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The ability to reduce everything

to simple fundamental laws

does not imply

the ability to start from those laws

and reconstruct the Universe

PHILIP W. ANDERSON

3.1. Introduction

The building up of heavy elements from lighter ones is carried out in different stellar
environenments in which different nuclear reactions are taken place. It will be helpful to
trace the life of star from its burning phases until its death through intermediate stages, in
order to describe the stellar environenments were nucleosynthesis takes place.

3.1.1. Stellar evolution

During their lifetimes, stars evolve in a way that can be related to their position
on the Hertzprung-Russell Diagram (HRD) which consists on a graph of luminosity versus
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temperature for all types of stars for which these magnitudes can be measured. There are
four main evolutionary stages in the life of a star: protostar, pre-main sequence, main
sequence and post-main sequence. Stellar evolution is concerned with the slow changes
in a star’s size, luminosity and surface temperature with time, and the relationship between
these and its chemical composition.

The process by which stars form and begin to shine can be summarised as follows:
interstellar clouds contract under gravity and gravitational potential energy is converted into
thermal and radiative energy. Eventually the core of the cloud becomes hot enough allowing
to begin nuclear fusion reactions. While the star is still in free-fall collapse it is called a
protostar. From this stage until nuclear ignition it is called pre-main sequence star, internal
pressure retards the collapse and it becomes hot enough to be faintly luminous. There
are exceptions to the progression, however. If a protostar reaches a mass less than ∼ 0.08
M¯ (where M¯ is the solar mass), then the gravitational contraction will be insufficient for
nuclear reactions to start and, hence, the star will never reach the main sequence. Such
an object is called a brown dwarf and is more like an enormous planet than a star. The
only energy source for brown dwarfs is gravitational potential energy and in consequence
they are cool and have low luminosities. Stellar models show that an object is classified as
a planet if its mass is less than 0.002 M¯, thus,a brown dwarf mass will be between 0.002
M¯ and 0.08 M¯, and a star capable of hydrogen burning has an initial mass exceeding
0.08 M¯.

The path describing the progress of a star on the HRD is called its evolutionary
track. A star in the pre-main sequence stage shrinks. The Kelvin-Helmholtz contraction
causes that a star in the pre-main sequence stage to glow with a low surface temperature
and luminosity, and, hence, an evolutionary track begins in the lower right-hand corner of
he HRD (point A in figure 3.1). As the star continues to contract, its core temperature
increases to the point where nuclear reactions start and supply the energy to make it shine.
Hydrostatic equilibrium is now established, and the star begins its useful working life. It is
now called a zero-age main sequence (ZAMS) star (point B on figure 3.1). At this point, it
commences the longest stage in its career, burning hydrogen into helium over many million
of years. This era is know as the main sequence phase. How long the star spends on the
main sequence depends on its mass (the Sun has a main sequence lifetime of roughly 1010

years).

As the hydrogen in the core is used up, hydrostatic equilibrium causes the interior
temperature to gradually increase as well as the density. This ensures that the rate of
nuclear reactions in the core are maintained. The star contracts slightly, increasing its
luminosity due to a greater flow of energy to its surface. On the HRD the evolutionary
track moves along the main sequence until it reaches point C, where it starts to veer over to
the right and the star is now ready to enter the next stage of its evolution, called post-main
sequence.

While on the main sequence, a star uses up less than 10% of its hydrogen reserves
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Figure 3.1. Evolutionary track on the Hertzprung-Russell Diagram

and so does not appreciably change its mass. However, in its core, where the nuclear
reactions take place, the composition changes as hydrogen is converted into helium, forcing
the star to radically alter its structure and appearance.

When all the hydrogen in the core is exhausted, the thermonuclear reactions stop
and gravity compress the core to a smaller size. However, surrounding the core, which
is now mainly helium, there is a shell of hydrogen which is heated by the gravitational
contraction, so hydrogen burning continues in the shell. This fact produces an outward
pressure which prevents the star from collapsing and makes it to expand to several hundred
times its former size. It has now become a red giant with a lower surface temperature and
higher temperature (point D in figure 3.1, also called red giant branch or RGB). A few stars
are both more luminous and larger than typical red giants and are called supergiants.

At this point, the evolution of the central regions of a star is made of successive
”controlled” thermonuclear burning stages and of phases of gravitational contraction as
schematically illustrated in figure 3.2. In this figure, a schematic representation of the
evolution of the internal structure of a spherically-symmetric massive star (M ≈ 25 M¯) is
illustrated. The shaded zones correspond to nuclear burning phases. A given burning phase
starts in the central regions (the central temperatures Tc and densities ρc are indicated
at the bottom of the figure). In between the central nuclear burning phases, episodes of
gravitational contraction occurs (downward arrows). The chemical symbols in the figure
represent the most abundant nuclear species left after each nuclear-burning mode (”Fe”
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Figure 3.2. Schematic representation of the evolution of the internal structure of a spheri-
cally.symmetric massive (M≈ 25M¯) star. The shaded zones correspond to nuclear burning
stages [Arn99].

symbolises the iron peak nuclei with 50 . A . 60). The latter phases are responsible for
a temperature increase, while the former ones produce nuclear energy through charged-
particles induced reactions. Of course, composition changes also result from these very
same reactions, as well as, at some stages at least, from neutron-induced reactions, which
in contrast do not play any significant role in the stellar energy budget. The successive
nuclear-burning stages are developed in time with nuclear fuels of increasing charge number
and at temperatures increasing from several tens of 106 K to about 4·109 K. In addition,
the duration of each burning phase decreases in a dramatic way. This situation results from
the combination of a decreasing energy production when going from H burning to the later
burning stages and an increasing neutrino production, and the consequent energy losses,
with temperatures exceeding ∼ 5·108 K. Figure 3.2 also depicts schematically that a nuclear
burning phase, once completed in the core of the star, migrates into a thin peripheral shell.
As a consequence the deep stellar regions look like an onion with various ”skins” of different
compositions.

It is quite important to notice that all stars do not necessarily experience all the
burning phases displayed in figure 3.2: while massive stars (M & 10 M¯) go through all
those burning episodes, low and intermediate-mass stars (M . 8 M¯) end their nuclear
history without proceeding through the carbon and heavier elements burning phases. Stars
in the 8 M¯ .M . 10 M¯ range represent complicated intermediate cases.
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Although is only a brief phase compared to the overall stellar lifetime, most stars
will pass through the Asymptotic Giant Branch (AGB) phase. The AGB phase is
the last phase of evolution for low and intermediate mass stars with 1 M¯ . M . 8

M¯. The ascent of the RGB in the HRD is terminated by ignition of the central helium
supply. The subsequent evolution is characterised by helium burning in a convective core
and a steadily advancing hydrogen burning shell. Eventually, the helium supply is totally
consumed, leaving a core of carbon and oxygen (the exact proportions of which depend
on the infamously uncertain rate for the 12C(α, γ)16O reaction). In any event, following
the exhaustion of central helium the star begins to ascent the giant branch again. It is
now called the “second” or “asymptotic” giant branch, because of the way the evolutionary
tracks seem to approach the (first) giant branch asymptotically.

There are only three possible destinies of stellar evolution: white dwarfs, neutron
stars and back holes.

After helium burning is complete, in a low mass star with M . 4 M¯, the tem-
perature in the core is not high enough for starting the fusion of carbon and oxygen which
are the helium burning’s ashes, the star’s temperature drops and its luminosity decreases.
As a result a white dwarf is formed in which high density of matter 108 − 109 kg/m3 is
achieved. On the HRD, the evolutionary track of a low mass star crosses over the main
sequence and then turns sharply downwards towards the white dwarf region (see figure 3.1).

On the other hand, the death of stars with massM & 4M¯ is carried on by means
of a different way. After heaving experienced all the burning phases depicted in figure 3.2,
these stars develop an Fe core which cannot be used as nuclear fuel for further burning
stages due to any transformation of the strongly-bound Fe nuclei is endothermic. Actually,
this core becomes dynamically unstable and implodes as a result of free-electron captures
and Fe photodisintegration. Through a very complex chain of physical events the implosion
can turn into catastrophic supernova explosion known as Type-II supernova (SNII). In
this sequence of events, neutrino production and diffusion through the SN core material
play a key role. These processes crucially help the generation and powering of a shock wave
propagating outward through most of the SN layers. This shock wave compress the various
traversed layers, heats them up before pushing the outward until their injection into the
interstellar medium (ISM). In this SN scenario not the whole of the stellar mass is returned
to the ISM, thus, leaving a “legacy” which reminds the tragedy of the just death star. As a
result, the inner parts survive to the SN explosion as a castaway in the cosmic ocean, which
may be a neutron star (observable as a pulsar if it is magnetized and rapidly rotated) or
even a black hole, depending on the main sequence mass star value.

3.1.2. Nucleosynthesis

The natural abundances of the elements heavier than carbon shown in figure 3.3
are thought to have their origins in the various phases of stellar nucleosynthesis, either
under hydrostatic as well as under explosive conditions. During these phases, nuclei up
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Figure 3.3. Schematic curve of the cosmic abundances of the nuclides. The various nucle-
osynthetic processes are also indicated. The peaks at the abundances of nuclei with ”magic”
neutron numbers are clearly seen [Pra89a]

to iron peak are produced from lighter ones by charged particle reactions, as originally
proposed by Hoyle in 1946. Nuclei heavier than the iron peak (A > 60) which are known
as heavy nuclei, cannot be significantly produced by charged particle reactions due to the
high temperatures required to overcome the high Coulomb barriers (T & 5 · 109 K), pho-
todisintegration reactions become dominant, favouring, hence, the formation of iron peak
nuclei.

Nature, however, has found another mechanism: neutron captures on seed nuclei
are though to be responsible for the formation of the bulk of the heavier elements as neutrons
are not bound by Coulomb barriers allowing to transport through stellar interiors. The idea
for stellar neutron capture nucleosynthesis were proposed in the monumental paper of E.M.
Burbridge, G.R: Burbridge, W.A. Fowler and F. Hoyle in 1957 (frequently named B2FH
in the nuclear astrophysics literature) as well as the paper of G.W. Cameron, also in 1957
[Cam57]. In those pioneering works it was recognized for the first time that the peaks
in the abundances of the heavy isotopes can be naturally explained by the nuclear physics
aspects of the neutron capture processes, thus, the enhanced stability of nuclei with ”magic”
neutron numbers (N = 50, 82, 126) can explain their high natural abundances (it should be
reminded that a nuclei with magic neutron number in nuclear physics, conceptually, plays
the same role as a noble gas in atomic physics; both present a complete nuclear or atomic
shell, respectively).
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Since these pioneering works [B2FH] & [Cam57], nucleosynthesis studies are being
worried in clarifying (i) the abundances of the nuclides in the solar system, (ii) which
deviations from them in other stars, gas and galaxies are real and are to be attributed to
nuclear processes, (iii) which are the dominant nuclear reactions and their cross sections,
and (iv) the sites where it occurs. Intermediate progress reports on general aspects of
nucleosynthesis can be found in several works: [Tru73], [Tri75], [Tri91], [Thi98], [Arn99]
and [Thi01].

Primordial nucleosynthesis

The question of the origin of light elements, which include H, He, Li, Be and B (and
their isotopes), occupies a very special place in the theory of nucleosynthesis. The inability
of stars to produce the required amounts of light nuclei by thermonuclear reactions results
from the ”fragility” of those elements in stellar interiors. More specifically, their lifetimes
against destruction by proton induced reactions are much shorter than the typical stellar
evolutionary lifetimes at the temperatures and densities prevailing in most stellar locations.
In such conditions and generally speaking, stars appear to be efficient destructors, rather
than producers of light nuclei (mainly D, Li, Be, B). The situation concerning He is different
as He is, after H, the most abundant nuclide in the visible Universe in general, and in the
Solar System in particular. In fact is it well known that 4He is produced abundantly by
Hydrogen burning stages in stars but detailed calculations indicate that the stellar 4He yields
returned to the interstellar medium cannot account for the observed 4He abundances.

In view of the difficulties encountered when trying to explain the bulk galactic and
Solar-system light nuclei abundances in terms of stellar thermonuclear reactions, various
other models have been developed, like the production by non-thermal reactions, that con-
sist on the fragmentation of the cosmic radiation heavier elements when interacting with
the interstellar medium, integrated over the history of the galaxy or thermonuclear pro-
duction during Big Bang explosion. Big Bang nucleosynthesis, also known as primordial
nucleosynthesis, was firstly suggested in the famous paper of R.A. Alpher, H. Bethe and G.
Gamow in 1948 (strategically named as αβγ) in which was recognized the significance that
a hot Big Bang model of the Universe should have for the origin of the elements. The first
numerical calculation of the relic abundances of light elements in a hot big bang universe
were performed in the decade of sixties [Pee66], [Wag67]. After these former works, several
attempts have been made in order to justify the observed abundances of light elements
applying hot Big Bang nucleosynthesis models as described in [Mat93a] and [Pag00] for the
case of 4He, and [Pra93], [Van00] and [Hob00] for the Li, Be, and B elements, and also in
some general reports [Wag73], [Sch77], [Boe85], [Esm91] and [Oli00].
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Non-explosive stellar nucleosynthesis

The main hydrostatic burning stages with the concomitant reactions that occur in
a massive star, can be summarised as:

Hydrogen burning: there are two sequences of reactions, the three pp-chains which
convert 1H into 4He, and the CNO cycle which converts 1H into 4He by a sequence of (p,γ),
β+-decays and (p,α) reactions on C, N and O isotopes and subsequent beta decays.

Helium burning : the main reactions in this stellar stage are the triple-alpha reac-
tion 4He(2α, γ)12C and 12C(α, γ)16O which has a very special importance for the theories
of stellar evolution and nucleosynthesis [Wos88], [Thi90].and [Wea93]

Carbon burning: the main reaction are 12C(12C, α)20Ne and 12C(12C, p)23Na. Most
of the 23Na nuclei will react with the free protons via 23Na(p, α)20Ne.

Neon burning: This phase is initiated by the reaction 20Ne(γ, α)16O, the first
major energetically significant photodisintegration reaction experienced by the star. The
other two main reactions are 20Ne(α, γ)24Mg and ,24Mg(α, γ)28Si.

Oxygen burning : The main product during this burning stage is 28Si by means
of the nuclear reaction 16O(16O,α)28Si. On the other hand, the production of 28Si can be
carried on by another channel: 16O(16O,p)31P and 16O(16O,n)31S(β+)31P, most of 31P is
destroyed by a (p, α) reaction to 28Si.

Silicon burning : Si burning is initiated like Ne burning by photodisintegration
reactions which the provide the particles for capture reactions. It ends in an equilibrium
abundance distribution around Fe.

s-process: This is a neutron capture process, responsible of the formation of neu-
tron rich nuclei heavier than Fe [B2FH], [Cam57], [See65], [All71], [Mat85], [Mat93b] &
[Arn99], which takes place under non-explosive conditions.

The s-process

The slow neutron capture process (see [Kap89] for a general review) relies on the
assumption that pre-existing nuclei, which are known as “seed” nuclei, are exposed to a
flux of neutrons that is weak enough for allowing a β-unstable nuclei produced by a (n, γ)
reaction to decay promptly, except perhaps for very long lived isotopes which may instead
capture a neutron. Consequently, the s-process path in the Z-N plane is developed in the
close vicinity of the line of β-stability. This definition does not make any reference to
the origin of the required neutrons or to a specific astrophysical site. Nevertheless, the
competition between neutron captures processes (whose rates depend on temperature and
neutron density) and β-decays (which are mainly temperature dependant) is incorporated
in semi-empirical analyses of s-process abundances in order to impose some constraints,
particularly on neutron density and temperature for the s-process.

Two different neutron sources with its corresponding stellar scenarios are required
in order to reproduce the solar system abundances of those nuclei synthesised by an s-
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process [Pra89a], [Kap89], [Tra99]. Ultra heavy s-nuclei, below the Sr peak which is called
the weak component (A 6 90), are formed in central regions of massive stars (M & 8 M¯)
near the end of the core helium burning with 22Ne(α, n)25Mg as the main neutron source
[Cou74], [Lam77], [Arn85], [Bus85], [Pra87], [Lan89], [Rai92], [Bar92], [Thi98] & [Tra99].
A different site for the production of s-nuclei, from Sr to Pb which are known as the main
component (A > 90) are synthesised in thermally pulsing shells of hydrogen and helium
burning during the AGB phase of low and intermediate mass stars with 13C(α, n)16O as the
dominant neutron source. Thermal pulses and their associated dredge-up allow the contact
between the hydrogen rich envelope and the carbon rich intershell zone. Then, as the star
contracts, proton captures on 12C are allowed and, thus, 13C is produced. During the
interpulse phase this reaction is followed by 13C(α, n)16O which releases enough available
neutrons to initiate the s-process on Fe seed nuclei [Ibe82a], [Ibe82b], [Hol88], [Hol89],
[Gal93], [Mow97], [Lat98], [Arl99], [The00], [Bus01], [Abi02] & [Lug03].

Explosive stellar nucleosynthesis

Many of the hydrostatic burning process discussed above can also occur also under
explosive conditions at much higher temperature and on shorter timescales. The bulk
reactions remain still the same in many cases, but often the β-decay half-lives of unstable
products are longer than the timescales of the explosive processes. Due to the very short
timescale of explosive processing (from a fraction of a second up to several seconds), only
few β-decays can take place during explosive nucleosynthesis events, resulting in heavier
nuclei [Tri91], [Arn95], [Thi98] & [Arn00]. Explosive burning stages produces intermediate
to heavy nuclei, depending on the temperature of the nucleosynthesis sites. The feature
which distinguishes these explosive processes is the peak temperature achieved rather than
the available fuel.

Explosive hydrogen burning : The burning is described by proton captures and
β+-decays on unstable proton rich nuclei, usually referred as the rp-process (rapid proton
capture process) [Rem97], [Thi98] & [Thi01]. In addition alpha induced reactions, which are
known as αp-process, can provide synthesised nuclei which are taken as seed nuclei by the
rp-process [Arn99]. As in the hydrostatic version of this burning stage, two ”hot” burning
modes are involved: the hot p-p mode, and the hot CNO and NeNa-MgAl chains. For
instance, the cold (hydrostatic) CNO cycle, in which the β-decay of 13N occurs, switches
to the hot CNO mode (also named HCNO) when 13N(p,γ)14N becomes faster than the 13N
β-decay (see [Cha92] for detailed description of such cycle).There are several astrophysical
environments suggested where the rp-process can take place, but the most prominent ones
are novae [Her01a] and X.ray burst [Thi01], [Her01b].

