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Chapter 1
Introduction

The aim of this thesis work is to contribute to the analysis of the interaction of
agents in social networks and groups.
In the chapter �NP -completeness in Hedonic Games�, we identify some

signi�cant limitations in standard models of cooperation in games: It is often
impossible to achieve a stable organization of a society in a reasonable amount
of time. The main implications of these results are the following. First, from
a positive point of view, societies are bound to evolve permanently, rather than
reach a steady state con�guration rapidly. Second, from a normative perspective,
a planner should take into account practical time limitations in order to imple-
ment a stable social order.
In order to obtain our results, we use the notion ofNP -completeness, a well-

established model of time complexity in Computer Science. In particular, we
concentrate on group stability and individual stability in hedonic games. Hedonic
games are a simple class of cooperative games in which each individual's utility
is entirely determined by her group. Our complexity results, phrased in terms
of NP -completeness, cover a wide spectrum of preference domains, including
strict preferences, indifference in preferences or undemanding preferences over
sizes of groups. They also hold if we restrict the maximum size of groups to be
very small (two or three players).
The last two chapters deal with the interaction of agents in the social setting.

It focuses on games played by agents who interact among them. The actions of
each player generate consequences that spread to all other players throughout a
complex pattern of bilateral in�uences.
In �Who is Who in Networks. Wanted: The Key Player� (joint with An-

toni Calvó-Armengol and Yves Zenou), we analyze a model peer effects where
interact in a game of bilateral in�uences. Finite population non-cooperative
games with linear-quadratic utilities, where each player decides how much action
she exerts, can be interpreted as a network game with local payoff complemen-
tarities, together with a globally uniform payoff substitutability component and
an own-concavity effect.
For these games, the Nash equilibrium action of each player is proportional

to her Bonacich centrality in the network of local complementarities, thus estab-
lishing a bridge with the sociology literature on social networks. This Bonacich-
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2 Chapter 1 Introduction

Nash linkage implies that aggregate equilibrium increases with network size and
density. We then analyze a policy that consists in targeting the key player, that is,
the player who, once removed, leads to the optimal change in aggregate activity.
We provide a geometric characterization of the key player identi�ed with an inter-
centrality measure, which takes into account both a player's centrality and her
contribution to the centrality of the others.
Finally, in the last chapter, "Optimal Targets in Peer Networks" (joint with

Antoni Calvó-Armengol and Yves Zenou), we analyze the previous model in
depth and study the properties and the applicability of network design policies.
In particular, the key group is the optimal choice for a planner who wishes to

maximally reduce aggregate activity. We show that this problem is computation-
ally hard and that a simple greedy algorithm used for maximizing submodular
set functions can be used to �nd an approximation. We also endogeneize the
participation in the game and describe some of the properties of the key group.
The use of greedy heuristics can be extended to other related problems, like the
removal or addition of new links in the network.



Chapter 2
NP -Completeness in Hedonic Games

2.1 Introduction
The signi�cance of hedonic coalition formation is present in many actual so-
cioeconomic situations like the creation of social clubs, groups, societies... An
introductory work to hedonic games was Dreze and Greenberg (1980), where
they studied situations of production of local (coalitional) public goods, in which
agents' preferences are based upon both their individual consumption of the pub-
lic good produced by their coalition and the coalition itself1. This concept was
framed into more general studies by Banerjee et al. (2001), and by Bogomolnaia
and Jackson (2002). Some stability concepts are studied by these authors, like
the core, the Nash stable set, the individually stable set and the contractually
individually stable set. Several interesting suf�cient conditions for the nonempti-
ness of these sets are given in detail in these papers. Diamantoudi and Xue
(2002) show that some of these stability concepts have de�ciencies related to
the myopic behavior of players. They analyze farsighted stability, where the
decisions of agents are no longer myopic and coalition formation is based on a
dynamic process. With a different approach, Konishi and Ray (2003) describe
some aspects of the dynamic formation of coalitions.
In the context of computational complexity applied to non-cooperative game

theory, Gilboa (1988) and Ben-Porath (1990) study the complexity of �nding a
best response. Hence, they do not study how dif�cult to implement a strategy
is, but how hard to �nd it is. For computational purposes, the strategies in these
papers are usually represented in the form of �nite automata and NP -hardness
results are used to explain why a best response is dif�cult to �nd.
Faigle et al. (1997) apply computational complexity to cooperative games

with transferable utility and conclude that computing some solution concepts in
certain types of TU games is dif�cult. More recent works in complexity theory
applied to cooperation in hedonic environments are Cechlárová and Hajduková
(2004a, 2004b), where hedonic preferences on coalitions can be induced from a
preference pro�le over players, and computational complexity is used to analyze
core related concepts. This particular case of hedonic games is very reasonable in

1 An example of this situation is explained in detail by Bogomolnaia and Jackson (2002). If the
decision for the production of the public good inside a coalition is done by the median voter of
the coalition, then a hedonic environment appears.

3



4 Chapter 2 NP -Completeness in Hedonic Games

many situations where we prefer a coalition S to a coalition S 0 if and only if the
best (worst) player in S is preferred to the best (worst) player in S 0. This speci�c
type of induced preferences is called B-preferences (W-preferences) and it has
the advantage of its concise representation: each player has a preference ordering
over the rest of the players.
The aim of this paper is to show part of the computational complexity issues

related to hedonic games in the general setting and in the anonymous preferences
case. We prove that there cannot be ef�cient algorithms not only for deciding
the nonemptiness of the core, but also for the case of the Nash stable set and the
individually stable set. Furthermore, these results hold for both preferences over
coalitions and preferences over sizes. Particularly, we �nd that the corresponding
decision problems for these sets are NP -complete in a variety of versions.
The inherent complexity of these solution concepts constitutes, in part, a

criticism to some processes of coalition formation. It is not a global objection to
the proper stability de�nitions because situations which are not stable do not last,
and hence they can be somehow discarded as the �nal outcome of such processes.
Nevertheless, the dif�culty of �nding stable outcomes invalidates the possibility
of reaching equilibria in reasonable time in processes of sequential coalition
formation; and this dif�culty also implies that the task of a social planner try-
ing to implement a given stable solution, can be hard from the computational
perspective.
Computational complexity can also provide some light into the goodness of

theorems dealing with stability in hedonic games. As we explain in the conclu-
sions, there cannot be good characterizations for any of these stability concepts
in the hedonic setting. In fact, although we can easily verify the nonemptiness of
the core (or the other stable sets) by analyzing a particular stable partition, there
is no ef�cient way to check that a game has an empty core.
The following brief introductory subsection to the theory ofNP -completeness

can be skipped by those readers who are familiar with it. Section 2.2 is an
introduction to hedonic games and to some stability concepts. In section 2.3,
we start with three simple NP -completeness proofs for the general case of a
hedonic game with arbitrary preferences over coalitions. We also consider those
particular cases of requiring preferences to be strict. This particularization to
strict preferences is supported by the fact that, for example, the stable roommates
problem turns to be polynomial when preferences are required to be strict (Irv-
ing (1985) and Gus�eld (1989)) but it is NP -complete when indifferences are
permitted (Ronn (1986)). Finally, in section 2.4, a different structure for hedonic
games, anonymous hedonic games, is analyzed showing that the corresponding
decision problems remain NP -complete, even with strict preferences. In the
conclusion section, we include some interpretations of our results.
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2.1.1 A Short Description of NP -completeness
Throughout this article, we will deal withNP -completeness. Those readers who
are familiar with this computational terminology may skip this section. Garey
and Johnson (1979) and Cook (2000) are basic bibliographic material for this
section.
A computational problem is a general question on some mathematical object,

involving some free parameters which may take any value. Some examples:
Problem �1: Given a graph G = (V;E) where V is the set of vertices and

E is the set of edges. Does it contain a cycle made up of at least K vertices?
In this case, the free parameters are G andK.
Problem �2: Given a graph G = (V;E) and two vertices v; w 2 V , what

are the shortest paths from v to w? Here, the free parameters are G,v and w.
Problem �3: Given a �nite two-player game in normal form with action

sets A1 and A2 and with payoffs in Q, what is the set of Nash equilibrium
outcomes in pure strategies? In this example, the free parameters are the
rational pairs of a jA1j � jA2j payoff table.
A decision problem is a problem for which the only possible answers are Yes

or No. Problem �1 is a decision problem. Decision problems are very important
in computation because they are the simplest problems and many complex prob-
lems can be reduced to the solution of one or more decision problems. Given a
decision problem �, its complementary decision problem � consists of the same
object and parameters, but the opposite question. For instance, �1 would be:
given a graph G = (V;E), is it true that all its cycles (if any) have less than K
vertices?
An instance of a problem is just a particularization of the problem when the

free parameters have been realized. For example, an instance of Problem �2 is
I1 = (G1 = (V1; E1); v1; w1) where V1 = f1; 2; 3; 4g, E1 = f(1; 2), (2; 3),
(2; 4), (3; 4)g, v1 = 1, w1 = 4 and the answer for this particular instance is the
path h1; 2; 4i. For decision problems, instances for which the answer is yes are
called yes-instances.
The length function of a problem �, Length, assigns a natural number (a

size) to each instance of the problem �. For instance, a reasonable length func-
tion for Problem�1 isLength1(I) = jV j+jEj+jKjwhere jV j is the number of
vertices, jEj is the number of edges of the instance and jKj denotes the number
of digits needed in order to write the integerK in decimal notation. The study of
the reasonability of different length functions is crucial but it is out of the scope
of this introduction. More references can be found in Garey and Johnson (1979).
An algorithm is a set of step-by-step instructions that can be run in a computer
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and that, given some input data, it produces an output. An algorithm solves a
problem � if for any instance I of �, the algorithm gives the correct answer for
that instance. For example, an algorithm solves �3 if given any �nite normal
form game with two players, it produces the set of pure Nash equilibrium out-
comes as the output. Given an algorithm A that is able to solve some problem �,
and given an instance I of �, we can say thatA takes s(I) steps in order to solve
instance I . We de�ne the time demand of A or cost function of A as

timeA(n) = max
Length(I)=n

s(I)

For instance, consider some computational problem regarding a natural num-
ber (i.e, "Is k a prime number?") and an algorithmA that solves it. Then timeA(n) =
2n means that the most costly (from the point of view of the algorithmA) natural
number with 3 digits can be solved by A in 23 = 8 steps.
We are interested in providing upper bound functions for the cost function

of an algorithm. It is common in computer science to work with the "big Oh"
notation (O) to establish an upper bound for a function. Formally, we say that
f = O(g) when there exists a constant c such that f(x) � cg(x) for suf�ciently
large x, that is, when f can be bounded above by g, up to a constant c. For
example, ln(x) = O(x) = O(x3) = O(2x), but "= O" is not an equivalence
relation: O(x2) 6= O(x).
An algorithmA solves� in polynomial time if there is a polynomial function

q such that for every instance I , the number of steps that A takes to solve � is
bounded above by q(Length(I)), that is, timeA(n) = O(q(n)). In other words,
the cost of solving any instance is bounded above by a polynomial function of the
size of the instance. For simplicity, we will often refer to these polynomial-time
algorithms as "fast" algorithms.
A problem� has polynomial-time complexity whenever there is an algorithm

A that solves � in polynomial time. For simplicity, in the following, these
polynomial-time complexity problems will be referred to as "easy" or tractable
problems. A problem is intractable when it does not have polynomial-time com-
plexity, that is, when there cannot exist any algorithm that solves it rapidly. We
do not mean that the problem cannot be solved algorithmically (here we are only
dealing with problems that are computationally solvable) but that even the best
algorithm will fail to solve it in polynomial time. The bad news about intractable
problems are that even for moderately large instances, it may be impossible to
solve them in reasonable time, even with the help of very powerful computers,
because the rate of growth of their complexity is exponential.
Going back to decision problems, a decision problem�1 can be polynomially

reduced to the decision problem �2, or in notation �1 / �2, if we can �nd a
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function  that maps instances of �1 into instances of �2, such that  can be
computed by some algorithm in polynomial time and  preserves the answer,
that is, I is a yes-instance of problem �1 if and only if  (I) is a yes-instance
of problem �2. From another perspective, if we can write an algorithm that,
given any instance of �1 as input, it produces an instance of �2 as output with
the particularity that this algorithm is fast and that it preserves the answer, then
we have constructed a polynomial reduction from �1 to �2, in the form of an
algorithm that computes  . When �1 / �2, we say that problem �2 is at least
as hard as �1, because instances of �1 can be easily reduced to instances of �2.
It is not dif�cult to show that / induces a transitive relation between problems.
In the paper, we are presenting plenty of polynomial reductions in order to prove
our NP -completeness results.
We end this section with the most important de�nitions. A decision prob-

lem belongs to the class P (P stands for polynomial time) whenever it has
polynomial-time complexity. In other words, the class P is the family of easy
decision problems. The classNP (NP stands for non-deterministic polynomial
time) is a superset of P and it can be roughly de�ned as the class of problems
that can be solved in polynomial time by a hypothetical computer having an
unbounded number of processors. There are several equivalent de�nitions of the
class NP . Here, we use a formal de�nition that can be easily understood. A
problem � is in the class NP whenever there is a polynomial time algorithm A
such that for any instance I of the problem �:

� if I is a yes-instance, there is a certi�cate C(I) such that when the tuple
(I; C(I)) is the input of A, the output of A is yes (in polynomial time).

� if I is a no-instance, there is no certi�cate C(I) such that when (I; C(I))
is the input of A, the output of A is yes. That is, if I is a no-instance, any
certi�cate leads to a negative answer by algorithm A (in polynomial time).

In plain words, a problem is inNP if any yes-instance can be quickly veri�ed
with a certi�cate on hand. For example, consider the following decision problem,
also known as the compositeness test: given an integer k, is it composite? This
problem is clearly inNP . To see this, consider an instance of the compositeness
test k1 = 1465038781. If someone told us that k1 is composite, we may have
the right not to believe her. But if she strengthened her assertion by saying
'1465038781 = 14867 � 98543', we would only need to use a calculator and
multiply these two numbers in order to see that their product is exactly k1, thus
certifying that she was right. And verifying that this certi�cate is correct can be
done in polynomial time since multiplication of two integers is an easy compu-
tational operation. On the other hand, when the instance is a prime number, like
23, there is no certi�cate (pair of non-trivial numbers other that 1) such that their
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product is 23. Hence, when dealing with the compositeness test, we can easily
state that this problem is in NP : the structure of a certi�cate can be a pair of
factors greater than 1. Therefore, when talking about the class NP we are not
dealing with the complexity of �nding a certi�cate, but with the complexity of
checking the yes-answer with the help of that certi�cate.
Finally, the property

P � NP

holds because all decision problems in P are easy and hence, the answer for a
particular instance can be computed in polynomial time with the help of an empty
certi�cate.
A problem � belongs to co � NP if its complementary problem � belongs

toNP . It is obvious that P � NP \co�NP because easy problems' instances
can be ef�ciently (quickly) solved either if they are yes-instances or no-intances.
Problems which are both in NP and in co � NP are called well-characterized
problems. Examples of well-characterized problems are linear programming2
and the compositeness test3. It is a generally accepted fact thatNP 6= co�NP
since there are many problems that have been proven to belong to one of these
sets but, dispite of the continuous efforts of computer scientists, cannot be proven
to be in or out of the other.
A decision problem� isNP -complete (NP -c for short) whenever� 2 NP

and �0 / � for all �0 2 NP . That is, NP -complete problems are the hardest
problems in NP . In fact, no one has found a polynomial-time algorithm for
solving any NP -complete problem and there is the accepted conjecture that this
will not ever happen, that is, P \ NP -c = ;. Moreover, by the transitivity
of /, �nding a fast algorithm for a single NP -complete problem would imply
P = NP , which means that many decision problems that have been suspected
to be hard for decades would be proven to be easy. For this reason, although
no proof has been provided at this point, the accepted conjecture is that P 6=
NP : all NP - complete problems are intractable, that is, none of them can be
2 Existence of feasible solutions can be veri�ed with a particular solution. By strong duality,
linear programming is also in co � NP . In fact, linear programming is polynomial due to the
ellipsoid method due to Shor in 1977.
3 Compositeness (and thus primality) are well-characterized properties: we can certify a
composite number with two factors and we can also certify prime numbers! The structure of
a certi�cate for prime numbers is quite more complex than that for composite numbers and it
comes from a series of nice theorems in Number Theory.
Finding a polynomial-time algorithm for primality and compositeness had been an open

problem for centuries in Number Theory. Recently, Agrawal et al. (2002) have provided a
solution.
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computationally solved in reasonable time. Moreover, NP -complete problems
cannot be well-characterized (in fact, this is true if and only ifNP = co�NP ,
which is implied by the unlikely fact that P = NP ), although the proof of this
fact is out of the scope of this introduction.
In practical terms, the natural way to show that a problem� isNP -complete

is to prove its membership in the class NP and then to choose some known
NP -complete source problem that we must polynomially reduce to our problem
�. We only have to show a polynomial reduction from a single source NP -
complete problem because, by the transitivity of /, all problems in NP will be
consequently reducible to our problem. In this paper, the source problem will be
the PARTITION problem in many cases (this problem will be explained in detail
in the following sections). For simplicity, in order to prove the polynomial-time
nature of our transformations, we will only claim that the resulting instance's
length is polynomial in the original instance's length -this is a very usual practice
in the literature concerning computational complexity- because in all cases, the
operations involved in the transformation (copying players, copying coalitions,
appending coalitions to a list, etc.) are easy from the computational perspective
and hence, the polynomial-time nature of the transformation is implied by its
polynomial-space nature.

2.2 Hedonic Games
A hedonic game is a particular type of cooperative game in which the preferences
of each player can be completely summarized as preferences over the coalitions
where she is included. Next, we show a formal description of a hedonic game.
While in the previous section � represented a computational problem, in the
following, we will use the symbol � to denote a partition of a set, as de�ned in
the following paragraph.
LetN = f1; 2; :::; jN jg be the set of players. Any non-empty subset S � N

is called a coalition. A coalition partition, coalition structure, con�guration or
exact cover is a collection � = fSkgKk=1 of subsets which partitions N , that
is, [Kk=1Sk = N and Sk \ Sl = ; for all k 6= l. Player i's preferences are
represented by the rational preference relation %i (a complete, re�exive and
transitive binary relation) over the family fS � N : i 2 Sg. Denote the
corresponding strict preference relation by �i. And si will be the notation used
for the indifference relation. For a given coalition partition � and a player i, we
write S�(i) to mean the unique set S 2 � such that i 2 S.

De�nition 2.1 A hedonic game is a tuple hN; f%igi2Ni (or simply hN;%i),
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where N = f1; 2; :::; jN jg and every %i is a rational preference relation over
coalitions of N where i is included4.

De�nition 2.2 A coalition partition � is individually rational in the hedonic
game hN;%i if S�(i) %i fig for all i 2 N .

De�nition 2.3 A coalition partition � is core stable in the game hN;%i if
@T � N such that T �i S�(i) for all i 2 T . The core is the set of all core
stable coalition structures.

We say that coalition T blocks partition � if T �i S�(i) for all i 2 T . That
is, � is in the core if and only if no coalition can block it.

De�nition 2.4 A coalition partition� is Nash stable in the hedonic game hN;%i
if 8i 2 N S�(i) %i Sk [ fig for all Sk 2 � [ f;g.

That is, � is Nash stable if no individual player would be strictly better off
by moving into a different coalition inside the same structure (or by moving to
her stand-alone coalition).

De�nition 2.5 A coalition partition� is individually stable in the hedonic game
hN;%i if @i 2 N; @Sk 2 �[f;g such that Sk[fig �i S�(i) and Sk[fig %j
Sk for all j 2 Sk.

So individual stability also requires that the members of the new coalition do
not accept the entering member because this would put some existing member
into a worse situation.

