ON CONTINUITY OF THE ALVAREZ CLASS
UNDER DEFORMATION

HIRAKU NOZAWA

ABSTRACT. A manifold M with a foliation F is minimizable if there exists a
Riemannian metric g on M such that every leaf of F is a minimal submanifold
of (M,g). For a closed manifold M with a Riemannian foliation F, Alvarez
Lépez [1] defined a cohomology class of degree 1 called the Alvarez class whose
triviality characterizes the minimizability of (M, F). In this paper, we show
that the family of the Alvarez classes of a smooth family of Riemannian folia-
tions on a closed manifold is continuous with respect to the parameter. Since
the Alvarez class has algebraic rigidity under certain topological conditions on
(M, F) as the author showed in [18], we show that the minimizability of Rie-
mannian foliations is invariant under deformation under the same topological
conditions.
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1. INTRODUCTION

The minimizability of Riemannian foliations. The minimizability of gen-
eral foliations is characterized in terms of dynamical tools, for example, foliation
cycles (Sullivan [24]) or holonomy pseudogroups (Haefliger [10]). On the other
hand, remarkably, the minimizability of Riemannian foliations has a strong rela-
tion with the topology of manifolds. For example,

e The minimizability of an orientable Riemannian foliation of codimension
q on an orientable closed manifold is characterized by the nontriviality
of the basic cohomology of degree ¢ by a theorem of Masa [12].

e For a Riemannian foliation on a closed manifold, Alvarez Lépez [1] de-
fined the Alvarez class, which is a basic cohomology class of degree 1
whose triviality characterizes the minimizability.

e In particular, this characterization of the minimizability by Alvarez Lopez
implies that every Riemannian foliation on a closed manifold with zero
first Betti number is minimizable. This is a generalization of a theorem
of Ghys [8] on simply connected case.

e A Riemannian foliation F on a closed manifold M is minimizable if 7 M
is of polynomial growth and F is developable by a result of the author
[19].

In this paper, we show that the Alvarez classes of a smooth family of Riemannian
foliations on a closed manifold is continuous with respect to the parameter. Com-
bining this result with a rigidity theorem of the Alvarez class in Nozawa [18], we
obtain the invariance of the minimizability of Riemannian foliations under defor-
mation under the topological conditions in [18] which imply an algebraic rigidity
of Alvarez class there (see Corollary 4 below).

Note that the invariance of the minimizability under deformation does not hold
for general foliations. We present examples of families of foliations in Section 8
to describe the situation.

A continuity theorem of the Alvarez class. Our main result is as follows:
Let M be a closed manifold. Let U be an open neighborhood of 0 in R'. Let
{F'}iev be a smooth family of Riemannian foliations on M over U.

Theorem 1. The Alvarez class E(F') of (M, F') is continuous in H'(M;R) with
respect to t.
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We mention why Theorem 1 does not follow from the definition of the Alvarez
class or the classical deformation theory. By the definition, the Alvarez classes of
(M, F") is represented by the closed 1-form obtained by orthogonally projecting
the mean curvature form of (M, F*, g*) to the space of basic 1-forms on (M, F*)
for any bundle-like metric g* on (M, F*). But the space of basic 1-form on (M, F*)
changes discontinuously with respect to ¢ in the space of 1-forms on M, when the
dimension of closures of generic leaves changes. Because of this discontinuity of
the spaces of basic 1-forms, we cannot obtain a continuous family of closed 1-forms
which represents the Alvarez classes directly from the definition. Furthermore,
this discontinuity of the spaces of basic 1-forms breaks the continuity of the
domains of the families of basic Laplacians. Thus we cannot apply the classical
technique of deformation theory using smooth families of self-adjoint operators
to show Theorem 1 at least directly.

We mention why Theorem 1 does not follow from the interpretation of the
Alvarez class in terms of the holonomy homomorphism of the Molino’s commuting
sheaf of (M, F') by a theorem of Alvarez Lépez [2]. If the dimension of closures
of generic leaves changes, the ranks of family of Molino’s commuting sheaves as
flat vector bundles changes. Hence the family of Molino’s commuting sheaves is
not smooth as a family of flat vector bundles, and we cannot prove the continuity
directly by the result of [2].

To prove Theorem 1, we will take a suitable representative of the Alvarez class
at ¢t = 0. Then, we will approximate the Alvarez class by non-closed 1-forms
(see Section 6.3). Some technical consideration on Riemannian foliations will be
needed to take a suitable representative of the Alvarez class at ¢ = 0 in Section
5, which is the main part of this article.

Deformation of minimizable Riemannian foliations. Combining Theorem
1 with the characterization of the minimizability by the triviality of the Alvarez
class by Alvarez Lépez [1], we have

Corollary 2. In parameter spaces of smooth families of Riemannian foliations
on closed manifolds, the subsets consisting of parameters corresponding to mini-
mizable Riemannian foliations are closed.

This corollary is not true for general foliations as we will see in Example 8.2.

A foliation F is defined to be of polynomial growth if the fundamental group
of every leaf of F is of polynomial growth. A group I' is polycyclic if there exists
a sequence {I';}; of subgroups of I' such that I'y =T', I';, = {1}, [';_1 > T; and
I';/T41 is cyclic for every i. Let (M, F) be a closed manifold with a Riemannian
foliation. If 7 M is polycyclic or F is of polynomial growth, then the integration
of the Alvarez class of (M, F) along every closed path on M is exponential of an
algebraic integer by a result of the author [18]. By the totally disconnectedness
of the set of algebraic integers in R, we have the following corollary of Theorem
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1: Let M be a closed manifold. Let U be a connected open neighborhood of 0 in
R!. Let {F'};cy be a smooth family of Riemannian foliations on M over U.

Corollary 3. If my M is polycyclic or F* is of polynomial growth for every t, then
E(FY) = &(F°) in HY(M,R) for everyt.

The Alvarez class changes nontrivially for examples of families of solvable Lie
foliations constructed by Meigniez [14] (see also [15]) as we mentioned in [18].
Hence Corollary 3 is not true in general case. By the characterization of the
minimizability by the triviality of the Alvarez class by Alvarez Lépez [1] and
Corollary 3, we have

Corollary 4. If w1 M is polycyclic or F' is of polynomial growth for everyt, then
one of the following holds:

(i) For every t in U, (M,F") is minimizable.

(il) For everyt in U, (M,F") is not minimizable.

Note that F is always of polynomial growth if dim F = 1. Hence for Riemannian
flows, the minimizability is invariant under deformation. As noted above, the
invariance of the minimizability under deformation is not true for general folia-
tions. For Riemannian foliations, it is not clear if the minimizability is invariant
under deformation in general. We ask

Question 5. Is the minimizability of Riemannian foliations on closed manifolds
invariant under deformation ?

Let (M,F) be a closed 4-manifold with a GA(1)-Lie foliation. By a theorem
of Matsumoto and Tsuchiya [13], (M, F) is a homogeneous GA(1)-Lie foliation
up to a finite covering. As a corollary, m M is isomorphic to a lattice in a con-
nected simply connected solvable Lie group up to finite index subgroups. It is well
known that a lattice of connected simply connected solvable Lie group is poly-
cyclic (see Raghunathan [20]). Therefore m; M is polycyclic. By a generalization
of a minimality theorem of Masa [12] by Alvarez Lépez [1] to nonoriented cases,
a transversely oriented Riemannian foliation on a closed manifold is minimizable
if and only if the top degree component of the basic cohomology is nontrivial.
In the case of a G-Lie foliation, it is easy to see that the nontriviality of the
top degree component of basic cohomology is equivalent to the unimodularity
of G. Hence a GA(1)-Lie foliation is not minimizable, and an R2-Lie foliation
is minimizable. By Corollary 4, (M,F) cannot be deformed to a minimizable
Riemannian foliation. Thus, we obtained

Corollary 6. A GA(1)-Lie foliation on a closed 4-manifold cannot be deformed
into an R2-Lie foliation.

In dimensions lower than 4, Corollary 6 is easily confirmed to be true is as a
consequence of classification of Riemannian foliations. In higher dimensions, it is
not clear if a similar result is true or not.
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The invariance of basic cohomology of Riemannian foliations under
deformation. Let H*(M/F") be the basic cohomology of (M, F"). For a Rie-
mannian foliation on a closed manifold, the dimension of H7"(M/F!) is 1 or
0 (see El Kacimi, Sergiescu and Hector [9]). As remarked by Alvarez Lépez in
the proof of Corollary 6.2 of [1], the triviality of the Alvarez class directly implies
the nontriviality of Hg*4” (M /F"). Hence Corollary 4 is paraphrased to

Corollary 7. If m1{ M is polycyclic or F* is of polynomial growth for everyt, then
we have HPV (M) Ft) = HPW (M) FO) for every t in U.

This corollary gives a partial positive answer to the following question asked by
the author in VIII International Colloquium on Differential Geometry at Santiago
de Compostela (see [3]):

Question 8. Is basic cohomology of Riemannian foliations invariant under
deformation 7

The component of the basic cohomology of the degree equal to the codimension
of Riemannian foliations is invariant under deformation if and only if the answer
of Question 5 is true. We note that the answer of Question 8 is negative in
degree lower than the codimension of Riemannian foliations. We have a simple
counterexample as we present in Example 7.4.

Acknowledgement. The author would like to express his deep gratitude
Etienne Ghys and Masayuki Asaoka for stimulative comments on Anosov flows.
The author would like to express his deep gratitude to José Ignacio Royo Prieto
for pointing out a gap in the previous version of this paper. A part of the cor-
rection of this gap was established in the discussion with Jests Antonio Alvarez
Lépez during the author stayed in the University of Santiago de Compostela
in the spring of 2009. The author would like to express his deep gratitude to
Jests Antonio Alvarez Lépez for his invitation, great hospitality and valuable
discussion. The author would like to express his deep gratitude to Jests Antonio
Alvarez Lépez also for his comments on this manuscript during the stay of the au-
thor at Centre de Recerca Matematica in Barcelona in the summer of 2010. The
author would like to express his deep gratitude to Centre de Recerca Matematica
for the invitation to the research program “Foliations” and great hospitality.