Explosive helium burning : The explosive combustion of He is characterised by the
same reactions as its hydrostatic version, producing 12C and 16O. Neutron sources for the
s-process in hydrostatic burning stages like 22Ne(α, n)25Mg or 13C(α, n)16O release a large
neutron flux under explosive conditions, for instance, during the passage of a supernova
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shockfront through the He-burning zones of a massive star, although for such astrophysical
condition the amount of He burned would be negligible due to the temperature achieved is
not high enough [Thi98].

Explosive carbon and neon burning : When temperatures which allow the hot C-
burning, are achieved (T9 ∼ 2), the explosive Ne-burning is also activated. Both processes
supply many nuclei in the mass range 20 < A < 30 in solar proportions. Photodisintegration
reactions of pre-existing more neutron-rich nuclei with a combination of radiative proton
capture processes can produce proton rich stable isotopes, which are so-called p-nuclei
(see discussion of the proton capture process or p-process in [Woo78], [Pra89b], [How91],
[How93], [Ray93] & [Ray95]).

Explosive oxygen burning: At slightly higher temperatures (T9 ∼ 3.3) the hot O-
burning will reproduce the main products in the mass range 28 < A < 45 [Tru70]. In
other zones with temperatures close to T9 ∼ 4.0, there exists some contamination by several
Fe-group nuclei [Thi98].

Explosive silicon burning: For temperatures exceeding T9 & 4.0 − 5.0 essentially
all Coulomb barriers can be overcome and a nuclear statistical equilibrium is established,
leading to a complete Si-exhaustion, and Fe-group nuclei are produced.

r-process: Together with the s-process, this is the other neutron capture process
responsible for the formation of neutron rich nuclei heavier than Fe which occurs under
explosive conditions [B2FH], [Cam57], [See65], [All71], [Mat85], [Mat93b] & [Arn99].

The r-process

In contrast to the s-process, the ”rapid” neutron capture process, called r-process,
is based on the assumption that the neutron flux is high enough to allow that neutron
captures be always faster than β-decays. The seed nuclei are converted by successive neutron
captures into very neutron rich nuclei until the inverse (γ, n) reactions take place efficiently,
due to the low neutron separation energies (Sn), and thus, impede further progression.

In the simplest picture of the r-process, an (n, γ)  (γ, n) equilibrium is reached
in each isotopic chain starting at iron (Z = 26) seed nuclei. In such conditions, the isotopic
abundance distribution for a given charge Z is independent of the (n, γ) and (γ, n) cross
sections, depending mainly on Sn, temperature and neutron density. Once distributed in
such way, the isotopes then ”wait” for β-decay to occur (this is known as the waiting point
approximation). Beta decays, thus, governs the speed of the nuclear flow (the r-process
path in the N − Z plane). If the r-process path reaches the trans-actinide region, neutron
induced (or β-delayed) fissions could interrupt the flow to higher Z values and could be
responsible for a cycling-back of the material to lower mass nuclei.

Some simple models for the nuclear physics of the r-process assume that the neu-
tron flux and the temperature go abruptly to zero after a neutron irradiation exposure in
opposition to the classical models in which these magnitudes are taken as constant [Fre99].
As a result, the very neutron rich unstable nuclides on the r-process path start to cascade
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Figure 3.4. Decomposition of the solar abundances of heavy nuclides into an s-process (solid
line), an r-process (open circles) and a p-process (crosses) contributions [Arn99].

through β-decays back to the line of stability in the (N,Z) plane. This cascade may be
complicated by β-delayed fission or neutron emissions.

The fundamental r-process theory of [B2FH] & [Cam57] successfully explains the
gross features of the solar r-process abundance distribution, such as the existence of abun-
dance peaks at A ∼ 80, 130 and 195. A quantitative modelling of the s and r-process allows
to study the contribution of each process to the solar system composition. Figure 3.4 shows
the solar abundance curve, beyond the Fe peak region, splitted into an s- and r- component,
the contribution of the p-process is also included [Kap89], [Tak95].

The study of astrophysical sites for the r-process still remains as an open question
despite the fact that many possibilities have been suggested since the classical works by
[B2FH], [Cam57] & [See65]. In all such r-process sites, an excess of neutrons over protons is
required in order to ensure a large neutron-to-seed nucleus abundance ratio (10-150 n/seed-
nucleus, [Thi01]), nevertheless, high ratio values can also be achieved without assuming
neutron rich environments [Mey02].

The conditions required for the r-process have been examined in terms of the
electron fraction, the entropy per baryon, and the dynamic timescale for adiabatic expansion
from high temperature and density. This parametrization of the astrophysical environment
treats the determination of the neutron-to-seed ratio, the r-process, and the freeze-out in a
smooth sequence and is more realistic than the traditional parametrization using a set of
neutron number density, temperature, and neutron irradiation time [Qia03].

The quest for possible astrophysical scenarios of the r-process is a question not yet
solved. The classical works pointed out to explosive models related to type II supernovae
as the most realistic site for the r-process (see [Cow91], [Wal97] & [Arn99] for a more
up-to-date review). Nevertheless, in the latest decade a great progress has been realised
and, in consequence, many new models have been proposed as promising r-process sites
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[Thi98], [Thi01] & [Qia03]. The bulk of these models can be classified into core collapse
supernovae models [Sne96], [Hil02] & [Cow02] and neutron stars merger models [Sch82],
[Mey89], [Ruf97], [Fre99] & [Sum98].

Core collapse supernova models can be divided into three categories: (i) Neutrino
wind models in which the free nucleons accelerated by the intense neutrino flux near the
neutrino sphere of a core collapse supernova assemble to heavier nuclei [Woo94], [Ots00] &
[Wan01]. (ii) An alternative explosion mechanism is the prompt mechanism in which the
bounce of the inner core upon reaching nuclear density launches an energetic shock which
then drive a successful explosion [Bet90]. This mechanism might work for the collapse of a
O-Ne-Mg cores of 8-10 M¯ stars [Whe98] & [Wan03] and maybe some low-mass Fe cores
[Sum01]. (iii) Another supernova mechanism relies on the formation of magnetohydrody-
namic jets following the core collapse [Leb70], [Kho99] & [Cam01]. Although this scenario
was suggested some time ago, a new scenario has been proposed in which jets are associated
to the formation of an accretion disk around a protoneutron star [Cam01].

On the other hand, neutron star merger models are splitted into two versions:
Two neutron stars mergers [Phi91], [Arz99] & [Bel02], and neutron star-Black hole mergers
[Lat74] & [Lat76].

In addition, recent spectroscopic studies of extremely metal-poor stars in the
Galactic halo indicate that the observed abundances patterns of the lighter (Z<56) and
heavier (Z>56) neutron-capture elements cannot be explained by a single astrophysical
site, there must exist at least two different r-process sites [Cow99], [Qia00] [Ish00], [Qia01],
[Thi01], [Joh02] & [Sne03].

3.2. The propagation of Cosmic Rays

Once the Cosmic Rays are synthesised in their sources and are ejected to the
interstellar medium, they move through interstellar space varying their intensity, chemical
composition and energy spectrum when compared with the corresponding characteristics in
the sources. This changes are caused by the interaction with the interstellar gas and with
the magnetic fields encountered by the cosmic rays during their travel into the propagation
region. In order to connect these properties of cosmic rays measured near the Earth and
their properties in the source, a transfer equation has to be formulated which also allows
quantitative analysis.

3.2.1. General transfer equation for Cosmic Rays

The general equation for the concentration, Ni(E,
−→r , t), which describes the trans-

port of particles of kind i, is deduced from the continuity equation in the phase space
allowing for collisions. This equation includes several effects on the traveling particles such
as spatial diffusion, energy losses, re-acceleration and transformation of the chemical com-
position in the interstellar medium (ISM). The general transfer equation can be written in
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the form [Gin64]:

∂Ni

∂t
−−→∇ · (Di

−→∇Ni) +
∂

∂E
(biNi)− 1

2

∂2

∂E2
(diNi) = (3.1)

= qi(E,
−→r , t)− PiNi +

X
j 6=i

Z
P j
i (E

0, E)Nj(E
0,−→r , t)dE0

Let us detail the meaning of each term in the above equation:

• ∂Ni
∂t shows the variation in time of the concentration of particles of type i.

• −→∇ · (Di
−→∇Ni) describes the spatial diffusion of particles with a diffusion coefficient

Di = Di(E,
−→r , t) which in the general case depends on the type of particle, energy,

position and time. In the case of considering systematic motion of the medium, i.e.
expansion or compression, an extra term

−→∇(Ni
−→u ), where −→u is the velocity of the

systematic large-scale motion, has to be added to the left hand side of equation 3.1.

• ∂
∂E (biNi) characterises the systematic energy variation due to the action of the energy
gain mechanisms (re-acceleration) and energy loss mechanisms (collisions, ionisation).
In this case, the coefficient bi = bi(E) is the mean energy increment of the particle
per unit of time: bi = dE

dt .

• 1
2

∂2

∂E2 (diNi) includes the fluctuations in the continuous variation in energy described
in previous term. In the general case, the coefficient di = di(E) is equal to the mean
square of the energy increment per unit of time:

di(E) =
d

dt
(4E)2

• qi(E,
−→r , t) corresponds to the intensity of the cosmic ray sources. qi(E,−→r , t)dE·d−→r ·dt

is the number of particles of type i supplied by the sources during the time dt in an
element of volume d−→r = dxdydz in the energy range (E,E + dE).

• PiNi allows for ”catastrophic” energy losses and also the appearance of new particles
when the considered particles of type i interact with the ISM. In this context, ”catas-
trophic” means that the particles as such, disappears. Spallation of nuclei by means
of collisions with ISM particles is an example of such processes. In this case Pi is the
probability per unit of time of such a process for particles of type i and PiNi is the
number of disappeared particles.

Pi =
1

τ i
= nvσi
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where τ i is the mean life with respect of the corresponding ”catastrophic” process, σi
is the associated effective cross section, n i the particle concentration of the medium
and v is the speed of the particles.

• P
j 6=i

R
P j
i (E

0, E)Nj(E
0,−→r , t)dE0 describes the influx of particles as a result of catas-

trophic processes. P j
i (E

0, E) is the probability per unit of time and unit of energy of
catastrophic process of a particle of type j with an energy E0 yielding a particle of
type i having energy E.

Equation 3.1 is applicable to the description of the behaviour of cosmic rays not
only in the Galaxy but also in the supernova shells, radio galaxies, intergalactic space and
so on. It will be only necessary to parametrise, in the transfer equation, the associated
conditions and parameters of the considered situation.

To find a solution of equation 3.1 becomes an extremely difficult task due to
its general character, and consequently several simplifying hypothesis have to be assumed.
Different propagation models are generated depending on the simplifications considered.

The time and position dependence of the diffusion coefficient, Di, as well as the
remaining coefficients in equation 3.1 may be caused by the change in the structure and
scales of the magnetic field inhomogeneities and also by a change in the concentration and
composition o of the interstellar gas in different parts of the propagation region and during
its evolution. However, position-dependence can be ignored due to the homogeneity of the
propagation volume under such changes. Time-dependence can also be neglected because
of the life of the cosmic rays in the propagation volume is far less than its age.

More simplifications concerning to energy as a variable can also be made. In the
”laboratory” reference frame associated to the propagation region, the fragmented particles
move at the same velocity as the original relativistic ones. Therefore, the energy per nucleon
ε ≡ E

A (where A is the mass number of the nucleus) is identical for both, i.e. the original
and the formed nucleus which follow an spallation process. Consequently,

P j
i (ε

0, ε) = pji δ(ε
0 − ε)

and hence, equation 3.1 can be rewritten as:

∂Ni

∂t
−−→∇ · (Di

−→∇Ni) +
∂

∂ε
(biNi)− 1

2

∂2

∂ε2
(diNi) = qi(ε,

−→r , t)− PiNi +
X
j<i

pjiNj (3.2)

where i = 1 corresponds to the heaviest nuclei considered. So, j < i means that it has been
assumed that nuclei of a given type i, only can be formed from heavier nuclei of kind j.

Next simplification assumes that the particles are not accelerated in the ISM during
the propagation travel, so that, the forth term in left hand of equation 3.2 has to be
neglected, and consequently, the bi coefficient only accounts for energy losses (in particular,
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ionisation energy loss). Two different kinds of ”catastrophic” processes are taken into
account: radioactive decay processes and fragmentation processes. As a result, each of the
two terms describing such catastrophic processes (i.e. second and third terms in right hand
of equation 3.2) are splitted into two new terms. So, equation 3.2 is converted to:

∂Ni

∂t
−−→∇ ·(Di

−→∇Ni)+
∂

∂ε
(biNi)+nvσiNi+

1

τ i
Ni = qi(ε,

−→r , t)+
X
j<i

nvσijNj+
X
j<i

1

τ ij
Nj (3.3)

where n is the concentration of interstellar gas, v is the velocity of the propagating particles,
σi = σi(ε) is the total interaction cross section of a nucleus of type i colliding with particles
of the interstellar gas. σij is the partial inelastic cross section for the production of nuclei
of type i from the break up of heavier nuclei of type j. τ i is the lifetime of the nuclei of
kind i with respect to radioactive decay and the last term of equation 3.3 describes the
formation of nuclei of type i due to decays of other nuclei.

The generic equation 3.3 corresponds to the transport equation for the diffusion
model which describes the propagation process of cosmic rays. A general method of solving
a set of diffusion equations with additional simplifying assumptions can be found in [Ber90].

3.2.2. The Leaky Box model

The Leaky Box Model (LBM) for the propagation of Cosmic Rays was firstly
proposed by Cowsik et al. [Cow67] and has been widely used in propagation studies due
to its simplicity. In a certain sense, the LBM can be considered as an extremely simplified
version of the diffusion model. This simplification consist on assuming that diffusion takes
place rather rapidly and, therefore, the density of cosmic rays in the whole propagation
region remains constant. As the system considered includes the cosmic rays sources, it
is necessary to allow for a certain escape time of these cosmic rays from the propagation
volume in order to keep constant the density of cosmic rays inside. Thus, the LBM assumes
that there is a strong reflection of the particles at the boundaries of the propagation region
but allows a little leakage of particles from that region [Glo69], [Gin76]. As a result, the
motion of particles inside the region of propagation may not be diffusion, but can be of
another type, for instance, free motion. In this sense, the diffusion model and the LBM
should be considered as independent propagation models. Under such conditions the terms
∂Ni
∂t −

−→∇ · (Di
−→∇Ni) in equation 3.3 may be replaced by ∂Ni

∂t +
1

τesc
Ni, where τ esc is a

parameter, with the dimension of time, which characterises the escape of cosmic rays from
the propagation volume. So that equation 3.3 is transformed to:

∂Ni

∂t
+

1

τ esc
Ni +

∂

∂ε
(biNi) + nvσiNi +

1

τ i
Ni = qi +

X
j<i

nvσijNj +
X
j<i

1

τ ij
Nj (3.4)
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In equation 3.4 several quantities have been averaged over the volume of the prop-
agation region, such as the power of the sources Qi, the density of the interstellar gas n and
the rate of energy loss bi.

Assuming the stationary case (i.e. ∂Ni
∂t = 0), and neglecting ionisation energy

losses (i.e. bi = 0), the final transport equation for the simplest LBM is:

1

τ esc
Ni + nvσiNi +

1

τ i
Ni = qi +

X
j<i

nvσijNj +
X
j<i

1

τ ij
Nj (3.5)

Thus, a system of algebraic equations in which each equation correspond to a
nucleus of type i is obtained. Equation 3.5 can be expressed in a simpler manner as:

Ni

µ
1

λesc
+

1

λiint
+

1

λidec

¶
= Qi +

X
j<i

Nj

Ã
1

λj→i
spall

+
1

λj→i
dec

!
(3.6)

where Qi =
qi

ρβcγ , λ
i
dec and λj→i

dec (in g/cm
2) are, respectively, the mean free paths for decay

of a nuclei of type i and for radioactive decay of nuclides of type j to lighter nuclei of type
i, that can be obtained by means of:

λdec = ρβcγτdec (3.7)

with ρ the mean density of the ISM which is equal to ρ = mISMn, being mISM the mass
(in g) of the ISM gas. γ is the Lorentz factor, γ = 1√

1−β2 with β = v/c, and c is the speed

of light.
The spallation and nuclear interaction mean free paths, λiint and λj→i

spall can be
obtained from:

1

λiint
=

σi
mISM

1

λj→i
spall

=
σij

mISM
(3.8)

The escape mean free path is determined from the following relationship:

λesc = ρβcγτ esc (3.9)

The system of equations for the LBM 3.6, can be easily solved in order to express
the densities Ni in terms of the source contribution Qi or vice versa depending on the input
data.

3.3. Parameters on the Leaky Box Model

In this section, the values and expressions corresponding to all parameters which
have been used to solve the leaky box transport equation are detailed.
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3.3.1. Total interaction cross section

The total interaction cross section is used to determine which fraction of a certain
nuclei remains after passing through a material medium. As hydrogen is the main compo-
nent of ISM, total inelastic cross section for the proton-nuclei reactions are employed in
order to calculate the interaction mean free path λiint using expression 3.8.

In the present work, energy dependent expressions of the total inelastic cross sec-
tion have been adopted [Let83]:

σi(ε) = σi(ε→∞) ·
h
1− 0.62 exp

³
− ε

200

´
sin
¡
10.9ε−0.28

¢i
(3.10)

with ε in units of MeV/n, and cross section in mb. σint(ε → ∞) is the limiting value of
the cross section which is independent of the energy and can be calculated by means of the
following expression [Sil90a]:

σi(ε→∞) = 45 ·A0.7P · [1 + 0.016 sin (5.3− 2.63 lnAP )] (3.11)

whereAP is the mass number of the projectile particle in the reaction: Projectile+proton−→Fragment.

3.3.2. Partial inelastic cross sections

The partial inelastic cross sections specify the probabilities of production of nu-
clides of type i from the break up of heavier nuclides of type j. In order to calculate the
fragmentation charge-changing cross sections, several sets of predictions can be used. In
our case, the semiempirical fit expressions provided by R. Silberberg & C.H. Tsao and
successively improved have been adopted for the propagation calculation [Sil73a], [Sil73b],
[Sil77a], [Sil77b], [Tsa79], [Sil85a], [Sil85b], [Sil89], [Sil90a] & [Sil90b].