De�nition 2.6 A coalition partition � is contractually individually stable in
the hedonic game hN;%i if @i 2 N; @Sk 2 � [ f;g such that Sk [ fig �i
4 It is important to note that, in hedonic games, players only care about the coalitions where
they are included.
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S�(i), Sk [ fig %j Sk for all j 2 Sk and S�(i)nfig %j S�(i) for all j 2
S�(i)nfig:

In this context of contractual individual stability, the single player who wishes
to change to another coalition in the structure may also ask for permission to the
members of her old coalition in order to leave it, and these members should not
permit this movement. It is not dif�cult to prove that every hedonic game has a
contractually individually stable coalition structure5. Hence, we will not bother
about the complexity of computationally deciding its existence in a given game.
We will loosely use these de�nitions not only for partitions, but also for

individual players or for coalitions. For example, when we say that coalition
S is individually rational for player i, we mean that S %i fig. Or when we say
that � is not individually stable for S 2 � we mean that at least one player in S
wishes to move and is accepted in another coalition T 2 �.
It is not dif�cult to prove that Nash stability implies individual stability, which

implies contractual individual stability. And it is also transparent that core stabil-
ity, Nash stability or individual stability imply individual rationality.
An example with 3 players can be useful to view some of these stability

de�nitions:

f1; 3g �1 f1; 2; 3g �1 f1g �1 f1; 2g (1)
f1; 2g �2 f1; 2; 3g �2 f2g �2 f2; 3g
f1; 3g �3 f1; 2; 3g �3 f3g �3 f2; 3g

In this game the preferences are strict: no player is indifferent for any two alterna-
tives. Three partitions are of special interest in this game. First, there is a unique
core stable partition, ff1; 3g; f2gg. It can be checked that no possible coalition
can block it, so it is in the core. It is not Nash stable because player 2 wishes to
join f1; 3g. But it is individually stable because this move would make both 1
and 3 strictly worse off; and players 1 and 3 do not wish to move into another
coalition because they are in their best respective positions. And it is contractu-
5 Starting with any initial con�guration, let us construct a path of con�gurations. Given an
element of this path, �nd a coalition where some player would like to move and this movement is
allowed by both the new and the old coalition. If this coalition cannot be found, the con�guration
is contractually individually stable. Otherwise, we get another con�guration of the players and
we follow the same procedure. It is easy to see that this process can have no cycles because of
the transitivity of preferences and the fact that, in each movement, one player strictly improves
and the rest are not harmed. The result follows because the set of all possible con�gurations for a
game hN;�i is �nite and the path we have de�ned on this set is acyclic.
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ally individually stable because of the implications explained before. Second, the
structure ff1; 2; 3gg, where the grand coalition has formed, is Nash stable (and
hence individually stable and contractually individually stable) because nobody
is better off by being alone. But it is not in the core: players 1 and 3 can form a
strictly better coalition for them, discarding player 2's preferences. Third, parti-
tion ff1; 2g; f3gg is not core stable or Nash stable or individually stable because
it is not individually rational for player 1. But it is contractually individually
stable: player 2 will not ever let anyone in or out and she is currently in her
best possible coalition. Finally, it can be checked that either ff1g; f2g; f3gg or
ff1g; f2; 3gg do not satisfy any of the stability de�nitions explained above.
Before proving results for hedonic games, we describe one particular NP -

complete combinatorial problem related to set partitioning, which will be used
throughout this paper as the source of many of our reductions to decision prob-
lems in hedonic games.

De�nition 2.7 The PARTITION problem can be de�ned as follows:
Given a �nite setX and a collection C of subsets ofX , is there a subcollec-

tion � � C such that � is a partition ofX?

The length function of this problem can be considered to be Lengthp =
jCjjXj, where jCj is the number of subsets belonging to C and jXj is the size of
the setX . An instance of this problem could be

X = f1; 2; 3; 4; 5g
C = ff4g; f2; 3g; f1; 3; 4g; f1; 5; 4gg

for which the answer would be yes. In particular, C contains the partition � =
ff1; 5; 4g; f2; 3gg. The size assigned by Lengthp to this particular instance is
jCjjXj = 4 � 5 = 20. On the other hand, if we had

X = f1; 2; 3; 4; 5; 6; 7g
C = ff2; 3g; f1; 3; 4g; f5; 6; 7gg

of size 3 � 7 = 21, then the solution of the decision problem for this instance
would be no, since there is no partition ofX contained in C.

Theorem 2.1 PARTITION is NP -complete.
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Proof. Lovász and Gács (1999) offer a proof based on the k-PARTITION
problem, which is a slight variation of this problem. An alternative approach
to Lovász's proof is to see the PARTITION problem as a generalization of X3C
(eXact Cover by 3-sets), which is a knownNP -complete combinatorial problem
(Karp (1972)).

2.3 NP -Completeness in Hedonic Games with Preferences
over Coalitions

In the following sections, some of the proofs will have attached an example at
the end, in order to provide some light on the application of the transformation
rules.
Before de�ning the problem, we must specify the representation, that is,

what type of object we are going to use to represent a particular instance. This
representation, which we can call a representation based on individually rational
lists for coalitions (RIRLC), consists of N preference lists where agent i's list
contains only her individually rational coalitions, that is, coalitions which are at
least as good as being alone. The rest of coalitions are not included in her list.
Thus, the representation used for the previous hedonic game 2.1 would be:

f1;3g �1 f1; 2; 3g �1 f1g
f1; 2g �2 f1; 2; 3g �2 f2g
f1; 3g �3 f1; 2; 3g �3 f3g

It is easy to see that this does not affect core stability, Nash stability or individual
stability in any case because any con�guration (coalition structure) based on
these eliminated coalitions would be individually irrational for some player. On
the one hand, it does not make the set of stable con�gurations smaller: a partition
which is not individually rational for some player cannot be stable in any of
these ways. On the other hand, it does not make the set of stable con�gurations
bigger: removing a coalition which is not individually rational for some player
could be problematic only for the hypothetical stability of con�gurations that are
not individually rational for her and hence, for unstable con�gurations under the
complete preferences.
We complement the representation of the problem with the length function

of this RIRL for coalitions: Lengthc = KcjN j, where Kc is the number of
coalitions appearing in the RIRLC's lists. For the previous instance, N = 3 and
Kc = 6 because the coalitions that appear in the RIRLC are f1; 3g, f1; 2; 3g,
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f1g, f1; 2g, f2g and f3g. So, Lengthc = 18.67

2.3.1 Arbitrary Preferences over Coalitions
In this section, we consider the simpler case of preferences where preferences
among coalitions are arbitrary in the sense that ties are allowed in players' pref-
erences.

De�nition 2.8 The HCORE problem with arbitrary preferences over coalitions:
�Given a RIRLC representation of a hedonic game, does there exist (at least) one
core stable partition in the game?�
In the same fashion, we can de�ne HNASH and HIS decision problems for

the Nash stable set and the individually stable set, respectively.

Proposition 2.1 HCOREwith arbitrary preferences over coalitions isNP -complete.

Proof. This problem is in NP . A natural certi�cate is a core stable partition.
Given a core stable partition, �, it is easy to check its core stability. First, check
that it is in fact a partition from the RIRLC. Then, starting with player 1, check
that every coalition S in her preference list that she strictly prefers to her coalition
inside �, S�(i), is such that some other player j 2 S does not strictly improve
in her preference list by being in S rather than in S�(j). Then, follow the
same procedure for the rest of the players. This operation has polynomial-time
complexity: its cost is polynomial in Lengthc.
Before proving completeness based on the PARTITION problem, it should

be noted the following: HCORE with indifferences is a generalization of the sta-
ble roommates problem8 with indifferences (and unacceptable partners), which

6 This length function is correct for our problems because it can be proven that it is polynomially
related to the number of symbols written in order to represent a given RIRLC. For the same
reason, the number of players, jN j, is not a reasonable length function for a RIRLC because the
length of her list can be as big as an exponential amount in jN j. A good de�nition of polynomial
relations and reasonability of length functions can be found in Garey and Johnson (1979).
7 The length function Lengthc = Kc would also be valid because, given the RIRLC
representation we have that jN j � Kc. Nevertheless, for reasons of compatibility with the length
of the partition problem, Lengthp, we use KcjN j
8 The stable roommates problem is just the same problem in the context of a hedonic game
where the the preference pro�les are made up of coalitions containing at most 2 players.
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is NP -complete (Ronn (1986)). Hence, completeness follows immediately9.
Nevertheless, we provide an alternative reduction which simplicity will help the
reader understand the logic behind the rest of the proofs in this paper.
We make a polynomial transformation from PARTITION, that is, we will

implicitly provide a mapping that gives us a RIRLC from any instance of PAR-
TITION and which preserves the answer to both problems. Let C and X be,
respectively, the subset collection and the set in the PARTITION instance. Ini-
tially, the set of players N of our RIRLC will be X (we will create new players
later). The preferences of these initial players will be such that they must be
indifferent among all coalitions (subsets) of C where they belong. But still, we
may not have a proper representation for the game because, if some singleton
subset fjg is not in C, then the corresponding player j does not have the stand-
alone coalition in her RIRLC list. Where should we put this coalition fjg inside
player j's preference list? For this matter, we propose the following additional
modi�cations. For each j such that fjg =2 C, create players ja and jb with the
following preference lists:

fj; jag �ja fja; jbg �ja fjag
fja; jbg �jb fj; jbg �jb fjbg

and append the following items at the end of player j's preference list: ��j
fj; jbg �j fj; jag �j fjg�10. We say that players j, ja and jb belong to the same
cyclic relationship where player j is the parent, and ja and jb are the children.
So, we have that the �nal set of players is X plus the children from all cyclic
relationships. The intuition about the use of this gadget is that we must avoid the
existence of core stable partitions in the game whenever there is no underlying
partition ofX inside C, as we will explain in detail immediately. First, note that
every player ranks all the coalitions in C above the rest of the coalitions, and that
she is indifferent among all these coalitions of C.
If there is a partition in C then this partition together with the collection

ffja; jbg : fjg =2 Cg must be a core stable partition of the game: all players
9 Unfortunately, there does not seem to be such a straightforward transformation from the
stable roommates problem with indifferences into HIS or HNASH.
On the other hand, if we impose strict preferences, we have an added dif�culty to �nd a

straightforward proof: the stable roommates problem has polynomial time complexity when
preferences are strict and a reduction of this kind would not prove NP -completeness.
10 In the following, when we append a string to some player's initial preference string, we
assume that this initial string is not empty. If this is not the case, then we should just add the same
string but omitting the �rst relation token appearing in it, i.e., we would omit the �rst ��j�in this
case.
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from X are at their best positions and children cannot improve without doing
harm to someone.
If there is no partition in C, any partition of the whole set of players must

consist of two disjoint families:

� A subpartition �inside� C made up from some proper subset ofX: This inner
subpartition may be empty.

� A nonempty subpartition �outside� C made up from some players in X and
all the children from cyclic families.

But if this game partition were individually rational, the following properties
should be satis�ed:

� The outer subpartition can only be formed from the set of players with no
stand-alone coalitions inside C and their cyclic children. Otherwise the
players i with fig 2 C would be strictly better off by leaving the current
coalition and achieving their best situation fig, which is inside C.

� In the outer subpartition, there is at least one relationship R = fj; ja; jbg (in
fact, every relationship satis�es this property) such that none of its members
is mixed with members from other families. Suppose not. First, note that
putting in the same coalition some child (ja or jb) with members of different
cyclic families is not individually rational because this coalition does not even
appear in the children's preference lists. So, suppose that every parent from a
cyclic family is in coalition only with other parents in the outer subpartition.
Since the game partition is individually rational, all these coalitions must
belong to C, by construction of the game. So C contains a partition of X ,
leading to a contradiction.

Given this relationshipR (whose members are in coalitions which are subsets
of R) , it cannot induce a core stable partition in the game because preferences
of every triplet j, ja and jb have been constructed to be cyclic. That is, j prefers
to be with jb than to be with ja, but jb prefers to be with ja, who prefers to be
with j. And it is not individually rational for any of them to form the coalition
fj; ja; jbg.
We conclude that when there is no partition of X inside C, any individu-

ally rational partition of the expanded set of players, that is, any con�guration
extracted from the RIRLC, cannot be core stable.
Finally, it is easy to check that this transformation can be done in polynomial

time in the size of the PARTITION instance. The set of players isN = X[fjg=2C
fja; jbg, and hence jN j � 3jXj. On the other hand, Kc = jCj +

X
fjg=2C

6 �
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jCj + 6jXj. So Lengthc = KcjN j � 3Lengthp + 18jXj2 � 3Lengthp +
18Length2p, which is polynomial in the size of PARTITION.
An example will help illustrate the essence of the construction. First, suppose

we are given the following PARTITION instance:

X = f1; 2; 3g
C = ff1g; f1; 3g; f2;3g; f3gg

where there is a partition contained in C: � = ff1g; f2; 3gg. In the resulting
game, note that because f2g =2 C we will need to create a cyclic relationship for
player 2:

f1; 3g �1 f1g
f2;3g �2 f2; 2bg �2 f2; 2ag �2 f2g
f2; 2ag �2a f2a;2bg �2a f2ag
f2a;2bg �2b f2; 2bg �2b f2bg
f1; 3g �3 f2;3g �3 f3g

where bold symbols indicate the corresponding core stable partition of the game:
ff1g; f2; 3g; f2a; 2bgg. Now consider an opposite case, where the source PAR-
TITION instance has no partition in C:

X = f1; 2; 3g
C = ff1g; f1; 3g; f3gg

As expected, the corresponding game,

f1; 3g �1 f1g
f2; 2bg �2 f2; 2ag �2 f2g
f2; 2ag �2a f2a; 2bg �2a f2ag
f2a; 2bg �2b f2; 2bg �2b f2bg
f1; 3g �3 f3g

has no core stable partition. Note that the inclusion of cyclic relationships is
crucial for our result. If we had omitted this fact from our transformation proce-
dure we would not have obtained an answer preserving mapping. For example,
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discarding cycles in the last transformation would lead to the game:

f1;3g �1 f1g
f2g

f1;3g �3 f3g

where ff1; 3g; f2gg is stable.

Proposition 2.2 HNASHwith arbitrary preferences over coalitions isNP -complete

Proof. It is intuitive that HNASH is in NP . Given a hedonic game and a Nash
stable partition, �, it takes polynomial time to check whether it is actually Nash
stable or not: after checking individual rationality inside the lists, check that
no player can individually improve in her list by moving into another coalition
inside the same partition. This takes a polynomial number of steps in jN j, and
consequently in the size of the game, Lengthc.
The transformation again uses PARTITION with some minor changes. Begin

constructing preferences where every player is indifferent among all coalitions
of C where she belongs. For each player j such that fjg =2 C, add a single
additional partner j� (the leader) with the stand-alone coalition as her uniquely
preferred coalition (player j�'s preference pro�le is: �fj�g�). And append this
preference string to player j's preference pro�le: ��j fj; j�g �j fjg� so that
these two coalitions are ranked below every coalition in C that includes player j.
If there is a partition in C then this partition in conjunction with every j� alone
will be Nash stable in the game. And if not, following the same argument as in
HCORE, the only possibility is that any individually rational partition contains
either ffjg; fj�gg or ffj; j�gg for some j (no mixture of players with other
relationships), and none of these collections can be part of a Nash stable partition:
the �rst one induces player j to move with his leader, and the second one is not
individually rational for the leader.
This shorter transformation must have polynomial time demand, as in HCORE.

Proposition 2.3 HIS with arbitrary preferences over coalitions isNP -complete.

Proof. This problem is in NP following a similar argument as in HNASH with
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the additional step of checking that the member willing to go is not accepted in
the new coalition.
It can be easily proven that the same polynomial transformation used for

HCORE is valid, because no cyclic relationship can induce an individually stable
partition in the new game.

2.3.2 Strict Preferences over Coalitions
The fact that the previous proofs rely heavily on the assumption that indifferences
are allowed in preferences, makes us question about the complexity of these
problems when preferences are required to be strict. In particular, Ronn (1986)
shows that the stable roommates problem is NP -complete when indifferences
are allowed, whilst there are polynomial time algorithms for solving it when
only strict references are allowed (Irving, 1985). This fact further motivates this
restriction to strict preferences in hedonic games. We will show that requiring
strict preferences does not make any of our problems easier.
First of all, it is obvious that all these problems remain in NP because the

veri�cation procedure for any certi�cate (a stable partition) is the same as in the
case with arbitrary preferences.

Proposition 2.4 HCOREwith strict preferences over coalitions isNP -complete.

Proof. Although a reduction from PARTITION is still possible, we will use the
general setting of HCORE where indifferences are permitted, that is, we provide
a polynomial-time computable mapping that will produce a strict preference pro-
�le, given any unrestricted preference pro�le, such that, one induces an empty
core if and only if the other does.
Let Ii(S), the indifference family of S for player i, be the set of coalitions for

which player i is indifferent between any of them and S, that is, Ii(S) = fT :
T si Sg. It is obvious that S 2 Ii(S) and that if the game only allows for strict
preferences then Ii(S) = fSg for all S. Let I�i = fIi(S) : jIi(S)j � 2g, so that
if the game only allows for strict preferences then I�i is empty for every player i.
And let Ci be the largest collection inside I�i .
The set of players N will be constructed from scratch as follows. If a player

i from the source game has no indifference families then it will be created in the
new game with the label i1 for the sake of the notation that will follow. If she
does, instead of creating player i1, we create jCij players labeled i1; :::; ijCij. Let
us de�ne the following transformation f on the coalitions of the source game.
Given a coalition S of the source RIRLC, f(S) is the coalition of players in
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the target game that results from substituting each player i by her newly created
players i1; i2; :::ijCij.
Now, let us explore how to construct the preference lists of the new game.

As required by the structure of a RIRLC, the stand-alone coalition of any player
should be written at the end of the newly created RIRLC lists.
For players with no indifferences in the source RIRLC (I�i = ;), their new

lists are just translations (based on f ) of their old ones, that is, each coalition in
her list is substituted accordingly to f . For the rest of the players, in order to
build the preferences of each ik, we must translate (according to f ) the RIRLC
preferences of player i in the original HCORE problem with these rules in mind:

1. Keep the same ordering among indifference blocks as in the original game,
that is, if S �i S 0 in the source game (so that S and S 0 belong to different
indifference families of player i) then we must have that f(S) �ik f(S 0) for
all players ik corresponding to i in the transformed game.

2. Whenever possible, player ik ranks the f -image of the k-th coalition of
any indifference family Ii 2 I�i before any other f -image from the same
indifference family (the application of this rule may be impossible when a
family Ii has less than k coalitions, in which case only the rest of the rules
apply). These other f -images can be in any order without breaking any of
the other rules.

3. When necessary, in order to complete the RIRLC, the stand-alone coalition
will be appended at the end of the list of player ik in the form ��ik fikg�.

With this construction, it is not dif�cult to see that f is an into mapping from
coalitions appearing in the source instance into coalitions of the new instance.
It is into because given any coalition appearing in the new RIRLC lists, it can
only be the image of at most one coalition of the source RIRLC. Moreover, if
a coalition in the new lists is not in the image of f then it cannot induce a core
stable con�guration in the new game. The reason is that if a coalition S 0 that
is chosen from the new lists is such that S 0 =2 Im(f) , then it must be of the
form S 0 = fikg in which case the rest of the players created from i must remain
alone to preserve their individual rationality (note that preferences have been
constructed in a way that individual rationality implies that either all players
created from i are all together -maybe with other players- or all alone, that is, they
cannot be separately mixed with other players). But then f(fig) = fi1; :::ijCijg
(the union of all players created from i) blocks S 0.
Consequently, there exists another mapping g, g(�) = ff(S) : S 2

�g, from partitions in the initial game's RIRLC to partitions in the new game's
RIRLC such that it is into and if a partition is not in the image of g then it is not
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core stable in the new game. From these two properties of g, to prove that for any
� in the initial RIRLC, � is core stable if and only if g(�) is core stable in the
target game, is suf�cient for our goal, which is to prove that the initial instance
has a nonempty core if and only if the new instance does.
Suppose that a partition� is not core stable in the original game. Then it must

be blocked by some S that must be outside (on the left side of) the indifference
blocks induced by � for the players in S. Since the ordering among indifference
blocks is preserved in the new game, the corresponding partition g(�) of the new
game must be blocked by the counterpart of S, f(S), in the new game.
If� is core stable in the initial game, it is not blocked by any coalition outside

the indifference blocks induced by �. And neither is it in the transformed game,
by the construction rules that preserve the ordering among indifference blocks.
And it is not possible that the counterpart of�, g(�), is blocked in the new game
by some coalition S 0 for which some player i was indifferent in the original
game ( f�1(S 0) �i S�(i)), because, by construction, some player ik is in her
best position relative to the corresponding block of sets, and all players created
out of i must be together in any core stable setting.
To conclude, this transformation requires polynomial time. In fact, the set of

players of the new game, N 0, can be bounded by jN jmaxi2N jCij. On the other
hand, K 0

c � Kc + jN 0j, implying that Length0c = K
0
cjN 0j is bounded above by

a polynomial in Lengthc.
For this case, let us explore an example that shows how this transformation

works for an initial game. For the sake of space, we omit here the brackets and
commas needed to write a coalition, as well as the relations' subindices (that is,
we simply write � instead of �1) because the last element in the list already
indicates whose list we are dealing with:

123 � 12 � 13 � 1
123 � 12 � 2
123 � 13 � 3

Player 1 has two indifference families and the largest one of them has two subsets,
so we create players 11 and 12. The largest indifference family of player 2 con-
tains two coalitions, so that 21 and 22 are created. As for player 3, only 31 is cre-
ated since she has no indifferences. The set of players isN 0 = f11; 12; 21; 22; 31g
and the game is:
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1112212231 � 111221;22 � 111231 � 1112 � 11
111221;22 � 1112212231 � 1112 � 111231 � 12
1112212231 � 11122122 � 2122 � 21
1112212231 � 2122 � 11122122 � 22
1112212231 � 111231 � 31

Note that, by the second rule, for any coalition of the original game which was
part of an indifference family, its image is preferred by some player to the rest
of the images from the same indifference family. To see the correspondence
between stable outcomes, � = ff1; 3g; f2gg is blocked by S = f1; 2; 3g and
g(�) = ff11; 12; 31g; f21; 22gg is blocked by f(S) = f11; 12; 21; 22; 31g. On
the other hand,� = ff1; 2g; f3gg is core stable and g(�) = ff11; 12; 21; 22g; f31gg
is stable in the new game, i.e, f11; 12; 21; 22; 31g (which preimage is in the same
indifference family as f1; 2g in player 1's preferences) cannot block it because
f11; 12; 21; 22g is preferred by player 12.