2. BASIC DEFINITIONS

2.1. Families of foliations. We use the terminology in Molino [17]. We recall
the definition of some basic terminology here to avoid confusion.

Let (M, F) be a foliated manifold. By the integrability of F, the Lie bracket
on C®°(T'M) induces the Lie derivative with respect to vector fields tangent to
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the leaves

T

(1) C®(TF)®C™ (@(TM/T}") ® ®(TM/T}")*>

NYGL (®(TM/T]—“) ® ®(TM/T?)*>

for every nonnegative integer s and r.

Definition 9. (i) An element X of C*°(TM/TF) is called a transverse field
on (M,F)if Ly X = 0 for every Y in C*(TF). A vector field Y on M
is called a basic vector field if Y is mapped to a transverse field by the
projection C*(TM) — C*(TM/TF).

(ii) An element g of C*°(®*(TM/TF)*) is called a transverse metric if the
following three conditions are satisfied:
(1) g(Y,Z) = g(Z,Y) for every Y and Z in C*(TM/TF),
(2) Lxg =0 for every X in C*(TF) and
(3) 9.(Z,Z) > 0 for every point x on M for every nonzero vector Z in
T.M/(TF),.
A Riemannian metric g on M is called a bundle-like metric if the restric-
tion of ¢ to @(TF)* is a transverse metric under the natural identifi-
cation of @*(TF)* with @*(TM/TF).
(iii) Let g be the codimension of (M, F). A transversal parallelism of (M, F)

is a g-tuple of transverse fields X!, X2 ... X7 on (M,F) such that
{(XY)e, (X?) gy -+, (X9),} is a basis of T,M/(TF), at each point z on
M.

We recall the definition of smooth families of foliations with transverse struc-
tures. Let U be an open set in R” which contains 0. Let M be a smooth manifold.

Definition 10. A smooth family of p-dimensional foliations of M over U is
defined by a p-dimensional smooth foliation F#™> of M x U such that every leaf
of Famb is contained in M x {t} for some t.

For ¢ in U, let F' be the foliation of M x {t} defined by the collection of the
leaves of F#mP contained in M x {t}. Families of foliations are written as {F'}icys
throughout this paper. (vF)**" denotes the vector bundle over M x U defined
by the kernel of the map T(M x U)/TF*> — TU induced by the differential
map of the second projection M x U — U. We call (vF)*P the family of
normal bundles of {F'}icp. Note that (vF)*™ |y 14 is the normal bundle of the
foliation F* of M x {t} for each ¢.

Definition 11. (i) A smooth family of Riemannian foliations of M over U
is a pair of a smooth family of foliation of M x U defined by F**P and
a smooth metric g™ on (vF)™P such that the restriction of g™ to
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the orthogonal normal bundle of (M x {t}, F*) is a transverse metric on
(M x {t}, 7).

(ii) A smooth family of transversely parallelizable foliations of codimension
q of M over U is a pair of a smooth family {F'},cy of foliations of M of

codimension ¢ and a g-tuple of global sections X ,, X2 = - -, X  of
(vF)*™> such that { X} vy, X mxiys -+ s X mxqey 1S a trans-

verse parallelism of (M x {t}, F?) for each ¢.

2.2. The Alvarez class. We recall the definition of the Alvarez class of a closed
manifold with a Riemannian foliation by Alvarez Lopez [1]. We restrict ourselves
to the case of oriented manifolds. The definition in nonorientable case is done by
lifting the foliation to the orientation cover as in [1].

Let (M,F) be an oriented closed manifold with a Riemannian foliation. We
fix a bundle-like metric g on (M, F). We have a direct sum decomposition

(2) C®(AMT*M) = C2(AMT* M) @ Cgo (NPT M)*

with respect to the metric induced by g where Cg°(A*T*M) is the space of basic
k-forms on (M, F). Let pr be the first projection

(3) pr: C(NFT* M) — Co (AT M).

We denote the mean curvature form of (M, F, g) by « (see, for example, Section
10.5 of Candel and Conlon [4] for the definition of the mean curvature form of
(M, F,qg)).

Definition 12. For an oriented closed manifold M with a Riemannian foliation
F, we define a basic 1-form x, on (M, F) by

(4) Ky = pr(K)
and call k, the Alvarez form of (M, F). This k, is closed by Corollary 3.5 of

Alvarez Lépez [1]. We define the Alvarez class of (M, F) by the cohomology
class of r, in H'(M;R). We denote the Alvarez class of (M, F) by &(F).

Let H}(M/F) be the basic cohomology group of degree 1 of (M, F) (see Sec-
tion 2 of Reinhart [21] or Section 2.3 of Molino [17] for the definition of the basic
cohomology). Alvarez Lépez defined the Alvarez class as an element of H, HM/F)
in [1]. Since the canonical map H}(M/F) — H'(M/F) is injective as easily
confirmed by the definition, Definition 12 gives the essentially same data as in
1].

The simple proof of the following lemma is due to a comment of Alvarez Lépez
to the author:

Lemma 13. Let (M, F;) be a closed manifold with a Riemannian foliation. Let
p: My — My be a finite covering. We define a Riemannian foliation Fo on M,
by Fo = p*Fi. Then we have £(Fs) = p*&(Fy).
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Proof. We take a bundle-like metric g; on (M, F;). Then p*g; is a bundle-like
metric on (M, Fy). We consider orthogonal decompositions

(5) ON(My) = QL (M, /F) @ (QF (M) F))E
O (M) = QF(Ma/Fy) @ (Q (M) Fa))*

with respect to the metric induced by ¢, and p*¢g,, respectively. By the definition
of metrics, we have

(6) P (My/Fi) = p*QH (M) Ny (My ) Fa),
P (M) Fr)) - = p Q' (M) N (4 (M) Fa)) -

Let pr and pz, be the first projections on decompositions (5). These equalities
imply

(7) P pF = PR’

Let x; be the mean curvature forms of (M;, F;) with respect to g; and p*g,
respectively. We have ko = p*k1. By (7), we have

(8) P (K1)b = P o7 (K1) = pr(P7R1) = pry(K2) = (K2)b- O

3. FUNDAMENTALS OF LIE FOLIATION THEORY

We summarize the fundamental facts of Lie foliation theory due to Fedida [6]
and [7] (see also Section 4.2 of Molino [17] or Section 4.3.1 of Moerdijk and Mréun
[16]) to use in Sections 5 and 6.

Let G be a connected Lie group. Recall that a G-Lie foliation is a foliation
with a transverse (G, G)-structure where G acts on G by the left multiplication.
A G-Lie foliation has a structure of G’-Lie foliation for any covering group G’
of G as easily confirmed. Thus we will assume the simply connectedness of G
throughout this paper. We recall the following

Definition 14. The Lie algebra of G is called the structural Lie algebra of the
Lie foliation.

Let (M, F) be a G-Lie foliation. Let py%v: M"Y — M be the universal cover
of M. Fix a point x§™¥ on M. We put zy = pi¥"(zg™").
(I): We have a fiber bundle dev: M"™ — G which maps z§™" to the unit
element e of G and whose fibers are the leaves of the foliation (p{#v)*F
of MV, This dev is called the developing map of (M, F).
(ITI): We have a group homomorphism hol: (M, zy) — G such that

9) dev(y - z) = dev(x) -¢ hol(y)

for x in M™ and v in m (M, x) where -¢ is the multiplication of G.
The image of hol is called the holonomy group of (M, F). The holonomy
group of (M, F) is dense in G if and only if the leaves of F are dense in
M.
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(III): Recall that the Maurer-Cartan form 6 on G is a Lie(G)-valued 1-
form on G defined by 6,(v) = (Ry).v for g in G and v in T,G where
R, is the right multiplication map of g. Since a Lie(G)-valued 1-form
dev* 0 on MU'V is invariant under the 7 (M, zg)-action, dev* 6 induces a
Lie(G)-valued 1-form €2 on M. The structure of a G-Lie foliation (M, F)
is determined by this Lie(G)-valued 1-form € on M. This €2 is called the
Maurer-Cartan form of a G-Lie foliation (M, F).

(IV): The Maurer-Cartan form € of a G-Lie foliation (M, F) satisfies the
equation

(10) Q) + - [Q Q) = 0.

Conversely, if a Lie(G)-valued 1-form € on M satisfies (10) and €, :
T, M — Lie(G) is surjective for every = in M, then €2 is the Maurer-
Cartan form of a G-Lie foliation of M.

(V): Let {X’ }COd M) he a basis of Lie(G). Let {wi}fi(i(M’F) be the dual
basis of Lle(G) Let w; be the 1-form on M induced from a m (M, xo)-
invariant 1-form dev*@; on M"Y by the quotient. We define a vector
field X7 on M by w;(X7?) = 0;; for each ¢ and j where J;; is the Kronecker’s
delta. Then {X/ };c;dl(M’f) is clearly a transverse parallelism of (M, F).
Here, the Maurer-Cartan form 2 of (M,F) is given by the equation

Q.((X7),) = X for each point x on M.

4. REDUCTION TO THE ORIENTABLE TRANSVERSELY PARALLELIZABLE CASE

We reduce the proof of Theorem 1 to the case where {F'},cr is a family of
transversely parallelizable foliations.