It has to be mentioned that the expressions of the bulk of the parameters appearing
in the formulae of the charge changing partial inelastic cross sections for spallation in proton-
nucleus reactions, depend on the energy of the projectile nuclei considered. In consequence,
only those expressions corresponding to an energy over ∼ 3GeV/n are given below.

Different expressions for the charge changing cross sections have to be adopted de-
pending on the conditions of fragmentation for the generic reaction Projectile+proton−→Fragment.

(i) The general formula in which ∆A > 4 (where ∆A is the difference in the
projectile and fragment mass numbers) can be written as:

σij = σ0 · f(AF ) · f(E) · e−P∆A · e−(R·|ZF−SAF+TA
2
F+UA

3
F |ν) · Ω · η · ξ (3.12)

where ZF , AF are, respectively, the charge and the mass number of the fragment nucleus,
and E is the energy which is the same for both fragment and projectile nuclei. The values
of the parameters in equation 3.12 can be calculated as:
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σ0 =
144f1f2PA

0.367
P

1−
³
0.3
PAP

´
−
³
0.7− 0.3

PAP

´
e−PAP

with f1 = 1.05, f2 = 1, and P = 1.97A−0.9P . The correction factors f(AF ) and f(E) are
taken as:

f(AF ) = 1

f(E) = 1

the remaining parameters are:

R = 11.8A−0.45F

S = 0.482− 0.07
¡
AP −AP

¢
ZP

where AP = 2ZP + 0.015Z
1.8
P

T = 0.00028

U = 3 · 10−7

ν =


1.3 Z∗ < −1
1.5 −1 ≤ Z∗ ≤ 1
1.75 Z∗ > 1

where Z∗ ≡ ZF − SAF + TA2F + UA3F

Ω = 1

ξ = 1

η =


1.25 ZF even, NF even
0.9 ZF even, NF odd
1 ZF odd, NF even
0.85 ZF odd, NF odd

where NF in the number of neutrons of the fragment nuclei.
(ii) When peripherical reactions in which ∆A ≤ 4, are considered, σij is calculated

using the following new expression:
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σij(peripherical) = σ (E0) ·H(E) · Y (ZP , AP ) · ϕ(AP , E) (3.13)

where the complete expressions of the functions appearing in equation 3.13 can be evaluated
using:

σ (E0) = 21

H(E) =

(
1− exp

"
−
µ

E

230

¶2#
+ 2.2 exp

·
−E

75

¸
+ 0.33 exp

"
−
µ
E − 900
500

¶2#)
·(3.14)

·
(
1− exp

"
−
µ
E

25

¶4#)

ϕ(AP , E) = 1− 0.01(AP − 157) (3.15)

Y (ZP , AP ) = exp

"
d
¡
AP −AP

¢
ZP

#
with d

¡
AP −AP

¢
= −3.

(iii) Peripherical reactions for the case of the Uranium nuclei require a special
treatment, so, different expressions, instead of 3.13, have to be used:

σij(U, peripherical) = σ (E0) ·H(E) · ϕ(AP , E) (3.16)

where H(E) and ϕ(AP , E) can be respectively calculated by means of equations 3.14 and
3.15. σ(E0) has a different expression:

σ (E0) =



1.2 exp [−0.7 (AF − 224)] ZF = 88

1.6 exp [−0.15 (AF − 224)] ZF = 89

8.0 exp [−0.25 (AF − 233)] ZF = 90

18.5 exp [−0.55 (AF − 234)] ZF = 91

55.0 exp [−0.8 (AF − 237)] ZF = 92

3.3.3. Escape probability

The probability that a particle abandons the confining region is expressed in terms
of an escape length which estimates how easily a given particle escapes from observation.
The larger the scape length, the lower the probability that the particle could escape from
the storage region. There are several formulae available for the escape mean free path (λesc)
which are energy dependent, usually expressed in terms of magnetic rigidity.
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The first expression is derived from studies of light nuclei, and has the form
[Orm78], [Pro81] & [Koc81]:

λesc =

(
λe0 R ≤ 7.6 GV

λe0
¡
7.6Gv
R

¢δ
R > 7.6 GV

(3.17)

where R is the magnetic rigidity (R = pc
Ze , with p the lineal momentum of the particle, and

e the electron charge) of the particle in units of GV, λe0 and δ are adjustable parameters
which take the values of λe0 = 5.5 g/cm2 and δ = 0.4 ± 0.1 [Orm78]. For the most ultra
heavy nuclei with energies about 3 GeV/n, the escape length is a constant of λe0.

The second expression proposed is obtained from ultraheavy cosmic rays data
[Eng81] & [Bou82] can be written as [Wad85] & [Bre85]:

λesc =

 26.9
h
1 +

¡
1.88
R

¢2i3/2
R < 11.4 GV

25.8R−0.7 R ≥ 11.4 GV
(3.18)

which returns a value of λesc = 6.0 g/cm2 for particles with an energy of ' 5 GeV/n.
In our propagation calculation, an escape mean free path value of λesc = 5.5 g/cm2,

which is compatible with both expressions 3.17 & 3.18 as well as that given by other authors
[Mar86], has been adopted.

3.3.4. Decay parameters

Although the transport equations have to be applied for each nuclear species in
the charge region considered, only the most abundant isotope of each element has been
taken as a first approach to the propagation problem. In the ultra heavy charge range with
Z & 65, the most abundant isotopes coincide with those having a larger life for alpha decay
and, therefore, with the most stable ones.

The only possible radioactive decay, in the charge range considered is alpha decay,
in which ∆Z = 2. Therefore, all those nuclei with half life time for α-decay larger than
107years can be treated as stable and consequently the radioactive decay term should be
neglected from the leaky box transport equation 3.6 (i.e. 1

λidec
= 0 and 1

λj→i
dec

= 0). On the

other hand, for the nuclei with half-life time for α-decay shorter than 107years, relationship
3.7 has to be applied in order to evaluate the mean free path for radioactive decay (λidec
and λj→i

dec ).
In order to calculate the value of the confinement time of cosmic rays in the

propagation region expression 3.9 has been used assuming that cosmic rays have an energy
of ∼ 3 GeV/n, thus β ' 0.98 and γ ' 5. As mentioned above λesc = 5.5 g/cm2, the
mean density of the ISM, ρ = nmISM is calculated assuming that n = 0.3 atoms/cm3

[Wie80] & [Gar81] and the interstellar mass is equal to the proton mass (i.e. mISM = mp =

1.6726231× 10−24 g) because the ISM is considered to be formed only by hydrogen atoms
although it is known that 90% if ISM is hydrogen and the remaining consists on Helium
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atoms. The obtained value of τ esc ' 107years is in agreement with the age of cosmic rays
in the Galaxy using secondary stable nuclei with diffusion propagation models [Ber90].

3.4. Application of the Leaky Box model

A set of computer codes, based on the leaky box propagation model have been
set up in order to determine the source abundances of cosmic rays from the abundances
experimentally registered at the top of the Earth’s atmosphere, solving a set of transport
equations which can be easily be written as:

Qi = Ni

µ
1

λesc
+

1

λiint
+

1

λidec

¶
−
X
j<i

Nj

Ã
1

λj→i
spall

+
1

λj→i
dec

!
(3.19)

This model has been applied for estimating the source abundances of cosmic
rays inferred from the abundances measured in the Ultra Heavy Cosmic Ray Experiment
(UHCRE). Because of the geomagnetic cut-off corresponding to the orbits followed by the
Long Duration Exposure Facility (LDEF) satellite which boarded the UHCRE experience,
only cosmic rays with an energy over ' 2 GeV/n can be recorded. In addition, due to the
recording threshold of the solid state nuclear track detectors used in the UHCRE and taking
into account the above energy threshold, only ultra heavy cosmic ray nuclei with charge
over Z & 65 can be registered. As a result, the propagation code has been applied to the
28 stable isotopes, from Tb (Z = 65) to U (Z = 92) considering that all of such nuclei have
an energy over ' 4 GeV/n which is compatible with the assumption of taking the Galaxy
as the propagation region.

3.4.1. Test for the propagation model

The codes which are depicted in detail in [Font94], have been tested taking known
propagated abundances results at the top of the Earth’s atmosphere obtained by other
authors, and trying to reproduce their sources row data by propagating back from the Earth
by means of the code developed based on equation 3.19. For this test, results provided by
Letaw et al. [Let84] which are illustrated in figure 3.5, have been chosen. In their work,
Letaw et al. studied the propagation of UH (65 6 Z 6 82) cosmic rays assuming, as source
abundances, the Cameron cosmic ray solar system (SS) abundances [Cam82] with a First
Ionization Potential (FIP) correction [Let84], which accounts for preferential acceleration
of cosmic-ray species with low FIP at the sites of injection, and propagating them to the
Earth vicinity. The propagation was carried out at an energy of 5 GeV/n and considering an
exponential Path Length Distribution with a mean value of λesc = 6 g/cm2. Nuclei involved
in this transport calculation are grouped in couples instead of be treated individually, due to
the charge uncertainty associated to the Ariel VI and HEAO-3 experiments, which results
are used to be compared with the propagated abundances.
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Figure 3.5. Propagated abundances through 6 g/cm2 of ISM at 5 GeV/n assuming Cameron
Solar System abundances with FIP correcion obtained by [Let84], which have been taken
as input data for the test of propagation codes.

If the Letaw et al. [Let84] propagated abundances shown in figure 3.5 are taken
as input for our calculation codes and are propagated back to the sources, the Cameron
SS abundances corrected with the FIP effect should be reproduced. In order to use the
results obtained by Letaw et al. a deconvolution based on natural proportions of elements
has been applied to each couple of elements, as our propagation calculation requires taking
individually all elements of a given charge range. Figure 3.6 shows the SS abundances
corrected by FIP, together with the results of our propagation of the Letaw et al. results
from the Earth to the sources [Font95].

In Figure 3.6 two different charge regions can be distinguished as a function of the
results obtained. In the lower charge region 65 6 Z 6 76, our propagation results (solid
diamond in figure 3.6) display an overabundance of the even charge elements with respect to
the Cameron SS abundances, achieving a factor . 2, whereas the results of our calculation
agree with the SS+FIP source abundances in the 65 6 Z 6 76 charge region.

3.4.2. Application to the UHCRE results

The transport equation 3.19 allowed the straightforward calculation of the term
Qi, related to the source production of nuclei of type i, if the abundances in Earth’s neigh-
borhood are known. One such equation for each type of cosmic ray nuclei involved in the
propagation could be written, and therefore a set of coupled equations could be solved to
calculate the source abundances. In the present work we were interested in the resolution of
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Figure 3.6. Cameron Solar System abundances (relative to iron = 106) [Cam82] corrected
with FIP effect (open circles) and source abundances obtained by our calculation codes
from the Letaw et al. reaults [Let84] (solid diamonds).

the propagation equations for the Cosmic Ray Ultra Heavy elements (from Tb, Z = 65, to
U, Z = 92). The approximation of taking only the most stable/abundant isotope for each
element has been used for propagation calculation, although the strict application of the
model would establish one equation of type 3.19 for each isotope in the given charge range,
resulting in a set of more than 100 simultaneous equations. The equations were numbered
from i=1 for U (Z = 92) to i=28 for Tb (Z = 65).

Source abundances of the 28 elements with charge 65 6 Z 6 92, represented by
the terms Qi of equation 3.19, have been calculated using computer codes developed for
this purpose [Dom96]. The propagation took the abundances of UH elements registered in
the UHCRE, shown in figure 3.7, as starting point, and considered an escape mean free
path λesc = 5.5 g/cm2, for particles with kinetic energy of 4 GeV/n. At this energy, effects
of solar modulation on the traveling cosmic rays can be neglected.

It is known that in the charge region 65 6 Z 6 92 there are two main peaks of
UH cosmic ray abundances:

(i) The Platinum group peak centered at Z = 78, that corresponds to elements
synthesized predominantly by the r-process.

(ii) The Lead group peak centered at Z = 82, that corresponds to elements
synthesized by the s-process.

In addition, a third less important peak in the actinides region (Z > 87), corre-
sponds to elements synthesized by the r-process. The UH source abundances propagated
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Figure 3.7. Charge histogram corresponding to the 206 ultra heavy nuclei with Z > 65
obtained from the UHCRE. The double gaussian fit to the Platinum and Lead peaks are
also displayed.

from the UHCRE results are compared with several source compositions, such as the Solar
System abundances given by Cameron [Cam82] in figure 3.8, the solar system abundances
reported by Anders and Ebihara [And82] in figure 3.9 and an r-type source abundances in
figure 3.10.

Abundances given in figures 3.8, 3.9 & 3.10 are normalized to unity area in order
to make them comparable, allowing to visualize easily the relative importance of the Lead
and Platinum peaks in each case. Elemental abundances of every couple of contiguous
elements (odd-even) obtained from the UHCRE have been grouped, and individual odd
and even element abundances have been calculated assuming an odd/even abundance ratio
equal to that of the Solar System (according to [Cam82]) as the charge uncertainty of UH
events recorded in the UHCRE (1.5 to 2 charge units) did not allow to separate individual
elements.

3.5. Discussion and conclusions

The leaky box propagation equations have been solved numerically by means of
a computer code which has been tested by reproducing the propagation results using the
same model obtained by other authors [Let84] also using the LBM. Figure 3.6 illustrates
the result of this test imposed to the propagation code.
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Figure 3.8. Charge histogram showing the source abundances (normalized to an area equals
to unity) obtained from propagation of UHCRE results, together with the Solar System
abundances given by Cameron [Cam82].

Figure 3.9. Charge histogram showing the source abundances (normalized to an area equals
to unity) obtained from propagation of UHCRE results, together with the Solar System
abundances given by Anders & Ebihara [And82].
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Figure 3.10. Charge histogram showing the source abundances (normalized to an area
equals to unity) obtained from propagation of UHCRE results, together with an r type
source abundances.

Our propagation displays an overabundance of the even charge elements in the
65 6 Z 6 76 charge region, whereas the results of our calculation agree with the SS+FIP
source abundances in the 77 6 Z 6 82 charge region. The differences that appear in the first
region may be explained by the fragmentation process that takes place during propagation,
together with the fact that we have oversimplified our calculation by propagating only the
most stable isotope of each element. In fact, Letaw et al. [Let84] propagate over 100
isotopes in the 65 6 Z 6 76 region. Our calculation propagates only the most stable
isotope of each element, so that we have neglected the contribution to the term 1

λj→i
spall

of

isotopes lighter and heavier than the most stable one. It is inferred, from the spallation
cross section calculations applying the Silberberg & Tsao formulae, that 1

λj→i
spall

decreases

when the isotope mass number increases (see table 3.1). Therefore, neglecting isotopes
heavier than the most stable one is irrelevant as their contribution to 1

λj→i
spall

is small in

front of the most stable isotope contribution; but neglecting isotopes lighter than the most
stable one implies that 1

λj→i
spall

is underestimated. This underestimation leads, according to

equation 3.19, to an overestimation of Qi in our calculation. This effect is more relevant
for even-charge elements, as they have a higher number of possible lighter stable isotopes
than odd-charge elements. The agreement of the results in the region (77 6 Z 6 82) is
explained because our calculation, like the Letaw et al. [Let84] one, does not consider the
propagation of elements with Z > 82. Hence, nuclides in that region can not be originated
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Table 3.1. Fragmentation cross sections (in mb) of 20882 Pb,
195
78 Pt and

197
79 Au for production of

lighter nuclei at 5 GeV/n. The isotopes marked with X have used in our calculation. Note
that fragmentation to lighter isotopes implies larger cross sections.

Fragmented nucleus
Product Pb20882 Pt19578 Au19779
XOs19272 0.05 0.037 0.02
Os19172 0.19 0.14 0.1
Os19072 0.27 0.2 0.15
XW184

74 0.19 0.14 0.1
W183
74 0.26 0.2 0.16

W182
74 0.71 0.55 0.32

XHf18072 2.4 0.034 0.024
Hf17972 3.0 0.052 0.041
Hf17872 7.16 0.14 0.086

from fragmentation of heavier elements, and the contribution to the summation term in
equation 3.19 is very similar in our calculation as in the Letaw one.

The results obtained in this chapter allow to conclude that the propagation of
all isotopes is needed for a precise determination of the UH element source abundances;
but that a simple model, based on the propagation of only the most abundant isotope of
each element, is enough in order to obtain a rough estimation of the order of magnitude of
such source abundances. In any case, the non-validity of the cross section expressions in
the charge and energy range of the ions involved is, probably, the main source of error in
this calculation and hence, the effect of considering only the most abundant isotope of each
element could become irrelevant.

It has to be emphasised that the transport equations based on a simplified LBM
which has been used to propagate the abundances provided in the UHCRE (illustrated in
figure 3.7), has to be understood as a first approach to the problem of the determination of
the source composition of ultra heavy cosmic rays with Z > 65. Figures 3.8, 3.9 & 3.10 show
the propagation result compared with several source abundances (respectively,. Cameron
solar system, Anders & ebihara solar system and r source type abundances).

From these figures it is inferred that Solar System abundances display a prominent
peak in the Lead region and a relatively less important peak in the Platinum region. In
contrast, the Platinum group peak was obviously the main one for the UHCRE abundances
propagated back to the sources while the Lead peak was clearly less important. This Pt-Pb
peak inversion has also been found by other authors when experimental data from Ariel VI
and HEAO-3 experiments are compared to the propagation calculation results using different
transport models. Figures 3.11, 3.12 and 3.13 show that other authors have found similar
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Figure 3.11. Comparison between experimental data from Ariel VI and HEAO-3 experi-
ments and propagated abundances through 6 g/cm2 of ISM at 5 GeV/n taking Cameron
solar system abundances [Cam82] with FIP correction as source composition [Let84].

results for the Pt-Pb peak inversion when comparing their experimental results with the
propagated abundances assuming different source compositions of solar system type. (see
captions for details). This fact indicated an enhancement of the r-process nucleosynthesis
in the cosmic ray sources and, therefore, that the source abundances were deficient in s-
process elements. Consequently, nucleosynthesis of UH cosmic rays seemed to take place in
explosive environments of the Galaxy, such as core collapse supernovae models or neutron
stars merger models, in which the extreme conditions needed to activate the r-process were
reached. In any case, it seemed evident that UH elements are synthesized in sources having
completely different nucleosynthesis conditions than those that have originated the Solar
System material. In opposition to these results, Margolis & Blake [Mar85] suggested a solar
system type source abundances because their propagation results are in agreement with the
experimental data when solar system abundances are taken as source composition of ultra
heavy cosmic rays. This result is illustrated in figure 3.14.