Proposition 2.5 HNASHwith strict preferences over coalitions isNP -complete.

Proof. We provide a fast transformation from PARTITION.
The initial set of players will be X plus an additional partner i1 for each

member i 2 X . All coalitions from C must be transformed to contain both their
former players and the newly created partners for the members of the coalition:
f(S) = [i2Sfi; i1g (i.e., the subset f1; 3g becomes f1; 11; 3; 31g). For every
player i, we start by creating an arbitrary strict preference list over transformed
coalitions where she is included. Now we follow a similar procedure as in the
general case of HNASH: for each pair of players (j; j1) such that fjg =2 C, we
create a pair of leaders (j�; j�1) with the stand-alone coalition as their unique
preferred coalition, and we append this string to the preferences of players j
and j1: ��j fj; j�g �j fj; j1g� (for player j) and ��j1 fj1; j�1g �j1 fj; j1g�
(for player j1). Finally, when necessary, we append the stand-alone coalition
��i fig� at the end of every player's preference list.
Hence, we have de�ned an into mapping f from subsets in X into individu-

ally rational coalitions of the game.Let the into mapping g be g(�) = ff(S) :
S 2 �g [fjg=2C ffj�g; fj�1gg. As in the previous proof, if �0 =2 Im(g) then
it cannot be Nash stable because the same problems with individual rationality
arise. Similarly, Nash stability requires that players i and i1 are together (maybe
with more people) or both alone.
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If � � C is a partition of X , then g(�) must be Nash stable. First, no
individual player i or i1 (players i and i1 are together in g(�)) in the new game
has the possibility to improve by moving into another coalition because the pref-
erences have been constructed so that her current partner appears in every strictly
preferred coalition, and she is currently with her partner, so that these coalitions
are not compatible with individual movements. She does not even want to move
with her leader (because she would be strictly worse off) or with any other leader
(because this is not in her individually rational list) or alone (this is always the
worst individually rational alternative in the strict preferences case). Finally, no
leader can improve by moving into any other coalition because she only wants to
be alone.
On the other hand any Nash stable partition �0 of the game should satisfy

these immediate properties:

� It must be individually rational, that is, it must be induced from the RIRLC
of the new game.

� So, every leader must be alone.
� For fjg =2 C, the coalition fj; j1g cannot be in that partition because both j
and j1 would rather meet their leaders.

� Every pair of partners i and i1 should be together in the same coalition.
� From all this, every coalition must be in the image of f .

Hence, �0 can be expressed as fS 01; :::S 02g [fjg=2C ffj�g; fj�1gg with the
property that partners are together in coalitions. With this construction, we can
conclude that the preimages of these coalitions S 0k must constitute a partition of
X inside C.
Finally, it is clear that this transformation is polynomial: the number of play-

ers is bounded above by 4jXj and it is easy to check, as in the previous proofs,
that the total number of coalitions appearing in the new game's RIRLC is of the
order O(jCj).
The following example may give some intuition of the proof. The PARTI-

TION instance given by X = f1; 2; 3g and C = ff1; 2g; f2; 3g; f2gg con-
tains no exact cover for X and it generates a hedonic game with player set
f1; 1�; 11; 1�1; 2; 21; 3; 3�; 31; 3�1g:
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111221 � 11� � 111 � 1
1�

111221 � 111�1 � 111 � 11
1�1

111221 � 221331 � 221 � 2
111221 � 221331 � 221 � 21
221331 � 33� � 331 � 3

3�

221331 � 313�1 � 331 � 31
3�1

which has no Nash stable partition.

Proposition 2.6 HIS with strict preferences over coalitions is NP -complete.

Proof. We do a similar reduction as in HNASH with strict preferences from
PARTITION, that is, creating a partner i1 for every i, and transforming subsets
according to f(S) = [i2Sfi; i1g. This, as before, induces an incompatibility
between sets, avoiding movement of players and guaranteeing stability when a
partition is contained in C. But instead of adding leaders as in HNASH, create
cyclic families fj; ja; jbg and fj1; j1a; j1bg for each respective partner j and j1
such that fjg =2 C. And we must append, at the end of this player j's list,
the cyclic preferences over her children, whose preferences are cycled as in the
general HCORE problem. Finally, when necessary, we append the stand-alone
coalition at the end of the players' preference lists: ��i fig�.
Now, g is de�ned as g(�) = ff(S) : S 2 �g [fjg=2C ffja; jbg; fj1a; j1bgg.

As usual, if �0 =2 Im(g) then it cannot be individually stable: otherwise we must
be inside a cycle (unstable).
If there is a partition in C then its g-image should be individually stable,

since the coalitions inside the initial preferences of players make it incompatible
to move into another coalition. In fact, individual stability is here implied by
Nash stability. Hence, checking whether a movement hurts some of the current
members of the new coalition is not necessary.
If there is no partition, the penalty imposed by these cycles will avoid unde-

sirable individually stable partitions in the game.
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Polynomial reducibility follows because these transformation has a similar
complexity to the previous one.

2.4 NP -Completeness in Hedonic Games with Anonymous
Preferences

Let us now consider a variation of hedonic games which complexity deserves
our attention. A hedonic game with anonymous preferences is one in which
every player is indifferent among coalitions of the same size. Hence, players'
preferences can be written as preferences over sizes of coalitions. For example,
in the following game ff1; 2g; f3gg is a core stable partition:

2 �1 1 �1 3
3 �2 2 s2 1
3 s3 2 �3 1

We will show that if preferences are anonymous, then the core, the Nash sta-
ble set and the individually stable set have correspondingNP -complete decision
problems, even when preferences over sizes are required to be strict.
In a similar way to the case of preferences over coalitions, the object that

we will use is the representation based on individually rational lists for sizes
(RIRLS), with the property that no number in the representation should exceed
the total number of players (it makes no sense to consider bigger sizes because
no stable outcome can be obtained from them, since there would not be enough
players). The RIRLS corresponding to the example is:

2 �1 1
3 �2 2 s2 1
3 s3 2 �3 1

Finally, the length function will be simply Ls = N , that is, the number
of players involved in the game11. Also, it must be pointed out that, given a
partition of the players, identifying the corresponding numbers in the RIRLS
11 As opposed to the case of RIRLCs, the number of elements (in this case, these elements
are numbers) in the representation is bounded by N2. Therefore, we can use N as the size of
the problem because of the polynomial relation with N . In the case of RIRLCs, this was not a
reasonable length function because the elements were coalitions, and the number of them could
be exponential in N .
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lists has low complexity. For example, in a game with 4 players, the partitions
ff1; 2g; f3; 4gg, ff1; 3g; f2; 4gg and ff1; 4g; f2; 3gg correspond to the tuple
(2; 2; 2; 2), meaning that all players are in coalitions of size two, and �nding this
numbers in the preference pro�le is immediate.

Proposition 2.7 HCOREwith anonymous preferences isNP -complete, whether
we allow for indifferences or not.

Proof. To see that this problem is in NP , given a core stable partition we must
only check that for every size k which is strictly preferred by some player in her
list, there are in total less than k players who strictly prefer the size k to the size
of their current coalition. This operation can be done in polynomial time in the
size of the problem N .
We make a transformation from a hedonic game with preferences over coali-

tions. The set of players will be initially the same. Sort all distinct coalitions from
the source game, in increasing order of their sizes (ties can be broken arbitrarily).
The result is an ordered list (S1; :::; SL) of L = Kc elements where the �rst
N coalitions of this list must be the stand-alone coalitions of the source game's
players. Assign to each coalition in the sorted list, Sl, the value v(Sl), where:

v(Sl) = 1 if jSlj = 1
v(Sl) = maxfv(Sl�1) + 1; jSljg otherwise

so that there is a distinct value for each coalition. What we are doing is to assign
a unique size to each possible coalition (of size greater than one) of the original
game. Now, keeping the ordering of the source game's RIRLC preference lists,
substitute every coalition S in the preference lists by the value v(S). Addition-
ally, we should create new players that ��ll the space� that we created: for each
Sl create nl = maxf0; v(Sl) � jSljg redundant players labeled l1; :::; lnl with
anonymous preferences represented by �v(Sl) �li 1�.
The value function v can be used to construct a function f between coalitions

of both games:

f(fig) = fig for all fig
f(Sl) = Sl [ fl1; :::; lnlg if jSlj � 2

which is into. We can then construct the mapping g between partitions of both
RIRLs, such that g(�) = ff(S) : S 2 �g [ ffl1g; :::; flnlg : Sl =2 �g.
Because g is one-to-one (every partition induced from the target RIRLS has a
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unique counterpart in the source RIRLC) it suf�ces to prove that � is core stable
if and only if g(�) is core stable.
If the individually rational partition � is not core stable in the original game

and it is blocked by S, then the partition g(�) must be blocked by f(S).
If the individually rational partition �0 is not core stable in the new game and

it is blocked by some individually rational coalition S of size v0 (any coalition
that blocks a RIRL partition must have size greater or equal than 2), then the
preimage of S must block the preimage of �0.
This transformation has polynomial time demand. In fact, the number of

players in the new game isN 0 can be bounded polynomially because v can be: for
all l, v(Sl) � v(SL) � jN j+Kc so thatN 0 �

PKc

l=1 v(Sl) � Kc(jN j+Kc) �
2Length2c , polynomial in the size of the source problem, Lengthc.
And because we have exactly used the same preference relations as in the

original problem without adding any extra indifferences, the result remains valid
even if preferences are required to be strict in these anonymous hedonic games.

The following source example with an empty core is quite illustrative for the
proof.

12 � 13 � 123 � 1
123 � 23 � 12 � 2
13 � 23 � 123 � 3

where partition ff1g; f2; 3gg is blocked by f1; 3g. From this, we can write the
table

S v(S) f(S)
Sa = f1g 1 f1g
Sb = f2g 1 f2g
Sc = f3g 1 f3g
Sd = f1; 2g 2 f1; 2g
Se = f1; 3g 3 f1; 3; e1g
Sf = f2; 3g 4 f2; 3; f1; f2g
Sg = f1; 2; 3g 5 f1; 2; 3; g1; g2g

where (Sa; Sb; :::; Sg) is the ordered list of coalitions. The resulting anonymous
game with 8 players is:
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2 �1 3 �1 5 �1 1
5 �2 4 �2 2 �2 1
3 �3 4 �3 5 �3 1
3 �e1 1
4 �f1 1
4 �f2 1
5 �g1 1
5 �g2 1

where the corresponding partition ff1g; f2; 3; f1; f2g; fe1g; fg1g; fg2gg is blocked
by the unique coalition of size v(f1; 3g), that is, f1; 3; e1g.
Consider the following hedonic game with anonymous preferences, where

m � 2. Let us call it the Nash penalizing component:

m �i m� 1 �i m� 2 �i ::: �i 2 �i 1 for i = 1; :::;m
2(m+ 1)� j �j 1 for j = m+ 1; :::; 2m� 1

We have a total of 2m�1 players divided in 2 blocks ofm andm�1 players,
respectively. It is clear that if we discard all players from the �rst block, every
player of the second block in her stand-alone coalition is a Nash stable partition
in the subgame induced by these players from the second block, because their
preferred sizes are all different and greater than or equal to 3. Now, we show that
this cannot be the case if we consider subgames which do not discard all players
from the �rst block. Before that, let us show an example form = 3:

3 �1 2 �1 1
3 �2 2 �2 1
3 �3 2 �3 1
4 �4 1
3 �5 1

Claim 2.1 The Nash penalizing component (m � 2) has no Nash stable parti-
tion. Formally, given any subset S of the players that includes all players of the
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second block and at least one player from the �rst, there is no partition of S that
is Nash stable in the subgame induced by S.

Proof. Note the following properties for a Nash stable partition in the subgame
induced by any S:

� Playerm+ 1 must be alone because her preferred coalition of sizem+ 1 is
not individually rational for anyone else.

� Hence, no player in the �rst block can be alone because she would join player
m + 1. This means that all players of S that come from the �rst block must
be in coalitions of size at least two (these coalitions may include or not some
players from the second block).

� Let k be the maximum size of these coalitions of size at least two in a stable
partition. It is obvious that k cannot be greater than or equal tom+1 because
the maximum individually rational feasible size ism: Then, there is a player
j in the second block such that her preferred size is k+1 and she is currently
alone, willing to join this coalition of size k.

So, we have that some player in the second block will always be willing to
join this biggest coalition, and this cannot be Nash stable.
The intuition about the use of this game is that by keeping the second block

intact, there is a Nash stable partition if and only if we kick out from the game
all the players from the �rst block. We will use this component for the following
proof by creating a second block which penalizes undesirable stable situations in
the case that some player lies inside the �rst block.

Proposition 2.8 HNASHwith anonymous preferences isNP -complete, whether
we allow for indifferences or not.

Proof. This decision problem is inNP . To check that� is Nash stable, perform
similar actions as in the general HNASH problem, but in the context of preference
on sizes: � is Nash stable if and only if no player i prefers a size k such that
k � 1 is the size of some other coalition of �. This operations can be performed
in polynomial time.
To prove completeness, we will make a reduction from PARTITION.
The initial set of players is X . Let m be the cardinality of the set fj 2 X :

fjg =2 Cg. We will not consider the trivial case wherem � 1.12

12 Form = 0, there is a partition in C where everyone is alone. Form = 1, there is a partition in
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Sorting the distinct subsets of C in increasing order of their sizes, we obtain
the ordered list (S1; :::SL) and we de�ne the value v as:

v(Sl) = 1 if jSlj = 1
v(Sl) = maxfm+ 2; v(Sl�1) + 2; jSljg otherwise

For this initial set of players, player i0s preferences will be written as any
arbitrary ordering (allowing indifferences or not: this is why this proof makes
the result valid for both settings) over sizes v(Sl) such that Sl contains player
i (except for the case of the size 1, which must always appear as the tail of
every RIRLS list). For every player j with fjg =2 C, her preferences will be
appended ��j� followed by a string like the preferences of players from the �rst
block of the Nash penalizing component, according tom. After that, we will add
to the game the second block of m � 1 players fp1; :::; pm�1g, completing the
penalizing component. We still need to �ll some space with redundant players
l1; :::; lnl for each coalition Sl, as we did in the case of the core. The preferences
of each of these redundant players will be �v(Sl) �li 1�. Next, we prove that
there is a partition in C if and only if there is a Nash stable partition in the game.
Suppose that � = (S1; :::Sj�j) is partition inside C. Let �0 be the partition

of the target game be such that,

� Each coalition Sk 2 � has been augmented, when necessary, with its
corresponding redundant players, and its size becomes v(Sk).

� Players of the second block of the penalizing component and every redundant
player li such that Sl =2 � are all alone.

Then �0 is Nash stable in the new game. The explanation of this comes from
the fact that individual movements cannot improve welfare. We can see this from
the following facts:

� Players in coalitions of size not smaller than m + 2 have no incentives to
move. Redundant players corresponding to these coalitions are always in
their best position. For the rest of the players in these type of coalitions (that
is, players from X), it is not possible to individually move to a coalition of
size greater by one unit because it is not individually rational (all preferred
coalitions have sizes with increments of at least two). Nor is it to move to
coalitions of size less thanm+ 2 because this is worse.

� Player i 2 X such that fig 2 � (and fig 2 �0) has no place to move. Her

C if and only if the unique j with fjg =2 C belongs to some subset of C, and this can be checked
in linear time in the size of the PARTITION instance. This means that the NP -complete problem
used for the reduction is the subproblem consisting of the restriction of PARTITION to the case
m � 2.
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preferred sizes are of size at leastm + 2, but the differences in size between
all coalitions in this range makes the movement individually irrational for
her.

� Players of the second block or the remaining redundant players would not
move, either. Within this coalition structure, there cannot be any coalition of
size 2; 3; :::;m or m + 1: the fact that, by construction of �0, every player
fromX is at the left of the penalizing part of her preferences under �0, makes
it impossible to have coalitions with these sizes. This means that players
from the second block cannot improve because their preferred sizes range
from 3 tom+ 1. On the other hand, those redundant players who are in their
stand-alone coalitions cannot move to form their most preferred size, because
their leaders (the set of players from X that they can only form coalitions
with) are already spread among other coalitions that they cannot individually
join (again, the difference between sizes is what makes this fact possible).

On the other hand, suppose that the game has a Nash stable partition �0 =
(S 01; :::S

0
j�0j). This partition must satisfy:

� Players from the �rst block (fjg =2 C) must be in coalitions of size not
smaller thanm+ 2 (so that, they are all �out� of the penalizing component).
So, players of the second block must be all alone, otherwise we already
proved that this cannot induce a Nash stable partition in the game.

� For every player with fig 2 C, she must be in a coalition of size in the image
of v: these are the only sizes appearing in her list.

� For any redundant player created from S 2 C, either she is alone or she is
with all the members in S and all other redundant players created from S,
because these are the only individually rational coalitions for her.

Hence, let us remove all redundant players (if any) from every S 0k in �0.
Because �0 is a partition of the game, the non-empty subsets obtained by these
removals, without the stand-alone coalitions of players from the second block,
must constitute a partition ofX inside C.
Once more, the complexity of this transformation turns to be polynomial.

The size of the target game, N , is polynomial in the size of the source instance,
jCjjXj because v can be bounded polynomially in a similar way to the previous
proof.
Next we show how this transformation works for a speci�c yes-instance of

PARTITION: X = f1; 2; 3g, C = ff1;2g; f1; 3g; f3gg. This results in the
following data, wherem = 2:
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S v(S) Players
Sa = f3g 1 f3g
Sb = f1; 2g 4 f1; 2; b1; b2g
Sc = f1; 3g 6 f1; 3; c1; c2; c3; c4g

penalizing player p1
The anonymous preferences of players can be written taking into account the part
of the preferences which are in the penalizing component (pc.). Note that we are
free to use some indifferences outside the penalizing area for players which are
inX (i.e, player 3):

Preferences of each player
Player Belongs to pc Outside pc. Inside pc.
1 Yes 4 �1 6 �1 2 �1 1
2 Yes 4 �2 2 �2 1
3 No 6 �3 1
b1 No 4 �b1 1
b2 No 4 �b2 1
c1 No 6 �c1 1
c2 No 6 �c2 1
c3 No 6 �c3 1
c4 No 6 �c4 1
p1 Yes 3 �p1 1

where the Nash stable con�guration can be uniquely identi�ed by looking at the
bold numbers.
Before proceeding to prove that HIS is NP -complete for anonymous pref-

erences, we provide a different version of a problem from Bogomolnaia and
Jackson (2002)13:

13 In their work, they provide the smallest game they could �nd where no individually stable
partition existed:

57 �1 2 �1 7 �1 6 �1 1
7 �2 2 �2 57 �2 56 �2 1
2 �3 7 �3 6 �3 1
7 �i 6 �i 5 �i 4 �i 3 �i 2 �i 1 for i = 4; :::; 8
63 �i 62 �i 61 �i 60 �i ::: �i 2 �i 1 for i = 9; :::; 63
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56 +m �1 2 �1 7 �1 6 �1 1
7 �2 2 �2 56 +m �2 55 +m �2 1
2 �3 7 �3 6 �3 1
7 �i 6 �i 5 �i 4 �i 3 �i 2 �i 1 for i = 4; :::; 8

62 +m �i 61 +m �i ::: �i 2 �i 1 for i = 9; :::; 62 +m

In this game, we have a total of 62 + m players and no individually stable
partition exists for m � 1 as we prove in the following claims, using similar
arguments to those of the original paper. In this way, we will use this game as
a penalizing component for the next proposition. For m = 0, it can be easily
veri�ed that the partition

f
f1; 9; :::; 14g; f2; 15; :::; 20g; f3; 21; :::; 26g;
f4; 27; ::; 32g; f5; 33; :::; 38g; f6; 39; :::; 44g;
f7; 45; :::; 50g; f8; 51; :::56g; f57; :::62g
g

is individually stable. Now, we show a series of claims that should be satis�ed
by any individually stable partition � = fS1; :::; Sj�jg for m � 1, reaching a
contradiction.