Let {F'}iev be a smooth family of Riemannian foliations of codimension ¢ of a
closed manifold M over U. Clearly we can assume that U is contractible without
loss of generality. Let Fr(vF)*™ be the family of the frame bundles associated
with the family (vF)*™ of vector bundles on M. The metric g™ on (v.F)>™" de-
termines an O(g)-reduction O(vF)*™ of Fr(vF)*. We denote O(vF)™™>|rrx (0}
by O(vF)°. Since O(vF)*™ is the total space of a O(vF)°-bundle over a con-
tractible base space U, we can trivialize O(vF)*™ as O(vF)™P =~ O(vF)° x U.
By the standard construction of the Molino theory, we have the following lemma:

Lemma 15. There exists a foliation G*™ of O(wF)°® x U and a q(qH -tuple
of transverse fields of (O(vF)° x U, G*P) defining a smooth family {g hev of

transversely parallelizable foliations of codimension % datl) D of O(wF)® over U.

Proof. Let {(Vi,¢x)} be a Haefliger cocycle defining a foliation F™P of
M x U. Then {(O(vF)™P|y,,dpy)} is a Haefliger cocycle on O(vF)*™P where
d¢y is the map induced on the frame bundle by ¢y. We define a foliation G¥™P



10 HIRAKU NOZAWA

of O(vF)? x U pushing out the foliation of O(vF)**" defined by the Haefliger
cocycle {(O(vF)*mP|y. dgy)} by the trivialization O(vF)*P = O(vF)° x U.
We put G! = gamb|O(V]:)OX{t}. For each t, we can construct a transversely
parallelism of (O(vF)® x {t},G") from the transverse Levi-Civita connection on
O(vF)™ |1y and the canonical 1-form on the frame bundle O(vF)™™| sy sy
as in Section 5.1 of Molino [17] or Theorem 4.20 of Moerdijk and Mréun [16]. Since
the transverse Levi-Civita connections and the canonical 1-forms on
(O(vF)? x {t},G") are smooth with respect to the parameter ¢, we have a smooth
family of transverse parallelisms. O

Lemma 16. If£(G") is continuous with respect to t, then E(F') is also continuous
with respect to t.

Proof. Let m: O(vF)?x U — M x U be the projection. By Lemma 7 of Nozawa
(18], we have (m|owmoxqy) E(F') = £(G") for each t. Since (7|owroxin)*:

HY M x {t};R) — HY(OWF)? x {t};R) is injective, the continuity of &(F?)
follows from the continuity of £(G?). O

By Lemmas 13 and 16, we have the following

Lemma 17. The general case of Theorem 1 follows from the special case where

(i) {F'}ev is a smooth family of transversely parallelizable foliations of M.
(ii) M and the basic fibration of F° are orientable. Moreover if we have a
foliation F on M, we can assume that F is also orientable.

Here, F in the statement of (i) will be F° which appears in Section 6.2. For
the proof of Lemma 17, we note that the finite covering p: M; — M induces
an injection p,: Hy(My;R) — Hi(My;R). Then p*: H'(My;R) — H'(My;R)
is injective by the Poincaré duality for closed manifolds M; and M.

5. A REPRESENTATIVE K, OF THE ALVAREZ CLASS

5.1. Definition of the F-integrated component &, of the mean curvature
form. We will define the ]—N"—integrated component £ of the mean curvature form
for transversely parallelizable foliations in a way similar to that of the definition of
the Alvarez form r; for trasnversely parallelizable foliations in Alvarez Lépez [1].
Let (M, F) be a closed manifold with a transversely parallelizable foliation. We
denote the codimension of (M, F) by cod(M, F). We take a transverse parallelism
{XJ}COd M) of (M, F). Let {w;}<29™%) be the set of basic 1-forms on (M, F)
such that w;(X7) = d;; where ;; is the Kronecker’s delta. We put

(11) wI:wil/\wm/\---/\wik
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for a set I = {iy,d9,-+ ,ix} where 1 < iy < iy < -+ < i) < cod(M,F). Assume
that we have the following diagram:
(12) M—">W
)
V

where m,: M — W is the basic fibration of (M,F) and 7z is a submersion.
Recall that the basic fibration of (M, F) is a fiber bundle whose fibers are closures
of leaves of (M, F). We denote the foliation of M defined by the fibers of wz by
F. We denote V by M/F in below.

We assume that M and the fiber bundle 7z are orientable. We fix a bundle-like
metric g on (M, F). Then we define a map pz by

(13) pe(r+ 3 flen)

IC{1727"' 7C0d(M7-7:)}7|I|:k

1
= /flvol Wy
7T.7_~_ = ﬁ

(J vol )Ic{1,2 cod(Mf}u\ k

for f1'in C*(M) and 7 in C*°(T*F ® (A*"'T*M)) where [ is the integration
along the fiber of 7z with respect to the fixed orientation and volz is the fiberwise
volume form of 7z determined by the metric g. Note that we have a direct sum
decomposition

(14) C®(AN*T*M) = (ker pz)* @ ker pg
and pz is the first projection as the case of pr.

Definition 18. We define the F-integrated component &, of the mean curvature

form x of (M, F,g) with respect to the transverse parallelism {wl}foi(M ) by

(15) Ry = pz(K).

Note that pz coincides with pr if F is the foliation whose leaves are closures
of leaves of F according to according to Alvarez Lépez [1] (see ).In this case, Fy
coincides with k.

Note that p# depends on the choice of the transverse parallelism { X7 Fie
This is different from the case of pz, which is determined only by the metrlc qg.
We remark that there will be a natural choice of {wi}gﬁ(M’f), when we apply this
construction in Section 6. Note that

cod(M .7-')

(16) PEPF = PF
by the definition.

Note that k, may not be closed. We do not define & for the case where M or
77 is not orientable. This is because it is not used in this paper.
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5.2. The statement of Proposition 20. We will state Proposition 20 which
asserts that the Alvarez class of (M, F) is represented by &, under certain condi-
tions. These conditions will be naturally satisfied in our application in Section 6.
The proof of the essential part of Proposition 20 occupies the rest of this section.

Let (M, F) be a closed manifold with a transversely parallelizable foliation. We
fix a bundle-like metric g on (M, F). We assume that orientability of M, F and
the basic fibration of (M, F). Let vol £ be the characteristic form of (M, F, g). Let
k7 be the mean curvature form of (M, F. g). Let dy ¢ be the composition of the de
Rham differential and the projection C®(A*TIT*M) — C®(TF*)* @ A°T*F)
determined by g. We take a transverse parallelism {X7 };idl(M’f) of (M,F). Let
{w; 325 be the set of basic 1-forms on (M, F) such that w;(X7) = d;; where
d;; is the Kronecker’s delta.

Lemma 19. If each leaf of (]\/{, ]:") 1s minimal with respect to g, then the function
ff_ volz on the leaf space M/F is constant.

Proof. By the assumption, we have xz = 0. By the Rummler’s formula (see the
second formula in the proof of Proposition 1 in Rummler [22] or Lemma 10.5.6
of Candel and Conlon [4]), we have d;gvolz = —kz A volz. Hence we have
dyovolz = 0. Then

(17) d (/~ VOIJ:-> :/~dV01}- :/~d170V01]:- =0.
F F F

Here the second equality follows from the degree counting of the differential
forms. U

Proposition 20. We assume that M, F and the basic fibration m, of (M, F) are
orientable. We assume that

(a): The fized bundle-like metric g on (M,F) is bundle-like also with re-
spect to F.
(b): Each leaf of (M, F) is minimal with respect to g.
(c): We define functions cI* on M by
(18) dw; = Z A*w; A wy,.
1<j<k<cod(M,F)
Then cI¥|; is a constant for each fiber L of 7z.
(d): Let projz: C(TM/TF) — C(TM/TF) be the canonical projec-
tion. Then projz X, is a transverse field on (M, ]}) for each 1.
Then we have
(i) Ry is a closed 1-form on M and

(i) [m] =[] in HI(M;R).

We will show (i) here. (ii) will be shown in the end of this section.
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Proof of Proposition 20 (i). By Lemma 19, the function 7% (ff vol z ) on M is
constant. We put

(19) C = (/ﬁvolf_) |

We put
cod(M,F)

(20) Z hiw;.

By the condition (c), we have

cod(M,F) cod(M,F)

(21) ( Z thwz): 3 (/ﬁhivolﬁ) dw.

i=1
Using (15), (16), (4) in this order, we have
(22) Ry = ppk = PEpFrk = pikp.
We have
dRp
= dpgky
_ 1d<zcod(M]-') ([ hivolz )w )
(23) =5 ZCOd(M ) ([zdh Avolz) Aw;+ & ZCOd(M ) ([zh'dvolz) A w
+4 ST ME ([ bt volz ) dw
= pz (54 dh i) + & M) (fp i volz ) A
_l_p]:<zcod(M F) Bide )

Here, we used (22) in the first equality. The second equality follows from the
combination of (13), (19) and (20). We used the commutativity of the integration
along the fiber with d in the third equality. The fourth equality follows from the
equations (13) and (21). We have

(24)

p}‘<ZCOd (M,F) dhi A wz> + 1 Zcod(M ,F) ( f]:_ hidVOI]:—) A wz"‘ﬂ}'(ZCOd (M,F) hzdwl)
= oz (A M) hie) ) + & ST (fi hidvolz ) Aw

=ps (d( Se0dEF) pig, )) LSnedWE) ([ hidygvolz ) Aw

= ppldm) = & 355 ([ hikg Avolg ) Awi.

Here, in the first equality, we combined the first and the third terms. The second
equality follows from the degree counting. The third equality follows from (20)
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and the Rummler’s formula (see the second formula in the proof of Proposition 1
in Rummler [22] or Lemma 10.5.6 of Candel and Conlon [4]).

The first term of the last line is 0, because k; is closed by Corollary 3.5 of
Alvarez Lépez [1]. Since 7 is 0 by the condition (b), the second term is also 0.
Hence (i) is proved. O

5.3. £&(F) = [Fs] on the fibers of mz. We prove a lemma which will be used in
the proof of Proposition 20 to show the restriction of £(F) and [&p] to the fibers
of mz are equal. Here, o will be considered to be £(F) — [y] in the application
in Section 5.6.