Although the propagation result obtained taking UHCRE data seems to agree with
former studies where LBM has been employed, but with different assumptions which thus
lead to a transport equations different from 3.6 [Bre83], [Let84] & [Bin89], it would be more
convenient to apply a weighted slab technique based on the LBM as it provides a suitable
framework to study the effects of several parameters on this propagation model, because
the propagation model used in this case should be considered as a first approximation to the
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Figure 3.12. Comparison between experimental data provided by HEAO-3 esperiment and
propagated abundances using rigidity-dependent mean free path at 2.1 GeV/n assuming
Anders & Ebihara solar system abundances [And82] including FIP effect as source compo-
sition [Bin89].

Figure 3.13. Propagated abundances assuming Cameron solar system source abundances
[Cam82] with a mean free path of 5.5 g/cm2 at an energy of 2.3 GeV/n. Odd charges have
been shared equally between adjacent even charges [Bre83]

103



Figure 3.14. Comparison between experimental data from HEAO-3 and propagation rsults
through a 7 g/cm2 of ISM taking Anders & Ebihara solar system abundances [And82] as
source composition [Mar85].

LBM. The weighted slab approximation, described in detail in chapter 4, allows to reproduce
exact solutions for the LBM transport equation, as well as for the diffusion model equations
[Ptu96].

The propagation calculation results illustrated in figures 3.8, 3.9 and 3.10 could
significativelly vary when different parameters values are changed. For instance, spallation
cross sections play a significant role in the propagation of ultra heavy cosmic rays [Let84]
& [Cli93], so that, the estimated source abundances may be affected if different expressions
to calculate these cross sections are used. The influence of this parameter and other ones
such as the scape length or the energy of cosmic rays, in the propagation calculation will be
studied in next chapter where a different procedure to solve the LBM transport equation is
utilized.
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4. Study of the Leaky Box Model
on different parameters using the
Weighted Slab Technique

An expert is a man who

has made all the mistakes

which can be made

in a very narrow field

NIELS BOHR

4.1. Introduction

Several processes affecting cosmic rays particles in terms of composition and energy
spectrum come out during their ”adventure” which begins with the building up of the
cosmic ray elements in their nucleosynthesis factories (sources) and ends when they reach
the vicinity of the Earth with the consequent detection. Mainly these disturbing processes
are: the injection, the acceleration and the propagation processes.

Although this chapter is focused on the propagation mechanism, choosing one
transport model and comparing its results with those provided by the Ultra Heavy Cosmic
Ray Experiment (UHCRE), the remaining disturbing processes will be revisited in order
to know their state of art and, hence, offer a wider and richer workframe for propagation
purposes.
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4.1.1. The acceleration mechanism

The mechanism by which cosmic ray particles are accelerated to the observed
energies (up to ultrarelativistic energies) is one of the most intriguing problem in cosmic
ray physics. The specific features of particle acceleration which any model for such process
has to account for, are:

(i) A power law energy spectrum for particles of all types. The cosmic ray
flux energy spectrum below the knee (see figure 1.18 of chapter 1) measured at the Earth
has the form :

dN(E) ∝ E−βdE

where the exponent β lies in the roughly range (2.5-2.7).
(ii) The acceleration of cosmic rays up to energies E ≈ 1014eV .
(iii) The cosmic ray composition after acceleration should be consistent with

the chemical abundances of the elements.
Fermi in 1949 first postulated that cosmic rays could be accelerated to high energies

by means of stochastic processes which assume that particles collide with clouds in the
interstellar medium (ISM). If such clouds have predominantly random directions of motion,
then the frequency of ”head on” collisions between particles and clouds would exceed the
rate of ”tail” encounters, resulting in a net acceleration that is diffusive in energy. This
mechanism is known as second order Fermi acceleration (or stochastic acceleration), because
according to this model the average energy gain per collision ∆E

E ∝
¡
v
c

¢2 where v is the
velocity of the moving cloud (and c the speed of light), so it is a very slow process due to
v ¿ c. When particles are confined, such a diffusive process naturally produces a power-
law cosmic ray energy distribution, thereby modelling correctly the observations. This fact
justified the success of such acceleration model which has been adopted by several workers
[Osb87], [Gil87], [Ach92] & [Ost96]

Next step was the notion of the acceleration process in the presence of strong shock
waves [Axf77], [Bel78] & [Bla78]. It was stated that shocks in space plasmas could also pro-
vide such diffusive acceleration in a more efficient manner tapping the dissipative potential
of the flow discontinuity by transferring the shocks kinetic energy to non-thermal population
both upstream and downstream of the shock, and at same time heating the downstream
gas. According to this model, the average energy gain per collision ∆E

E ∝
¡
v
c

¢
so it was ap-

propriately called first order Fermi acceleration or regular acceleration. In many cases, the
acceleration of cosmic ray particles in astrophysical plasmas can be expressed by a Fokker-
Planck type equation [Ach92] which describes particle momentum scattering with a regular
acceleration term included. Taking appropriate conditions and assumed coefficients, this
regular term could vanish from the Fokker-Plank equation resulting a momentum diffusion
equation corresponding to a second order Fermi acceleration mechanism [Ost96].

Diffusive shock acceleration is a very attractive version of a first order Fermi accel-
eration mechanism in the presence of strong shock waves which could be applied to many
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physical systems such as the solar system, our galaxy, and through the Universe because
of its great efficiency for generating non-thermal ions. It is now believed, as reflected by
a large number of papers, that galactic cosmic rays are accelerated mostly from the ISM
at Supernova remnants (SNR) blast waves within our galaxy by the diffusive shock ac-
celeration process [Axf77], [Bla78], [Bla80a], [Bla80b], [Dru83], [Mor83], [Web85], [Bla87],
[Bar97], [Jon01], [Kan01], [Kan02], [Sla02], [Kan03] & [Vin03].

The diffusion shock acceleration theory provides detailed predictions consistent
with observation, such as [Kan01]: (i) about 10% of shock energy can be transferred to
cosmic ray particles in case of SNR blast waves, (ii) the accelerated particle distribution
has a power law spectrum, and (iii) cosmic ray composition can also be explained to the
lowest order by the acceleration of averaged ISM convolved with propagation and spallation
effects.

There are several physical reasons by which SNR are the most promising acceler-
ation sites of galactic cosmic rays:

(i) It has been observed from direct measurements [Ell90] & [Bar95] that
particles do get accelerated at the shock. Also plasma simulations show that ions can be
scattered back and forth across the shock by self-generated waves, and these scattered ions
can provide a seed population of cosmic rays [Que88].

(ii) SNR are the most energetic engines working in our galaxy and the only
candidates which explain the required energy for cosmic rays energy density [Bla94]. Taking
the observed local flux at the solar system which is considered to coincide with the averaged
flux in the galaxy, this leads an average required cosmic ray power input near 1041 erg/s
[Fie00]. On the other hand, assuming a galactic supernova rate to be one SN every 30 years,
and kinetic energy yield per event to be 1051 erg, the available power in SNR is rough 1042

erg/s. So, SNR-based models must be at least moderately efficient to supply the needed
power (w 10%). No other known galactic source comes closer than an order of magnitude
to this power supply.

(iii) According to the standard acceleration which assumes a spherically sym-
metric shock propagating into the uniform ISM and a mean magnetic field parallel to the
shock and the Bohm diffusion coefficient, the maximum energy to which particles can be
accelerated by a typical SNR is about 1014 eV for protons [Lag83]. Particles may be accel-
erated to even higher energies assuming additional effects, such as oblique shocks [Mel02]
or non-linear effects [Ber96], [Ber99]

(iv) The accelerated particle spectrum at the SNR is a power law of index
β w 2.1 − 2.2 at the source [Ber94] & [Ost02]. The propagation process generally leads
to a steepening of the spectrum with respect to its form at the source, by an increment
v 0.5−0.6 in the slope [DuV96a], such effect points to an energy dependence to the cosmic
ray escape rate. Consequently, the expected spectrum at the Earth should have an index
β w 2.6− 2.8, which is in agreement with the observed one.

There are different techniques of tackling the problem of performing numerical
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studies with diffusive shock acceleration theory:

Monte Carlo Method : According to an assumed scattering law, the scattering
of individual particles by the underlying flow around a one-dimensional shock, which is
treated as steady-state, is followed in Monte Carlo simulations, [Bel78], [Bar97] & [Lem03].

Two-Fluid Model : Cosmic ray acceleration at SNR is simulated by two-fluid
method in which the cosmic rays energy density is solved instead of the distribution function
[Dor90] & [Jon92]. The main conclusion was that about 10% of the SN explosion energy
can be transferred to cosmic rays with reasonable assumptions on the model parameters
and injection rate.

Kinetic Simulations: This method consists on solving the diffusion-convection
equation for the momentum distribution function of high energy particles in the vicinity of
a strong shock [Bla78], [Bla80a], [Ber00], [Jon01], [Kan02] & [Vie03].

It has been pointed out that the efficiency of cosmic ray acceleration at strong
shocks depends sensitively on the injection rate [Ber95] & [Mal99]. It becomes crucial,
therefore, to incorporate the injection process in diffusive shock acceleration models as it
plays a critical role. Recently, significant progress in understanding the injection process in
parallel shocks has been made through self consistent, analytic and non-linear calculations
[Mal98a], [Mal98b] & [Kan03]. In addition, the effect of energy loss process during the ac-
celeration of cosmic rays should be taken into account as both processes could play together
but in opposites directions.

Figure 4.1 schematically illustrates the competition between the acceleration pro-
cess and the energy loss process. The energy loss curve as a function of kinetic energy is
compared quantitatively to a uniform acceleration rate. As it can be seen, if the accelera-
tion mechanism is to be effective, the particles must either be injected into the acceleration
region with energies greater than those corresponding to the maximum energy loss rate,
or else the initial acceleration process must be rapid enough to overcome the energy losses
(the solid line illustrates the sufficient acceleration mechanism, while dotted lines account
for insufficient acceleration mechanisms).

Preferential acceleration processes have been proposed, by which the thermal par-
ticles which will become traveling cosmic rays are pre-select according to the first ionisation
potential [Cas78], [Bin81], [Bre83] & [Let84] or to the condensation temperature and their
mass-to-charge ratio [Mey97] & [Mey98], evidencing that atomic physics plays a significant
role in cosmic ray physics.

Although the standard procedure depicts the acceleration of cosmic rays and af-
terwards the subsequent propagation, the possibility of a re-acceleration or continuous ac-
celeration mechanism also named distributed acceleration has been considered which takes
place in the ISM simultaneously with the propagation of cosmic rays [Eich80], [Sim86],
[Wan87], [Let87], [Gil88], [Gil89], [Let93] & [Let95]. This re-acceleration needs to be more
effective for energies below ∼ 1 GeV/n and disappears at higher energies. Therefore, a
re-acceleration term has to be added to the transport equation of traveling cosmic rays in
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Figure 4.1. Comparison of energy loss rate by ionisation and acceleration rates. The
solid line corresponds to a suffient accelation whereas dotted lines illustrate insufficient
acceleration.

order to perform numerical calculations [Sil90].

4.1.2. Overview of propagation models

Cosmic ray propagation is the discipline of cosmic ray physics which perhaps has
experienced the slowest evolution due to the lack of accurate experimental data related to
this complex problem. Nevertheless, many different propagation models have been pro-
posed. Any of such models should account for the following features:

(i) The cosmic ray chemical composition experimentally measured in the
Earth neighbourhood.

(ii) The energy spectrum at the Earth for all types of particles which follow
the known power-law dN(E) ∝ E−βdE being β comprised between 2.5 and 2.7.

The propagation models that can be found in literature with a brief description of
each one of them are given below.

Closed galaxy model : This model considers a complete reflection of cosmic rays
at the boundaries of the confinement volume which is assumed to be the galaxy. So that,
there is no escape probability from the galaxy. Resident cosmic rays inside the galaxy are
eliminated by means of nuclear interaction or energy loss processes resulting in a mixture
of young particles together with old ones [Ras75] & [Pet77].

Diffusion models: According to this model, motion of cosmic ray particles is gov-
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erned by diffusion mechanism which is related somehow to the galactic magnetic field. The
diffusion process also determines the escape of cosmic rays from the propagation region.
The model also takes into account the energy loss process mainly by ionisation [Gin64] &
[Gin76].

Distributed acceleration model : This model is essentially a diffusion model but
including the effects of re-acceleration of cosmic rays during their propagation in the con-
finement region [Sim86], [Sil89], [Sil90], [Sha92], [Let93] & [Hei95].

Convection-diffusion model : It is an extension of the diffusion model in which
the convection process caused by ”frozen” magnetic fields is taken into account [Ber90] &
[Mau01].

Halo diffusion model : This model assumes that the propagation region consists
on two distinct regions: a thin galactic disc and the halo volume. According to the model,
distributed sources of cosmic rays are located within the galactic disc and the escape of
cosmic ray particles from the disc into the halo and finally into the intergalactic space is
controlled by diffusion [Jok76], [Owe77], [Kot80], [Fre80], [Wib92], [Str97], [Str98] & [Ptu03].
The model could include convection processes in the halo while the diffusion process is
bounded only to the galactic disc [Web92] & [Blo93], or both processes simultaneously
[Mau01], [Mau02a] & [Mau02b].

Dynamic halo wind model : In this case, a one dimensional galaxy model is con-
sidered. Cosmic ray sources and interstellar gas are concentrated in a thin disc. The wind
velocity is assumed to be constant and directed outward from the galactic plane. A cosmic
ray halo where particles freely exit from the galaxy is also assumed [Jok76], [Jon79], [Blo93]
& [Jone01].

Turbulent diffusion model : In this model there is no regular convective (wind)
transport of cosmic rays, rather, the flow is turbulent and the motion is given in a more
random manner. It is also assumed that turbulent diffusion also contributes to cosmic ray
diffusion [Jone01].

Leaky Box model : In this model, the galaxy is considered as the confinement region
in which sources of cosmic rays are uniformly distributed. The model also assumes that
there is a partial reflection at the boundaries of the propagation region allowing an escape
of particles from the galaxy. In other words, cosmic rays leak out from the box (galaxy).
The transport of cosmic rays is not controlled by diffusion but by other type of motion, for
instance, free motion [Cow67], [Glo69], [Gin76] & [Ber90].

Nested leaky box model : This model is based on the leaky box model, but assuming
two confinement regions: sources of cosmic rays are distributed inside the inner region which
is enveloped by a second region having the dimensions of the galaxy [Cow73], [Cow75] &
[Sim77].

Local super-bubble model : The model considers an expanding super-bubble as con-
finement region in which the solar system is located. The region inside the super-bubble
is of low density. Cosmic ray particles traverse the inside region relatively free, interacting
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with the dense walls of the super-bubbles and, thus, accumulating grammage in repeated
wall encounters [Str83] & [Str85].

Three tier model : This model combines the ideas of closed galaxy and nested
leaky box models. According to this model, cosmic rays are initially confined near the
source regions in an energy dependent manner and latter stored in spiral arms from which
the leak out into a wider region where they are destroyed through nuclear interactions
[Ste81].

Multiple cloud model : This model introduces a cloudy source region from which
cosmic rays escape in the same way as described in the nested leaky box model [Sil83]

Non-equilibrium model : One of the simplest version of non-equilibrium models
propose two different types of sources, on one hand a single recent relatively close source
which could be a SNR, and on the other hand, uniformly distributed sources as those set
out in equilibrium models [Fic68].

Among all these propagation models, the Leaky Box model and the Nested leaky
box model, have been chosen in order to perform transport calculations of ultra heavy
cosmic rays, so that a detailed treatment of both propagation models would be appropriate
to be given before to make any propagation study with any of them.

4.2. The propagation model

In this chapter the Leaky Box propagation model will be worked with by solving
the corresponding transport equation using the so-called Weighted Slab Technique. In order
to understand the transport equation it would be convenient to shows the different steps of
its deduction, taken into account that the leaky box equation is obtained from the diffusion
transfer equation, taking several simplifying assumptions as described in detail in chapter
3. Therefore, the first step is the derivation of such equation for the diffusion model.

4.2.1. The diffusion transfer equation

One possible approach to deduce the diffusion transfer equation considers a coor-
dinate space in which energy is along the Y-axis and a spatial coordinate along the abscissa
is plotted (generalisation to three spatial coordinates is easily). Figure 4.2 illustrates this
coordinate-space.

In this coordinate space, a little box is drawn which is traversed by particles moving
in the X-direction by diffusion and in the Y-direction by energy gains or losses. Fluxes de-
scribing such motion are noted by φx and φE respectively. The number of particles between
positions x and dx having energies comprised between E and E + dE, is N(E, x, t)dEdx.
Therefore, the rate of change of particles density in this little box in coordinate space can
be expressed:
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Figure 4.2. A coordinate space diagram of energy against spatial coordinates.

d

dt
N(E, x, t)dEdx =

£
φx(E,x, t)− φx+dx(E, x+ dx, t)

¤
dE + (4.1)

+
£
φE(E, x, t)− φE+dE(E + dE, x, t)

¤
dx+ q(E,x, t)dEdx

the first and second terms on right hand of equation account for the contribution of particles
by diffusion and energy variations respectively, and q(E, x, t) is the rate of production of
particles per unit of volume of the coordinate space. Fluxes φx+dx and φE+dE could be
developed performing a Taylor expansion:

φx+dx(E, x+ dx, t) ' φx(E, x, t) +
∂φx
∂x

dx+ . . .

φE+dE(E + dE, x, t) ' φE(E, x, t) +
∂φE
∂E

dE + . . .