Claim 2.2 There are no two Sk and Sl in� such that Sk; Sl � f9; :::; 62+mg.

Proof. Otherwise, any member of the smallest coalition between Sk and Sl
would be accepted in the other coalition.

Claim 2.3 Suppose that S1 = f9; :::; 62 +mg. Then, no con�guration of play-
ers 1 to 8 can be part of an individually stable partition of the game.

Proof. First, a coalition of size 8 is not individually rational for players 1 to 8.
Similarly, no coalition of size 7 can be stable because players 1 and 3 prefer size
2 to size 7 and one of them would join the player who is alone. For size 6, player
2 would always like to join this coalition and would be accepted (7 � 6 for all
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players). A size of 5 would either make 1 and 3 willing to join it, or player 2
willing to join coalition.f9; :::; 62 +mg. Sizes 4 and 3, which only correspond
to players from f4; ::; 8g, are not possible because the rest of the players from
f4; :::; 8gwould be admitted in the coalition. So, only sizes 1 or 2 are reasonable.
But then two of the players from f4; :::; 8gmust be together in a coalition of size
2, because by being alone they could join. From this, the rest of the players from
f4; :::; 8g would be admitted in this coalition.

Claim 2.4 The coalition S1 = f9; :::; 62 + mg is in the individually stable
partition �.

Proof. By claim 2, j�j � 9. Letting S� be the biggest coalition in �, then
jS�j �

l
62+m
j�j

m
� 7 because m � 1. But if j�j = 9 and m = 1, we have 63

players divided in 9 coalitions and players 1 to 8 are separated in eight different
coalitions by claim 2. In this case, if jS�j = 7 then jSkj = 7 for all Sk in
� and this means that there is a coalition with exactly 7 players from the last
block, reaching a contradiction with individual stability because new members
are accepted. And if jS�j > 7, since players 1 or 2 cannot be in it (we must
have 9 coalitions), it must be the case that S� � f9; :::; 62 +mg. But if S� �
f9; :::; 62 + mg, we reach the same contradiction with individual stability. We
are left with S� = f9; :::; 62 +mg, the desired result.
Now, consider the case where j�j � 9 andm � 1, but both do not hold with

equality simultaneously, which implies that jS�j > 7. If jS�j < 54 + m, then
it must be the case that S� � f9; :::; 62 + mg and the remaining players from
f9; :::; 62 +mg are admitted in the biggest coalition S�. So, consider the cases
where jS�j � 54 + m. If jS�j = 55 + m, that is, S� = f2; 9; :::; 62 + mg,
player 1 can join S�. If jS�j = 56 +m (S� = f1; 2; 9; :::; 62 +mg), it is easy
to see that players 3 to 8 cannot be arranged in order to induce an individually
stable partition, because they must stay together in a coalition of size 6 and thus
player 2 would be admitted. It is clear that sizes strictly greater than 56 +m are
not possible, because there are not enough players for which these sizes would
be individually rational: Therefore, jS�j = 54 + m, and the only individually
rational possibility is that S� = f9; :::; 62 +mg. So, S1 = S�.

Claim 2.5 The game has no individually stable partition form � 1.

Proof. Because S1 = f9; :::; 62 +mg, we obtain the impossibility result from
claim 3.
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Proposition 2.9 HIS with anonymous preferences isNP -complete, whether we
allow for indifferences or not.

Proof. This is an NP problem by following the same checking procedure as
in the anonymous HNASH problem, and checking the status of the new coalition
members.
Let X and C be the instance of PARTITION. We make a similar (although

slower) transformation than with anonymous HNASH.
First, we must count the elements j with fjg =2 C. Let this number be m

(we discard the trivial case where m = 0). Sorting the distinct subsets of C
in increasing order of their sizes, we obtain the ordered list (S1; :::SL) and we
de�ne v as:

v(Sl) = 1 if jSlj = 1
v(Sl) = maxf64 +m; v(Sl�1) + 2; jSljg otherwise

As we see, v is similar to the case of HNASH, but the relevant sizes start
from at least 64+m (the number of extra players that we will need to create will
be very large). The initial set of players will be X , and player i0s preferences
will be written as an arbitrary ordering (using indifferences or not: this is why
this proof makes the result valid for both settings) over sizes v(Sl) for all Sl
containing player i. For the non-trivial case that m � 1, we create 62 players
fp1; :::; p62g with preferences identical (according tom) to players f1; 2; :::; 62g
of the penalizing component. For the m players j with no stand-alone coalition
in C, we add them to this penalizing component, by adding this string to the
right-most region of their preferences: ��j 62 +m �j 61 +m �j ::: �j 1�.
That is, the tails of their preferences are like the preferences of the players in the
last block of the penalizing component described before. The preferences of the
necessary redundant players will be �v(Sl) �li 1�.
It can be checked, using the usual approach, that the penalizing component

avoids undesired individually stable partitions when there is no partition in C.
And a partition in C induces an individually stable partition in the new game
where the initial 62 players in the penalizing block fp1; :::; p62g are grouped as
in the individually stable partition of 62 players shown form = 0.
This transformation requires a lot of players, but still it is polynomial in the

size of the PARTITION problem because v can be polynomially bounded.
There does not seem to be a much simpler transformation than the one obove

described. Its considerable length is imposed by the fact that non-trivial games
exist only for a great amount of players.
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2.5 Interpretation of the Results and Conclusions
The main conclusion of this work sums up to saying that the general decision
problems inherent to some of the stability de�nitions in hedonic games are hard
from a computational perspective. In particular, they are shown to be NP -
complete. In a natural way, this implies that �nding a stable con�guration is
dif�cult, in general.
Not only this is bad news from the computational point of view, but proofs

provide us with partial ideas on why these problems are dif�cult. For instance,
a quick inspection of the transformation rule given in Proposition 2.1 enables us
to say that �nding a stable outcome remains dif�cult even when there are lots
of indifferences at the top of all rankings. This, in principle, may lead us to the
wrong conclusion that a stable outcome would be easy to �nd inside this part of
the preferences. More intricate implications can be obtained from the structure
of the proofs in the anonymous case: from Proposition 2.4, the HCORE problem
with preferences over coalitions (proven to be NP -complete in Propositions 2.1
and 2.4) remains dif�cult even if each player can only submit preferences over
coalitions of different sizes. In the same fashion, we could further analyze the
complexity hidden inside all these problems with the help of the transformations
provided in this paper. This is why proving an NP -complete result in different
ways may be attractive in order to give more arguments for the origin of the
problem's complexity. For instance, based on an alternative proof which we omit
for the sake of space limitations, we have proven that it is still dif�cult to �nd a
core stable partition when agents are distributed in a rectangular lattice and they
are restricted to submit preferences over their immediate neighbors14.
From another perspective, the relevance of this work arises because we have

been able to classify all these problems into a class of equivalent problems which
are of special interest in discrete mathematics, operations research and computer
science. The accepted conjecture that P 6= NP is the reason why all NP -
complete problems are considered intractable, that is, the time required by an
algorithm solving any of them can become unreasonable, even for examples of
moderate size. Moreover, �nding a fast algorithm for a single NP -complete
problem would imply a fast solution to all the others (so that P = NP !), and
viceversa, proving that such fast algorithm is unfeasible would prove that all
NP -complete problems are intractable (P 6= NP ). Efforts are being put by
researchers to demonstrate the accepted conjecture P 6= NP , since no one has
ever found a fast algorithm for any NP -complete problem, and the implications

14 The alternative polynomial reduction for proposition 1 has been made from the Minesweeper
consistency problem Kaye (2000). The complexity of HCORE arises only if several players have
preferences over the same neighbors, that is, when their preferences "overlap".
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of this would be somewhat stunning.
Economic implications are of special interest in contexts of bounded ratio-

nality, as it happens in Gilboa (1988) and Ben-Porath (1990). For instance, for
a planner with bounded computational resources, her role in trying to imple-
ment a stable con�guration can become unfruitful, given the complexity of these
problems. In another way, take into consideration the question of how coalitions
form in large societies and groups: then, the results of this paper might affect the
strength of some coalition formation models. For instance, if a model handles
coalition formation as a process that can be simulated by a computer, then it can
be believed that stable con�gurations, if any, will be reached eventually, but this
process may take too long.
But these results do not constitute a total critique to hedonic games or to the

stable solutions studied. In fact, these solutions are still important. Even if they
can be dif�cult to �nd or to reach, con�gurations which are not stable can be
easily identi�ed, i.e., given a con�guration, any individual is able to identify the
coalition she would like to move to, so that individual stability and Nash stability
can be sensible solutions in this context. In the case of the core, although stable
outcomes can also be veri�ed in polynomial time as core stable, it seems to be
a bit more dif�cult because agents have to inspect more deeply their preferences
in order to �nd a better coalition to propose which also bene�ts the rest of its
members. In any event, this subtle difference in the complexity of checking a
given con�guration could give rise to further investigation on how boundedly
rational agents organize themselves in a model of coalition formation.
Some other conclusions can be obtained regarding on how �good� theorems

that one constructs for hedonic games can be. In fact, we can say that none of
the stability concepts studied in this paper can be well-characterized. A decision
problem is well-characterized if both it and its complementary problem (the prob-
lem which asks exactly the opposite question) are NP problems. The dif�culty
with NP -complete problems is that they can have good characterizations if and
only if NP = co � NP and this is very unlikely to happen. In fact, consider
the case of a hedonic game with an empty core. Is there an ef�cient way to
certify that it is empty? We could span the whole space of possible partitions
and check that none of them is stable (using polynomial time for each of these
partitions). But this sounds quite inef�cient (slow) because the total number of
partitions is exponential in the size of the underlying set N . What the theory
of NP -completeness is telling us is that there cannot be any nice certi�cate for
checking the emptiness of the core in hedonic games. Hence, the strategy of
trying to �nd good general theorems for any of these stability concepts might not
be a promising task.
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Further research on this �eld includes the study of subclasses of hedonic
games whose decision problems involve polynomial time, that is, subproblems
which are easy. Additionally, other related problems like the search problem (�nd
a stable partition), the enumeration problem (�nd the cardinality of the stable set),
the problem of representing a whole stable set, or some optimization problems
attached to these sets, may deserve some attention in the future. Nonetheless, the
simplest problems (decision problems) are shown to be dif�cult, and this was the
main purpose of this work.
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3.1 Introduction
The dependence of individual outcomes on group behavior is often referred to as
peer e�ects in the literature.15 In standard peer effects models, this dependence
is homogeneous across members, and corresponds to an average group in�u-
ence. Technically, the marginal utility to one person of undertaking an action is
a function of the average amount of the action taken by her peers. Generative
models of peer effects, though, suggest that this intragroup externality is, in fact,
heterogeneous across group members,16 and varies across individuals with their
level of group exposure.
In this paper, we allow for a general pattern of bilateral in�uences, and ana-

lyze the resulting dependence of individual outcome on group behavior.
More precisely, consider a �nite population of players with linear-quadratic

interdependent utility functions. Take the matrix of cross derivatives in these
players' utilities. Our �rst task is to decompose additively this matrix of cross
effects into an idiosyncratic component, a global interaction component, and a
local interaction network. The idiosyncratic effect re�ects (part of) the concavity
of the payoff function in own efforts. The global interaction effect is uniform
across all players, and re�ects a strategic substitutability in efforts across all pairs
of players. Finally, the local interaction component re�ects a (relative) strategic
complementarity in efforts that varies across pairs of players. The population
wide pattern of these local complementarities is well-captured by a network. This

15 Durlauf (2004) offers an exhaustive survey of the theoretical and empirical literature on peer
effects.
16 For instance, when job information �ows through friendship links, employment outcomes
vary across otherwise identical agents with their location in the network of such links
(Calvó-Armengol and Jackson, 2004).
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description allows for a clear view of global and local externalities and their sign
for a given general pattern of interdependencies.
Based on this reformulation, the paper provides three main results. First, we

relate individual equilibrium outcomes to the players' positions in the network
of local interactions. Second, we show that the aggregate equilibrium outcome
increases with the density and size of the local interaction network. Finally,
we characterize an optimal network disruption policy that exploits the geometric
intricacies of this network structure.
In network games, the payoff interdependence is, at least in part, rooted in the

network structure of players' links.17 In these games, equilibrium strategies, that
subsume the payoff interdependence in a consistent manner, should naturally re-
�ect the players' network embeddedness. When the relative magnitude of global
and local externalities for our decomposition of cross effects scale adequately,
our network game has a unique and interior Nash equilibrium, proportional to
the Bonacich network centrality. This measure has been proposed for nearly two
decades in sociology by Bonacich (1987), and counts the number of all paths18
emanating from a given node, weighted by a decay factor that decreases with the
length of these paths.19 This is intuitively related to the equilibrium behavior, as
the paths capture all possible feedbacks. In our case, the decay factor depends on
how others' actions enter into own action's payoff.
The sociology literature on social networks is well-established and extremely

active (see, in particular, Wasserman and Faust, 1994). One of the focus of
this literature is, precisely, to propose different measures of network centrali-
ties and to assert the descriptive and/or prescriptive suitability of each of these
measures to different situations.20 This paper provides a behavioral foundation
to the Bonacich's index, thus singling it out from the vast catalogue of network
measures.
The relationship between equilibrium strategic behavior and network topol-

ogy given by the Bonacich measure allows for a general comparative statics
exercise. We show that a denser and larger network of local interactions increases
the aggregate equilibrium outcome. This is simply because the aggregate number
of network paths increase with the number of available connections.
When the Nash-Bonacich linkage holds, the variance of equilibrium actions

re�ects the variance of network centralities. In this case, a planner may want to
17 See, in particular, the recent literature survey by Jackson (2004).
18 Not just shortest paths.
19 It was originally interpreted as an index of in�uence or power of the actors of a social
network. Katz (1953) is a seminal reference.
20 See Borgatti (2003) for a discussion on the lack of a systematic criterium to pick up the
�right� network centrality measure for each particular situation.
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remove a few suitably selected targets from the local interaction network, so as
to alter the whole distribution of outcomes. To characterize the network optimal
targets, we propose a new measure of network centrality, the inter-centrality
measure, that does not exist in the social network literature. Players with the
highest inter-centrality are the key players whose removal results in the maximal
decrease in overall activity.
Contrary to the Bonacich centrality measure, this new centrality measure

does not derive from strategic (individual) considerations, but from the planner's
optimality (collective) concerns. Bonacich centrality fails to internalize all the
network payoff externalities agents exert on each other, while the inter-centrality
measure internalizes them all. Indeed, removing a player from a network has
two effects. First, less players contribute to the aggregate activity level (direct
effect), and second, the network topology is modi�ed, the remaining players
thus adopting different actions (indirect effect). As such, the inter-centrality
measure accounts not only for individual Bonacich centralities but also for cross-
contributions across them. In particular, the key player is not necessarily the
player with the highest equilibrium outcome.
Section 3.2 introduces notation. Section 3.3 presents the model. Sections

3.4 contains the equilibrium analysis, and Section 3.5 the network-based policy.
Section 3.6 contains a number of applications, including crime networks, R&D
collaboration links in oligopoly markets, and conformist behavior. Section 3.7
discusses a number of extensions.

3.2 De�nitions and Notation.
The primitive set of our model is a set of agents N = f1; 2; :::; ng.

3.2.1 Matrix and Vector Notation
Matrices and vectors will be denoted in bold letters, like A and x, respectively.
When necessary, we use Al�m to specify that A has l rows and m columns.
Generally, l = m = n. The entries ofA and x are written like aij and xi.
The transpose of A and x are AT and xT . Matrix multiplication is written

like A � x, A � B and xT � y. The matrix Ak is the k-th power of A, and its
(i; j)-entry is written a[k]ij .
Given a set S � N , AS and xS are the restrictions of A and x to the set S.

Also,A�S � ANnS and x�S � xNnS .
The identity matrix is I. The symbols O and 0 will be used for the zero

matrix and vector. The symbols U and 1 will be used for the one matrix and
vector, where every entry is 1. Given a vector x, the scalar x � 1T �x is the sum
of all its entries, and xS � 1T � xS .
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We write A � B, whenever aij � bij for all i and j in N . Also, A � B if
A � B and there exists aij < bij . Finally, A < B if aij < bij for all i and j.
The symbols �,  and > are de�ned accordingly.
An eigenvalue of a matrix A is a complex number � satisfying A � v = �v

for some vector v. Let S(A) (called the spectrum of the matrixA) be the set of
eigenvalues ofA.

3.2.2 Networks
A network (graph) g consists of a set of agents (vertices or nodes) V (g) and a
set of weighted links (edges) among them, where gij � 0 is the weight assigned
to the link (i; j). The link (i; j) is also written ij, for short. For this reason,
we can represent a network by means of a nonnegative square adjacency matrix
G = (gij)i;j2V (g). Without loss of generality, we will consider networks where
gij 2 [0; 1]. Generally, the set of agents of the network g, V (g), will be N . In
some cases, it may be different, but this will be easily inferred from the notation
that we introduce later. A network gij is un-weighted when gij 2 f0; 1g, for all
i; j 2 V (g).
The network g is undirected when its adjacency matrixG is symmetric, that

is, gij = gji for all i; j 2 N . We say that a network has no self-loops whenever
gii = 0 for all i 2 V (g). We will assume that networks have no self-loops, so
thatG is a zero-diagonal matrix.
We refer to the agents i and j as being directly linked in the network g,

whenever gij > 0. We also denote this by ij 2 g. The number of links of g
is jgj � jij 2 gj.
A link ij 2 g is incident with the vertex v 2 V (g) whenever i = v or j = v.
A path in g of length k from i to j is a sequence p = hi0; i1; :::; iki of agents

such that i0 = i, ik = j, ip 6= ip+1, and ip and ip+1 are directly linked, for all
0 � p � k� 1. Agents i and j are said to be indirectly linked in g if there exists
a path from i to j in g. An agent i 2 V (g) is isolated in g if gij = 0 for all j. The
network g is said to be empty when all its agents are isolated, that is,G = O.
We say that a path p traverses or hits agent i if i is in the sequence de�ned by

the path. The path p covers the set S � V (g) if p traverses every agent i 2 S.
We say that network g0 is a (proper) subnetwork of g, written g0 � g (g0 � g),

whenever V (g0) � V (g) andG0 � GV (g0) (G0 � GV (g0)). We also say that g0
is (strictly) contained in g. Given two networks g and g0, their union is written
h = g [ g0, where V (h) = V (g) [ V (g) and hij = gij + g0ij .
Given a network g and a set S � V (g), we say that gS is the subnetwork of g

induced by S whenever the adjacency matrix of gS isGS . Note that V (gS) = S.
We write g�S to denote the network gNnS , that is g�S is the network that results
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after eliminating all the agents in S.
A cut in a network g is a partition of the vertices into two disjoint subsets S

and V (g)nS. Every cut in a network divides it into two different networks gS and
g�S . A network is bipartite if it has a cut dividing it into two empty networks.
The spectral radius of a network g is de�ned as:

�1(g) = max
�2S(G)

j�j

where j�j is the modulus of the (complex) eigenvalue � of the matrixG. When
g is undirected, all the eigenvalues ofG are real and �1(g) is called the index of
the network g.