Lemma 21. Assume that the conditions (a) and (b) in Proposition 20 are satis-
fied. Let M' be an orientable submanifold of M which is a union of fibers of 7 z.

Let {¢1}icpa) be the flow on M' generated by a vector field X on M'. Assume
that w;(X) is constant on each fiber of mz for each i. Then we have

(25) AW(LfOVdM@j:[;</;%>mUM@

where v, is the orbit of x of {¢i}icpa], and volyy is the volume form on M’
determined by g.

Proof. The function 7% (fzvolz) on M’ is constant by the condition (b) and

Lemma 19. We take a real number C' and functions h' on M as (19) and (20).
Then we have

Juur (f,, p2(9)) vl ()

- fM/ <fzp (k) )VOIM/( )

=Ll ([ ( cod(M]—' [ hivol; ) w@,) voly (2)

=L/, fo < ;:ociMf [z hivolz ) (t)wi(X)%(t)dt> volpy ().

Yz

(26)

Here, we used (22) in the first equality. We used (13) and (20) in the second
equality.
By the assumption, w;(X) is constant on the fibers of 7z. Then we have

& (fol o) ( J7 W volg )W o1 (X d’f) volyy ()

= & Lo (s (322807 fo i (X)) vol: )t ) volap ()
(27) zgm,ﬁ‘gw%mmgﬁtmwm

=& Jz 01 ﬁlib(X)dt) volz | volyy ()

=2 [, [z f% de) VO]j_—) voly ().
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By the condition (a), we have [, fvoly = fM'/ﬁ (fﬁfvolﬁ> volyp, 7 for a
function f on M’ where vol,,, JF 18 the volume form on M’ determined by g.
Hence we have

. =& Juwgr (S (S () volr ) volie ) voliy 7
= Ja7 (fﬁ <f% Fvb) Volfr) volyy 7
= | (f% /{b> volyy ().
The proof of Lemma 21 is completed. U

We fix a point zo on M. Let F be the fiber of 77 containing rg. We assume
that the condition (d) in Proposition 20 is satisfied. We define transverse fields
YU Y2 ... YyeodMF) on (M, F) by

cod(M,F)
(29) Yi= ) dXx'

i=1

choosing a nondegenerate matrix (a/',z)1§j§cgd(M’]:)JSiSCOd(M’]:) so that (Y1),

(Y2),,, -+, (YOUFFIR)) - are tangent ‘to F. By the condition (d) in Propo-
sition 20, vector fields Y1, Y2, ... Yod.Fl5) are basic with respect to F. Hence
Y1, V2 ... YodF'Zl5) are tangent to F at every point on . We denote the vec-

tor subspace @;Zdl(F’ﬂﬁ )R(Yj | ) of the Lie algebra of transverse fields on (F, F| ;)

by g.

Lemma 22. Assume that the conditions (c¢) and (d) in Proposition 20 are satis-
fied.
(i) g is a Lie subalgebra of the Lie algebra of transverse fields on (ﬁ’,.ﬂp).
(i) (F,F|z) is a Lie foliation.

Proof. We prove (i). We take basic 1-forms ¢; by ¢;(Y?) = &;; where §;; is the
Kronecker’s delta. By the condition (c), we have

(30) = > dGAG

1<j<k<cod(M,F)

where ¢/* are functions on M whose restriction to F' is a constant. Clearly we
have

(31) G([Y7,Y*)) = —2dG (Y7, V) = —2c]".

2
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For any transverse field Z on (M, F), we have Z = Zmd MLF) ¢(Z)Y. Hence we
have
cod(M,F) cod(M,F)

(32) VEREE Z GV Y)Y =-2 Y JfY

Consider the case of 1 < j < k < cod(F, F|z). Note that [Y7, Y’“] is also tangent
to F at every point on F, because Y7 and Y* are tangent to £ at every point on
F. Then it follows that 07 must be 0 for cod(F, F|z)+1 <i < cod(M, F) from

(32), because Yd(F: flp)+1 coo, YodMLF) are not tangent to F at 2. Hence
[Y3Y*] is contained in g. () is proved.

We prove (ii). Here, g is a Lie algebra by (i). We define a g-valued 1-form €2
on F' by

(33) Qu((Y7)s) = Y7

for every point z on F and every j. For the proof of (ii), it suffices to show that
Q satisfies the Maurer-Cartan equation dQ + 1[Q2,Q] = 0 by (III) and (IV) of
Section 3. This is proved in a way similar to the argument of Theorem 4.24 of
Moerdijk Mréun [16] as follows: For 1 < j < k < cod(F, F|z), we have
dQY,YR) + 2[Q, Q)(Y7,YF)

= L(I(Q07) — YHQY)) — (Y, ) + 30V, (v

=3 (Y7(Q(Y") = YHQ(Y7)))

=0.

In the second equality, we used the equality Q([Y7, Y*]) = [Q(Y7), Q(Y*)] which
follows from the definition of 2. The last equality follows from the fact that the
g-valued functions Q(Y7) and Q(Y*) are constant on F'. O

Let Fp be the foliation of M defined by the fibers of 7.

(34)

Lemma 23. Assume that the conditions (c) and (d) in Proposition 20 are satis-
fied. Assume that a basic closed 1-form o on (F, F|p) satisfies

(35) /F</7 a) volz(z) = 0

for every ﬂouN) {dt}eio on F generated by a vector field X such that w;(X) is
constant on F for each i where v, is the orbit of x of the flow {¢;}ico1). Then
we have

(i) alr, = 0 for each leaf Ly of (F, Fy|z) and

(i) [o) =0 in H'(F;R).

Proof. We show (i) in the case where Ly is the leaf F}, of (F, Fy|z) which contains
9. The proof of the general case is similar.
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Here (F,F|z) is a Lie foliation by Lemma 22 (ii). We take a connected Lie
group G so that (F, F| 7) is a G-Lie foliation. We can assume the simply con-
nectedness of GG as noted in the second paragraph of Section 3.

Let pumV F™iv [ be the universal covering of F. Fix a point g™ on
the fiber of zy. Let dev: F — G be the developing map of the Lie foliation
(F, F|z) which maps 2§™ to the unit element e of G. Let hol be the holonomy
homomorphism 7, (F, x9) — G of the Lie foliation (EF', F|z). By (I) of Section 3,
every basic 1-form on (F™V_(p wi)*(F|z)) is the pullback of a 1-form on G by
dev. Hence there exists a 1—f0rm @ on (G such that

(36) (V) a = dev*a.

By (II) of Section 3 and the invariance of (p¥)*a under the m1(F, z)-action on

Fiv we have
(37) Riiol('y)a =a

for v in 7T1(F ,To) where Rpgi(y): G — G is the right multiplication map of an
element hol(y) of G. Let H be the closure of the image of hol in G. Note that
H is a proper subgroup of G if the leaves of (F, F|z) are not dense by (II) in
Section 3. It follows from (37) that

(38) Rja=a

for every g in H. ) i
In the sequel, for a path v on F, we denote a lift of v to F'"V by "V, By
(38), we have

(39) /a —/ pav) / dev* @ :/ a.
univ ,yuniv dev ryuniv

Let v be a closed path on F whose endpoints are zg. We denote the element
of 7T1(F , o) represented by v by the same symbol ~. Let 77 be the left invariant
vector field on G such that exp X, = hol(y). Let X" be a lift of X, to Funiv
which is invariant by the action of hol(m; (F,z0)). Let X, be the vector field on
F whose lift to F'iv ig X2V, Let 7, be the orbit of 2 on F of the flow {&i}epo
generated by X,. It follows that dev, vV is an orbit of the flow generated by
X, from the definition of X, and 7. Hence we have

(40) dev, 72"V (¢) = dev, 2" (0) - exp(tX,).
We take the lifts 7" and 42 of 4 and 7, to F"™" so that 7"V (0) = A4 (0) =
aniv - respectively. Then, by (9) and (40), we have

Lo
dev, 72"V(0) = e = dev, y"™(0),

(41) dev, v2¥(1) = hol(y) = dev, y"™V(1).
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Since G is simply connected, , (41) and the Stokes theorem imply

(42) /a_/ a—/ a—/ a.
dev* ,yumv dev ,yunlv Yz

0
It follows from (40) and dev(72"V(0)) = e that

(43)
univ univ univ

deV* — (Rdev univ(O)),deV(,y;niv(O))fl>* deV* ’ymo - (Rdev umv 0))) deV* ’ymo

If v and x are contained in Fy, then we can take 7™V so that dev(y'™V(0)) is
contained in H. By using (39), (43), (38) and (39) in this order, we have

(44) /a:/ a:/ E:/ E:/ a.
Ve dev, yuniv (R i « dev wggiv dev 7381" Ve

dev(+471¥ (0))) 0

Since X, satisfies the condition of X in the statement of Lemma 23, we have

(45) /F</7 a) volg(z) = 0

by the assumption. By (42), (44) and (45), we have

(46) / a=0.

Then a|p, is exact. Hence there exists a basic function h on (Fy, F|p,) such that
dh = a|r,. But since the leaves of (F}, F|p,) are dense, h is constant. Then we
have a = dh = 0. We complete the proof of (i).

We show

for every point z on F.

We show that [a] in H'(F;R) is contained in the image of (m|z)*:
HY(F/Fy;R) — H'(F;R). Since a is basic with respect to F, we have ¢*a = a
for a diffeomorphism ¢ which maps each leaf of F to itself. Each leaf L of F
is dense in the leaf L, of F,|z which contains L. Hence the orbits of the group
of diffeomorphisms which map each leaf of F to itself is dense in L,. Hence we
have (Lya), = 0 for every point x on M and every Y in T, M tangent to Ly.
Since al, is zero by (i), a is basic with respect to F. Thus [o] in H'(F;R) is
contained in (7| z)*(H'(F /Fy;R)) in H'(F;R).