Thus, neglecting second and higher order terms, equation 4.1 can be written as:

d

dt
N(E,x, t) = −∂φx(E, x, t)

∂x
− ∂φE(E, x, t)

∂E
+ q(E, x, t) (4.2)

The flux of particles caused by diffusion through the energy interval dE at position
x in space, φx, is by definition:
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φx = −D
∂N

∂x

where D is the diffusion coefficient. So, equation 4.2 may be re-written:

dN

dt
=

∂

∂x

µ
D
∂N

∂x

¶
− ∂φE

∂E
+ q

At this point, the above equation can be easily generalised to:

dN

dt
= O (D ·∇N)− ∂φE

∂E
+ q

the flux of particles through dx which have energy E at some time in interval dt, is φE .
Defining b(E) = dE

dt as the loss rate of particles of energy E, then the number of particles
passing through E per unit of time is:

N(E)
dE

dt
= φE = b(E)N(E)

Therefore, the diffusion equation is obtained:

dN

dt
=
−→O
³
D ·−→∇N

´
− ∂

∂E
(b ·N) + q (4.3)

New terms can be added to this equation if other processes are taken into account.
For instance, in order to reproduce the general transfer equation, terms describing spallation
gain and losses, catastrophic loss of particles, and radioactive decay, have to be included.
So, the final diffusion transfer equation for cosmic rays is [Gin64]:

∂Ni

∂t
−−→∇ · (Di

−→∇Ni) +
∂

∂E
(biNi)− 1

2

∂2

∂E2
(diNi) = (4.4)

= qi(E,
−→r , t)− PiNi +

X
j 6=i

Z
P j
i (E

0, E)Nj(E
0,−→r , t)dE0

where the subscript i characterises the type of nucleus considered. The term on the left hand
side of equation 4.4 allows for fluctuation in the continuous variation in energy, coefficient
di ≡ d

dt

¡
∆E

¢2
is the mean square of the energy increment per unit of time. Second and

third terms on the right hand side account for ”catastrophic” processes such as energy losses
or gains and formation of new particles when the considered particles interact with the ISM
gas. Pi is the probability per unit of time of such a catastrophic processes for particles of
type i, so that PiNi is the number of disappeared particles. The last term, describes the
incoming flux of particles resulting of catastrophic processes. P j

i (E
0, E) is the probability

per unit of time and unit of energy of formation of a particles of type i with an energy E

in a catastrophic process of particle of type j with energy E0.
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4.2.2. The Leaky Box model

In order to ”reach” the leaky box transport equation, several simplifying assump-
tions have to be imposed to the above equation 4.4 for the diffusion model. Such assump-
tions, together with its corresponding effect may are summarised below (see chapter 3 for
a detailed description):

(i) There is no systematic motion of the medium, such as expansion and
compression.

(ii) Spatial and temporal dependence of all coefficients is neglected.
(iii) Coefficients Di, bi, di do not depend on the type of particle considered.
(iv) Conservation of the energy per nucleon in catastrophic processes causes

that the energy dependence of the equation is better described in terms of the energy per
nucleon, ε ≡ E

A rather than energy E, in consequence, P
j
i (ε

0, ε) = pji δ(ε
0 − ε).

(v) Re-acceleration mechanism during propagation is neglected, thus, the term
1
2

∂2

∂E2
(diNi) is removed.

(vi) Only spallation and disintegration processes are considered as catas-
trophic processes, so that, left hand terms have to be replaced by the corresponding terms
on the right hand:

PiNi −→ nvσiNi +
1

τ i
NiX

j>i

pjiNj −→
X
j>i

nvσijNj +
X
j>i

1

τ ij
Nj

being σi and σij the total and partial inelastic spallation cross sections respectively, τ i the
disintegration lifetime, v the velocity of particle and n the ISM density.

(vii) A rapid diffusion process causes a constant density of cosmic rays over
the propagation region, thus the diffusion coefficient vanishes, and consequently the escape
from the propagation volume, leaking through its boundaries is allowed. So, τ esc is the
parameter, having dimensions of time, which characterises the escape of cosmic rays from
the confinement region.

(viii) All quantities in the transport equation are averaged over the propaga-
tion volume, qi −→ Qi.

(ix) Energy is kept constant during propagation and thus any energy variation
is neglected removing the term ∂

∂E (biNi).
(x) Production rate of particles is balanced with destruction rate of such

particles inside the transport region, so ∂Ni
∂t = 0, corresponding to the stationary case.

The resulting simplified equation is the transport equation for the LBM and can
be expressed as follows:

Ni

µ
1

λesc
+

1

λiint
+

1

λidec

¶
= Qi +

X
j<i

Nj

Ã
1

λj→i
spall

+
1

λj→i
dec

!
(4.5)
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Figure 4.3. The confinement region modelled by the LBM. The path followed by a generic
cosmic ray particle escaping from the box is also drawn.

where the magnitudes labelled with λ are the mean free paths for the different processes
taken into consideration. Subscripts have the following meanings: ”esc” refers to escape of
cosmic rays from the confinement region, ”dec” accounts for disintegration processes, ”int”
is related to inelastic nuclear interactions of cosmic rays particles with ISM gas atoms, and
”spall” refers to spallation process of cosmic rays colliding with ISM gas atoms. Note that
equation 4.5 consists in an equilibrium equation which balances the production and losses
of particles inside the confinement region.

The two models of cosmic ray propagation mostly referred in the literature are
the Leaky Box model (LBM) and the Halo Diffusion model (HDM). Both models are able
to explain the cosmic ray data surprisingly well although the physical framework of them
differs significantly.

According to the LBM, cosmic rays nuclei (primary and secondary nuclei) are
homogeneously distributed in the confinement region (box) and its density is constant in
time neglecting any gradient into any direction. Sources of cosmic rays are also considered to
be homogeneously distributed into the box. Therefore, an equilibrium scenario is described
in the LBM framework. The motion of cosmic rays is not governed by diffusion processes
but a leakage mechanism et the boundaries of the box is allowed, which is paremetrised by
the escape time, τ esc, or the escape mean free path, λesc. Figure 4.3 illustrates the path
which follows an hypothetical cosmic ray nucleus escaping from the propagation region after
some reflections at the boundaries. In this case, the confinement region is simply the disc
of our galaxy which can be modelled by a flattened cylinder.

Although LBM has often been used in propagation studies due to its simplicity,
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Figure 4.4. Schematic view of the geometry associated to HDM. The shaded area symbolises
the thin galactic disc (of thickness 2hg and H accounts for the halo size.

the model displays some drawbacks which are not straightforward solved, such as: (i) the
mechanism which keeps the particles homogeneously distributed within the box. (ii) The
motion described by cosmic ray particles (drawn in figure 4.3). (iii) The size of the region
inside which cosmic ray particles are confined before escaping into intergalactic space. (iv)
The mechanism of leakage in the boundaries of the box.

On the other hand, the HDM points to a more realistic physical propagation
mechanism, as it takes more observational constraints into consideration [Ber90]. Figure
4.4 schematically illustrates the confinement region assumed in the HDM. According to
this model, sources of cosmic rays are distributed in the thin disc and the escape into the
halo and finally into the intergalactic space is controlled by diffusion. Therefore, a constant
streaming of cosmic rays particles away from the galactic disc into the halo is produced by
a gradient of cosmic ray density. The streaming mechanism is parametrised by the diffusion
coefficient (D) and the halo size (H).

Physically, the HDM can be reduced to the LBM if a rapid diffusion is assumed.
It can be also demonstrated that the LBM transport equation represents a mathematical
approximation of the HDM [Sim02] as both can reproduce the same mathematical result
for stable cosmic ray nuclei. In this context, the LBM cannot be considered a realistic
physical propagation model of cosmic rays: it is a mathematical approximation and only
works for stable nuclei and fails when radioactive nuclei are taken into account in the
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propagation calculation. Taking this fact into consideration, propagation calculations using
experimental data may be performed obtaining good results as it has been done in former
works [Sch72], [Bre83], [Bre85], [Let84], [Gil85], [Mar85], [Mar86], ,[Bin89], [Cli93], [Wad96],
[Wad97] [Wad98]. Therefore, LBM will be applied in present work with UHCRE results
necessarily working with stable nuclei belonging to the charge region Z & 65.

4.2.3. Solving the Leaky Box transport equation: The Weighted Slab
Technique

In order to obtain propagation results of cosmic rays using the LBM, the following
generic equation for each stable nucleus of type i has to be solved:

Ni

µ
1

λesc
+

1

λiint

¶
= Qi +

X
j<i

Nj

Ã
1

λj→i
spall

!
(4.6)

Here the subscript i = 1, 2, . . . characterises the type of nucleus starting from the
heaviest one (i = 1) and ending with the lightest one in the charge region where propagation
is studied. Note that the terms related to disintegration processes have been removed from
equation 4.5 according to the discussion above by which only stable nuclei can be worked
with the LBM.

Due to the nature of the transport equation 4.6 it is not possible to calculate the
source composition from the measured abundances in the Earth neightbourhood Ni. In
consequence, it is necessary to assume a given source abundances, perform the transport
calculation to near the Earth, and then to compare the results with experimental data.
Therefore, a ”trial and error” procedure has to be applied until the source abundances
giving the best agreement between the calculated and measured abundances are found.

Although exact numerical solutions to the LB propagation equation can be deter-
mined, an alternative method of tackling the problem, known as Weighted Slab Technique
(WST) has been adopted. It has been shown that WST results are consistent with numerical
solutions for energies over w 1 GeV/n [Ste98].

The WST consists on a very flexible procedure that can be applied to any propaga-
tion model based on the diffusion model [Ptu90], [Ptu97], [Ptu03], [Jon01], [Str97], [Str98],
[Str01], [Mau01], [Mau02a], [Mau02b], [Mau02c] & [Tai03]. Furthermore, after some appro-
priate modifications, the WST can also be used when the energy loss term is re-introduced
to the corresponding transport equation [Hei95], [Ptu96] & [Wad98]. In particular, the
WST has been applied to the LBM model with ultra heavy cosmic rays [Ber90], [Cli93],
[Wad96], [Wad97] [Wad98],& [Font00], obtaining successful results for lighter nuclei [Gar87]
& [DuV96b].

Solving a propagation equation using the WST allows to split the problem in two
parts: one concerning only its astrophysical nature and another dealing only with its nuclear
physics essence. The nuclear fragmentation problem is solved in the Slab model transport
equation in which all propagating particles traverse the same grammage x in units of g/cm2.
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According to the LBM, the corresponding slab transport equation concerning the nuclear
physics of the problem, can be written as:

dFi(x)

dx
+

Fi

λiint
−
X
j<i

Fj

Ã
1

λj→i
spall

!
= 0 (4.7)

being Fi(x) the composition function for the particles of type i, x is the matter traversed by
cosmic ray nuclei from their sources, thus, x = 0.0 g/cm2 characterises the source of such
nuclei, therefore Fi(x = 0) is the source abundance of the nucleus of type i.

The composition functions Fi(x), which are determined by solving the slab trans-
port equation 4.7, are then integrated over all values of grammage x weighted with a Path
Length Distribution function G(x) that must be obtained from an astrophysical model.
Therefore,

Ni =

Z ∞

0
Fi(x) ·G(x)dx (4.8)

The Path Length Distribution (PLD) function, can be derived by means of the
following equation:

m · n · v · ∂G(x)
∂x

+
G(x)

τ esc
= δ(x) (4.9)

where the function G(x) satisfies the condition G = 0 for x < 0, m is the average mass of
an atom of the ISM, n is the particle density of the ISM gas averaged over the volume of
the galaxy, v is the velocity of cosmic rays and τ esc is the parameter with dimensions of
time that characterises the escape of cosmic rays from the confinement region. In this way,
m · n · v has dimensions of density (g/cm2).

An expression of G(x) is obtained by solving equation 4.9:

G(x) = exp

½
− x

m · n · v · τ esc

¾
= exp

½
− x

λesc

¾
The PLD function based on the LBM is, thus, an exponential as a function of the

matter traversed and does not depend on the position of the observer inside the propagation
volume.

As the nuclear physics governing the propagation of cosmic rays is exactly the
same for the LBM than for the diffusion model, the composition functions determined by
solving equation 4.7 are fully shared by both propagation models when the WST is used.
Contrarily, the PLD function G(x) for the diffusion model and for LBM are different because
these two propagation models respond to different astrophysical assumptions. In order to
determine the PLD function for diffusion model, equation 4.9 has to be replaced by [Ber90]:

ρ · v · ∂G
∂x

+
∂G

∂t
− O(D · OG) = v · S(−→r , t) · δ(x) (4.10)
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Figure 4.5. The PLD function of the particles in the diffusion model. Dotted line corre-
sponds to the case in which the sources are distributed uniformly in the galactic disc, while
for solid line sources are concentrated in the central region of the galaxy.

where S(−→r , t) is the distribution of the cosmic rays sources. Although equation 4.9 and 4.10
are clearly different giving, thus, different solutions, a PLD function close to an exponential
is also obtained for the diffusion model when the sources of cosmic rays are taken uniformly
distributed over the galactic disc [Ber90]. In figure 4.5, the PLD function for the diffusion
model is plotted. As it can be seen, when sources are uniformly distributed (dotted line),
an exponential type function is obtained, but if sources are concentrated in the central
region of the galaxy a very different curve is deduced (solid line). In consequence, the LBM
and the diffusion model with uniformly distributed sources are equivalent for describing the
transformation of the chemical composition of cosmic rays in the galaxy.

4.3. Propagation parameters on Leaky Box model

One of the goals to reach in this chapter is the evaluation of the effects of the
different parameters that have been assumed on the propagation results, in order to esti-
mate the best fit to the experimental data from UHCRE. In this section, several available
expressions of the propagation parameters are given.
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4.3.1. Assumed cosmic ray particles

Although the LBM provides correct results only when the corresponding trans-
port equation is set out for stable particles, as discussed in the previous section, unstable
secondary or fragment nuclei have been included in propagation studies with the LBM
[Wad96]. One criterion to consider a given nucleus as stable may be established by compar-
ing its mean lifetime, τdec, with the confinement time of cosmic rays into the galaxy, also
called the age of cosmic rays, τCR . Therefore, all particles having a τdec which exceeds τCR
are treated as stable.

In the present work the propagation has been carried out for all isotopes as well
as elements having charge comprised between 65 and 92. So, the application of the above
stability criterion to the considered charge region has lead a total of 80 stable isotopes,
which leads to a system of 80 transport equations of type 4.6, or of type 4.7 if WST is used.
The set of equations can be reduced if the propagation is realised for elements instead of
isotopes. In this case a total of 23 stable nuclei corresponding to the most abundant isotope
are selected according to the stability criteria.

4.3.2. Assumed total interaction cross sections

The interaction mean free path, λint, is calculated from:

λiint =
σi
m

where σiint is the total interaction cross section of nuclei of type i colliding with an atom of
the ISM gas. Different expression for σiint, can be found in literature.

Semiempirical fits

One of the most commonly used formula for the mass-changing cross section, σiint,
has been obtained by means of semiempirical fit techniques [Let83]:

σi(ε) = σi(ε→∞) ·
h
1− 0.62 exp

³
− ε

200

´
sin
¡
10.9ε−0.28

¢i
(4.11)

with,

σi(ε→∞) = 45 ·A0.7P · [1 + 0.016 sin (5.3− 2.63 lnAP )] (4.12)

being AP the mass number of the projectile nucleus, and ε its energy per nucleon in units of
MeV/n. This empirical expression is only valid for an hydrogen target with a weak energy
dependence as it is elucidated in figure 4.6 in which the total interaction cross section for
the platinum nuclei is plotted as a function of the energy from 80 MeV/n to 5.0 GeV/n.

A more recent semiempirical formula of the total interaction cross section for
proton-nucleus reactions has been proposed [Shi93]:
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Figure 4.6. Total interaction cross section for a projectile platinum nuclei as a function of
energy according to semiempirical fit expressions 4.11 & 4.12.

σi = π · r20 ·
h
1 +A

1/3
P − b0

³
1 +A

−1/3
P

´i2
with bo = 2.247 − 0.915

³
1 +A

−1/3
P

´
, and r0 = 1.36 fm. Alternative expressions for such

cross sections are also given by [Well96].

Parametric fits

A new expression was established fitting experimental data with an overlap model
which was dependant on both the target and the particle nuclei [Bin87]:

σi = 10π · r20 ·
h
A
1/3
P +A

1/3
T − 0.209 (AP +AT )

1/3
i2

(4.13)

where AT is the mass number of the target nucleus which in the case of an hydrogen target
has to be 0.089 for a best fit to experimental data. Note that equation 4.13 is independent
of energy, although an energy dependence of these cross sections has been suggested et
energies below ' 1.5 GeV/n [Wad91].

Factorised semiempirical fits

The analysis of new measurements of the mass changing cross sections has allowed
to deduce a new expression [Web90a], also based on an overlap model:

127



Figure 4.7. Calculated values of the total interaction cross section as a function of the
projectile mass number according to different expressions.

σi = C ·
h
A
1/3
P +A

1/3
T − (t+ t0 ·AT ) +

³
b0A1/3P A

1/3
T

´i2
(4.14)

the best fit is reached, taking C = 57.3, t0 = 1.36, t = 0.018, and b0 = 0.065, which may be
modified if updated measurements of these cross sections are considered [Web98a].

Scaling treatment

In this case, the total cross section for charge-changing interaction were assumed
to be independent of energy. For a nuclei of charge Z, the cross sections were scaled from
the measured values for gold nuclei [Wad96], so that:

σi = σAui ·
µ
Z

79

¶2/3
(4.15)

In figure 4.7, the total interaction cross sections evaluated using the four different
treatments described above are plotted as a function of the projectile mass number, in order
to evidence the different results obtained from the expressions 4.11, 4.12, 4.13, 4.14 & 4.15.

In the present work only semiempirical and parametric fits expression for the total
interaction cross sections have been used.

4.3.3. Assumed partial inelastic cross sections

One of main parameters in propagation calculations are the partial inelastic cross
sections which account for the break up of a traveling nuclei (ZP , AP ) when it collides
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with the ISM atoms producing a fragment new nuclei (ZF , AF ). Several expressions to
calculate these cross sections have been proposed depending on the treatment applied to
the experimental data, as in the case of the total cross sections.

Semiempirical fits

The basic equation of the spallation cross sections for a hydrogen target is [Sil73]
& [Sil90]:

σP→F
spall = σ0 · f(AF ) · f(E) · e−P∆A · e−(R·|ZF−SAF+TA

2
F+UA

3
F |ν) · Ω · η · ξ (4.16)

where ∆A is the difference between the parent and the fragment atomic masses. σ0, f(AF ),
f(E), P , R, S, T , U , ν, Ω, η, ξ are all functions depending on the particular situation in
which the spallation takes place, given by the energy, the atomic masses of both projectile
and fragment nuclei and other parameters, as described in [Sil73] & [Sil90] (for instance see
section 3.3 of chapter 3). Continuous updates of the values of the parameters appearing in
equation 4.16 are reported [Sil98].

In order to show the energy dependence of the calculated cross sections according
to equation 4.16, the fragmentation cross section of the 20882 Pb nuclei producing

205
81 Tl nuclei

(reaction with ∆Z = 1) has been plotted in figure 4.8 for an energy range 0.1-10000 MeV/n,
and in figure 4.9 for the 20882 Pb+p−→195

78 Pt reaction (with ∆Z > 1).
Figure 4.9 evidences that the spallation cross section formula is not well defined

when a wide range of energies is considered, so, more experimental data is needed in order to
improve the corresponding formula. This feature may cause some drawbacks in propagation
studies, specially for the heaviest cosmic ray nuclei having energies over ' 1 GeV/n.