3.3 The Model

3.3.1 The Game
Each player i = 1; :::; n selects an effort xi � 0, and gets a payoff ui(x1; :::; xn).
We focus on bilinear payoff functions of the form:

ui(x1; :::; xn) = �ixi +
1

2
�iix

2
i +

X
j 6=i

�ijxixj; (3.1)

strictly concave in one's effort, that is, @2ui=@x2i = �ii < 0. We set �i = � > 0
and �ii = �, identical for all players. Net of bilateral in�uences, players have
thus the same payoffs.
Bilateral in�uences are captured by the cross derivatives @2ui=@xi@xj = �ij ,

i 6= j. They depend on the pair of players considered, and can be of either
sign. When �ij > 0, an increase in effort from j triggers a downwards shift in
i's response. We say that efforts are strategic complements from i's perspective
within the pair (i; j). Reciprocally, when �ij < 0, efforts are strategic substitutes
from i's perspective within the pair (i; j).
Let � = minf�ij j i 6= jg and � = max f�ij j i 6= jg.
We assume that � < minf�; 0g. When � � 0, this is simply the concavity

of payoffs in own efforts. When � < 0, this requires that own marginal returns
decrease with the level of xi at least as much as cross marginal returns do.
Let� = [�ij] be the square matrix of cross effects:

� =

24 �11 � � � �1n
... . . . ...
�n1 � � � �nn

35 :
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We use � as a short-hand for the simultaneous move n�player game with
payoffs (3.1) and strategy spaces IR+.

3.3.2 The Decomposition of Cross Effects
We decompose the matrix � additively into an idiosyncratic concavity compo-
nent, a global (uniform) substitutability component, and a local complementarity
component, in the following way.
Let  = �minf�; 0g � 0. If efforts are strategic substitutes for some pair

of players, then � < 0 and  > 0. Otherwise, � � 0 and  = 0. As we shall see
below, the parameter  accounts for the global substitutability of efforts across
all pairs of players.
Let � = � +  � 0. We assume that � > 0. This is a generic property, as

� = 0 if and only if � = �, and this equality is not robust to small perturbations
of the coef�cients � and �.21 Let also gij = (�ij + )=�, for i 6= j, and set
gii = 0. By construction, 0 � gij � 1. The parameter gij measures the relative
complementarity in efforts from i's perspective within the pair (i; j) with respect
to the benchmark value � � 0. This measure is expressed as a fraction of �,
that corresponds to the highest possible relative complementarity for all pairs.
The decomposition is depicted in Figure 3.1. This is just a centralization (�

and � are de�ned with respect to ) followed by a normalization (the gijs are in
[0; 1]) of the cross effects. The �gure in the upper panel corresponds to �ij of
either sign (the case �ij � 0, for all i 6= j is similar) while the �gure in the lower
panel corresponds to �ij � 0, for all i 6= j (recall that we assume � < 0).
Consider the matrix G = [gij]. This is a zero diagonal and non-negative

square matrix. We interpret it as the adjacency matrix of a network g that re�ects
the pattern of existing payoff (relative) complementarities across all pairs of
players. When �ij = �ji, for all i; j, the matrixG is symmetric and the network
g is un-directed. When, moreover, cross effects only take two values, that is,
�ij 2 f�; �g, for all i 6= j with � � 0, thenG is a symmetric (0; 1)�matrix and
the network g is un-directed and un-weighted. In this case, g can be represented
by a graph without loops nor multiple links,22 where nodes stand for players and
two nodes i and j are directly linked if and only if efforts are relative strategic
complements across these two players, that is, �ij = �ji = �.
Finally, we write the (common) second order derivative in own efforts as

21 The set of parameters �ijs for which �= � has Lebesgue measure zero in IRn(n�1).
22 A loop is a single direct link starting at i and ending at i, that is, gii = 1. A direct link
between i and j is multiple when gij 2 f2; 3; :::g. The matrix G is zero diagonal, thus ruling
out loops. Besides, 0 � gij � 1 by construction, thus ruling out multiple links. It is important
to note, though, that our results also hold for networks with loops and/or multiple links, but the
economic intuitions are less appealing in this case.
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Figure 3.1 The decomposition of cross effects

@2ui=@x
2
i = � = �� � , where � > 0. Given our assumption that � <

minf�; 0g, this is without loss of generality.

Proposition 3.1 Let I be the n�square identity matrix, and U the n�square
matrix of ones. Then:

� =� �I� U+ �G; (3.2)

with � > 0,  � 0 and � > 0.

Proof. From the de�nition of �; ; � andG.
The pattern of bilateral in�uences results from the combination of an idiosyn-

cratic effect, a global interaction effect, and a local interdependence component.
The idiosyncratic effect re�ects (part of) the concavity of the payoff function

in own efforts. The global interaction effect is uniform across all players (matrix
U) and corresponds to a substitutability effect across all pairs of players with
value � � 0. The local interaction component captures the (relative) strate-
gic complementarity in efforts that varies across pairs of players, with maximal
strength � and population pattern re�ected byG. The whole heterogeneity in �
is thus captured byG.
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Let � be a matrix of cross effects for some bilinear payoff functions (3.1).
Following the decomposition of� in (3.2), we rewrite these payoffs as:

ui(x1; :::; xn) = �xi�
1

2
(� � )x2i�

nX
j=1

xixj+�
nX
j=1

gijxixj; i = 1; : : : ; n:

(3.3)
Let �� = �=� denote the strength of local interactions relative to self-concavity.

3.3.3 The Bonacich Network Centrality Measure
Before turning to the equilibrium analysis, we de�ne a network centrality mea-
sure due to Bonacich (1987) that proves useful for our analysis.
The n�square adjacency matrix G of a network g keeps track of the direct

connections in this network. Indeed, two players i and j are directly connected
in g if and only if gij > 0, in which case 0 � gij � 1 measures the weight
associated to this direct connection.
LetGk be the kth power of this adjacency matrix with coef�cients g[k]ij , where

k is some non-zero integer. This matrix keeps track of the indirect connections
in the network. Indeed, g[k]ij � 0 measures the number of paths of length k � 1
in g between i and j. In particular,G0 = I, that is, g[0]ii = 1 and g

[0]
ij = 0 for all

i 6= j.
Given a scalar a � 0 and a network g, we de�ne the following matrix:

M(g; a) = [I�aG]�1 =
+1X
k=0

akGk:

Note that these expressions are all well-de�ned for low enough values of a.23
The parameter a is a decay factor that scales down the relative weight of longer
paths.
Provided the matrix M(g; a) is non-negative, its coef�cients mij(g; a) =P+1
k=0 a

kg
[k]
ij count the number of paths in g starting at i and ending at j, where

paths of length k are weighted by ak.
Let 1 be the n�dimensional vector of ones.

De�nition 3.1 Consider a network g with adjacency n�square matrixG and a
scalar a such thatM(g; a) = [I�aG]�1 is well-de�ned and non-negative. The

23 Take a smaller than the norm of the inverse of the largest eigenvalue ofG.
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vector of Bonacich centralities of parameter a in g is:

b(g; a) = [I�aG]�1 � 1:

The Bonacich centrality of node i is bi(g; a) =
Pn

j=1mij(g; a), and counts
the total number of paths in g starting from i.24 It is the sum of all loops
mii(g; a) starting from i and ending at i, and all outer paths

P
j 6=imij(g; a)

that connect i to every other player j 6= i, that is:

bi(g; a) = mii(g; a) +
X
j 6=i

mij(g; a):

By de�nition,mii(g; a) � 1, and thus bi(g; a) � 1, with equality when a = 0.

3.4 Nash Equilibrium and Bonacich Centrality

3.4.1 Characterization and Uniqueness
We now characterize a Nash equilibrium of the game �, where equilibrium
strategies are proportional to Bonacich centralities in the network of local com-
plementarities g derived from �. We provide conditions such that this equilib-
rium is unique and interior.
Consider a matrix of cross effects� decomposed as in Proposition 3.1. From

now on, we focus on symmetric matrices such that �ij = �ji, for all j 6= i.
Then, the largest eigenvalue �1(g) of G, sometimes referred to as the index of
the network g, is well-de�ned. Also, �1(g) > 0 as long as �ij 6= 0, for some
j 6= i.25

For all vector y 2IRn, denote by y = y1+ :::+ yn the sum of its coordinates.

Theorem 3.1 The matrix [�I� �G]�1 is well-de�ned and non-negative if and
only if � > ��1(g). Then, the game � has a unique Nash equilibrium x� (�),
24 In fact, b(g; a) is obtained from Bonacich (1987)'s measure by an af�ne transformation.
Bonacich de�nes the following network centrality measure:

h(g; a; b) = b [I� aG]�1G � 1:

Therefore, b(g; a) = 1+ah(g; a; 1) = 1+ k(g; a), where k(g; a) is an early measure of network
status introduced by Katz (1953). See also Guimerà et al. (2001) for a related network centrality
measures.
25 Note that G is symmetric from the symmetry of �. By the Perron-Frobenius theorem, the
eigenvalues of a symmetric matrix G are all real numbers. Also, the matrix G with all zeros in
the diagonal has a trace equal to zero. Therefore, �1(g) > 0 wheneverG 6= 0.
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which is interior and given by:

x� (�) =
�

� + b(g; ��)
b(g; ��): (3.4)

Proof. The necessary and suf�cient condition for [�I� �G]�1 to be well-
de�ned and non-negative derives from Theorem III�, page 601 in Debreu and
Herstein (1953).
An interior Nash equilibrium in pure strategies x� 2 IRn+ is such that @ui=@xi(x�) =

0 and x�i > 0, for all i = 1; :::; n. If such an equilibrium exists it then solves:

�� � x = [�I+ U� �G] � x = �1: (3.5)

The matrix �I + U � �G is generically non-singular, and (3.5) has a unique
generic solution in IRn, denoted by x�.26 Using the fact that U � x�=x�1, (3.5)
is equivalent to:

[I� ��G] � x� = �� x�

�
1, x� =

�� x�

�
b(g; ��);

and (3.4) follows by simple algebra. Given that � > 0 and bi(g; ��) � 1, for all
i, it follows that x� is interior.
We now establish uniqueness. First, the previous argument shows that x� is

a unique interior equilibrium. We deal with corner solutions.
Denote by �(�); (�); �(�) andG(�) the elements from the decomposi-

tion of � in Proposition 3.1. We omit the dependence in � when there is no
confusion. For all matrix Y, vector y and set S � f1; :::; ng, YS is the sub-
matrix of Y with rows and columns in S, and yS is the sub-vector of y with
rows in S.
Let S � f1; :::; ng. Then (�S) � (�); �(�S) � �(�) and �(�S) �

�(�). Also, �G = � + (U� I) � �I, and the coef�cients in the S rows
and columns of �G are at least as high as the corresponding coef�cients in
�(�S)GS . Theorem I�, page 600 in Debreu and Herstein (1953) then implies
that �1(�(�S)GS) � �1(�(�)G). Therefore, �(�) > �(�)�1(G) implies
�(�S) > �(�S)�1(GS).
Let y� be a non-interior Nash equilibrium of the game�. Let S � f1; :::; ng

such that y�i = 0 if and only if i 2 NnS. Therefore, y�i > 0, for all i 2 S. Note

26 The set of parameters �; ; � for which det(�I+ U� �G) = 0 has Lebesgue measure zero
in IR3.
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that S 6= ;, as @ui=@xi(0) = � > 0, and 0 cannot be a Nash equilibrium. Then,

��S � y�S = [�IS + US � �GS] � y�S = �1S:

Given that �(�S) > �(�S)�1(GS), we have:

y�S =
�� y�S

�
b(gS; �

�): (3.6)

Now, every player i 2 NnS is best-responding with y�i = 0, so that:

@ui
@xi

(y�) = �+
X
j2S

�ijy
�
j = �� y�S + �

X
j2S

gijy
�
j � 0, for all i 2 NnS,

where the last equality uses the decomposition of�. Using (3.6), we rewrite this
inequality as:

(�� y�S)(1 + ��
X
j2S

gijbj(gS; �
�)) � 0, equivalent to �� y�S � 0.

Using (3.6), we conclude that y�i � 0, for all i 2 S, which is a contradiction.
When the matrix of cross effects � reduces to �G (that is, � =  = 0),

the game � is supermodular and we have a multiplicity of Nash equilibria. If,
instead, this matrix reduces to ��I�U (that is, � = 0), the equilibrium is
generically unique. The condition in Theorem 3.1 requires that the parameter for
own-concavity � to be high enough to counter the payoff complementarity cap-
tured by ��1(g). Here, � has to do with the level and �1(g) with the population-
wide pattern of positive cross effects. Note that this condition does not impose
any bound on the absolute values for these cross effects, but only on their relative
magnitude.
The Bonacich-equilibrium expression (3.4) also implies that:

x�i (�) =
bi(g; �

�)

b(g; ��)
x�(�):

Each player contributes to the aggregate equilibrium outcome in proportion to her
network centrality. The dependence of individual outcomes on group behavior
is referred to as peer e�ects. Here, this intragroup externality is not an average
in�uence. It is heterogeneous across members, with a variance related to the
Bonacich network centrality.

Remark 3.1 Consider the general game (�;�), where �i > 0 differs across



50 Chapter 3 Who is Who in Networks. Wanted: The Key Player

players. Then, (3.4) still holds where �b(g; ��) is replaced by the weighted
Bonacich centrality measure b�(g; ��) = [I���G]�1 ��.

Remark 3.2 In the proof of Theorem 3.1, the symmetry of � does not play
any explicit role but for the existence and positivity of the largest eigenvalue of
G. Therefore, the Bonacich-Nash linkage holds for any asymmetric matrix � of
cross effects with a well-de�ned positive spectral radius.27

When g is an un-directed and un-weighted network, the condition in Theorem
3.1 can be expressed directly in terms of the number of nodes and links in g, thus
dispensing with computing the network index.
Let g =

P
i;j gij be the sum of all direct links in g. When G is a (0; 1)�

matrix, this is twice the number of direct links in the un-directed and un-weighted
network g.

Corollary 3.1 Suppose that �ij 2 f�; �g, for all i 6= j with � � 0, and
that the network g induced by the decomposition of � in (3.2) is connected. If
� > �

p
g + n� 1, the only Nash equilibrium of the game� is given by (3.4).

Proof. From the upper bound on the index of a connected graph in Theorem
1.5, page 5 in Cvetković and Rowlinson (1990).

3.4.2 Comparative Statics
The previous results relate individual equilibrium outcomes to the Bonacich cen-
trality in the network g of local complementarities. The next result establishes a
positive relationship between the aggregate equilibrium outcome and the pattern
of local complementarities.
For any two matrices � and �0, we write �0  � if �0ij � �ij , for all i; j,

with at least one strict inequality.

Theorem 3.2 Let � and �0 symmetric such that �0  �. If � > ��1(g) and
�0 > �0�1(g

0) for the decompositions (3.2) of� and�0, then x�(�0) > x�(�).

27 Debreu and Hernstein (1953) provide some general conditions for a matrix to have a
well-de�ned and positive spectral radius.
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Proof. When �0 > �, we write �0 = �+�D, with dij � 0 with at least one
strict inequality, and � given by the decomposition (3.2) of �. If � > ��1(G)
and �0 > �0�1(G

0), Theorem 3.1 holds, so that�� � x�(�) = ��0 � x�(�0) =
�1, and x�(�);x�(�0) > 0. We compute�x�t(�0) �� �x�(�) in two different
ways. First, �x�t(�0) � � � x�(�) =�x�t(�0) � 1 = �x�(�0). Second, using
the symmetry of�0, we have:

�x�t(�0) �� � x�(�) = �x�t(�0) ��0 � x�(�) + �x�t(�0) �D � x�(�)
= �x�(�) + �x�t(�0) �D � x�(�):

Using the fact that � > 0, we conclude that x�(�0) >x�(�).
In words, the denser the pattern of local complementarities, the higher the

aggregate outcome, as players can rip more complementarities in g0 than in g.
The geometric intuition for this result is clear. Recall that b(g; ��) counts the
total number of weighted paths in g. This is obviously an increasing function in
g (for the inclusion ordering), as more links imply more such paths.

Remark 3.3 When the decompositions (3.2) of� and�0 are such that (�; �; ; �) =
(�0; �0; 0; �0) andG0  G, then �0 > �0�1(g

0) implies that � > ��1(g).28

3.5 A Network-Based Policy

3.5.1 Finding the Key Player
In our model, individual equilibrium behavior is tightly rooted in the network
structure through (3.4). The removal of a player from the population, holding
the pattern of social interactions among the other players �xed, alters the whole
distribution of outcomes.
We provide a simple geometric criterion to identify the optimal target in

the population when the planner wishes to reduce (or to increase) optimally the
aggregate group outcome.29

In what follows, we suppose that � is symmetric with �ij 2 f�; �g for
all i 6= j, and � � 0. In this case, the decomposition of � in (3.2) yields a

28 From the monotonicity of the largest eigenvalue with the coef�cients of the matrix in
Theorem I�, page 600 in Debreu and Hernstein (1953).
29 Bollobás and Riordan (2003) contains a mathematical analysis of the relative network
disruption effects of a topological attack versus random failures in large networks. See also
Albert et al. (2000) for a numerical analysis for the case of the World Wide Web.
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(0; 1)�adjacency matrixG and an un-weighted and un-directed network g, with
its corresponding graph representation.
Let's eliminate some player i from the current population. Suppose that for

each possible value v 2 f�; �g for the cross effects, there exists at least two
different pairs of players (i; j) and (i0; j0), differing two-by-two, such that �ij =
�i0j0 = v. This is a mild requirement that guarantees that the values of �, 
and � in the decomposition (3.2) of � do not change for any such single player
removal. The adjacency matrix becomes G�i, obtained from G by setting to
zero all of its ith row and column coef�cients. The resulting network is g�i.30

Similarly, denote by ��i the matrix that results from removing the ith row
and column from�.
The planner's problem is to reduce x�(�) optimally by picking the adequate

player from the population.31 Formally, she solvesmaxfx�(�)�x�(��i) j i =
1; :::; ng, equivalent to:

minfx�(��i) j i = 1; :::; ng (3.7)

This is a �nite optimization problem, that admits at least one solution.
Let i� be a solution to (3.7). We call player i� the key player. Removing

i� from the initial network g has the highest overall impact on the aggregate
equilibrium level. We provide a simple and direct geometric characterization of
the key player.

De�nition 3.2 Consider a network g with adjacency n�square matrixG and a
scalar a such thatM(g; a) = [I�aG]�1 is well-de�ned and non-negative. The
inter-centrality of player i of parameter a in g is:

ci(g; a) =
b2i (g; a)

mii(g; a)
:

The Bonacich centrality of player i counts the number of paths in g stemming
from i, while the inter-centrality computes the total number of such paths that hit
i at some time. It is the sum of i's Bonacich centrality and i's contribution to
30 If the primitive of our model is the bilinear expression for the payoffs in (3.1), the key player
analysis applies to matrix of cross effects � symmetric and for which the �ijs only take two
possible values, that is, �ij 2 f�; �g with � � 0. In this case, G is a (0; 1)�matrix. If, instead,
the primitive of our model is the expression for the payoffs in (3.3), the key player analysis carries
over to any symmetric adjacency matrixG with 0 � gij � 1.
31 Corollary 3.1 below considers the symmetric case where the planner wishes to increase
x�(�) optimally.



3.5 A Network-Based Policy 53

every other player Bonacich centrality. Holding bi(g; ��) �xed, ci(g; ��) de-
creases with the proportionmii=bi of i's Bonacich centrality due to self-loops.

Theorem 3.3 If � > ��1(g), the key player i� that solves minfx�(��i) j i =
1; :::; ng is the one with the highest inter-centrality measure of parameter �� in
g, that is, ci�(g; ��) � ci(g; �

�), for all i = 1; :::; n.32

Proof. We �rst prove a useful result.

Lemma 3.1 Let a > 0 such that M(g; a) = [I�aG]�1 is well-de�ned and
non-negative. Then,mij(g; a)mik(g; a) = mii(g; a) [mjk(g; a)�mjk(g�i; a)].

Proof. First note that the symmetry of � implies that mjk(g; a) = mkj(g; a),
for all j; k and g. We have:

mii(g; a) [mjk(g; a)�mjk(g�i; a)] =
+1X
p=1

ap
X
r+s=p
r�0;s�1

g
[r]
ii

�
g
[s]
jk � g

[s]

j(i0)k

�

=
+1X
p=1

ap
X
r+s=p
r�0;s�2

g
[r]
ii g

[s]
j(i)k

=
+1X
p=1

ap
X

r0+s0=p
r0�1;s0�1

g
[r0]
ji g

[s0]
ik

= mji(g; a)mik(g; a);

where g[s]j(i0)k (resp. g
[s]
j(i)k) is the compound weight of length�s paths from j to

k not containing i (resp. containing i), and g[0]ii = 1.
First, note that �1(g) � �1(g�i). Therefore, ifM(g; �

�) is well-de�ned and
non-negative (as implied by the condition in Theorem 3.1), so isM(g�i; ��), for
all i = 1; :::; n.
With � > 0, x�(��i) increases in b(g�i; ��), and (3.7) is equivalent to

minfb(g�i; ��) j i = 1; :::; ng. De�ne:

bji(g; �
�) = bj(g; �

�)� bj(g�i; �
�), for all j 6= i.