The path 7, may not be closed in general. But we show that (m,).7, is closed
where m,: F — F/}"b is the projection to the leaf space. Let H be the Lie
subgroup of G defined by the closure of hol(m (F, zg)). The structural Lie alge-
bra of the Lie foliation (Fy, F|p,) is Lie(H), and hence dim H = cod(Fy, Flp,).
By the equivariance of the developing map in (9), the map dev: g
induces a map devg/p: F— @G /H. Furthermore, devg gy induces a map w:
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F/F, — G/H. Since w is a submersion between two manifolds of the same
dimension, w is a covering map. Since w is injective as easily confirmed, w is a
diffeomorphism.

Let X, be a vector field on ﬁ’/]:b induced from X,. Let Yg/H be a vector field
on G/H induced from a vector field X, on G. By the definition of X, and X.,,
we have

(48) TD*YG/H = Xb-

Recall that v, is the orbit of = of the flow {¢:}o<i<1 from time zero to time one
generated by X,. Thus (7)., is the orbit of z of the flow from time zero to
time one generated by X;. By (48), @ maps an orbit of the flow from time zero
to time one generated by X, to an orbit of the flow from time zero to time one
generated by the vector field X ¢ sa on G/H. Here the time one map of the flow
generated by X su is the identity, because this map is induced by the time one
map of the flow on G generated by X, which is the right multiplication map of
an element of hol(m; (F,x0)) by the definition of X.. Hence (7)., is a closed
path on F/F, for each z.

The homology class determined by (m,),7, in F'/F, is independent of 2. This is
because 7, and v, are bounded by a 1-parameter family of closed paths on F /Fp
of the form {7;(s)}o<s<1 where [ is a path on F such that {(0) = = and [(1) = y
for every two points z and y in F [ Fp.

Thus, by the argument in the previous three paragraphs, [a] is contained in
(m| 5)* (HY(F ) Fy;R)), and (7). determines the same homology class in F'/F,
for every x. Hence (47) is proved.

By (42), (45) and (47), we have

(49) /704 =

Hence (ii) is proved. O

5.4. Two lemmas on a fiber bundle over S* with fiberwise Lie foliations.
We prove two lemmas to use in the next section. Note that (F, Fp|z) is trans-

versely orientable by the assumption of the orientability of both of F and the
basic fibration m, of (M, F).

Lemma 24. Assume that the conditions (c¢) and (d) in Proposition 20 are satis-
fied. Let~v: S* — M be a smooth embedding in M. Assume that v is transverse
to the fibers of Tz, and that mz o~y is an embedding. We put M' = 7T;~_1(7T]:-(Sl)).
Then there exists a flat connection NV on 7z|yr which satisfies the following four

conditions:
(A): The holonomy map f: F — F of V preserves the foliation Fol -
(B): The holonomy map f of V preserves a transverse volume form Li 7,
Of (F, ./Tb|p).
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(C): We denote the inverse map wz o v(S') — S* of Tz oy by ¢. We
define a section v of wz|apr by 71 = vo@. Then v, is a section parallel
to V.

(D): There ezists a vector field Zy such that the orbits of the flow generated
by Zy is parallel to V and the restriction of w;(Zy) to each fiber of 7z
18 constant.

Proof. Let X be a section of T M|y on M’ such that X7 is projected to X7 by the
canonical projection C*(T M|y ) — C°(TM/TF)|m) for 1 < j < cod(M, F).
There exists a vector field Y tangent to F defined on v;(S') and functions hy,
ha, =+, Neod(a,7) ON S such that

cod(M,F)

(50 O () = Yo + Z ()

where (D7), is the differential map of 7, at a point ¢. Let Y’ be a vector field
on M’ which is tangent to F and whose restriction to 7;(S") is equal to Y. We
define a vector field Zy on M’ by

cod(M,F)
(51) Zg=Y'+ Z (w2l )" hy) X7

The restriction of Zy to 71(S') is equal to the tangent vectors of v; by (50).
Zy is basic with respect to F and transverse to the fibers of mz. We define a
connection V on 7wz by the line field tangent to Zy at each point on M’. It is
trivial that V is flat, because every connection on a fiber bundle over S* is flat.

We show that V satisfies the conditions (A), (B), (C) and (D). Here, X7 is
basic with respect to F|y by the condition (d) in Proposition 20. Hence Zy is
also basic with respect to F |pr by the definition. On a foliated manifold, the
flow generated by a basic vector field maps leaves of the foliation to the leaves
by Proposition 2.2 of Molino [17]. Then the flow generated by Zv also maps the
fibers of mz|a to the fibers of mz|p. The time one map of the flow generated
by Zv maps F to I itself. Since the orbits of the flow generated by Zy are
parallel to V by the definition, the time one map of the flow generated by Zy
is the holonomy of V. This proves that V satisfies the condition (D). Since the
restriction of Zy to 71 (S') is equal to the tangent vectors of 71, the condition (C)
is satisfied. Since Zy is basic with respect to F, the flow generated by Zv maps
the leaves of F to the leaves of F. Since the leaves of F; are the closures of the
leaves of F, the flow generated by Z¢ maps the leaves of F, to the leaves of Fy.
Hence f satisfies the condition (A). By the conditions (c), (d) in Proposition 20
and Lemma 22 (i), (F, F|;) is a Lie foliation. Let G' be a connected Lie group
such that (F, F| 7) is a G-Lie foliation. We can assume the simply connectedness
of G as noted in the second paragraph of Section 3. Let H be the Lie subgroup
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of G such that Lie(H) is the structural Lie algebra of the Lie foliation (£, F|r,).
We denote the universal cover of F' by

(52) quniv . Funiv N F

Note that dimG = cod(F,F|z) and the codimension of H in G is equal to
cod(F, Fy| 7). We regard (Lie(G)/ Lie(H))* as a subset of Lie(G)* consisting of
the elements whose restriction to Lie(H ) is 0. Fix a basis {3, 05, - - -, ﬁcod(pﬂﬁ)}
of Lie(G)" so that {5, By, -+, Beoq(ir s, } 15 @ basis of (Lie(G)/ Lie(H))*. Note
that devy 3; is m F-invariant. Let 3; be the 1-form on F' induced by the m; F-
invariant 1-form devg, 3; on F*™" for 1 < j < cod(F, F|z). Then the restriction
of B; on each leaf of F is zero for 1 < j < cod(F, Fp|;). Note that the Maurer-

Cartan form of (F', 3| ) is given by the equation (33). Hence, by (V) of Section 3,
we can write

cod(ﬁ’,f\ﬁ)

(53) Bi= Y, bl

i=1
for each j for some constants b%, 1 < i < cod(F, F|z).
We define a transverse volume form fiz, 7 on (F, F|z) by

(54) Pism = PuABa A A Bcod(ﬁ',fb|ﬁ)'
Since )z is closed, we have
(55) LZV/’LF/j:b = dLZVIU/ﬁ‘/.Fb = dLZV(ﬁl /\ /32 /\ U /\ ﬁcod(ﬁ',fb|ﬁ,)>
Note that w;(Zv) is constant on F by the definition of Zy. Then Bi(Zy) is also

constant on F. We can write d3; as a sum of 3; A B on M as

1<j<k<cod(M,F)

Then the restriction of ¢/* to F is a constant by the condition (c) in Proposi-
tion 20. Then there exists a constant Cj such that

(57)  dizg(Br A BN+ A Begagp gy )e = CoBr A B A+ A Brgai 7).
for every point z on F. By (55) and (57), we have

(58) (szﬂﬁ/fb)z = CO(NF/fb)z

for every point z on F. In the same way, there exists a constant C{ such that
(59) (LZvNF/fb)z = Cé(#ﬁ/fb)z

for every point = on 7T;~_1 (t) for each ¢ in mz o v(St). By (59), f satisfies

(60) fuer = Citiyz,
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for a constant C. Let F/F, be the leaf space of (F,Fy|z). F/F, is a closed
manifold. This F/F, is orientable by the transverse orientability of (F, Fy|z).
Let f be the map induced by f on F/F,. Since PiyF, 18 basic, Lir, 1S @ pull

back of a volume form Ziz, z on F/Fy. We have

(61) I gz, = Ciig)z,
Hence C] is equal to 1, because (] is equal to the mapping degree of a diffeo-

morphism f: F/F, — F/F,. It follows from (60) that V satisfies the condition
(B). O

A section of C®(AFT*F) is called a leafwise k-form on (M, F). If k = dim F,
a leafwise k-form is called a leafwise volume form on (M, F). The wedge prod-
uct induces a natural operation C®(AFT*F) @ C®(ACYMINTM/TF)*) —
Coo(/\cod(M,]:)JrkT*M).

Lemma 25. Let v: S' — M be a smooth embedding in M. Assume that
7 s transverse to the fibers of mz, and that mz o v is an embedding. We put
M = W}l(ﬂf(’}/(sl))). Fiz a fiber F of mz|y and a point 2o on F. Let V be a
flat connection on mwg|py. Let f: F — F be the holonomy of the flat connection
V with respect to the path mzo~. Forx on F, let vy be the lift of the path mzo~y
to M' such that v,(0) = x and v is parallel to V. Let « be a closed 1-form on
M such that [a|z] = 0 in HY(F;R) and a|g, = 0 on each leaf Ly of (F, Fy|z).

We assume that V satisfies the conditions (A), (B) and (C) in the statement
of Lemma 24. Let volg be a volume form on F. Then we have

o ) () (L)

Proof. First, we shall show that there exists an isotopy {¢s}scp,1] on F such that

(i) ¢o =idp,

(ii) f o ¢y preserves volz,

(i) ¢, maps each leaf of F to itself and

(iv) ¢, fixes xg
by the assumption and a leafwise version of Moser’s argument in below. The
leafwise version of Moser’s argument was used by Ghys in [8] and by Hector,
Macias and Saralegui in [11]. Let 7z, be the leafwise volume form on (F, F|z)
such that

(63) N7, N WiyF, = Volg .