Parametric fits

Alternatively, the parametric fits offer alternative expressions for the break up
cross sections on heavy and hydrogen targets [Cum90]:

σP→F
spall =

 q1A
q2
P E

q3 exp
n
− |∆Z|

q5Eq6

o
|∆Z| ≤ q7

q1A
q2
P E

q3 exp
n
− q7

q5Eq6

o
exp

n
−∆Z−q7

q8Eq6

o
|∆Z| > q7

(4.17)

with E in units of GeV/n. The best fit values for the qi parameters are: q1 = 15.53,
q2 = 0.51, q3 = 1.28, q5 = 6.87, q6 = 1.43, q7 = 7.91, q8 = 4.15, and ∆Z = ZF − ZP . The
above formula is only valid for |∆Z| ≤ 20.

Factorised semiempirical fits

The systematics of the experimental cross sections allow to write the cross section
formula for the production of secondary fragments with energy over 200 MeV/n in hydrogen
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Figure 4.8. Spallation cross section for the reaction 208
82 Pb+p−→205

81 Tl (∆Z = 1) as a
function of energy.

Figure 4.9. Spallation cross section for the reaction 208
82 Pb+p−→195

78 Pt (∆Z > 1) as a
function of energy.
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targets [Web90b]:

σP→F
spall = σ0(ZF , ZP ) · f1(ZF , AF , ZP , AP ) · f2(ε, ZF , ZP ) (4.18)

the formula is expressed as a product of three independent terms, one, σ0(ZF , ZT ), describ-
ing the elemental cross section, another, f1(ZF , AF , ZP , AP ) the isotopic cross section, and
a third term, f2(ε, ZF , ZP ) accounting for the energy dependence. Expression for all these
terms can be found in [Web90b]. Furthermore, an expanded version of equation 4.18 based
on new experimental cross sections [Web98b] has been given [Web03].

Scaling treatment

In this case, partial cross sections for the production of fragments over a range of
∆Z are calculated as a function of energy by making linear interpolations between measured
values. For high energy interpolations, it has generally assumed that limiting fragmentation
over which the cross sections becomes constant, is reached et an energy w 5GeV/n. As for
the total cross section, the partial cross section are scaled fir its charge, so that [Wad96] &
[Wad98]:

σT→F
spall = σAu→F

spall ·
µ
ZP

79

¶2/3
Among all the partial inelastic cross sections formulae given in this section, only

those provided by semiempirical fits [Sil98] and parametric fits [Cum90] have been used in
order to compare their effect on the propagation results.

4.3.4. Assumed source abundances

One of the main objectives in propagation studies is the determination of the
source composition of cosmic rays by propagating the observed abundances near the Earth
back through the travelled path. Nevertheless, due to the nature of transport equations,
it is necessary to assume a source composition as initial abundance, propagate it forward
to near the Earth and compare the resulting abundances with experimental measurements.
According to the WST, source abundances are an input parameter which play the role of
initial value of the composition function Fi(x).

As described in Chapter 3, elements with charge over 65 are synthesised in the Uni-
verse predominantly by neutron capture processes, which are classified as slow (s-process) or
rapid (r-process) according to the ratio between the time elapsed between two consecutive
neutron captures and the half lifetime of the originated nuclei (see references in chapter 3).

Each of such formation processes occurs in distinct scenarios in which specific
astrophysical conditions and seed material are given. The nuclei created according to these
processes are accelerated by SNR shock waves (see discussion in section 4.1), cosmic ray
composition at this point (i.e. after its production and acceleration) is what it is understood
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as source compositions in terms of propagation. It is considered that the acceleration
mechanism does not introduce any modification to the cosmic ray chemical composition
and therefore one can consider that the nucleosynthesis processes are somehow responsible
to the source abundances. In consequence, it is reasonable to assume source abundances by
taking into account the formation processes (mainly r and s).

Assuming that the abundances in the primitive solar nebula were the same that
in the sun, elemental abundances in the Solar System (SS), the so-called SS abundances,
are referred to those in the sun. In practice, meteoritic abundances have been chosen
as a practical standard for the compilation of the abundances of most of the elements.
Therefore, SS abundances are based upon the abundances of elements relative to Silicon in
C1 carbonaceous meteorites [Cam82] & [And82]. SS abundances are periodically updated
according to improved measurements [And89] & [Gre98]

The SS abundances of heavy nuclides, are considered to be predominantly a result
of mixture of material built up by both, the r- and s-neutron capture processes. As the
physics of the s-process is better understood than that for the r-process, it is possible to
calculate rather straightforward the contribution of the s-process (N i

s) to the SS abundances
(N i

SS), so the contribution of the r-process (N
i
r) can be estimated by substracting both

abundances (N i
r = N i

SS −N i
s) [Bin85].

In the present work, two different source abundances have been assumed, the
SS abundances [And89] and a pure r-process abundances [Bin85]. Both abundances are
normalised to silicon (Si=106) as given in references.

The First Ionisation Potential correction

When Solar System abundances are compared to galactic cosmic ray source (GCRS)
composition which is obtained de-propagating experimentally measured abundances at the
Earth, significant deviations can be detected, in particular a certain enhancement of the
heaviest element abundances. The interpretation of the difference between both abundances
can be addressed to the nuclear physics associated to the nucleosynthesis processes, and/or
to atomic properties of the traveling elements. In figure 4.10 the ratio between GCRS
and SS abundances are plotted versus the First Ionisation Potential (FIP) of the elements
considered, evidencing a definite pattern which is known as FIP effect [Cas78] & [Mey98].
Alternatively, volatility characterised by the condensation temperature, and mass-to-charge
ratio have been pointed to the atomic property which best organise the GCRS composition
[Mey97], [Mey98] & [Dru99].

As is can be seen, in figure 4.10, heavy elements with low FIP values (. 8.5 eV) are
enhanced relative to those with high FIP values (& 11 eV). This fact may be interpreted as
preferential acceleration mechanism which can take place at the sources before acceleration
by SNR shock waves or during injection, as already described in section 4.1.1.

In order to parametrise the FIP effect a fractionation function for the source ma-
terial has been proposed [Let84].which have to multiply the assumed initial abundances if
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Figure 4.10. Standard GCRS to SS abundace ratio versus FIP [Mey97]

FIP effect is taken into account:

f(FIP ) =


1 FIP < 7 eV
exp {−0.27 (FIP − 7)} 7 eV ≤ FIP ≤ 13.6 eV
0.168 FIP > 13.6 eV

(4.19)

So, the input source abundances of cosmic ray are modified by this function, re-
ducing the abundances of high FIP elements. In this work the effect of including the FIP
correction ha been studied.

4.3.5. Assumed Path Length Distribution

According to the WST for the LBM, the equation describing the astrophysics of the
propagation mechanism of cosmic rays, equation 4.9, leads to an exponential type function
solution:

G(x) =
1

λesc
exp

½
− x

λesc

¾
(4.20)

where the integral of this function over the traversed matter x is normalised to unity, thus,
obtaining a real Path Length Distribution (PLD) function.

Alternatively, a truncated exponential function has been more commonly used as
PLD function for the LBM [Pro81], [Cli93], [Wad96] & [Wad98]:
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G(x) =

(
1

λesc
exp

n
− (x−T )λesc

o
x ≥ T

0 x < T
(4.21)

This PLD function forces any particle to traverse at least some finite amount of
matter from the source, T (in g/cm2), before reaching the observer.

If the Nested Leaky Box model (NLBM) is used for propagation calculations in-
stead of the LBM, only the PLD function must be changed as nuclear physics for both
models is the same. A double exponential function is proposed for the NLBM [Cow75]:

G(x) =
1

x1 − x2
·
·
exp

½
− x

x1

¾
− exp

½
− x

x2

¾¸
(4.22)

where x1 is the escape mean free path of cosmic rays in the ISM region and x2 is the mean
free path characterising the source region. Both parameters can be calculated with:

x1 = λesc

x2 = 1.9 exp
n
− ε

7.85

o
being ε the energy of the propagating particle.

The escape probability

The escape probability characterised by the escape mean free path, which is the
main free parameter in the LBM, determines how easily a given cosmic ray nuclei can escape
from the confining magnetic field of the galaxy. So that, the larger the escape length, the
lower the probability of a particle to escape from observation. Several attempts have been
realised in order to introduce an energy dependence on the escape mean free path, λesc.
One of the most commonly used expressions for this parameter is [Orm78], [Cli93]:

λesc =

(
λesc,0 R ≤ 7.6 GV
λesc,0

¡
7.6
R

¢δ
R > 7.6 GV

(4.23)

with R, the rigidity of the particle (in units of GV), λesc,0 and δ are adjustable parameters
which have been found to be λesc,0 = 5.5 g/cm2 and δ = 0.4 [Orm78]. An alternative
expression for the escape length is [Bre85] & [Wad85]:

λesc =

 26.9
h
1 +

¡
1.88
R

¢2i3/2
R ≤ 11.4 GV

25.8R−0.7 R > 11.4 GV

Once the PLD function has been chosen (single exponential, truncated exponential
or double exponential), the associated mean free path can be taken as constant or as rigidity
dependent according to expression 4.23.
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4.3.6. Other assumed parameters

Despite the energy spectrum of cosmic rays is not taken into account in the LBM
transport equation, the energy of cosmic rays plays a significant role due to the dependence
on it of several parameters such as total and partial inelastic cross sections and the escape
probability. Most of such parameters have an energy threshold beyond which constant values
of these parameters are achieved. Calculations have been performed at several energy values
which have been taken constant during the propagation process because energy loss and
gain are neglected. The selected energies which are compatible with those having cosmic
ray nuclei recorded in the UHCRE are: 0.5 GeV/n, 1.0 GeV/n, 2.0 GeV/n, 3.0 GeV/n, 5.0
GeV/n.

The composition of ISM gas has been assumed to be formed by pure hydrogen,
neglecting thus the contributions of helium atoms (w 10%). This assumption allows to take
the proton mass (mp) as the mean interstellar atomic mass (m). On the other hand, the
calculated interaction and spallation mean free paths values may be significantly modified
if helium atoms are assumed to be present in ISM, affecting thus propagation results.

In addition, the ISM atomic mean density (n) has been taken constant along the
trajectory of cosmic ray particles, fixing its value at 0.3 atoms/cm3 [Wie80] & [Gar81].

4.4. Propagation results

4.4.1. Test of verification

In the present work, the WST has been adopted to solve the LBM transport
equations. According to the WST, an equation of type 4.7 is assigned to every considered
cosmic ray particle. The resulting system of differential equations can be solved either
analytically or numerically. Numerical solutions are easily determined using the Runge-
Kutta-Fehlberg method which allows to control several mathematical parameters such as
the grammage step, dx, and the number of iterations. Analytical solutions can be laborious
to obtain, specially for the lightest considered particles which have the contribution of all
heavier particles. However, the solution is straightforward for some specific cases.

Therefore, in order to verify that our numerical method gives results consistent
with those obtained from the analytical solution, a simple example is considered. Assuming
a pure 20882 Pb source, the study is stressed to the

205
81 Tl nuclei, in order to minimise the sum

over spallation products. With such conditions, the system of two differential equations for
the composition functions is:

dF82
dx

= − F82

λ82int
(4.24)

dF81
dx

= −F81

λ81int
+

F82

λ82→81spall

(4.25)
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Equation 4.24 can be very easily solved analytically, obtaining, thus, the exact
solution for F82(x) which is required to determine F81(x):

F82(x) = F82(x = 0) exp

½
− x

λ82int

¾

F81(x) =
1

λ82→81spall

·
Ã

1
1

λ81int
− 1

λ82int

!
F82(x = 0) ·

·
exp

½
− x

λ82int

¾
− exp

½
− x

λ81int

¾¸
(4.26)

being F82(x = 0) the source abundance of 20882 Pb element (F81(x = 0)=0, as a pure lead
source is assumed).

The numerical solution for the composition function F81(x) is generated by solving
the system of equations 4.24 & 4.25 by means of the Runge-Kutta-Fehlberg method taking a
grammage step of 0.001 g/cm2 which ensures the requirements of accuracy. The number of
iterations has been chosen to be 10000 leading a total path length traversed of 10.0 g/cm2.
Parametric fit expressions for interaction and spallation cross sections (see equation 4.13 &
4.17) have been evaluated at an energy of 3.0 GeV/n, obtaining:

1

λ81int
= 0.880 (g/cm2)−1

1

λ82int
= 0.888 (g/cm2)−1

1

λ82→81spall

= 0.059 (g/cm2)−1

The analytical solution from equation 4.25 and the numerical solution are com-
pared in figure 4.11, in which the composition function for the 205

81 Tl nuclei is plotted
as a function of the grammage x (in g/cm2), taking an initial lead abundance to be
F82(x = 0) = 10

3 nuclei/s.
Actually, the curve obtained from the numerical solution and that obtained from

the analytical solution overlap, evidencing an excellent agreement between both solutions.
Nevertheless, in order to distinguish both solutions, the peak of each curve can be deter-
mined. Analytically, the peak position is obtained optimizing the composition function
F81(x):

xpeak =

Ã
1

1
λ81int
− 1

λ82int

!
ln

µ
λ82int
λ81int

¶
Taking the above values for the mean free paths, the peak is found to be located at

xpeak = 1.1312 g/cm2 with a peak value of 24.39 particles/s, while the numerical solutions
shows a peak at xpeak = 1.1314 and a peak value of 24.41. According to these results, the
peak position agree to within 0.02% and the peak value differs by less than 0.08%.

The last step is to determine the abundance of the 205
81 Tl nuclei, N81, by inte-

grating the composition function F81(x) weighted by a PLD function, since it represents
an estimation of the measurable abundance. A truncated PLD function given in equation
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Figure 4.11. Comparison between analitycal (solid line) and numerical (dotted line) solu-
tions to the 20581 Tl as a function of the path length.

4.21 with λesc = 5.5 g/cm2 and T = 1.0 g/cm2 has been assumed and multiplied by the
composition function F81(x) according to equation 4.8, and finally integrated from zero,
corresponding to a very close source, to infinity, corresponding to a very long path length
traversed by cosmic ray nuclei. Taking expression 4.26 and 4.21, the analytical solution can
be determined:

N81 =
1

λesc
· 1

λ82→81spall

·
Ã

1
1

λ81int
− 1

λ82int

!
F82(x = 0) · (4.27)"Ã

1
1

λ82int
− 1

λesc

!
exp

½
− T

λ82int

¾
−
Ã

1
1

λ81int
− 1

λesc

!
exp

½
− T

λ81int

¾#
On the other hand, numerical integration is also straightforward using the trape-

zoid’s rule. Although the integration should be done from zero to infinity, in the numerical
treatment a finite upper limit has adopted. As figure 4.11 shows, the composition function
drops to near zero for x & 9 g/cm2, so that, extending the integration upper limit beyond
10 g/cm2 will not introduce a significant variation to the final result. The abundance value,
N81, provided by both treatments are, 8.00649 for the numerical integration and 8.01265 us-
ing equation 4.27. The numerical integration result differs from the analytical exact solution
by less than 0.08%.
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4.4.2. Effects of varying parameters

As described in the previous section, there are several parameters, appearing in
the propagation model, which can be varied, such as the cross sections expressions, the
source abundances, the PLD function and the nature of propagating particles (i.e. elements
or isotopes). The WST allows to study the effects introduced by the variation of these
parameters into propagation results. For such purposes, two different kinds of plots are
provided depending on if the variation of the parameter would be numerically significant.
So, by default, the final abundances resulting of the propagation calculation will be plotted
as a function of the charge. In the case that such plots would be overlapped, then the
fractional difference will be given. The fractional difference between two sets of abundances
(ni, nj) is defined by [Cli93]:

FD(i; j) ≡ ni − nj
ni + nj

Obviously FD(i; j) = 0 if ni = nj and FD(i; j) = +1 or −1 if one of the set
of abundances is zero. In order to calculate the fractional differences, normalised sets of
results (ni, nj) are required.

A fixed set of parameter will be taken by default as a standard configuration, thus,
all propagation results will be calculated taking this standard configuration unless otherwise
indicated. The parameter values which have been chosen for the standard configuration are:

• Solar system source abundances [And89].

• FIP correction is included (equation 4.19).

• Semiempirical fit formulae for all cross sections (equations 4.11, 4.12 & 4.16).

• Propagation energy value of 3.0 GeV/n.

• Truncated exponential PLD with λesc = 5.5 g/cm2 and T = 1.0 g/cm2 (equation
4.21).

• Propagation performed by elements having charge comprised between 65 and 92.

Varying cross sections

Among all available treatments which have provided expressions for the total and
partial cross sections, only parametric fits and semiempirical fits formulae have been consid-
ered. Energy has been the first parameter under study as all expressions display an energy
dependence.

Figure 4.12 shows the different set of propagated abundances relative to lead,
which has been obtained at energies 0.5 GeV/n, 1.0 GeV/n, 2.0 GeV/n, 3.0 GeV/n and 5.0
GeV/n using parametric fit expressions for the cross sections. As it can be seen, for energies
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Figure 4.12. Propagated abundances relative to lead calculated using parametric fit expres-
sions for fragmentation cross sections for several considered energies.

over 1.0 GeV/n, all the resulting abundances follow the same pattern, whereas a different
behaviour is observed for the lowest energy. Furthermore, the abundance distribution at
0.5 GeV/n shows an enhancement for those elements belonging to the platinum peak with
charge 74 ≤ Z ≤ 79. In addition, this distribution crosses the abundance distribution
corresponding to 1.0 GeV/n at Z = 70 indicating that at lower energies the parametric cross
sections contribute significantly to the fragmentation of lead group elements to platinum
group elements (i.e. low ∆Z), while cross section values for large ∆Z are underestimated
with respect to the reference ones.

If semiempirical fit expressions are used instead of parametric ones, the resulting
abundances at different energies overlap when they are drawn. So that, only propagated
abundances et 0.5 GeV/n and 5.0 GeV/n are plotted in figure 4.13 in which it is stressed
that energy is not a very significant parameter in semiempirical cross sections.

In order to compare between the effects of semiempirical and parametric cross
section formulae, propagation results using both expressions at a fixed energy of 2.0 GeV/n
are plotted in figure 4.14. From the figure it is inferred that although both distributions
display the same behaviour, the parametric results are clearly overabundant with respect
to semiempirical ones, evidencing that fragmentation of cosmic ray nuclei is overestimated
by the semiempirical expressions.