32 Note that there may be more than just one key player.
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Figure 3.2 A network with eleven players, player 1 being a bridge between two
cliques of size 5.

This is the contribution of i to j's Bonacich centrality in g. Summing over all
j 6= i, and adding bi(g; ��) to both sides gives:

b(g; ��)� b(g�i; �
�) = bi(g; �

�) +
X
j 6=i

bji(g; �
�) � di(g; �

�).

The solution of (3.7) is i� such that di�(g; ��) � di(g; �
�), for all i = 1; :::; n.

We have:

di(g; �
�) = bi(g; �

�) +
X
j 6=i

[bj(g; �
�)� bj(g�i; �

�)]

= bi(g; �
�) +

X
j 6=i

nX
k=1

[mjk(g; �
�)�mjk(g�i; �

�)] :

Using Lemma 3.1, this becomes:

di(g; �
�) = bi(g; �

�) +
X
j 6=i

nX
k=1

mij(g; a)mik(g; a)

mii(g; a)

= bi(g; �
�)

"
1 +

X
j 6=i

mij(g; a)

mii(g; a)

#

=
b2i (g; �

�)

mii(g; �
�)
:

Example 3.1 Consider the network g in Figure 3.2 with eleven players.
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There are three different locations in this network: player 1, players 2, 6,
7 and 11, and players 3, 4, 5, 8, 9, and 10. Type�1 and type�3 players have
four direct links, while type �2 players have �ve. Player 1 bridges together two
fully intra-connected communities of �ve players each. By removing player 1,
the network is maximally disrupted. By removing a type�2 player, we get a
network with the lowest total number of links.
Table 1 computes the Bonacich and inter-centrality measures for different

values of the decay factor a. A superscript star identi�es the highest column
value.33

a 0.1 0.2
Player Type bi ci bi ci

1 1:75 2:92 8:33 41:67�

2 1:88� 3:28� 9:17� 40:33
3 1:72 2:79 7:78 32:67

Table 1

Type�2 players have the highest Bonacich centrality. They have the highest
number of direct connections and are directly connected to the bridge player 1,
who gives them access to a wide span of indirect connections. When a is low,
they are also the key players. When a is high, though, the most active players are
not the key players anymore. Now, indirect effects matter, and eliminating player
1 has the highest joint direct and indirect effect on aggregate outcome.

Corollary 3.2 If � > ��1(G), the key player i� that solves maxfx�(��i) j
i = 1; :::; ng is the one with the lowest inter-centrality measure of parameter ��
in g, that is, ci�(g; ��) � ci(g; �

�), for all i = 1; :::; n.

Remark 3.4 When � is not symmetric, Theorem 3.3 and Corollary 3.1 still
hold where the intercentrality measure is now given by:

eci(g; a) = bi(g; a)(

nX
j=1

mji(g; a))=mii(g; a):

33 Here, the highest value for a compatible with our de�nition of centrality measures is
2

3+
p
41
' 0:213:
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3.6 Applications
In this section, we propose three different applications of the previous results

3.6.1 Crime Networks
There are n criminals, each exerting a level of crime xi that results from a trade
off between the costs and bene�ts of criminal activities. The expected utility of
criminal i is:

ui(x;r) = yi(x)� pi(x; r)f; (3.8)

where yi(x) are the proceeds, pi(x; r) the apprehension probability, and f the
corresponding �ne. Following Calvó-Armengol and Zenou (2004), the cost of
committing crime pi(x; r)f increases with xi, as the apprehension probability
increases with one's involvement in crime, hitherto, with one's exposure to de-
terrence.
Also, and consistent with standard criminology theories, criminals improve

illegal practice through interactions with their direct criminal mates.34 Formally,
criminals are connected through a friendship network r, where rij = 1 when i
and j are directly related to each other. For instance, let:8<: yi (x) = xi

h
1� �

Pn
j=1 xj

i
pi(x;r) = p0xi

h
1� �

Pn
j=1 rijxj

i :
The expected utility then becomes:

ui(x;r) = (1� �)xi � �
nX
j=1

xixj + ��
nX
j=1

rijxixj; (3.9)

where � = p0f is the marginal expected punishment cost for an isolated criminal,
and�� < 0 captures a congestion in the crime market. The utility function (3.9)
coincides with the expression in (3.3) with � = 1 � �, � =  = �, � = ��
and g = r. When ���1(r) < �, the unique Nash equilibrium of the crime game
with payoffs (3.9) is:

x� =
1� �

�

1

1 + b(r; � �
�
)
b(r; �

�

�
):

Here, the key player policy in Theorem 3.3 has both a direct and an indirect effect
on crime reduction. On the contrary, a standard deterrence policy (an increase in
�) has a positive direct impact on crime reduction, but a negative indirect effect,
34 See, e.g., Sutherland (1947).
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as criminals now counter the extra deterrence they face by strengthening their
network interactions.

3.6.2 R&D Collaboration Networks
Consider a standard Cournot game with n (ex ante) identical �rms, each of them
choosing the quantity qi. As in Goyal and Moraga-González (2001) and Goyal
and Joshi (2003), �rms can form bilateral agreements to jointly invest in cost-
reducing R&D activities. We set cij = 1when �rms i and j set up a collaboration
link. Firm i's marginal cost is �0 � �

P
j 6=i rijqj . Here, �0 > 0, represents the

marginal cost of an isolated �rm, while � > 0 is the cost reduction induced by
each link it forms. With a linear inverse demand, the pro�t function of �rm i is:

ui(x; r) =

"
��

nX
j=1

qj

#
qi �

"
�0 � �

X
j 6=i

rijqj

#
qi

= (�� �0) qi �
nX
j=1

qiqj + �
X
j 6=i

rijqiqj: (3.10)

Again, this objective function is a particular case of (3.3), where � = ���0 > 0,
� =  = 1 and g = r. Using Corollary 3.1, we conclude that the Cournot game
with payoffs (3.10) has a unique Nash equilibrium in pure strategies:

q� =
�� �0

1 + b(r; �)
b(r; �);

when 1 > �
p
g + n� 1. In particular, Theorem 3.2 implies that the overall

industry output increases when the network of collaboration links expands, ir-
respective of this network geometry and the number of additional links. For
the case of a linear inverse demand curve, this generalizes the �ndings in Goyal
and Moraga-González (2001) and Goyal and Joshi (2003), where monotonicity
of industry output is established for the case of regular collaboration networks,
where each �rm forms the same number of bilateral agreements. For such reg-
ular networks, links are added as multiples of n, as all �rms' connections are
increased simultaneously.

3.6.3 Conformism and Social Norms
There are n players whose well-being depends on their behavior compared to that
of their reference group. More precisely, each player chooses an action xi � 0
and loses utility when failing to conform to the social norm of her reference
group, equal to the average action of its members. This framework encompasses
a variety of issues where conformism is the driving force for individual behav-
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ior.35 Here, contrarily to previous models, we allow for the reference group, and
its induced social norm, to vary with the friendship and community ties of each
player.
Formally, when i and j are friends we set fij = 1. Let also fii = 0 for all

i. This collection of links constitutes a network f . Player i has fi =
Pn

j=1 fij
direct links in f , whose average action is xi =

Pn
j=1 fijxj=fi. This is the social

norm of player i. We assume that fi > 0, for all i.
Consider the following utility function, with �; �; �; d > 0:

ui(x; f) = � + �xi � �x2i � d(xi � xi)
2: (3.11)

In words, non-conformist behavior entails a quadratic utility loss. When f is the
complete network with self-loops, this is equation (5) in Akerlof (1997), page
1009. We have:

@2ui(x; f)

@xi@xj
=

8<: �2(� + d), when i = j
0, when i 6= j and fij = 0
2d=fi > 0, when i 6= j and fij = 1

:

This utility function (3.11) thus coincides with (3.3) with � = 2(� + d),  = 0,
� = 2d and gij = fij=fi. Note that g is a row-normalization of the initial
friendship network f , as illustrated in the following example, where F and G
are the adjacency matrices of, respectively, f and g.

Example 3.2 Consider the following friendship network f :

t t t
2 1 3

Then,

F =

24 0 1 1
1 0 0
1 0 0

35 and G =

24 0 1=2 1=2
1 0 0
1 0 0

35
35 Different issues have been explored in the literature. For example, and to name a few, (i) peer
pressures and partnerships, when individuals are penalized for working less than the group norm
(Kandel and Lazear 1992), (ii) religion, when the bene�ts of praying increase with the number
of participants (Iannaccone 1992, Berman 2000), (iii) social status and social distance, when
deviations from the social norm imply a loss of reputation and status (Akerlof 1980 and 1997 and
Bernheim 1994, among others).
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Observe that G is a stochastic matrix, that is gij � 0 and
P

j gij = 1. This
implies that �1(G) = 1 and Gk is also a stochastic matrix, that is g[k]ij � 0 andP

j g
[k]
ij = 1, 8k. Applying Theorem 3.1, it is easy to see that this conformity

game with payoffs (3.11) has a unique Nash equilibrium in pure strategies and,
whatever the structure of the network, this equilibrium is always symmetric, that
is x� = x�1 = ::: = x�n and x� = x�1 = ::: = x�n, and is given by:36

x� = x� =
�

2�
(3.12)

In particular, the equilibrium Bonacich-centrality measure is the same for all
individuals and is equal to:

b1(g;
d

� + d
) = ::: = bn(g;

d

� + d
) =

� + d

�

The equilibrium value (3.12) is exactly the value found by Akerlof (1997),
page 1010. So, even if individuals are ex ante heterogeneous because of their
location in the network, in a conformist equilibrium where each individual would
like to conform as much as possible to the norm of her reference group, all
individuals will exert the same effort level. In other words, the distribution of
population does not matter in equilibrium even if it matters ex ante. The only
relevant statistics is the average.

3.7 Discussion and Extensions
We discuss a number of possible extensions of this work.
First, our analysis is restricted to linear-quadratic utility functions that cap-

ture linear externalities in players' actions. First order conditions for interior
equilibria then produce a system of linear equations that leads to the Bonacich-
Nash linkage. Suppose, instead, that externalities are non-linear, and that utility
36 To prove this result, one has to calculate the Bonacich vector since it is the only source of
heterogeneity between players. In a conformist game, we have:

bi(g; a) = mii(g; a) +
X
j 6=i

mij(g; a)

= a

nX
j=1

gij + :::+ a
k
nX
j=1

g
[k]
ij + :::

=

+1X
j=1

ak =
1

1� a
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functions u are C2. Let �(x�) be the (symmetric) Jacobian of ru evaluated at
an interior Nash equilibrium x� > 0. Decompose �(x�) as in (3.2). Then, by
a simple continuity argument, the �rst order approximation of x� corresponds to
the Bonacich centrality vector for this decomposition.
Second, Theorem 3.3 characterizes the key player when the planner's objec-

tive function is the aggregate group outcome x�(�). Suppose, instead, that the
planner's objective is to maximize the welfare functionW �(�) =

Pn
i=1 ui(x

�(�)).
Simple algebra gives 2W �(�) = (� + )

Pn
i=1 x

�
i (�)

2 and, when  = 0,
this becomes 2�W �(�) = �2

Pn
i=1 bi(g; �

�)2. A geometric characterization of
the key player is also possible in this case. The building block is provided by
Lemma 3.1, which characterizes all the path changes in a network when a node
is removed. The network index obtained in this case is less intuitive than the
inter-centrality measure, as it now accounts for individual direct contributions to
the aggregate outcome, indirect contributions, and the variance of the latter.
Third, Theorem 3.3 characterizes geometrically single player targets, but the

inter-centrality measure can be generalized to a group index.37 Note that the
group target selection problem is not amenable to a sequential key player prob-
lem. For instance, the key group of size 2 in Example 1 when a = 0:2 is f2; 7g,
rather than the sequential optimal pair f1; 2g.
Fourth, beyond the optimal player removal problem, the network policy analy-

sis can also accommodate more general optimal targeted tax or subsidy problems.
Consider a population of n + 1 agents i = 0; 1; :::; n and a matrix of cross
effects � with associated network g in (3.2). Suppose that the planner holds
the outcome of player i = 0 to some �xed exogenous value s 2 IR. The case
s > 0 (resp. s < 0) is a subsidy (resp. tax), while s = 0 corresponds to the
key player problem solved above. Players i = 1; :::; n then play an n�player
game with interior Bonacich-Nash equilibrium x��0(��0; s). Denote by g0 the
n�dimensional column vector with coordinates g01; :::; g0n that keeps track of
player 0's direct contacts in g, let �� = �=� and � = =�. Then, the total
equilibrium population outcome is s+ x��0(��0; s), where:

x��0(��0; s) =
1

1 + �b(g�0; �
�)
[(�� � s)b(g�0; �

�) + ��sbg0(g�0; �
�)]:

Here, bg0(g�0; �
�) is the aggregate weighted Bonacich centrality de�ned in Re-

mark 1. Given an objective function related to the total population output s +
x��0(��0; s), and a set of constraints, the planner's problem is to �x optimally
the value of s and the target identity i. Holding s constant, the choice of the
optimal target is a simple �nite optimization problem. In particular, when s = 0
37 See Ballester et al. (2005b).
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and the planner wants to minimize the overall output, the solution to this problem
is i� 2 argmaxfci(g; ��) j i = 1; :::; ng.
Finally, the analysis so far deals with a �xed network. WhenG is a (0; 1)�matrix,

we can easily endogenize the network with a two-stage game the following way.
In the �rst stage, players decide simultaneously to stay in the network or to drop
out of it (and get their outside option). This is modelled as a simple binary
decision. In the second stage, the players that stay play the network game on
the resulting network. Uniqueness of the second-stage Nash equilibrium and its
closed-form expression crucially simplify the analysis of this two-stage game.
See, e.g, Ballester et al. (2005b) and Calvó-Armengol and Jackson (2004) for
analysis along this vein.
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Chapter 4
Optimal Targets in Peer Networks

with
Antoni Calvó-Armengol

and
Yves Zenou

4.1 Introduction
The study of peer effects, or the dependence of individual outcomes on group
behavior, has been a subject of research and debate for decades. This �eld is not
only important from the point of view of explaining the behavior of the economic
actors in a society, but also to design effective policies in order to change the
outcome of such interactions.
Although the traditional approach relies on a homogeneous dependence on

group behavior, some authors have also made efforts to go beyond this assump-
tion. Ballester et al. (2005a) propose a model of social interactions where this
dependence is not homogeneous across individuals. Calvó-Armengol and Jack-
son (2004) explain how employment outcomes vary across otherwise identical
agents with their informational location in the social setting.
The manipulation of the framework of interactions among individuals may

be justi�ed in some speci�c situations that would permit a planner to increase
the welfare of the society. For instance, when agents are delinquents that acquire
information through a network38 of relationships, it is important to identify crim-
inals that should be neutralized in order to minimize the harm done by crime in
a particular town. A speci�c model of delinquent behavior where this type of
policy emerges is Calvó-Armengol and Zenou (2004).
There are two basic ways of designing a policy in a peer network. On the one

hand, a policy can be scattered, and all agents are affected with equal footing. On
the other hand, a policy might discriminate across network types and implement
a differentiated policy for each type. This is precisely, the kind of policy we are
considering in this paper: one which targets speci�c agents in the social setting
depending on their position in the network. Some other works have also consid-
ered the network architecture in order to assess the effects of network design, like
Albert et al. (2000) and Bollobás and Riordan (2003).

38 Jackson (2005) offers a complete survey of network formation in economic environments.

63



64 Chapter 4 Optimal Targets in Peer Networks

Particularly, given a game with interactions of any kind between pairs of
agents, we study, among other related problems, the key group problem39. This
problem consists of choosing optimally the group whose removal from the game
disrupts optimally the aggregate activity. If it turns out that the pattern of in-
teractions is homogeneous across agents, the optimal policy can be naturally
summarized in terms of the number of agents that should be targeted (eliminated).
On the contrary, if the architecture of the social network is not symmetric, the
policy must be described for each of the agents in the optimal target set.
Any policy tool should always be evaluated in terms of its applicability to

real-life situations. For this reason, we �rst provide an analysis of the complexity
of the key group problem. Complexity analysis is becoming a useful tool in mod-
eling bounded rationality, in studying the applicability of theoretical solutions,
and, generally, in describing the potential dif�culties that one may encounter in
the implementation of speci�c policies or mechanisms. Some examples that ex-
plain the relevant role of computational complexity in games are Ballester (2004)
and Ben-Porath (1990).
We review notation in section 4.2. In section 4.3, we describe the game

and we summarize the characterization of the equilibrium, from Ballester et al.
(2005a). This characterization relates the outcomes of the game with a network
centrality measure proposed by Bonacich (1987). The re-interpretation of the
game in terms of this graph-theoretical, path-based measure, allows us to provide
useful analytical results throughout the paper. In section 4.4, we propose the key
group policy. In section 4.5, we provide useful tools for solving the key group
problem. Particularly, we make use of the existing tools for maximizing sub-
modular functions. In section 4.6, we focus on an extended game with voluntary
participation and we describe some of the properties of the key group policy,
which turns out to be different on this framework. In section 4.7, we describe
some related problems and show that they can also be dealt with by the use of
approximation heuristics. We conclude and leave some open questions in Section
4.8.

4.2 De�nitions, Notation and Preliminary Results
The primitive set of our model is a set of agents N = f1; 2; :::; ng.

4.2.1 Matrix and Vector Notation
Matrices and vectors will be denoted in bold letters, like A and x, respectively.
When necessary, we use Al�m to specify that A has l rows and m columns.
Generally, l = m = n. The entries ofA and x are written like aij and xi.
39 Borgatti (2003) proposes the problem of the key node, where a node (or a set of nodes) is
removed from a graph in order to optimize a particular combinatorial function.
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The transpose of A and x are AT and xT . Matrix multiplication is written
like A � x, A � B and xT � y. The matrix Ak is the k-th power of A, and its
(i; j)-entry is written a[k]ij .
Given a set S � N , AS and xS are the restrictions of A and x to the set S.

Also,A�S � ANnS and x�S � xNnS .
The identity matrix is I. The symbols O and 0 will be used for the zero

matrix and vector. The symbols U and 1 will be used for the one matrix and
vector, where every entry is 1. Given a vector x, the scalar x � 1T �x is the sum
of all its entries, and xS � 1T � xS .
We write A � B, whenever aij � bij for all i and j in N . Also, A � B if

A � B and there exists aij < bij . Finally, A < B if aij < bij for all i and j.
The symbols �,  and > are de�ned accordingly.
An eigenvalue of a matrix A is a complex number � satisfying A � v = �v

for some vector v. Let S(A) (called the spectrum of the matrixA) be the set of
eigenvalues ofA.

4.2.2 Networks
A network (graph) g consists of a set of agents (vertices or nodes) V (g) and a
set of weighted links (edges) among them, where gij � 0 is the weight assigned
to the link (i; j). The link (i; j) is also written ij, for short. For this reason,
we can represent a network by means of a nonnegative square adjacency matrix
G = (gij)i;j2V (g). Without loss of generality, we will consider networks where
gij 2 [0; 1]. Generally, the set of agents of the network g, V (g), will be N . In
some cases, it may be different, but this will be easily inferred from the notation
that we introduce later. A network gij is un-weighted when gij 2 f0; 1g, for all
i; j 2 V (g).
The network g is undirected when its adjacency matrixG is symmetric, that

is, gij = gji for all i; j 2 N . We say that a network has no self-loops whenever
gii = 0 for all i 2 V (g). We will assume that networks have no self-loops, so
thatG is a zero-diagonal matrix.
We refer to the agents i and j as being directly linked in the network g,

whenever gij > 0. We also denote this by ij 2 g. The number of links of g
is jgj � jij 2 gj.
A link ij 2 g is incident with the vertex v 2 V (g) whenever i = v or j = v.
A path in g of length k from i to j is a sequence p = hi0; i1; :::; iki of agents

such that i0 = i, ik = j, ip 6= ip+1, and ip and ip+1 are directly linked, for all
0 � p � k� 1. Agents i and j are said to be indirectly linked in g if there exists
a path from i to j in g. An agent i 2 V (g) is isolated in g if gij = 0 for all j. The
network g is said to be empty when all its agents are isolated, that is,G = O.
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We say that a path p traverses or hits agent i if i is in the sequence de�ned by
the path. The path p covers the set S � V (g) if p traverses every agent i 2 S.
We say that network g0 is a (proper) subnetwork of g, written g0 � g (g0 � g),

whenever V (g0) � V (g) andG0 � GV (g0) (G0 � GV (g0)). We also say that g0
is (strictly) contained in g. Given two networks g and g0, their union is written
h = g [ g0, where V (h) = V (g) [ V (g) and hij = gij + g0ij .
Given a network g and a set S � V (g), we say that gS is the subnetwork of g

induced by S whenever the adjacency matrix of gS isGS . Note that V (gS) = S.
We write g�S to denote the network gNnS , that is g�S is the network that results
after eliminating all the agents in S.
A cut in a network g is a partition of the vertices into two disjoint subsets S

and V (g)nS. Every cut in a network divides it into two different networks gS and
g�S . A network is bipartite if it has a cut dividing it into two empty networks.
The spectral radius of a network g is de�ned as:

�1(g) = max
�2S(G)

j�j

where j�j is the modulus of the (complex) eigenvalue � of the matrixG. When
g is undirected, all the eigenvalues ofG are real and �1(g) is called the index of
the network g.
We adapt some results from spectral graph theory40 and algebra into our

framework.