Since each leaf L, of Fp|z is compact and oriented by the assumption, f maps
the fundamental class of Ly to the fundamental class of f(Lp). Then we have a
leafwise (dim F, — 1)-form o on (F, Fp|;) such that do = f*nz, —nz,. By adding
a closed (dim F, — 1)-form supported on an open neighborhood of zy to o, we
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can modify ¢ so that o,, = 0 and do = f*nzr, — 1z, are satisfied. Since nz, is a
leafwise volume form on (F', F|z), there exists a vector field Y on F' tangent to
leaves of F such that —uynz = 0. We put n, = nz, + sdo. We have
d(o% S * S
(¢lesn ! = ¢S(LYTIS + dd77 )

S

(64) = ¢sd(tynz, +0)
=0.

Hence we have
(65) ¢1*f*7]]-'b = ¢1*7)1 =T"To = Nr,-

Thus f o ¢1 preserves nz,. Here, ¢, maps each leaf of F to itself, because Y is
tangent to leaves of F. Then clearly ¢; preserves the transverse volume form
75, Since [ preserves i,z by the assumption, by (63) and (65), we have

(66)  (fog) volg=(fodi)ng A(fod)lpm =17 NpF = volp.

Hence f o ¢y preserves volz. Since o,, = 0, we have Y,, = 0. This implies that
o, fixes xg.

Using {¢s}sejo,1), we can construct a smooth family {V}scp,1) of flat connec-
tions on 7 z| such that Vi = V and the holonomy of V, with respect to mz o~y
is f o ¢,. Since each ¢, fixes o, we can take {V,},co,1) so that

(67) Yoo = Yoy

for 0 < s < 1. For z in F, let 7Y* be the lift of the path 7z oy to M such that
7:(0) = z and ~, is parallel to V;. We take a function h on F' so that dh = «az.
For each point z on F', we have

(68) Joo @+ (A1 o f(w)) = h(f () = [v1 @ =0

by the Stokes’ theorem. By the assumption on «, the restriction of i to each
leaf of F3|z is constant. Since ¢; o f maps each leaf of F to itself, we have
h(¢1 o f(x)) — h(f(x)) = 0. Hence, by (68), we have

(69) oo [ a=0

for each point z on F. Then we have

o [ (L) [ [y [ ([ [oa)e -0

For each point z on F, we have

(71)  (h@) = b)) + [z a+ (h(f 0 a(w0) = h(f(@)) = [y 0 =0
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by the Stokes’ theorem. Then we have

[z (f%vl oz) volz — ([ volz) <f%vo oz)

fyjl o) vol g — ([ vol) <f%V01 o

fgl a) volz — fﬁ' (f%vol Oz) volz

fwvl o — f%vol a ) volg

=[5 (= (@) = h(x0)) = (A(S © é1(20)) = h(f © 61(x))) ) Vol
afﬁ(h(x) — h(xo)) volz + [ (h(x) — h(zo)) ¢ f* Vol

(72)

I
b e e

Here we used (67) in the first equality, (71) in the fourth equality and ¢7 f* volz =
volz in the last equality. The equation (62) follows from (70) and (72). O

5.5. £&(F) = [Ry] on M. We prove a lemma which will be used to complete the
proof of Proposition 20 (ii). Note that a will be considered to be £(F) — [Rp] in
the application in Section 5.6.

Lemma 26. Assume that the conditions (a), (b), (c¢) and (d) in Proposition 20
are satisfied. Assume that vy in m (M, o) satisfies the following conditions: ~yy is
represented by a smooth path lj): [0,1] — M which factors a smooth embedding
lo: S* — M and is transverse to the fibers of w7z, and 7z o ly is a smooth
embedding. Let o be a closed basic 1-form on (M, F) which satisfies the following
conditions:

(i) alz, = 0 for each leaf Ly of (F, Fylz).

(i) a|p is exact.

(iii) For any submanifold M' of M which is a union of fibers of 7z,

(73) /M | ( /7 ,c a) volyr () = 0

is satisfied for every flow {¢t}iei0,1) generated by vector field X such that
w;(X) is constant on each fiber of mz for each i where vy, is the orbit of

z of the flow {¢t}te[o,1]-
Then we have

(74) / a=0.

Proof. We put
(75) K =mzoly(S"), M = ;' (K).

M’ is a submanifold of M which is a union of fibers of 7z by the assumption on
Yo-
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By the condition (a), we have

[ ey [ ([ ([ ) ote) o

By the conditions (c), (d) and Lemma 24, there exists a flat connection V on
the fiber bundle M’ — K which satisfies the conditions (A), (B), (C) and (D)
in the statement of Lemma 24. By condition (D) and the assumption (iii), we
have

(77) /M | ( /7 x @) volyr () = 0.

Since the assumptions of Lemma 25 are satisfied by the conditions (A), (B) and
(C), we have

(78) /1 </ oz) Volﬂ;(t) = (/1 VOlﬂ_ﬁl(t)> (/ a)
w2 (t) Yo Tz (t) Yo

for each ¢ in K by Lemma 25. By condition (b) and Lemma 19, the volume of
fibers of 7z is constant. By (76), (77) and (78), we have

(79) / a=0.

0

Hence Lemma 26 is proved. U

5.6. Proof of Proposition 20 (ii). By the homotopy exact sequence of the
fiber bundle 7z, we have an exact sequence
(80)

(71']_'—)*

Ty (M) F, 7 2(x0)) —= my(F, 20) —— m1 (M, 20) —— 1 (M) F, 7 2(0)) —= 0.

By Lemmas 21 and 23, we have k|, — Rp|r, for every leaf L, of (ﬁ’, F| ) and
[ks| ] — [Rolz) = 0. This implies that [k,] — [#p] vanishes on the image of ¢. Then
Lemma 26 implies [ (1, — ) = 0 for  in 1 (M, 2) such that

e 7 is transverse to the fibers of 7z and
e 770 is an embedding.

Note that (M /F, 7z(x0)) is generated by the loops of the forms (7 z),y where
~ runs all of the closed paths satisfying these two conditions. Hence we have
[ky] = [Rp] in HY(M;R).

6. CONTINUITY OF THE ALVAREZ CLASSES

We show Theorem 1 for smooth families of orientable transversely parallelizable
foliations using Proposition 20.
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6.1. A family version of the Molino theory. Let U be a connected open set
in RY which contains 0. Let M be a closed manifold, and {F*};cy be a smooth
family of orientable transversely parallelizable foliations of M over U given by a
smooth foliation F*™" of M x U. We define a distribution D on M x U by

(81) Dy ={v € Tupy(M xU)|vf(x,t)=0,Vf e Cy*(M x U, j_—amb)}_

where C2°(M x U, F2™P) is the space of basic functions on (M x U, F*™P). By
the standard argument of the Molino theory on D, we shall obtain the following
properties of D similar to the properties of the basic foliation of transversely
parallelizable foliations:

Lemma 27. (i) (M x U, Famb) s fiberwise transitive, that is, for each two
points (z,t) and (y,t) in M x U with the same second coordinates, there
exists a diffeomorphism f of M x U which preserves F*™° and satisfies
flx)=y.

(ii) The dimension of D,y is independent of x.

(iii) D|arxqey is integrable, and we have a foliation D* of M x {t} defined by
Dl arxqsy-

(iv) The leaf space (M x {t})/D" is a closed manifold and the canonical pro-
jgection M x {t} — (M x {t})/D" is a smooth fiber bundle with compact
fibers for each t.

Proof. FixtoonU. Let X; be a vector field on M x U which is projected to X7
by the canonical projection COO(TM) — C*(TM/TF). By the compactness of
M, for a relative compact open neighborhood U’ of ¢y in U, each X i . generates a
flow {¢7}ser on M x U’. By the proof of Theorem 4.8 of Moerdijk and Mréun [16],
for each two points (x,ty) and (y,to) in M x {to}, there exists a diffeomorphism f
of M x {to} which is a composition of ¢7"|rrxqto}: 05 [Mxfto}s =+ gbi;’f% ;) | Mx{to}
for some s; and diffeomorphisms of M x {to} preserving each leaf of PO whose
supports are contained in a foliated chart of F%. Since X! , is basic with respect
to (M xU', FamP) | 65 preserves F2™P. We can extend diffeomorphisms of M x {t,}
which preserve each leaf of F and whose supports are contained in a foliated
chart of F to diffeomorphisms of M x U’ preserving each leaf of F2*®. Then f
extends to a diffeomorphism of M x U’ preserving F*"" as a composite of @',

, et M7 and diffeomorphisms of M x U’ preserving each leaf of ]:amb

’ T cod(M,F)
Thls proves (1)

(i), (iii) and (iv) follow from (i) and the proof of Theorem 4.3 of Moerdijk
and Mréun [16]. We write down the proof for the sake of completeness. Since
D|prxvr is preserved by a diffeomorphism of M x U’ preserving F*™" by the
definition, (ii) directly follows from (i). Let (z,%) be a point on M x {tyz}. By
(ii), D|mx e} is a vector bundle on M x {to}. Let Z; and Z, be two local sections
of D)y« defined near (z,ty). For every f in Cp°(M x U, F*™), we have
(Z1, Z5|f = Z1Zsof — ZaZyf = 0. Then [Zy, Z5] is a section of D]y Hence
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D|yxqs is integrable. (iii) is proved. Let L be a leaf of the foliation defined
by D|arxgty- Let « be a point in L. We put k(ty) = dim M — dim D*. By the
definition of D, there exists basic functions f1, f2, -+, fio) on (M xU, F*™) such
that dfy Adfa - - -Adfy ) is nonzero at z. Since each f; is basic, dfiAdfa/\- - -Adfy )
is nowhere vanishing on an open saturated neighborhood U’ of L in (M x U, F&mb),
Then the map ¢ defined by

o: U — RFE(t0)
2 — (fi(2); f2(2); -, freo) (2))

is a submersion such that one of the fibers of ¢ is equal to L. Shrinking U’, we
can assume that the fibers of ¢ is connected. Since each fiber of ¢ is saturated
by D?, each leaf of D! near L coincides with a fiber of ¢. Then ¢ gives a local
trivialization of a fiber bundle. Hence (iv) is proved. O

Since D is a closed subset of T (M x U) by the definition of D, the di-
mension of D, is upper semicontinuous with respect to ¢. If the dimension
of D, is constant with respect to ¢, then the leaves of D are fibers of a
smooth submersion whose restriction to M x {t} is equal to the canonical map
M x {t} — (M x {t})/D" for each t. In this case, the continuity of the Alvarez
class follows without Proposition 20 (see Example 7.1). When the dimension of
D jumps, we have only a family of smooth proper submersions defined by D
which changes discontinuously with respect to t.

