequence (fy,)nen the lower epi-limit e-liminf f,, is the function having as

n—-a;o

its epigraph the outer limit of the sequence of sets epif,, i.e.

f = eliminf f,, <= epif = limsup(epif,);

n—:ao

the upper epi-limit e-limsupf, is the function having as its epigraph the inner

limit of the sequence of sets epif,, i.e.

[ =elimsupf, <= epif = liminf(epif,);

n—->:ao

the epi-limit e- lim f,, exists iff both the lower and the upper epi-limits exist and

n—:uoo

equal.
The hypo-convergence might be defined in a parallel way as a limit of corre-
sponding hypographs or simply through epi-convergence by

f - h_nh—r>noofn — _f - e_nh—r>noo(_fn).

In view of the obvious correspondence we discuss in the following the facts for
epi-convergence only. The epi-convergence has a series of very nice properties.
One of them is that for any monotone sequence the epi-limit exists. In case of
nonincreasing sequence of functions e- lim f, = cl(ing fn) and if the sequence
n—oo ne
is nondecreasing, e- lim f, = sup(clf,). The pointwise and epi-limits do not
n—mao

neN
need to coincide even if both exist. However, they are equal in case of monotone

sequence. Finally, for an epi-convergent sequence of functions the inclusion
lim sup(argminf,) C argminf
n—oo

holds. That means that every cluster point of a sequence (x,),, where z, is
optimal for f,, is optimal for f. Unfortunately, in general it does not guarantee
that any optimum of f might be approximated by the subsequence of this kind.
We overcome this difficulty in the proof by proper choice of neighbourhood of
considering minimum.
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Let’s move to the next step in proof now.

Lemma 4.
Let all taken in the previous lemmas assumptions be satisfied. Then:

1) ’if0<(5<€<%, then uf < v < ug < u..

2) ut 7 ud i u® is wiscosity supersolution of uy + H(t,z,u, Du) = 0 in
(0,7] x R™, u(0,z) = f(x) in R™.

3) ue \, up 1 ug is viscosity subsolution of ug+H (t, x,u, Du)=0 in (0, T] xR",
u(0,2) = f(x) in R™.

4) uo < Ug-

PROOF.

Stright by definition we have Hs; > H, for 0 < § <e < &. Let p € C*((0,T] xR™)
such that us — ¢ assigns local maximum at (ts,zs). wus is viscosity solution of
g + Hs(t, z,u, Du) = 0, so

oi(ts, xs) + He(ts, x5, us, Do(ts, xs5)) < @i(ts, xs) + Hs(ts, x5, us, Do(ts, x5)) = 0,

for any smooth ¢ such that us — ¢ assigns maximum at (¢,x). In particular us
is viscosity subsolution of u; + H.(t,x,u, Du) = 0 and satisfies initial condition.
By lemma 3 for u = us i v = u, we have us < u,.

Starting from simple inequalities H° < H® and H° > Hj; in analogous way we
obtain u’ > u¢ and v < us respectively.

Hence we have two sequences: for the equation u; + H.(t, x,u, Du) = 0 there is
nonincreasing sequence of viscosity subsolutions (u.). bounded from below and
for u, + He(t, z,u, Du) = 0 there is nondecreasing sequence of viscosity superso-
lutions (u®). bounded from above. Moreover, each of those functions u. and u®
is continuous and real-valued. There exist pointwise limits of those sequences,

u® := limu® — lower semicontinuous and ug := lin% Uz — upper semicontinuous,
E—>

e—0
and in addition u°® < wy.

In view of monotone convergence of the sequences (u.). and (H.)e, (u.). hypo-
converges to its pointwise limit ug and (H.). epi-converges to H,. Thanks to
that «° is a natural candidate for a subsolution of u; + H(t,x,u, Du) = 0. In-
deed, let » € CY((0,T] x R") such that uy — ¢ assigns local maximum at
(to,z0) € (0,7] x R*. Choose a compact neighbourhood of this point,
E C (0,7] x R™, in such way that (¢y, x¢) is the only strict maximum:

V(t,x) € E\A{(to,z0)}: wo(t,x) — p(t, ) > uo(to, xo) — @(to, o).

For each ¢ > 0 we denote by (t.,z.) a maximum of u. — ¢ in E. In view
of hypoconvergence of (u.)., each cluster point of such sequence belongs to
argmin(ug — ¢), and the choice of the set E guarantees convergence of (., x.)
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to (to, zo). Therefore the inequality
@i(te, e) + He(le, Te, uc(te, ve), Dp(te, 2)) <0
in the limit with € — 0 gives
i(to, zo) + He(to, To, uo, (to, o), Dp(to, 29)) < 0

thanks to epi-convergece of (H.)., which proves the assertion 2) of the lemma.
Proceeding in analogous way with the sequences (uf). and (H®)., we complete
the proof. O

PROOF OF THE MAIN THEOREM. The lemma 4 proves existence of the subso-
lution ug and the supersolution u° of (1)—(2), which in addition satisfy u® < .
On the other hand, by the comparison theorem (lemma 3) for those functions the
inequality u° > uy holds. That guarantees the existence of the viscosity solution
for (1)—(2). The uniqueness is implied by lemma 3. Suppose that u; and uy are
viscosity solutions for our problem. It’s enough to consider derived in the lemma
inequality once for the choice u = u;, v = us and later for inverse choice of u
and v. 0J
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