Lemma 4.1 The following properties hold for any network g:

1. �1(g) is a real nonnegative number.
2. �1(g) > 0 if and only if g is not the empty network.
3. If g0 � g, then �1(g0) � �1(g).
4. �1(gS) � �1(g) for all S � V (g).

Proof. 1, 2 and 3 are trivial consequences of Theorem I* in Debreu and Herstein
(1953), given that g has an associated nonnegative square adjacency matrix G.
The case of 4 is similar: Let us de�ne the partitioned n-square matrix

H =

�
GS Os�(n�s)
O(n�s)�s O(n�s)�(n�s)

�
,

40 Cvetković et al. (1997) is the main reference for spectral graph theory.
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where s = jSj. Let h be its associated network, where all agents in NnS are
isolated. By 3, �1(h) � �1(g). Given that E(GS) = E(H), we have that
�1(gS) = �1(h) and the result follows.

4.3 The Game� and its Equilibrium
Each player i 2 N selects an effort xi � 0, and gets a payoff ui(x1; :::; xn). We
focus on linear-quadratic payoff functions of the form:

ui(x) = �ixi +
1

2
�iix

2
i +

X
j 6=i

�ijxixj; (4.1)

strictly concave in one's effort, that is, @2ui=@x2i = �ii < 0. We set �i = � > 0
and �ii = �, identical for all players. Net of bilateral in�uences, players have
thus the same payoffs.
Bilateral in�uences are captured by the cross derivatives @2ui=@xi@xj = �ij ,

i 6= j. They depend on the pair of players considered, and can be of either
sign. When �ij > 0, an increase in effort from j triggers a downwards shift in
i's response. We say that efforts are strategic complements from i's perspective
within the pair (i; j). Reciprocally, when �ij < 0, efforts are strategic substitutes
from i's perspective within the pair (i; j).
Let � = minf�ij j i 6= jg and � = max f�ij j i 6= jg. In the following, we

will assume that � < �. When � = �, we are left with a trivial game where all
players are identical.
We assume that � < minf�; 0g. When � � 0, this is simply the concavity

of payoffs in own efforts. When � < 0, this requires that own marginal returns
decrease with the level of xi at least as much as cross marginal returns do.
Let � = (�ij)ij2N be the square matrix of cross effects among players.

We also use � as a short-hand for the simultaneous move n�player game with
payoffs (4.1) and strategy spaces IR+. Sometimes, it will be useful to denote the
utility function in more detail as ui(�;x).
In order to refer to the game induced by a subset of players S � N , we use

�S . In this induced game, the set of players is S with generic strategy pro�le
x 2 RjSj+ , and the utilities are ui(�S;x) for all i 2 S. In words, in the induced
game �S , the players in NnS are no longer in the game, and thus, interactions
with any of them have vanished.

4.3.1 The Decomposition of Cross Effects
Following, Ballester et al. (2005a), we decompose the matrix � additively into
an idiosyncratic concavity component, a global (uniform) substitutability com-
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ponent, and a local complementarity component, in the following way:

� =� �I� U+ �G; (4.2)

where

 = �minf�; 0g � 0
� = � � � > 0

� = � +  > 0

gij =
�ij + 

�
2 [0; 1]

By construction, the zero-diagonal matrixG is the adjacency matrix of a network
g that re�ects the pattern of existing payoff (relative) complementarities across
all pairs of players. Note that g is undirected if and only if � is symmetric
(�ij = �ji, for all i; j). When, moreover, cross effects only take two values, that
is, �ij 2 f�; �g, for all i 6= j with � � 0, thenG is a symmetric (0; 1)-matrix
and the network g is undirected and un-weighted.
This transformation is just a centralization (� and � are de�ned with respect

to ) followed by a normalization (the gij's are in [0; 1]) of the cross effects.
Following the decomposition of � in (4.2), we may rewrite these payoffs

as:

ui(x1; :::; xn) =

 
�� 

nX
j=1

xj + �
nX
j=1

gijxj

!
xi�

1

2
(� � )x2i ; for all i = 1; :::; n:

(4.3)
Let �� = �=� denote the strength of local interactions relative to self-concavity.

4.3.2 The Bonacich Network Centrality Measure
Before turning into the equilibrium analysis, we de�ne a network centrality mea-
sure due to Bonacich (1987) that proves useful for our analysis.
The n�square adjacency matrix G of a network g keeps track of the direct

connections in this network. For k � 1, the matrixGk keeps track of the indirect
connections in the network. Indeed, g[k]ij � 0 measures the number of paths of
length k � 1 in g between i and j.41

41 In fact, g[k]ij accounts for the total weight of all paths of length k, from i to j. When the

network is unweighted, that is,G is a (0; 1)�matrix, g[k]ij is simply the number of paths of length
k from i to j.
In particular,G0 = I, that is, g[0]ii = 1 and g

[0]
ij = 0 for all i 6= j.
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Given a scalar a � 0 and a network g, we de�ne the following matrix:

M(g; a) = [I�aG]�1 =
+1X
k=0

akGk:

Note that these expressions are all well-de�ned for low enough values of a: In
particular, take a smaller than the spectral radius of the network g. The parameter
a is a decay factor that scales down the relative weight of longer paths.
Provided the matrix M(g; a) is non-negative, its coef�cients mij(g; a) =P+1
k=0 a

kg
[k]
ij count the number of paths in g starting at i and ending at j, where

paths of length k are weighted by ak.
Let 1 be the n�dimensional vector of ones.

De�nition 4.1 Consider a network g with adjacency n�square matrixG and a
scalar a such thatM(g; a) = [I�aG]�1 is well-de�ned and non-negative. The
vector of Bonacich centralities of parameter a in g is:

b(g; a) = [I�aG]�1 � 1:

The Bonacich centrality of node i is bi(g; a) =
Pn

j=1mij(g; a), and counts
the total number of paths in g starting from i.42 It is the sum of all loopsmii(g; a)
starting from i and ending at i, and all outer paths

P
j 6=imij(g; a) that connect i

to every other player j 6= i, that is:

bi(g; a) = mii(g; a) +
X
j 6=i

mij(g; a):

By de�nition, mii(g; a) � 1, and thus bi(g; a) � 1, with equality when a = 0.
The parameter a is the radius of in�uence and controls howmuch "distant" agents
are taken into account when measuring the centrality of agent i. The lower a, the
less relative weight is put on long paths.

42 In fact, b(g; a) is obtained from Bonacich (1987)'s measure by an af�ne transformation.
Bonacich de�nes the following network centrality measure:

h(g; a; b) = b [I� aG]�1G � 1:

Therefore, b(g; a) = 1+ah(g; a; 1):
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For the case of directed networks (asymmetric�), let us de�ne the measureebi(g; a) = mii(g; a) +
X
j 6=i

mji(g; a),

that counts the number of paths in g ending at i.

4.3.3 The Nash-Bonacich Linkage: Characterization and Uniqueness
The following result is due to Ballester et al. (2005a) and it relates the unique
outcome of the game � as a function of the centrality scores in the network of
complementarities. Recall that �1(g) is the spectral radius of the network g.

Theorem 4.1 (Ballester, Calvó-Armengol and Zenou, 2005) The matrix [�I� �G]�1

is well-de�ned and non-negative if and only if � > ��1(g). Then, the game �
has a unique Nash equilibrium x� (�), which is interior and given by:

x� (�) =
�

� + b(g; ��)
b(g; ��): (4.4)

The condition in Theorem 4.1 requires that the parameter for own-concavity
� to be high enough to counter the payoff complementarity captured by ��1(g).
Here, � has to do with the level and �1(g) with the population-wide pattern of
positive cross effects. Note that this condition does not impose any bound on the
absolute values for these cross effects, but only on their relative magnitude.

4.4 A Network-Based Policy

4.4.1 Finding the Key Group of Players
In our model, individual equilibrium behavior is tightly rooted in the network
structure through (4.4). The removal of a set of players from the population,
holding the pattern of social interactions among the other players �xed, alters the
whole distribution of outcomes.
We will devote this section to identifying the optimal target set in the popula-

tion when the planner wishes to reduce (or to increase) optimally some function
F (�).43

We wish to eliminate a group of s players from the current population. If we
remove a set S of players, the interaction matrix becomes��S .
43 Bollobás and Riordan (2003) contains a mathematical analysis of the relative network
disruption effects of a topological attack versus random failures in large networks. See also
Albert et al. (2000) for a numerical analysis for the case of the World Wide Web.
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The problem is to minimize F (��S), by picking the adequate set S from
the population. The case in which the planner maximizes F (��S) is analogous.
Formally, she solves maximizes the total change in F

max
jSj�s

F (�)� F (��S),

equivalent to:

min
jSj�s

F (��S) (4.5)

This is a �nite optimization problem, that admits at least one solution. Let S�
be a solution to (4.5). We call the set S� a key group of the game �. Removing
S� from the game has the highest overall impact on the value of F .
In the following, we assume that the condition of Theorem 4.1 holds in the

game, guaranteeing the uniqueness of Bonacich solutions in any game induced
by a subset of players. The reason is that, by Lemma 4.1, �1(g) � �1(g�S). As
a consequence, if b(g; ��) is well-de�ned and non-negative (as implied by the
condition in Theorem 4.1), so is b(g�S; ��).
Let us consider the problem of optimizing the aggregate activity at equilib-

rium44, that is: F (�) = x�(�), where

x� (�) =
�

� + b(g; ��)
b(g; ��):

Given the form of x�(�) and � > 0, it is clear that x�(�) increases in aggregate
centrality b(g; ��), and the problem is:

max
jSj=s

fb(g; ��)� b(g�S; �
�)g ; (4.6)

where jSj = s because b(g�S; ��) is clearly decreasing in S.
Given the Bonacich centralities b(g; a), de�ne

bjS(g; a) = bj(g; a)� bj(g�S; a), for all j 2 N .

This is the contribution of S to j's Bonacich centrality in the network g. When
j 2 S, this quantity is just the centrality bj(g; a) because,after S's removal,
bj(g�S; a) = 0 for all j 2 S. Summing over all j 2 N , we obtain the
contribution of S to the total centrality in g:

44 This problem may arise in decisions related to crime reduction, where the objective is to
choose the set of criminals whose removal decreases crime activity in society. Calvó-Armengol
and Zenou (2004) provide an economic model of crime decisions where this type of optimal
choices could be applied.
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De�nition 4.2 The group inter-centrality of S in the network g is:

dS(g; a) �
X
j2N

bjS(g; a)

= b(g; a)� b(g�S; a)

In fact, dS(g; a) is the weighted number of paths in g traversing some agent
in S. Then, our problem reduces to choose the set with highest group inter-
centrality:

max
jSj=s

dS(g; �
�), (4.7)

that is, the solution of (4.6) is S� � N such that dS�(g; ��) � dS(g; �
�), for all

S � N with jSj = s.
The version of the problem with s = 1 (the key player problem) is analyzed

in Ballester et al. (2005a). They prove that individual contributions (individual
inter-centralities of players) can be directly computed as:

di(g; a) =
bi(g; a)ebi(g; a)
mii(g; a)

(4.8)

and the choice of the key player corresponds to that with highest inter-cetrality
measure, which need not coincide with the most central agent in the network.

Remark 4.1 An equivalent formulation of the key group problem (4.7) is:

max
fi1;:::;isg�N

di1(g; a) + di2(g�fi1g; a) + :::+ dis(g�fi1;:::;is�1g; a); (4.9)

In words, the key group maximizes the sum of the individual inter-centrality
measures of its members across the networks obtained through sequential re-
moval of these members.45 The idea behind this expression is the following.
We must eliminate a set of players S = fi1; :::; isg in order to minimize the
total number of weighted walks in the network, b(g�S; a). After deleting player
i1, the resulting number of paths is b(g; a) � di1(g; a). Now, the expression
di2(g�i1 ; a) counts the number of walks that hit agent i2 once agent i1 has been
eliminated, so that we are not counting the same path twice. Thus, b(g; a) �
45 Note that this sum is independent of the order in which nodes are removed.
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Figure 4.1 A network with eleven players, player 1 being a bridge between two
cliques of size 5.

di1(g; a) � di2(g�i1 ; a) is the remaining set of walks after eliminating players
i1 and i2, keeping in mind that we only want to count each walk once. By the
previous argument, also note that the remaining set of weighted paths is the same
if we change the order of deletion of these two players, that is:

b(g; a)� di1(g; a)� di2(g�i1 ; a) = b(g; a)� di2(g; a)� di1(g�i2 ; a)

Extending this argument to the rest of the players in S, we obtain an expression
(4.9).

4.4.2 Example
Consider the network g in Figure 4.1 with eleven players and a radius of in�uence
a = 0:2.
There are three different locations in this network: player 1, players 2, 6,

7 and 11, and players 3, 4, 5, 8, 9, and 10. Type�1 and type�3 players have
four direct links, while type �2 players have �ve. Player 1 bridges together two
fully interconnected communities of �ve players each. By removing player 1, the
network is maximally disrupted. By removing a type�2 player, we get a network
with the lowest total number of links.
When s = 1; note that Bonacich centrality and our individual inter-centrality

measure are different concepts. The �rst accounts for the in�uence of one agent
from his position, in terms of the number of agents that he can reach. The sec-
ond adds the contribution of this agent to the Bonacich centrality of the others.
Hence, individual inter-centrality captures the role of each agent as a broker
in the interactions among the others. For instance, it is easy to check that the
key player is 1 because he has the highest individual inter-cetrality d1(g; a) =
41:67. But the player with highest contribution need not be the one with highest
Bonacich centrality. In particular, vertex 2 is more (Bonacich) central than vertex
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1: b2(g; a) = 9:17 > 8:33 = b1(g; a).
Consider the case where the required group size is s = 2. The next table

shows the values of group inter-centrality dS(g; a) for each possible subset S of
size two when a = 0:2. For the sake of simplicity, subsets that yield the same
network architecture when they are removed are considered as equivalent:

Removed Group S dS(g; a)
f2; 7g� 67:22
f2; 8g 64:01
f3; 8g 59:39
f1; 2g 56:66
f2; 6g 50:41
f2; 3g 46:96
f3; 4g 42:15

The key group is f2; 7g, that is, a set of two maximally connected nodes (with
�ve direct contacts each), both connected to the inter-central player 1, and each
at a different side of this player. This subset solves the following optimization
problem:

max
i;j

dfi;jg(g; a) = max
i;j
(di(g; a) + dj(g�i; a))

Suppose that we were to approximate the solution to this optimization problem
with a greedy heuristic procedure that sequentially picks up the player that max-
imizes the individual inter-centrality at each step. Formally, let

i�1 = argmax
i2N

di(g; a)

and then, at each step 2 � t � s, choose the player i�t with maximum inter-
centrality in the network where the previous players have been deleted, that is,

i�t 2 argmax
n
di(g�fi�1;:::;i�t�1g); a : i 2 Nn

�
i�1; :::; i

�
t�1
	o

breaking possible ties arbitrarily. This greedy algorithm �rst eliminates player
1, and then any other remaining player (after player 1 has been removed, all the
other players have identical positions in the network). Thus, the algorithm returns
a group which is not optimal: there are other groups that are better candidates
than f1; 2g. Indeed, in this example, player 1 is not only very inter-central, but
also its inter-centrality is very much correlated with the inter-centrality of others.
Hence, being greedy and eliminating it at the �rst stage reduces the chance of
�nding highly central players at further stages. And, in fact, player 1 is not part
of the key group!
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Nevertheless, we have obtained a relatively accurate approximation for the
result by a simple greedy algorithm, instead of choosing among all possible pairs
of agents. Note that the error of this approximation is:

df2;7g(g; a)� df1;2g(g; a)

df2;7g(g; a)
� 16%

In fact, when s = 2, this error can be at most 25%. In the section devoted to
algorithmic considerations, we discuss this issue more generally.

4.4.3 Group Inter-centrality as the Cardinality of a Set of Paths
Since dS(g; a) is the weighted number of paths in g traversing some agent in S,
let D[k]

S (g) be the set of paths of length k traversing some element of S in the
network g. Note that the contribution of S can be written as:

dS(g; a) =
+1X
k=0

ak
���D[k]

S (g)
���

Also, de�ne E[k]S (g) as the set of paths of length k that traverse all the elements
of S in g. And let eS(g; a) be:

eS(g; a) =
+1X
k=0

ak
���E[k]S (g)���

The quantity eS(g; a) measures the total number of paths covering S in the net-
work g.
Now, we characterize the key group in terms of the function e.

Proposition 4.1 The impact on the total Bonacich centrality in g by the removal
of the set of vertices S is given by:

dS(g; a) =
X
T�S

(�1)jT j+1eT (g; a)



76 Chapter 4 Optimal Targets in Peer Networks

Proof. Given that we are dealing with the cardinality measure of sets,

dS(g; a) =
+1X
k=0

ak
���D[k]

S (g)
���

=

+1X
k=0

ak
���[i2SD[k]

i (g)
���

=

+1X
k=0

ak
X
T�S

(�1)jT j+1
���\j2TD[k]

j (g)
���

=
+1X
k=0

ak
X
T�S

(�1)jT j+1
���E[k]T (g)���

=
X
T�S

(�1)jT j+1eT (g; a)

4.5 Algorithmic Considerations
The optimal choice of the group of players requires, at least potentially, the study
of all possible combinations of subsets of N . Thus, a computational approach is
required.

4.5.1 Submodular Functions and The Greedy Algorithm
Let us de�ne the set function z(S) = F (�)�F (��S) for all S � N . Consider
the problem of solving (4.5), that is,

max
S�N

fz(S) : jSj � sg: (4.10)

Before providing our results, we need some preliminary de�nitions regarding
a set function z : 2N ! R.

De�nition 4.3 The set function z : 2N ! R is submodular (supermodular) if
for all S; T � N ,

z(S) + z(T ) �
(�)

z(S [ T ) + z(S \ T )
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Without loss of generality we can normalize z such that z(?) = 0. We only
consider nondecreasing functions:

z(S) � z(T ) for all S � T � N

although the following results can be adapted to non-monotonic functions. Let
us denote individual contributions by:

�i(S) = z(S [ fig)� z(S)

In fact, the set function z is submodular if individual contributions are increasing
with respect to set containment.

Remark 4.2 The set function z : 2N ! R is submodular if and only if for all
S � T � N and i 2 NnT :

�i(S) �
(�)

�i(T )

The problem of maximizing a submodular function, or equivalently, min-
imizing a supermodular function, is NP -hard, in general. Nemhauser et al.
(1978) propose a polynomial-time greedy heuristic for approximating this kind
of problems. At each step, the algorithm augments the solution set with the agent
with highest contribution.

Algorithm 4.1 Let S0 = ?. At step t set St = St�1 [ it, where:

it 2 arg max
i2NnSt�1

�i(St�1):

Stop whenever �it(St�1) � 0 or jStj = s.

We summarize part of their results in the following proposition. Let Z be
the optimal value of (4.10) and ZG be the value obtained by applying the greedy
algorithm.

Proposition 4.2 If the greedy heuristic is applied to the problem (4.10), where
z is submodular, then the approximation error is bounded like:

" � Z � ZG

Z
�
�
s� s

s

�s
<
1

e
� 36:79% (4.11)
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4.5.2 An Approximation for the Key Group
We prove that the key group problem has an inherent complexity that suggests the
use of approximation algorithms. In particular, we will study the performance of
a greedy procedure, where the optimal group is constructed by iteratively choos-
ing an optimal vertex from the network. For a description of the problem NP
problems and properties, see Ballester (2004) and Garey and Johnson (1978).
Now, we show that the key group problem is NP -hard, even when we want

to completely disrupt the game.
A vertex cover of a network g is a subset of vertices S � V (g) such that

every link ij 2 g is incident with some vertex in S. A maximum vertex cover
is a vertex cover of maximum size. The problem of �nding a maximum vertex
cover in a network is known to be NP -hard (Karp, 1972).