(82)

6.2. Verification of the conditions in Proposition 20. Let U be a connected
open set in R! which contains 0. Let M be a closed manifold, and {F*};cpy be
a smooth family of orientable transversely parallelizable foliations of M over U
given by a smooth foliation F2™" of M x U. We define a distribution D on M x U
by (81). By Lemma 27 (iv), D]« 4} defines a foliation D* of M x {t} whose leaves
are fibers of a submersion. We denote the projection M x {0} — (M x {0})/D"
by 7T2:_.
To apply Proposition 20 to our situation, we prepare two lemmas.

Lemma 28. There exist an open neighborhood U’ of 0 in U and a smooth proper
submersion 7™ M x U’ — (M x {0})/D° such that

(i) 7 yrxjoy = 7% and
(ii) each fiber of ™| nmxqey is saturated by the leaves of F* for each t in U'.

Proof. We put k = dim M — dim D°. For each point (z,0) on M x {0}, there
exists a k-tuple of leafwise constant functions f,1, f.o, -+, fur globally defined
on (M x U, Famb) such that (df,; Adfma A “Adfzk)(z,0) is nonzero by the definition

of D. Then df,y A dfze A -+ A dfy, is nowhere vanishing on an open saturated
neighborhood V,, of (z,0) in (M x U, F2#™). We define a map ¢, by

Ve, — R*

o
(83) 2o (far(2), fa2(2), -+ fan(2).
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This ¢, is a submersion, because df,; A dfyo A --- A df, has no zero on V.
We can assume that the fibers of ¢, is connected after shrinking V,. We put
V) = ¢, (¢2(Va N (M x {0}))). This V] is also an open neighborhood of z in
M x U. Since ¢,(V]) = ¢,(Vy), for each point z on V/, there exists a leaf L, of
DY such that ¢,(z) = ¢.(L.). Since the fibers of ¢, are connected, L, is unique.
We define a map by

by VI — VDO

xr
z +— L,

(84)

1), is a smooth submersion which maps each leaf of F' to a point. Note that
Yol arxqoy is the restriction of the projection 7% to M x {0} by the definition.
It follows that | Mx{t} 18 a submersion, because Uy | Mx{ty is of the same rank
with 1| s (0. By the compactness of M, there exists finite points {z;}}_, such
that u;;lvqjj contains M x {0}. There exists an open neighborhood U; of 0 in
U such that M x Uy is contained in U7_, V; . Let {p;}}_; be a partition of unity
on (M x {0})/D° with respect to a covering {W(Vx/j N (M x {0}))}r,. We fix
a smooth embedding ¢: M x {0} — R™ to the m-dimensional Euclidean space.
We define a map ¥, by

\Illi M x Ul — R™
2 = 2 (e, (2) it (2))-
Note that each leaf of F* is mapped to a point by ¥, by the definition. ¥|y/x oy is

(85)

equal to jom% by the definition. Since ¥, |y« is a submersion to (M x {0})/F
and ¢ is an embedding, there exists an open neighborhood U, of 0 in U; such that
Uy |amxqy is @ map of constant rank for every ¢ in U,. Hence Wy (M x {t}) is a
smooth submanifold of R™, and W/, is a smooth submersion on the image for
t in Uy. There exists an open neighborhood U’ of 0 in Uy such that Wy (M x {t})
is the image of a section of the normal bundle in a tubular neighborhood W' of
t(M x {0}) for every t in U’. We denote the projection W — +(M x {0}) of the

amb

tubular neighborhood by pw. We put @™ = py o j o Uy |pxpr- Then W;mb is a

submersion and an extension of WS;_ which satisfies the given conditions. O

We put 7% = W}mb|MX{t} for t in U’. We write F* for a foliation of M x {t}
defined by the fibers of 7.

Lemma 29. There exists a smooth family {g'}1cvr of Riemannian metrics on M
such that
(i) ¢' is bundle-like with respect to both of (M, F*) and (M,F") and
(ii) the leaves of F* are minimal submanifolds of (M x {t},g") for each t in
U'.
In particular, the conditions (a) and (b) in Proposition 20 are satisfied by M x{0},
FO, FO and ¢°.
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Proof. 1t is well known that a Riemannian foliation G on a closed manifold N
defined by a proper submersion is minimizable. For example, see Corollary 2 of
Haefliger [10]. Then there exists a Riemannian metric ¢i™ on M x U’ which
is bundle-like with respect to the foliation defined by the fibers of 7z and each
leaf of F is a minimal submanifold of (M x U’, g*™). We put ¢! = G v ey -
Then the leaves of F! are minimal submanifolds of (M x {t},g!). Let ' be the
characteristic form of (M x {t}, F*, g¢). We can take a family of metrics {g.}ier
on a family of vector bundles T(M x {t})/TF' = (TF")* on M such that g}
is transverse with respect to both of F* and F*. We can extend the family of
metrics {g4}ier on {(TF)* }ier to a family of Riemannian metrics {g'}cp on
M so that the characteristic form of (M, F*, g') is equal to X'. Then g* is bundle-
like with respect to both of F' and F!. By the Rummler’s formula (see the
second formula in the proof of Proposition 1 in Rummler [22] or Lemma 10.5.6
of Candel and Conlon [4]), the mean curvature form of a Riemannian manifold
with a foliation is determined only by the characteristic form and the orthogonal
complement of the tangent bundle of the foliation. Since the characteristic form

of (M x {t}, F',¢") is equal to x*, the leaves of F' are minimal submanifolds of
(M x{t}, g"). m

We will confirm that the conditions (c) and (d) in Proposition 20 are satisfied
in the present situation.

Lemma 30. The conditions (c) and (d) in Proposition 20 are satisfied by
(M, F°,¢°) and %.

Proof. Let {wi}fﬁ(M’ﬂ on (M x U, F*") be the set of basic 1-forms on (M x
U, F2m*) such that w;(X? ) = d;; where d;; is the Kronecker’s delta. dw; is
written as

(86) dw; = Z AFwi A wy

1<j<k<cod(M,F)
. ik
for some functions ¢!* on M x U. We have

(87) dwi(X? L XE ) =R

amb? amb) 7

Since dw; and each w; are basic forms and Ximb is a transverse field on
(M x U, F*) ¥ is a basic function on (M x U, F*). Hence the restric-
tion of czk to each fiber of F° is a constant by the definition of D. This proves
that the condition (c) is satisfied.

Let § be a 1-form on (M x {0})/F°. Then 7% is a basic 1-forms on
(M x U,F*"). Tt follows that 7%3(X},,) is a global basic function on
(M x U, F*). Hence the restriction of 7%G(X},,) to each fiber of FOis a
constant by the definition of D. Hence the image of X7 a0y by the canonical



30 HIRAKU NOZAWA

projection C*(T'(M x{0})/TF°) — C=(T(M x {0})/TF°) is a transverse field
on (M x {0}, F°). This proves that the condition (d) is satisfied. O

6.3. Proof of the continuity Theorem 1. Let M be a closed manifold and
{F'}iev be a smooth family of transversely parallelizable foliations of M over U.
We consider the distribution D defined by the equation (81). By Lemma 27, a
proper submersion 7% : M x {0} — (M x{0})/D" is defined by the restriction of
D to M x{0}. By Lemma 28, we can take an open neighborhood U’ of 0 in U and
a proper submersion 72" : M x U" — (M x {0})/D° such that mz| g0y = 7%
and each fiber of 7T]:—|M><{t} are saturated by the leaves of F! for each ¢ in U’.
We denote the foliation of M x {t} defined by the fibers of 7#|sx gy by F'. By
Lemma 29, we take a smooth family of metrics {g*}:cp» on M such that the fibers
of 7% are minimal submanifolds of (M x {t}, "), and g" is bundle-like with respect
to both of (M, F*) and (M, F*) for each t in U’. We denote the mean curvature
form and the Alvarez form of (M, F', g') by ' and k!, respectively. We define
fy, = pg(K').

We prove Theorem 1 by using Proposition 20 and Corollary 4.23 of Dominguez
in [5].

Proof of Theorem 1. By Lemma 17, it suffices to show the case where M, F° and
the basic fibration of (M, F°) are orientable. By Lemmas 29 and 30, the condi-
tions (a), (b), (c) and (d) in Proposition 20 are satisfied. Hence, by Proposition

20, &Y is closed and [£)] = [x)]. By Corollary 4.23 of Dominguez [5], we can

modify the component ¢'|rrigrr along the leaves of {g'}ier so that k° = &J.