Fractional differences between the semiempirical and the parametric set of prop-
agated abundances at 0.5 GeV/n and 5.0 GeV/n are plotted in figure 4.15, which shows
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Figure 4.13. Propagated abundances relative to lead calculated using semiempirical fit
expressions for fragmentation cross sections for two different energies.
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Figure 4.14. Propagated abundances in arbitrary units calculated using parametric and
semiempirical fit expressions for fragmentation cross sections at 2.0 GeV/n.

that maximum discrepancies between both distributions are achieved for low energy values.
Particularly critical is the case of Z = 73 in which a FD value close to -1 (at 0.5 GeV/n)
is obtained indicating that N73 evaluated with semiempirical cross sections is near to zero
due to its overestimated fragmentation together with low spallation contribution of heavier
elements.

Varying source abundances

In order to evidence the effects of propagation on the assumed source abundances
(SS0), the fractional difference between them and the resulting propagated abundances is
plotted in figure 4.16. which shows that final abundances (SSP ) are significantly distorted
due to the propagation mechanism. The fact that for those nuclei with Z ≤ 76, the FD
value is positive, indicates that heavier nuclei have broken up during their eventful travel
from sources, thus contributing to increase the abundance of lighter nuclei. In other words,
figure 4.16 elucidates fragmentation effects of propagation.

There are two different source compositions available, the SS abundances and the
r-process abundances. Figure 4.17 illustrates the propagated abundances relative to lead
when both types of sources are considered. The enhancement of the platinum peak elements
for an r-process source is inferred from figure 4.17. This feature can be also stressed in
figure 4.18 in which the lower negative values of FD between propagated SS and r-process
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Figure 4.15. Fractional differences between propagated abundances as predicted by semiem-
pirical and parametric fits at 0.5 GeV/n and 5.0 GeV/n.

abundances are achieved for platinum peak elements having charge 75 ≤ Z ≤ 79 and higher
positive FD values are obtained the lead peak elements.

Figure 4.18 also evidences that the FIP correction to the source composition has
no significant effect on the propagation results as no distortion to the FD curve is introduced
when the FIP correction is removed.

Varying the path length distribution

As depicted in previous section, the PLD function characterises the propagation
model. In the case of LBM a single exponential (equation 4.20) or a truncated exponential
(equation 4.21) are obtained, while a double exponential PLD function corresponds to the
NLBM (equation 4.22).

Results of the propagation using a LBM are compared to those obtained by apply-
ing a NLBM in figure 4.19 in which the fractional differences between both abundance sets
are plotted. As it can be seen, NLBM has favored the abundances of the heaviest nuclei
(those with Z & 76) since in this charge region, negative FD values are obtained, whereas
abundances of lower charge region nuclei (having Z . 76) has been enhanced by the LBM.

The associated PLD function to the LBM allows to control several parameters such
as λesc,0 and/or δ depending on if the escape mean free path is considered rigidity dependent
or not according to equation 4.23. Figure 4.20 shows the FD between the propagated SS
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Figure 4.16. Fractional differences between the propagated and the source abundances of
SS type.
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Figure 4.17. Propagated abundances relative to lead assuming a SS and r-process source
composition .

Figure 4.18. Fractional differences between propagated SS abundances and propagated
r-process abundances with and without the FIP correction.
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Figure 4.19. Fractional differences between propagated abundances under LBM and NLBM

abundances taking two different values of λesc,0: the standard value of 5.5 g/cm2 and a
larger value λesc,0 = 8.0 g/cm2. From the figure it is inferred that propagation is not very
sensitive to this parameter, indicating, hence, that the escape length can not be reliably
determined.

The effect of the variation of the truncation value, T , is illustrated in figures 4.21
and 4.22 in which semiempirical and parametric predicted cross sections are respectively
used to determine the propagated abundances.

Comparing both figures, it can be seen that propagation with parametric fit cross
sections are more sensitive to the truncation value than if semiempirical cross sections are
used. Although, in both cases, the variation of the truncation T seems to introduce no
significant distortion to final results, a couple of features can be addressed:

(i) The abundances of nuclei in the lowest charge region (65 ≤ Z ≤ 75) are
increased when larger T values are considered.

(ii) The abundances of Pt and Pb nuclei drop for higher T values but at
different rate, so that, the relative abundance between these elements becomes significantly
modified for different truncations of the PLD function.

Figure 4.23 illustrates the effects of propagation at 1.0 GeV/n and 5.0 GeV/n using
the energy dependent PLD function for the NLBM (according to equation 4.22). It can be
seen that for the bulk propagated elements, FD is positive indicating an overabundance for
low energy compared to higher energies. Actually the low values of FD shows that energy
does not play a significant role in the propagation using NLBM.
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Figure 4.20. Fractional differences of propagated abundances calculated with an escape
length of 5.5 g/cm2 and 8.0 g/cm2.

Figure 4.21. Normalised abundances calculated at several truncation values of the PLD
function using the spallation cross sections predicted by semiempirical fits.
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Figure 4.22. Normalised abundances calculated at several truncation values of the PLD
function using the spallation cross sections predicted by parametric fits.

Figure 4.23. Fractional differences between propagated abundaces under NLBM at 1.0
GeV/n and 5.0 GeV/N.
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Figure 4.24. Elemental and isotopic propagated abundances relative to lead calculated from
SS source abundances which are also plotted.

Assumed propagating particles

The transport of ultra heavy cosmic rays with charge over 65 can be carried out
considering only those elements belonging to this charge region, leading, thus, a total of 19
traveling particles. The set of particles involved on the propagation can be enlarged to a
total of 80 if all isotopes of the same charge region are taken into account.

The unique formula which allows to calculate isotopic fragmentation cross sections
comes from semiempirical fits. For that reason, only cross sections predicted by semiempir-
ical fits will be used for element and isotopic propagation.

Figure 4.24 illustrates the differences between element propagation and isotopic
propagation at 10.0 GeV/n, SS source composition is also plotted. Alternatively, in figure
4.25 propagated abundances relative to lead at 2.0 GeV/n with an r-process source for both
sets of traveling particles are plotted. An enhancement of the platinum group elements,
specially for Z = 76, can be seen when the propagation is performed taking all 80 isotopes.

In order to confirm that the effects of varying the energy and the truncation value
performing an isotopic propagation are similar to those concerning element propagation,
figures 4.26 and 4.27 are supplied. In figure 4.26 isotopic propagation results at 0.8 GeV/n
and 5.0 GeV/n are compared by means of fractional difference. Except for Z = 91, the FD
values for the remaining elements are very close to zero indicating that isotopic spallation
cross sections are not sensitive to variations of energy. Propagated abundances calculated
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Figure 4.25. Elemental and isotopic propagated abundances relative to lead calculated from
r-process source abundances which are also plotted.

with a truncated PLD function at 3.0 GeV/n are plotted in figure 4.27. The behaviour of
such abundances for different truncation values are the same of that observed in figures 4.21
and 4.22.

4.4.3. Comparison with observations from UHCRE

In order to make a reliable comparison between the propagated abundances with
the LBM and the measured abundances from UHCRE, intrinsic charge uncertainty achieved
in experimental results has to be taken into account. Therefore, for each element, the result-
ing abundance Ni is distorted by a gaussian function which is centered to the corresponding
charge value, Zi, with an standard deviation equals to the assumed charge uncertainty, σZ .
Each of such gaussian functions are extended from −3 σZ to +3 σZ containing, thus, the
99.73% of the total area. Then, gaussian functions for each element are summed, obtaining
a continuous curve which becomes a distribution curve after a proper normalisation. Fig-
ure 4.28 elucidates the aspect of one of such distribution curve which has been obtained
by propagating all isotopes assuming a SS source abundances, using semiempirical cross
sections at 2.0 GeV/n with a truncated PLD function at T = 1.0 g/cm2 applying a fixed
charge uncertainty σZ = 1.5.

The abundance distribution effected by a charge uncertainty can, then, be com-
pared to the experimental results from UHCRE by estimating the χ2 statistical parameter
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Figure 4.26. Fractional differences between isotopic propagation results using cross sections
predicted by semiempirical fits at 0.8 GeV/n and 5.0 GeV/n.

Figure 4.27. Normalised abundances calculated at several truncation values of the PLD
function using the spallation cross sections predicted by semiempirical fits taking all isotopes
with carge over 65 as propagating particles.
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Figure 4.28. Abundance distribution obtained by modifying the propagated abundances by
a charge uncertainty of 1.5.

which accounts for the goodness of the fit between the observed frequencies provided by
the UHCRE measured abundances and the expected frequencies obtained from propagation
calculation. The statistical parameter χ2 is defined by:

χ2 =
kX
i=1

(oi − ei)
2

ei
(4.28)

where oi are the observed frequencies, which in our case are the measured abundances
given by UHCRE, and ei are the expected frequencies which can be determined from the
propagated abundances affected by σZ . In order to evaluate properly the χ2 parameter
according to expression 4.28, the number of degrees of freedom, ν, has to be known. The
number of degrees of freedom can be determined by ν = k − 1, being k the number of
observed frequencies.

A study of χ2 taking different sets of transport parameters will allow to select a
candidate configuration which best describes the propagation of ultra heavy cosmic rays
nuclei with charge over 65 according to the measured abundances in UHCRE and, thus,
determine the source composition of such elements.

The propagated abundance distribution may be affected by several charge uncer-
tainties values, leading, thus, different χ2 values. In order to evidence the effect of varying
the charge uncertainty, σZ , on χ2, three distinct configurations for the propagation have
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Figure 4.29. The variation of the statistical parameter χ2 as a function of the charge
uncertainty introduced to the propagated abundances using the LBM, for three different
configurations of the propagation parameters (see text for details).

been adopted and the resulting abundances are contaminated by the following values of
σZ : 1.0, 1.25, 1.5, 1.75, 2.0, 2.25, 2.5, 2.75. The first configuration assumes: only elements
with Z ≥ 65, an r-process source type with FIP correction, parametric cross sections at 1.0
GeV/n and a truncated PLD function at T = 1.0 g/cm2, while the second configuration
coincides with the first one but taking semiempirical cross sections at 2.0 GeV/n with a trun-
cation value of T = 1.5 g/cm2. The third configuration considers all isotopes with Z ≥ 65, a
SS initial abundances without FIP correction, cross sections predicted by semiempirical fits
at 3.0 GeV/n and an exponential PLD function without truncation. Figure 4.29 illustrates
the results of the estimated χ2 values as a function of the assumed charge uncertainty for
the three configurations. From this figure, two main features can be derived:

(i) When propagation calculation is performed either for elements as well as
for isotopes using semiempirical cross sections, a χ2 minimum value indicating a best fit is
achieved for a charge uncertainty σZ = 2.25 which is consistent with the charge uncertainty
assigned to the UHCRE measurements.

(ii) If propagation is carried out taking parametric cross sections, not only no
relative minimum χ2 value is observed (the higher the σZ , the lower the χ2), but also worst
values of the statistical parameter are obtained [Font97] & [Font99a].

According to the second feature, expressions of parametric cross sections may be
excluded in those propagation calculations which are compared to UHCRE results. For
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Figure 4.30. Variations of the χ2 parameter as a function of the energy of cosmic ray
particles. Transport has been performed taking two different sets of propagating particles,
the elements and isotopes having charge over 65.

other propagation configurations, the minimum χ2 value is shifted to σZ = 2.0 or σZ = 2.5,
so hereinafter, χ2 values are only calculated for a charge uncertainty comprised between 2.0
and 2.5 depending on which of them provides the best fit.

In order to study the effects of varying the energy by means of the χ2 parameter,
the standard configuration of the propagation parameters has been assumed, and transport
calculations have been carried out by elements as well as by isotopes at different energy
values which are compatibles with those of cosmic ray nuclei recorded in UHCRE (1.0
GeV/n, 2.0 GeV/n, 3.0 GeV/n and 5.0 GeV/n). Results are illustrated in figure 4.30.

As can be seen in figure 4.30, χ2 values for an isotopic propagation are signifi-
cantly lower than those for an element propagation. This difference is also observed when
other propagation parameters are modified. In consequence, hereinafter, all propagations
are performed by considering all isotopes as traveling particles, excluding, thus, any prop-
agation by elements. Figure 4.30 also shows that χ2 parameter has not varied remarkably
in the chosen energy range, stressing, thus, that propagation results are not sensitive to the
variations of energy.

Source composition is another parameter which can be changed in the transport
equations. It is possible to differentiate four kinds of source abundances: SS and r-process
abundances, both can be modified by the FIP correction. Performing the propagation for
isotopes at 3.0 GeV/N with a truncation T = 1.0 g/cm2 for the PLD function, the resulting
χ2 values are given in table 4.1.
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Table 4.1. Values of the χ2 statistical parameter calculated by different assumed source
composition.

χ2 SS r-process
FIP 70.66 37.89

No FIP 49.64 27.23

Table 4.2. Values of the χ2 statistical parameter calculated by several values of the scape
length.

λesc χ2

3.0 27.19
5.5 27.21
8.0 27.23
10.0 27.23

The calculated χ2 values in table 4.1 shoe that an r-process source type always
gives best fits than the standard SS source composition, even if FIP correction is included.
Furthermore, the inclusion of the FIP effect produce a worse fit for any kind of assumed
source abundances. Although this result seems not to be in agreement with what has been
shown in section 4.2.2 where FIP has been found not to be a significant parameter, it has
to be taken into account that χ2 is a more sensitive parameter than the used fractional
differences (see figure 4.18). According to this result, an r-process source type without FIP
correction will be taken in the following calculations.

Propagation can be realised by means of the LBM or the NLBM. In order to
differentiate between both models, an r-process source at 2.0 GeV/n without truncation
has been assumed, leading a χ2 = 27.70 for the LBM, while a χ2 = 27.20 has been obtained
for the NLBM. These results point to that LBM and NLBM are nearly indistinguishable
when propagated abundances are compared to UHCRE composition measurements.

The variation of the escape length parameter appearing in the PLD function, does
not introduce any significative modification to the calculated χ2, as can be observed in table
in which several values of λesc with the corresponding χ2 value are given for a propagation
energy of 2.0 GeV/n with a truncation at T = 1.0 g/cm2. This result seems to confirm
those which has been found in section 4.2.3 (see figure 4.20), stressing that the propagation
mechanism according to the LBM is not sensitive to the escape length in the range of 3.0
g/cm2-10.0 g/cm2.

In order to know which truncation value gives the best fit to experimental data,
figure 4.31 has been built up, in which the estimated χ2 values are plotted for different
truncations (T = 0.0 g/cm2, 0.5 g/cm2,1.0 g/cm2,1.5 g/cm2, 2.0 g/cm2 and 2.5 g/cm2)
at several energies (ε = 1.0 GeV/n, 2.0 GeV/n, 3.0 GeV/n and 5.0 GeV/n), describing a
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Figure 4.31. Surface drawn with the χ2 values calculated from several combinations of
values of the truncation and energy parameters.

surface in a (T, ε, χ2) space.
As it can be seen, the minimum χ2 value corresponds to an energy ε = 2.0 GeV/n

and truncation at T = 1.0 g/cm2, but differences between the χ2 values obtained from all
(T, ε) considered couples of parameters are small enough, not allowing to exclude any of
such combinations, and consequently evidencing that both parameters (i.e.. truncation and
energy) do not play a significant role in the propagation process when it is described by the
LBM. It must be stressed that all χ2 results on figure 4.31 are obtained taking a charge
uncertainty of σZ = 2.0, improving the previous results [Font98a]

4.5. Discussion and Conclusions

In this chapter, propagation calculations have been performed by means of the
so-called Weighted Slab Technique based on the Leaky Box Model, although the Nested
Leaky Box model has also been used.

In order to establish the accuracy of the Runge-Kutta method used to solve nu-
merically the differential equations for the compositions functions set out according to the
WST, a comparison with analytical exact solutions has been done. Results of such com-
parison show an excellent agreement between both treatments which in the worst case they
differ by less that 0.08%. An study has been effectuated accounting for the effects that have

155



on final integrated abundances by varying the propagations parameters such as spallation
cross sections, the energy of the traveling cosmic rays, the source composition, and the
path length distribution function (in terms of escape length and truncation). The main
conclusions inferred from this discussion can be summarised as follows:

1. Cross sections.

a) Elements having charge lower than 76, which have been propagated using
parametric cross sections are overabundant in comparison to those obtained with semiem-
pirical cross sections. Therefore, this result indicates that predicted cross sections values
from parametric fits for spallation reactions with large charge changing are slightly larger
than those predicted with semiempirical fit expressions [Font97] & [Font99a]

b) Parametric fit expressions are more sensitive to the energy of the interacting
cosmic ray particles than semiempirical fit formulae for which the energy in the range 0.5
GeV/n to 5.0 GeV/n does not play a significant role.

2. Source composition.

a) An enhancement of the platinum peak elements abundance is observed
when a source consisting on r-process synthesised material is assumed, instead of taking
an standard solar system source composition. This result is consistent with the measured
abundances in the UHCRE which displays a dominant platinum peak and also a secondary
less abundant lead peak [Font98b]

b) The FIP correction seems not to have a significative effect as its inclusion
on the initial composition does not improve the agreement of the resulting abundances with
the experimental data [Font98c].

3. Path Length Distribution.

a) Nested leaky box model with its corresponding double exponential PLD
function provides rather the same results than the LBM with a truncated PLD. In addition,
variation of the escape length does not modify considerably the calculated abundances.

b) Propagation results obtained using parametric cross sections seem to be
more sensitive to the truncation value of the integrating PLD function.

4. Propagating particles.

a) When propagation is carried out considering all isotopes as propagating cos-
mic rays, an enhancement of the platinum peak group element abundances is observed with
respect to the calculated abundances assuming only the most abundant isotope for a given
charge as a traveling particles. This results allows to conclude that an isotopic propagation
deals better with the experimental composition provided by the UHCRE measurements.

b) The effects of varying the energy and the truncation value is rather the
same for element propagation than for isotopic propagation.

Once a set of parameters is fixed, transport equations are numerically solved ob-
taining a propagated composition which is infected by a fixed charge uncertainty, σZ , in
order to be compared with experimental abundances measured in UHCRE. The statistical
parameter, χ2 offers an idea of the goodness of the fit. Therefore, varying the set of assumed

156



parameters, a different fit may be done and, consequently, a different χ2 value is obtained.
It has been found that taking semiempirical cross sections the minimum χ2 value is always
achieved for a charge uncertainty comprised between 2.0 and 2.5 which is compatible with
the predicted charge uncertainty for the UHCRE measurements, in opposition to the χ2

results for parametric cross sections with which the larger σZ , the lower χ2, evidencing a
meaningless physical behaviour and, thus, such expressions for the spallation cross sections
may be excluded for our transport calculations.