Note that &} may not be closed for nonzero parameter ¢ in 7”.
For a smooth loop v in M, we have the following evaluation:

NGRS
<|[, (R =)+ |/, (7 —ni)
=L (B =) |+ | S, o (7= )

< S, (R = &) |+ (supsest 1)) (59Pacarrn

(88)

#(2) — nt(@)]|)

where || - || is a norm induced by ¢*. Since &} converges to &) = k", the first and

the second term converges to 0 as ¢ tends to 0. Then we have lim; o [ &} = [ &)
g g

and the proof is completed. 0

By Proposition 5.3 of Alvarez Lépez [1], every closed 1-form cohomologous to
the Alvarez class of (M, F°) is realized as the Alvarez form of (M, F°, g) for some
bundle-like metric g. Proposition 5.3 of of Alvarez Lépez is simpler to prove than
the Corollary 4.23 of Dominguez [5] used in the proof of Theorem 1 above. But
we do not know if we can replace Corollary 4.23 of [5] by Proposition 5.3 of [1]
in the proof of Theorem 1.
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In fact, by Proposition 5.3 of [1], we can modify the component ¢°|rrigr st

along the leaves of {g'}+c7 so that k) = &J). But we do not know if ) I </%§, — ﬁf,)

converges to 0 as t goes to 0 here. Note that ‘ fw (Rz — l€t> ) may not converge to

0 as t goes to 0 in this situation. This is because x} is defined by integrating the
mean curvature form on each leaf closure of F' and the dimension of the closures
of leaves of F' can change on any small open neighborhood of 0.

7. EXAMPLES OF RIEMANNIAN FOLIATIONS

7.1. A special case where the families of Molino’s commuting sheaves
are smooth. Let {F'},cr be a family of Riemannian foliation on a closed man-
ifold M. If the dimension of the closures of generic leaves of F* is constant with
respect to ¢, then the family of Molino’s commuting sheaves of {F'} is smooth
(see pages 125-130 and Section 5.3 of Molino [17] for the definition of the Molino’s
commuting sheaf of a Riemannian foliation). Since the Alvarez class of (M, F*)
is computed from the holonomy homomorphism of the Molino’s commuting sheaf
of (M, F") by Theorem 1.1 of Alvarez Lépez 2], the Alvarez classes of this family
are continuous with respect to ¢. Our main continuity Theorem 1 is essential in
the case where the dimension of the closures of leaves change. If the dimension
of the closures of leaves change, we cannot prove the continuity of the Alvarez
class as above or directly by an application of deformation theory to Molino’s
commuting sheaves. In fact, the family of the Molino’s commuting sheaves must
be discontinuous in this case, because the rank of the Molino’s commuting sheaf
is equal to the dimension of the closures of generic leaves of F°.

7.2. Families of homogeneous Lie foliations. Let p: L — G be a surjective
homomorphism between Lie groups. Let I' be a uniform lattice of L. A foliation
F on a homogeneous space I'\L is induced by the fibers of p. This F has a
structure of a G-Lie foliation. Such F is called a homogeneous G-Lie foliation. By
deforming L, G, p and I', we may produce families of homogeneous Lie foliations.
The Alvarez class is computed in terms of Lie theory by the interpretation of the
Alvarez class as a first secondary characteristic class of Molino’s commuting sheaf
by Alvarez Lopez (Theorem 1.1 of [2]). But the author does not know an example
of a family of Riemannian foliations whose Alvarez classes change nontrivially
obtained in this way. In many cases, the Alvarez class does not change as we will
see in the following. If GG is nilpotent, then the F is of polynomial growth. Then
the Alvarez class does not change under deformation of F by Corollary 3. If L
is solvable, then T is polycyclic (see Proposition 3.7 of Raghunathan [20]). Then
the Alvarez class does not change under deformation of F by Corollary 3. If G is
semisimple, the structural Lie algebra of the Lie foliation defined on the closure
of leaves of F is semisimple. Then F is minimizable by Theorem 2 of Nozawa

18].
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7.3. Meigniez’s examples: Families of solvable Lie foliations. Meigniez
constructed plenty of families of solvable Lie foliations which are not homogeneous
by a surgery construction on homogeneous Lie foliations in [14] (see also [15], in
particular, pages 119-122 for an explicit example). These families contains many
examples of families of Lie foliations whose Alvarez classes change nontrivially.

7.4. Basic cohomology of Riemannian foliations is not invariant under
deformation. We present an example of a family of Riemannian foliations whose
basic cohomology changes. Let M = S x S3. Let o be the free S'-action on
S3 whose orbits are fibers of the Hopf fibration. Let p be the T?-action on M
which is the product of the principal S'-action on the first S*-component and
o. For each element v of Lie(T?) — {0}, let F, be the Riemannian flow on M
whose leaves are the orbits of an R-subaction of p whose infinitesimal action
is given by v. Then we have a smooth family {fv}veme(ﬂ)—{o} of Riemann-
ian flows on M. Let v; and vy be the infinitesimal generators of the principal
Sl-action on the first S'-component and o, respectively. Since M/F, = S and
M/F,, = M/o = S' x 52, clearly the dimension of H}(M/F,,) and H}(M/F.,,)
are different.

8. EXAMPLES OF NON-RIEMANNIAN FOLIATIONS

8.1. Turburization. Let F' be a product foliation T? = Ly, 51 {61} x S* on T?.
Let F° be a turbulization of 7' along a closed curve {3} x S*. This Z° is not min-
imizable by a theorem of Sullivan (see [24]), because F° has a tangent homology
defined by the Reeb component. Note that FV is a limit of 1-dimensional foliations
on T2 which are diffeomorphic to F'. Thus we have a family of 1-dimensional
foliations on T2 parametrized by [0, 1] such that only F° is not minimizable.

VANEITAS
VANEIVAS
Al NI AN
f’O fl
8.2. Deformation of an example of Candel and Conlon. We present an
example of a family {F'}iejo1) of 1-dimensional foliations on S* such that F° is
not minimizable and F* is minimizable if ¢ is nonzero. In a similar way, we will
construct a family {H'},ep0,1) of 1-dimensional foliations on S* such that H; is
minimizable and H, is minimizable if ¢ is not equal to 1. Here F° and H° are the

example constructed by Candel and Conlon in Example 10.5.19 of [4].
We restate the construction of the example F° of Candel and Conlon here.
We consider the 2-dimensional product foliation S x D? = U,cq1{t} x D? on

the solid torus. Turburizing this product foliation around the axis S* x {0}, we
obtain a singular foliation S on S x D? whose leaves are trumpet-like surfaces
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and the axis S' x {0}. We foliate S* x D? by a 1-dimensional foliation G° so that
each leaf of S is saturated by leaves of G° and the leaves of G is transverse to
the boundary of the solid torus. We obtain a foliation F° on S by pasting two
copies of (St x D% G°). This (S3, F°) is nonminimizable as Candel and Conlon
showed by a theorem of Sullivan in [4].

We construct F* for nonzero ¢ in [0,1]. Let L; and Ly be two closed leaves
of FY which are axes of solid tori. For ¢ in [0, 1], let F* be the smooth foliation
obtained from F° by replacing both of L; and L, to solid tori K! and K% of
radius ¢ with the product foliation K! = S' x D?* = U,ep2S* x {x} for i = 1 and
2. Thus we have a smooth family {F'},cj01] of 1-dimensional foliations on 53,

(S x T2,G% After inserting a sorid torus.

We can decompose S? into F'-saturated subsets Ki, K} and T2 x [0,1]. Let
(01,605, s) be the coordinates on T2 x [0, 1] such that

e 0, parametrizes a meridian of K! and a longitude of K%, and
e O parametrizes a meridian of K% and a longitude of K7.

By the construction, we can construct F* so that the leaves of F* are transverse
to a 1-form df; + df, on T? x [0, 1].
By the Rummler-Sullivan criterion, we show

Proposition 31. F* is minimizable for nonzero t in [0, 1].

Proof. By the Rummler-Sullivan criterion (see Sullivan [23]), F* is minimizable
if and only if there exist a 1-form x on S? such that x| has no zero and

dX|T_7:t =0.
We take the decomposition of S? into Ft-saturated subsets
(89) S? = KU KLU (T? x [0,1])

as above. We take a coordinate (61,65, s) on T? x [0, 1] as noted in the paragraph
previous to Proposition 31. We assume that F* is transverse to df; + df, on
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T? x [0,1], while F*| k¢ is the product foliation on a solid torus for i = 1 and 2.
Let A; be the axis of K!. We can extend 6; from T2 x [0,1] to S% — A; so that

e 0, is the composite of a diffeomorphism S — A; = S! x D? and the first
projection St x D? — St and
e df; is transverse to F* on S® — K.
We extend 0y to S® — Ay in a similar way.
Let 7; be the radius coordinate on the D?-component of K!. Let ¢; be a
nonnegative smooth function on S* such that
e ¢, =0o0n S®— K,
e ¢; is a function of r; on K} and
e ¢; is 1 on an open neighborhood of A;.

We define a 1-form x on S® by

Note that (1 — ¢;)db; is well-defined on S3, though df); is not defined on the axis

We will confirm that x satisfies the conditions in the Rummler-Sullivan’s crite-
rion for F* on the each component of the decomposition (89). Since the restriction
of x to T? x [0,1] is equal to dfy + dba, x|r2xjo1] is transverse to F'|p2xp,1) and
dx =0. On K!, we have

(91) Xlgt = (1 — ¢1)d01 + db;

Since df, is transverse to F*|xt and db|rF is zero, x|k is transverse to F'|g:.
We have dx|xt = déy A doy, and hence (dx|k:)|rF: = 0. We can prove that x|g;
also satisfies the two conditions in the Rummler-Sullivan’s characterization in the
same way. Hence F' is minimizable. O

Let X?® be a nowhere vanishing vector field tangent to F*° for s = 0 and 1.
We put X! = ¢X! + (1 —¢t)X° Then X' is also nowhere vanishing and defines
a foliation H’. In this family {H'}.ep0,1) of foliations, H' is not minimizable for
0 <t<1and H'is minimizable. Hence
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