The significance level, p, is estimated comparing the calculated χ2 value with the
corresponding χ2q value (with q = 1−p) which is provided by the χ2 probability distribution.
The χ2q value depends on the number of degrees of freedom, ν, which may be determined
by ν = k − 1 being k the number of experimental points. If propagation is carried out
taking cosmic ray particles with charge comprised between 70 and 92, then ν = 22, this
gives a maximum χ2q value corresponding to q = 0.995 equals to 42.8. So that, all those sets
of parameters which lead to a calculated χ2 larger than χ20.995 = 42.8 are not statistically
significant, and, consequently, have been excluded. Only those parameters sets with which
χ2 < χ20.995 have been taken into account. Furthermore, parameter configurations providing
the lower χ2 value will be the best fit to UHCRE measured abundances, because the lower
the χ2 value, the higher the confidence level.

According to this statistical criteria, propagation performed assuming elements as
traveling cosmic rays has been excluded as well as when standard SS abundances have been
taken as source composition of ultra heavy cosmic rays. In other words, only isotopes have
been propagated from an r-process type source to a region near the Earth, because their
corresponding χ2 value is lower than χ20.995 = 42.8. Furthermore, it has been found that if
the FIP correction is not taken into account, the associated χ2 value decreases.

The escape length, λesc, the truncation value T of the integrating PLD function
and the energy are the three parameters producing a negligible impact on the propagation
calculation results, as their variation does not introduce a significant modification on χ2.
The same behaviour is also observed when NLBM is applied instead of the LBM. In conclu-
sion, the χ2 parameter criterion does not allow to distinguish between sets of propagating
parameters which differ on the energy, the PLD function (double exponential, truncated
exponential) or the escape mean free path.

In that case, it would be useful to compare the abundance ratios R1, R2 and R3
determined after the propagation procedure, with those calculated from UHCRE measure-
ments. These abundances ratios are defined as [Bin88] & [Kla85]:

R1 =
Actinide abundances (87 ≤ Z ≤ 100)

Platinum & lead group abundances (74 ≤ Z ≤ 86)

R2 =
Platinum group abundances (81 ≤ Z ≤ 86)
Lead group abundances (74 ≤ Z ≤ 80)
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Figure 4.32. Values of R1 abundance ratio calculated by propagating an isotopic r-process
source composition at 3.0 GeV/n for several truncation values. UHCRE value is also plotted
(solid line) as well as its error (dashed lines).

R3 =
Abundances of elements with (70 ≤ Z ≤ 73)

Platinum & lead group abundances (74 ≤ Z ≤ 86)
Figures 4.32, 4.33 and 4.34 show, respectively, the values of the abundance ratios

R1, R2 and R3 estimated with propagated abundances at an energy of 3.0 GeV/n taking
several truncation values. Abundance ratios calculated taking the UHCRE results are also
plotted in the corresponding figure, associated errors are also included (dashed lines). Errors
on R1, R2 and R3 which are similar to those obtained in former experiments (mainly HEAO-
3) [Bin88], have been determined assuming an uncertainty on Ni of 10%.

As an example, the calculated abundance ratios R1, R2 and R3 at 1.0 GeV/n
with a PLD truncated at T = 1.0 g/cm2 are respectively, 0.011, 0.385 and 0.111 while at
3.0 GeV/n the corresponding values are 0.0113, 0.388 and 0.109. Therefore, the assumed
energy of the propagating particles, being higher that 0.5 GeV/n, insists in not playing a
significant role in propagation calculations according to the LBM.

As it can be seen in figure 4.32, the calculation results are consistent with the
experimental ones for low values of truncation, T . 1.5 g/cm2, while figure 4.33 shows that
the ratio R2 values coming from propagation are in agreement with those calculated from
UHCRE data for T & 1.0 g/cm2. In consequence, the abundance ratios R1 and R2 allow to
limit the truncation value, so that combining both figures, this parameter concerning to the
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Figure 4.33. Values of R2 abundance ratio calculated by propagating an isotopic r-process
source composition at 3.0 GeV/n for several truncation values. UHCRE value is also plotted
(solid line) as well as its error (dashed lines).

Figure 4.34. Values of R3 abundance ratio calculated by propagating an isotopic r-process
source composition at 3.0 GeV/n for several truncation values. UHCRE value is also plotted
(solid line) as well as its error (dashed lines).
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integrating PLD function its truncation should be comprised between 1.0 g/cm2 . T . 1.5
g/cm2.

The values of the abundance ratio R3 obtained from propagation results integrated
at several truncated PLD functions, are not compatible with the experimental value esti-
mated from UHCRE abundances, even if the associated uncertainty is taken into account,
as clearly illustrated in figure 4.34. This discrepancy may be explained by considering that
detectors utilised in the UHCRE experiment show a small detection efficiency in the lowest
charge region, as this region is located very close to the threshold of registration, so that
abundances of elements with charge between 70 and 73 are underestimated, leading, thus, a
lower value of the abundance ratio R3 according to its definition. This fact could be taken
into account in order to enlarge the associated uncertainty to R3(UHCRE), allowing, then,
a certain agreement with those calculated values of R3 for low truncation values, confirming,
thus, results from figure 4.32.

The abundance ratios do not provide a reliable resource in order to study the
effect, and, hence determine a value giving the best fit, of the escape length propagation
parameter, because of the three calculated abundance ratios taking λesc = 8.0 g/cm2 are
R1 = 0.0112, R2 = 0.387 and R3 = 0.110, which do not differ to those obtained with
λesc = 5.5 g/cm2: R1 = 0.0113, R2 = 0.388 and R3 = 0.109.

When propagation is performed by means of NLBM, the corresponding calculated
abundance ratios are found to be: R1 = 0.0123, R2 = 0.400 and R3 = 0.104 which are also
consistent with UHCRE ratios.

In conclusion, it has not been found any clue that allows to differentiate between
LBM with truncated PLD and NLBM as propagation models, as well as to evaluate the
effects of varying the energy of the traveling cosmic rays and the escape mean free path,
and, therefore, establish limits on their reliable values. On the other hand, one of the main
conclusion of this propagation study is that it has been found that spallation cross sections
(both total and partial) are the parameters which introduce more distortion to the final
propagated abundances because the propagation mechanism is fundamentally governed by
the fragmentation process according to the assumed LBM. Therefore, cross sections values
calculated with greater accuracy will be required for reliable propagation calculations. It has
been found that the configuration that best reproduces the UHCRE measured abundances
near the Earth neighbourhood, consists on:

• A source composed by r-process synthesised material without FIP correction.
• Total and partial inelastic cross sections provided by semiempirical fit formulae.
• A truncated path length distribution function corresponding to the leaky box propa-
gation model, with truncation comprised between 1.0 g/cm2 . T . 1.5 g/cm2.

• All stable isotopes are considered as traveling cosmic ray particles.
• A charge uncertainty between 2.0 and 2.5.
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This configuration leads to calculated χ2 values below the maximum tabulated χ2

value corresponding to 22 degrees of freedom. Furthermore, the minimum calculated χ2

values which are comprised between 27.21 and 30.08 are obtained applying a charge uncer-
tainty σZ = 2.0. Taking the tabulated values of χ2, and by means of a linear interpolation,
it has been found that the minimum calculated χ2 value correspond to χ20.79. Therefore,
the UHCRE experimental abundances are fitted by propagated results with a significance
level of 21%, which means that the adjustment is statistically correct but not excellent.

It has to be emphasised that the R2 abundance ratio describes the ratio between
the two main peaks in the charge region of Z & 65, i.e. the platinum abundance peak which
is mainly synthesised following a rapid neutron capture process, and, on the other hand, the
lead abundance peak mainly formed by s-process built up material. Each of such neutron
capture processes have occurred in different astrophysical scenarios, so that, fundamentally,
R2 gives an idea of the relative importance of the r and s-processes. According to its
definition, if R2 > 1 means that the lead peak is dominant compared to the platinum peak,
while if R2 < 1, the opposite situation is described.

If standard SS abundances [And89] having an associated R2(SS) = 1.03, are
assumed as source abundances, the resulting abundance ratio calculated after performing the
propagation procedure is R2(SS, prop) = 0.72, indicating that the propagation mechanism
is able to invert the dominant peak (Pb at source leading Pt at Earth neightbourhood).
Nevertheless, this peak inversion is not enough to reproduce what is experimentally recorded
near the Earth with UHCRE detectors which lead an R2(UHCRE) = 0.32, in agreement
with former experiments as Ariel VI and HEAO-3 [Font00]. In order to obtain a value
of R2 to be consistent with R2(UHCRE) an enhancement of the platinum peak element
abundances is needed. The solution could arise by considering an r-process source type
which has an R2(r) = 0.60 instead of SS source. In this case, the propagated abundance
ratio is found to be R2(r, prop) = 0.38 which is closer to R2(UHCRE). Elements belonging
to the platinum peak have an intermediate FIP value (v 9.0 eV), and those elements forming
the lead peak have low FIP values (v 7.4 eV). The FIP correction (see equation 4.19) is
another attempt to enhance those elements having low FIP value by reducing the abundance
of those elements with large FIP values. Despite of FIP correction has been included, it
has been found that experimental data are better reproduced without this correction as
discussed above. For most elements, values of FIP and condensation temperature, TC ,
are anticorrelated, so, it is not easy to distinguish which of these two parameters could
better reproduce after propagation the measured composition. Condensation temperature
which controls the ability of elements to condense into solid compounds, allows to classify
elements into volatile (low TC) and refractory (high TC). It has been proposed that cosmic
ray source composition is best ordered in terms of a general enhancement of the refractory
elements relative to volatile ones and among the volatile elements an enhancement of heavier
elements relative to lighter ones indicating a mass to charge dependence, together with a
condensation temperature dependence, of the acceleration efficiency [Mey97] & [Mey98].
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Only refractory elements are locked in grains of ISM which are accelerated by shock waves
together with gas ions to an energy of v 100 KeV/n, then these grains sputter refractory
ions which are simultaneously accelerated up tu GeV and TeV energies [Ell97], [Ell98] &
[Ell99]. So that, according to this model, grains of ISM could supply to cosmic ray stream an
extra-abundance of refractory elements and in particular platinum peak elements accounting
for the enhancement needed to reproduce the measured ratio between platinum and lead
peak abundances. The quantification of this contribution for dust grains becomes extremely
complicated because of the number of factors which influences the final abundances. For
that reason, this model will not be taken into account in the present work, but will be under
consideration for a future work.

It should be stressed that in order to reproduce the charge distribution of the
chemical elements recorded in the UHCRE experiment, an enhancement of the platinum
peak abundances is required. There has been several attempts to account for this extra
contribution, such as the FIP correction or an enhancement in the source composition by
taking an r-process source type instead of SS source composition which in principle would
seem more realistic, or alternatively, considers the contribution of the sputtered ions from
accelerated dust grains. It has been found that FIP corrections does not help to enhance
the platinum peak abundance, but better results are obtained if the source of cosmic rays
with Z & 65 is considered to be formed of material built up by means of rapid neutron
capture process which are related with explosive scenarios such as type II-Supernovae sites
modelled in terms of core collapse supernova models or neutron stars mergers models (see
section 1 of chapter 3 for detailed information). In other words, the hand that rocks the
cradle of such cosmic rays seems to feel rather excited so that it would be more adequate
to say that this hand really shakes this cradle.

Propagation of ultra heavy cosmic rays having charge over 65, has been modelled
by means of the leaky box model. Effects of varying all parameters involved in the propa-
gation process has been studied and results of transport calculations have been compared
with measured composition in UHCRE, but the following improvements can be studied in
a future work in order to obtain propagation results more consistent with experimental
results:

(i) Not only spallation cross sections are the main parameter that influences the
propagation calculation (as they control the fragmentation processes), but also they are not
well determined in the charge region and energies concerning to recorded ions in UHCRE.
So that, partial inelastic cross sections with grater accuracy which are provided by updated
expressions based on recent measurements [Web03] should be taken into account replacing
the expressions used in this work.

(ii) The energy loss process by ionisation and also energy gain due to re-acceleration
mechanism during propagation may be considered by re-introducing the energy loss term,
∂
∂E (biNi), in the leaky box transport equation which can also be numerically solved by
means of the WST [Wad98].
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(iii) Instead of applying the WST to the LBM, this technique also may be used
to solve the transport equations for the diffusion model which provide a more realistic
description of the propagation mechanism of cosmic rays in the galaxy.

(iv) If source composition is ordered by the condensation temperature and mass to
charge ratio rather than FIP, the enhancement of refractory elements such as platinum peak
elements may be explained by the contribution of sputtered ions from dust grains during
their acceleration. Depending on this contribution, the source composition of cosmic rays
in the considered charge region have to be modified.
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5. Conclusions and perspectives

PHYSICS IS LIKE SEX

Sure, it may give some practical results,

but that’s not why we do it

RICHARD FEYNMAN

The main conclusions inferred from the present work are given in a condensed
format as follows:

• The Reduced Etch Rate Fractional Gradient identification method is fully applicable
only for incident non-stopping ions having an energy over 50 MeV/n at any point of
their path inside the detector.

• The parameters of the identification method have to be determined by means of an
appropriate calibration at the same energy than the ions recorded in the UHCRE.
Alternatively a peak calibration can be performed if an accelerator calibration is not
available.

• The parameters of the identification method are found to be energy dependent and
maybe charge dependent.

• The abundances of ultra heavy ions recorded in the UHCRE reproduce the two abun-
dance peaks in this charge region: the Platinum group peak and the Lead group peak,
respectively located at Z = 78 and Z = 82. A third peak corresponding to the actinide
region can also be observed. This result is in agreement with all former works.

• The charge uncertainty introduced intrinsically by the application of the RERFG
identification method leads to a value of σZ ' 0.1 e, whereas the charge resolution for
the UHCRE detectors is estimated to be ' 1.5− 2.0 e.
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• The close collisions may contribute to the latent track formation of the incident ions
into a solid state nuclear track detector.

• A strong correlation between the original REL model identification parameters and
the close collision contribution parameter has been found.

• When a higher contribution of close collisions to track formation is considered, the
model responds by decreasing the fraction of the total energy deposited by the pene-
trating ion responsible of the latent track formation.

• The inclusion of the modified REL model to the charge assignation procedure gives
a limiting value for the close collision contribution parameter, κ . 0.4, when the
UHCRE measurements are taken.

• The estimation of the close collision contribution parameter using experimental data
from accelerator at an energy ∼ 1 GeV/n leads to a value of κ ∼ 0.3.

• A simple method of resolution of the Leaky Box propagation equations is a rather
good approach to obtain a rough estimation of the source composition of ultra heavy
cosmic rays.

• The main source of uncertainty in propagation calculations comes from the cross
sections expressions for the fragmentation of cosmic ray ions colliding with interstellar
atoms.

• An improvement of transport calculation results, when experimental abundances are
taken, could be provided by performing the propagation for all isotopes of the consid-
ered charge range instead of only considering the elements.

• Source composition derived from UHCRE abundances using our simple method of
resolution of the Leaky Box propagation equations shows a prominent abundance
peak centered at Z = 78 and a secondary peak at Z = 82. This result is in agreement
with former works from other authors.

• The relevance of the Pt-Pb abundance peaks is inverted in the Solar System abun-
dances with respect to the calculated source composition, evidencing an enhancement
of the r-process nucleosynthesis in the cosmic ray sources.

• Nucleosynthesis of ultra heavy cosmic rays with charge over 65 seems to take place
in explosive environenments in which extreme conditions of temperature and neutron
flux are achieved.

• Numerical solutions from the Runge-Kutta method for solving the Leaky Box trans-
port equations using the Weighted Slab Technique differ from the analytical exact
solutions by less than 0.08%.
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• The propagation mechanism based on the Leaky Box model is able to invert the
dominant peak (Pb at the source converting to Pt at the Earth neighbourhood). Nev-
ertheless an enhancement of r-synthesised material is still needed to better reproduce
the UHCRE abundances.

• Escape length and energy of the traveling particles are parameters that produce a
negligible impact on the propagation calculation results.

• Propagated abundances and UHCRE measured ones are in agreement with a signif-
icance level of 21% when the propagation calculation is performed taking all stable
isotopes, and the following combination of the propagation parameters:

— A source composed by r-process synthesised material without First Ionisation
Potential correction.

— Total and partial inelastic cross section for fragmentation given by semiempirical
fit formulae.

— A truncated path length distribution function with a truncation value comprised
between 1.0 g/cm2 and 1.5 g/cm2.

• The minimum values of the χ2 parameter between propagated and measured UHCRE
abundances are achieved when a charge uncertainty of σZ = 2 − 2.5 e is introduced
to the calculated abundances. The result confirms the predicted charge uncertainty
for this experiment.

Some of the results obtained in this work have raised some new questions which
can be understood as perspectives for further work.

• In order to confirm the elimination of the energy dependence of the identification
parameters a new modification of the Restricted Energy Loss model should be stud-
ied which consists on the inclusion of as many parameters as close collision terms
considered to contribute to the formation of the latent track.

• Alternatively, a simpler latent track formation model can be tested using UHCRE
measurements. According to this new model, all correction terms appearing in the
corrected Bethe-Bloch formula are assumed to contribute to the fraction of the total
energy deposited by the penetrating ion responsible to the track formation.

• Not only spallation cross sections are the main parameter that influences the propaga-
tion calculation results (as they control the fragmentation processes), but they are also
not well determined in the charge region and energies concerning to the ions recorded
in UHCRE. So that, partial inelastic cross sections with grater accuracy which are
provided by updated expressions based on recent measurements should be taken into
account replacing the expressions used in this work.
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• The energy loss process by ionisation and also energy gain due to re-acceleration
mechanism during propagation may be considered by re-introducing the energy loss
term, ∂

∂E (biNi), in the leaky box transport equation which can also be numerically
solved by means of the WST.

• Instead of applying the WST to the LBM, this technique also may be used to solve the
transport equations for the diffusion model which provide a more realistic description
of the propagation mechanism of cosmic rays in the galaxy.

• If source composition is ordered by the condensation temperature and mass to charge
ratio rather than FIP, the enhancement of refractory elements such as platinum peak
elements may be explained by the contribution of sputtered ions from dust grains
during their acceleration. Depending on this contribution, the source composition of
cosmic rays in the considered charge region have to be modified.
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