Proposition 4.3 The problem of �nding a key group in a network g isNP -hard.

Proof. Given the maximum vertex cover problem, we can solve it by means of
a polynomial-time parsimonious reduction to our key group problem. Given a
maximum vertex cover S� in g of size s�, it is obvious that S� is a key group of
size s�, because the removal of players in S� results in a network of completely
isolated vertices (empty network). Starting with s = 1 we can solve the key
group problem, by increasing s iteratively. When the removal of the key group S
results in an empty network, we can stop iterating and conclude that S is a vertex
cover of g.
Since the computational complexity inherent to the key group selection is

high, it is suitable to use algorithmic approximations in order to solve real-life
problems with large networks. The following result shows that the use of the
greedy procedure can be guaranteed to provide fairly good approximations for
the problem.

Lemma 4.2 The function dS(g; a) is submodular in S.

Proof. Take S � T � N . Let b[k]ji (g) denote the number of k-paths starting at
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j and hitting i in the network g. Then, for all i 2 NnT :

dS[fig(g; a)� dS(g; a) =
�
b(g; a)� b(g�(S[fig); a)

�
� (b(g; a)� b(g�S; a))

= b(g�S; a)� b(g�(S[fig); a)

= di(g�S; a)

=

1X
k=0

ak
X
j2NnS

b
[k]
ji (g�S)

�
1X
k=0

ak
X
j2NnT

b
[k]
ji (g�T )

= di(g�T ; a)

= dT[fig(g; a)� dT (g; a)

Proposition 4.4 The key group problem can be approximated in polynomial-
time by the use of a greedy algorithm, where, at each step, expression (4.8) is
used to �nd the agent i (with highest di(g; a)) who will become a member of the
approximated key group. The error of the approximation can be bounded as in
(4.11).

Remark 4.3 The use of the greedy algorithm is suitable also for other functions.
For instance, suppose that we are to minimize the total welfare

P
i2S ui(��S),

instead of the total activity x(��S). Then, a greedy procedure would consist of
a sequential elimination of the players with higher impact on aggregate welfare.
The drawback of this approach is two-fold. On the one hand, we do not have an
explicit expression like (4.8) in order to rapidly identify the player with higher
impact on welfare at each step. Second, the change in welfare need not be
submodular in S and , hence, the bound in (4.11) is no longer valid to guarantee
a minimum error of approximation.

4.6 Voluntary Participation
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4.6.1 The Game
In this section, we extend the game � in order to allow the players to choose
whether they want to participate in it in a �rst stage, as in Calvó-Armengol and
Zenou (2004). Let ! be a nonnegative scalar.

De�nition 4.4 The extended game (!;�) is a two stage game where:

� At stage 1, each player i 2 N decides whether to participate (ci = 1) or not
(ci = 0).

� At stage 2, let S be the set of players who decided to participate. Then, these
players play the game�S .

� The �nal utilities are:

Ui(S;xS) =

�
ui(�S;xS) if i 2 S

! otherwise

We study the subgame perfect equilibrium in pure strategies of the extended
game (!;�).

De�nition 4.5 The set S is supported at equilibrium if there exists ! and a sub-
game perfect equilibrium where the players who decide to participate is precisely
S, given the outside option !. S is also called an (equilibrium) participation pool
of the game at the wage level !.

Let E(�; !) the family of sets supported by ! at equilibrium in the game
(�; !).
The following result characterizes the class of sets that can be supported by

some !.

Proposition 4.5 Let S � N and � > ��1(gS[fjg) for all j 2 NnS. Then, the
set S is supported at equilibrium by the outside option ! if and only if:

max
j2NnS

bj(gS[fjg; �
�)

� + b(gS[fjg; �
�)
� 1

�

r
2!

� + 
� min

i2S

bi(gS; �
�)

� + b(gS; �
�)

Proof. The conditions � > ��1(gS[fjg) for all j 2 NnS imply that bj(gS[fjg; a)
is well-de�ned for all j 2 NnS. Given that �1(gS[fjg) � �1(gS), bi(gS; �

�)
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is all also well-de�ned for all i 2 S. On the other hand, by Theorem 4.1, this
also implies uniqueness of Nash equilibrium in the second stage games �S and
�S[fjg, for all j 2 NnS:

x�i (�S) =
�bi(gS; �

�)

� + b(gS; �
�)
for all i 2 S (4.12)

x�j(�S[fjg) =
�bj(gS[fjg; �

�)

� + b(gS[fjg; �
�)
for all j 2 NnS. (4.13)

First, we prove that ui(�S;x�(�S)) = [x
�
i (�S)]

2 (�+ )=2. First-order condi-
tions for (4.1) yield

�+ �xi +
X
j 6=i

�ijxj = 0

Then, (4.1) can be rewritten as:

ui(�;x) =

 
�+

1

2
�xi +

X
j 6=i

�ijxj

!
xi

=

 
�+ �xi +

X
j 6=i

�ijxj �
1

2
�xi

!
xi,

and the result follows because of the �rst order condition and �� = � + .
Now, uniqueness in the second-stage, allows us to concentrate on the pure

strategy Nash equilibria of the whole game, where no agent j outside a sustain-
able S would be willing to enter the game�S to obtain uj

�
�S[fjg;x

�(�S[fjg)
�
;

and no agent i 2 S would be better off by obtaining!, rather that ui (�S;x�(�S)).
Formally, a set S is supported by ! at equilibrium if and only if:

max
j2NnS

uj
�
�S[fjg;x

�(�S[fjg)
�
� ! � min

i2S
ui (�S;x

�(�S))

The result follows by using (4.12) and (4.13) and applying simple algebra.

Remark 4.4 Whenever

! >
�2

2(� + )
,

all agents outside the game is an equilibrium, that is, ? is supported as an
equilibrium by !.



82 Chapter 4 Optimal Targets in Peer Networks

Proof. The result follows by picking a wage higher than the utility of an isolated
agent, which is easily calculated given that she has centrality 1.

Remark 4.5 It is an open problem whether any ! 2 [0; �2=(2(� + ))] can
support some S at equilibrium.

Whenever an equilibrium exists, multiplicity of equilibria is a natural out-
come of the extensive form game. This multiplicity can arise, for instance, from
the symmetric role of some agents in a network46.

4.6.2 Entry Game Without Global Substitutability
Suppose that� � O (so that  = 0), that is, we have that the second-stage game
� has strategic complementarities. Let S be a participation pool (not necessarily
an equilibrium pool) at some wage !. In this case, the payoff that an agent
i 2 NnS gets by joining S is precisely

x�i (�S[fig) =
�

�
bi(gS[fig; �

�);

that is, its centrality (times �=�) in the network gS[fig.
Given that the outside option is �xed !, it is clear that the two-stage game

is supermodular47, in the sense that the payoffs of player i are increasing with
respect to participation decisions of other agents. Formally, for all S � T � N
and i 2 NnT , it is clear that:

bi(gS[fig; �
�) � bi(gT[fig; �

�)

because the right-hand side measures a higher number of paths.
This property ensures existence of equilibrium for any wage !, as summa-

rized by the following proposition.

46 Two agents i and j are symmetric in a network whenever the network remains the same by
exchanging their labels. In this case, if S is supported at equilibrium, i 2 S and j 2 NnS, so is
S0 where i has been interchanged with j.
47 Informally, a game is submodular if, for every player

� her action set is compact and,
� her utility has increasing differences in own actions and in each rival's actions.

For a broad description of supermodular games and their applications, see Amir (2003),
Topkis (1998) and Vives (1990).
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Proposition 4.6 When � � O, the game (�; !) has at least one equilibrium
participation pool.

Proof. We provide an instance participation pool, by construction. Starting with
an empty pool S0 = ?, at each step t, set St = St�1 [ it, where it is any player
such that: r

2!

�
� �

�
bit(gSt ; �

�)

(This means that, at each step, players that want to enter the pool do so). Stop
whenever there is no such agent it. It is clear that St (probably empty) is an
equilibrium pool. The main implication of supermodularity is that this sequential
decisions cannot be rolled-back: if an agent decided to enter the pool, then it must
be pro�table for her to stay after more agents decide participate.
One may be interested in providing all the possible equilibria of the game

when supermodularity holds. Echenique (2005) provides a useful tool to list all
the equilibria of a game with complementarities.

Remark 4.6 Whenever the competition parameter  is low enough, supermod-
ularity still survives in the game, as well as the result in the proposition.

Thus, the results for supermodularity that hold for  = 0 are robust to small
perturbations of . The intuitive idea is that substitutability is low enough to
allow for increasing differences in utility of agents in their decisions to enter the
participation pool.

4.6.3 The Key Group Problem with Voluntary Participation
In the simple case without an outside option, the choice of the key group was
based on the contribution of that group to the connectivity (total Bonacich cen-
trality) of the complementarity network. In the context of games with voluntary
participation, an additional criterion should be taken into account: the fact that
a removal of some players may induce further voluntary moves of other players
in the network. Thus, the choice of the optimal target van change accordingly,
and differ from the usual key group prescription when all players participate. We
analyze the interplay between the optimal target and an outside option that acts
as a participation threshold in the new game.
The issue of existence will be relaxed in this section by assuming that we

are dealing with a wage ! such that, for any subgame �T , with T � N , there
exists an equilibrium participation pool S supported by !. On the other hand,
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multiplicity of equilibria makes it dif�cult to adopt a particular approach in order
to assess the ef�cacy of a particular policy. In this paper, we focus on a extreme
approach where the removal of a set of players from the network is evaluated
by comparing the maximum equilibrium of the original game and the resulting
game, that is, outcomes with maximum total activity x�.

De�nition 4.6 Given a game (�; !) and T � N de�ne the remaining family
after eliminating S as

P (�; !; S) =
�
T � NnS, T 2 E(�NnS; !)

	
In words, a set T � NnS is in the remaining family after eliminating S

whenever T is a participating pool in the restricted game (��S; !). This de�n-
ition is just capturing the fact that of the posterior behavior of players after S's
removal.
Let g be the graph associated with the decomposition (4.2) of the game �.

For a candidate set S to be eliminated, let

Pm(�; !; S) 2 arg max
T2P (�;!;S)

fb(gT ; a)g

be a maximum equilibrium participation pool when the set S is eliminated. It is
a pool where the maximum activity is achieved. Then, the choice of a key group
S� of size s is precisely:

S� 2 arg min
jSj=s

b(gPm(�;!;S); �
�)

4.6.4 Example
Consider a game where � = � =  = 1, � = 0:2 and g is the network in Figure
4.1. Let us study the problem of eliminating one player (s = 1). The following
table summarizes centralities and inter-centralities of different types of players:

Player Type bi(g; �
�) dfig(g; �

�)
1 8:33 41:67�

2 9:17� 40:33
3 7:78 32:67

First, note that player 2 is more central than 1, but it is less inter-central. Second,
the optimal choice without a participation stage (or, equivalently, ! = 0), is
player 2, who has the highest contribution to the connectivity of the network.
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The situation is different when we allow for voluntary participation. The next
table summarizes the sets S that are sustainable at equilibrium for the games
(��1; !) and (��2; !), specifying the range [wL; wH ] of wages that support
each S an equilibrium participating pool. We just specify distinct (up to isomor-
phism) equilibrium pools:

(��1; !) (��2; !)
Pool S wL wH b(gS; a) wL(S) wL b(gS; a)

f2; 3; 4; 5; 6; 7; 8; 9; 10; 11g 0:00 12:50 50:00 � � �
f2; 3; 4; 5; 6g 0:50 12:50 25:00 � � �

f1; 6; 7; 8; 9; 10; 11g � � � 1:02 1:70 39:47
f1; 3; 4; 5; 6; 7; 8; 9; 10; 11g � � � 0:00 4:17 51:33

f1; 7; 8; 9; 10; 11g � � � 1:70 7:03 36:25
f7; 8; 9; 10; 11g � � � 7:03 12:50 25:00
f1; 3; 4; 5; 6g � � � 0:95 1:25 12:37
f3; 4; 5; 6g � � � 1:25 3:12 10:00

When ! = 5, the highest equilibrium pool after removing player 1 isNnf1g.
This is the same choice as the simple selection based on group inter-centrality.
However, when removing player 2, the maximum equilibrium pool becomes
f1; 7; 8; 9; 10; 11g: the players on the right have lost their incentives to remain in
the game. Hence, the key player is player 2, because its deletion causes a higher
impact on the incentives of other players to leave for the outside option !.

4.7 Related Problems
We discuss some problems that are closely related to the optimal choice of a
group of players. In some of them, the nature of the problem will also allow us to
approximate the solution with a greedy procedure. First, we list these problems
and offer a brief description:

1. Separation of Agents: The problem is to partition the players in order to
maximize the global outcome of the different games.

2. The Key Interaction Set: Find a set of links that reduces maximally the
activity in the network.

3. Optimal Attachment: Where should new links be placed in order to
maximize the overall activity?

4.7.1 Separation of Agents
Suppose that we partition the player set N as P = fSkgKk=1, in a way such that
any player i 2 Sk only interacts with players in Sk. The new game is denoted by
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�P , where

�Pij =

�
�ij if i; j 2 Sk for some k = 1; :::; K
0 otherwise.

One could argue that, since all these independent games �Sk may have less
competition than the original game �, then it would be good to �nd a balanced
partition maximizing the total activity of all agents. In general, it will be the case
that partitioning the game will increase total activity when the number of agents
is large.
As usual, let us assume that � > ��1(g) in order to be able to compare

unique well-de�ned outcomes. Note that

x�(�P) =
KX
k=1

x�(�Sk)

We say that a partition P dominates P 0 if x�(�P) � x�(�P 0). A partition
P is ef�cient if it dominates every other partition.

Proposition 4.7 Consider a game � with � > ��1(g) and total activity given
by x�(�).

1. If� � O (no competition) then fNg is the unique maximal partition.
2. Otherwise, suppose that there is s > 1 such that (=�)

p
s� 1 > 1. Then,

all blocks of an ef�cient partition must have strictly less than s elements. In
particular:

(a) If (=�)
p
n� 1 > 1 the partition fNg is dominated.

(b) if  > � (high competition) the unique ef�cient partition is the trivial
stand-alone partition ffiggni=1.

Proof. When � � O,  = 0 and x�(�S) = (�=�)b(gS; a) which is clearly
superadditive in S, given the interpretation of b(gS; a) as the total number of
paths in gS .
Consider� � O. Let us consider the case of a split of any non-singleton set

S 6= ? into P = fS1; S2g. In this case, the total activity x�(�P
S ) is greater than

x�(�S) if and only if:

b(gS; �
�)

� + b(gS; �
�)
� b(gS1 ; �

�)

� + b(gS1 ; �
�)
+

b(gS2 ; �
�)

� + b(gS2 ; �
�)
;
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equivalent to:

b(gS; �
�) � b(gS1 ; �

�) + b(gS2 ; �
�) +

2

�
b(gS1 ; �

�)b(gS2 ; �
�)

+
2

�2
b(gS1 ; �

�)b(gS2 ; �
�)b(gS; �

�)

A suf�cient condition for this to hold is (2=�2)b(gS1 ; �
�)b(gS2 ; �

�) � 1. Given
that

b(gS1 ; �
�)b(gS2 ; �

�) � s1s2
= s1(s� s1)

� s� 1;

a suf�cient condition for inef�ciency of S is (=�)
p
s� 1 � 1 and the result

follows.

4.7.2 The Key Interaction Set
In some situations, the limitation of resources or the nature of the problem re-
quires to choose optimally among the set of dependences among players. For
instance, a social planner would like to optimally reduce the (communication)
externalities among delinquents, subject to a restriction in the r number of bilat-
eral in�uences that can be targeted. This situation is interpreted as a problem of
optimally removing a set of links from the network.
More formally, for g0 � g, let lg0(g; a) be the number of paths in g (weighted

with a) that use some edge in g0. That is, this is the contribution of g0 to the total
connectivity of g.
Suppose that we need to maximize the change in the network after removing

r links. Our best choice will consist of r links from the set of all possible links
not present in g. Formally, we need to solve:

max
g0�g

flg0(g; a) : jg0j � rg

We deal with the case of directed networks �rst, since it provides an easier
proof of our result. In this case, the planner has more degrees of freedom:
because he can target speci�c directed links. Let h � gnfijg be the network
g where gij is set to zero. The following relation holds in this class of networks,
for all pair of agents k; l 2 V (g):

mkl(g; a)�mkl(h; a) = amki(h; a)mjl(g; a) (4.14)

That is, paths that cross kl arrive at k for a �rst time in the network h, cross the
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link kl and then continue from l in g. Let lij(g; a) be the total contribution of
link ij to the centrality of g:

lij(g; a) �
X

k;l2V (g)

(mkl(g; a)�mkl(h; a))

Lemma 4.3 The contribution of a single directed link ij 2 g to the total Bonacich
centrality of the network g is given by:

lij(g; a) = a
ebi(g; a)bj(g; a)
1 + amji(g; a)

(4.15)

Proof. We can specialize (4.14) to computemki(h; a) as:

mki(g; a)�mki(h; a) = amki(h; a)mji(g; a)

mki(h; a) =
mki(g; a)

1 + amji(g; a)

and, substituting it back in (4.14),

mkl(g; a)�mkl(h; a) = a
mki(g; a)mjl(g; a)

1 + amji(g; a)
for all k; l 2 V (g).

Summing over all k and l, the result follows.
When networks are undirected, the following expression allows us to com-

pute the contribution of a single link ij 2 g to the total Bonacich centrality of
the network g. The proof is omitted, being similar to the case of directed links.

Lemma 4.4 The contribution of a single undirected link ij 2 g to the total
Bonacich centrality of the network g is given by:

lij(g; a) = a (bi(h; a)bj(g; a) + bi(g; a)bj(h; a)) (4.16)

where the centralities of the critical vertices i and j is computed as follows:

bi(h; a) =
(1 + amij(g; a))bi(g; a)� bmii(g; a)bj(g; a)

(1 + amij(g; a))2 � a2mii(g; a)mjj(g; a)

bj(h; a) =
(1 + amij(g; a))bj(g; a)� bmjj(g; a)bi(g; a)

(1 + amij(g; a))2 � a2mii(g; a)mjj(g; a)
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Expressions (4.15) and (4.16) have obvious advantages, as (4.8) does in the
case of the key player. We can compute the contribution of any link ij from
the current dataM(g; a) without having to recompute an inverseM(gnfijg; a)
for each ij 2 g. These operations are clearly cheaper than the computation
of an inverse. This fact becomes critical if we are to approximate the optimal
interaction set. The reason is that the function lg0(g; a) is submodular in g0, so
that we can iteratively �nd the maximum of lij(g; a) using (4.15) or (4.16) to get
very fast to a good approximation of the problem:

Proposition 4.8 The key interaction set problem can be approximated in polynomial-
time by the use of a greedy algorithm, where, at each step, expression (4.15) or
(4.16) is used to �nd the link ij (with highest lij(g; a)) that will become a member
of the approximated key interaction set. The error of the approximation can be
bounded as in (4.11).

4.7.3 Optimal Attachments
Consider a planner that, in order to increase the quantity produced in an oligopolis-
tic industry, may wish to optimally allocate an additional �rm with collaboration
links with others.
Given two disjoint48 networks h0 and h00 with V (h0) = S and V (h00) = T =

NnS and a set of r links, let us construct a new network f by joining h0 and
h00 with r edges, in order to optimize a certain function. Formally, we wish to
construct a bipartite network h between the vertices of the networks h0 and h00,
so as to maximize the overall centrality of f = h0[h00[h. The adjacency matrix
H is:

H =

�
Os�s Vs�(n�s)
W(n�s)�s O(n�s)�(n�s)

�
The problem is to �nd V andW in order to maximize b(f; a) with the re-

striction 1T �V �1+1T �W �1 =r. Note that the matrixM(f; a) � [I� aF]�1

can be written as

M(f; a) =

�
Ss�s As�(n�s)
B(n�s)�n T(n�s)�(n�s)

�

48 The results can be extended in a straightforward way to the case where there are existing links
among the agents.
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Remark 4.7 The following relation holds in any network f partitioned with the
set of agents S.

S = M(h0; a) + aM(h0; a) �V �B
T = M(h00; a) + aM(h00; a) �W �A
A = aM(h0; a) �V �T
B = aM(h00; a) �W � S

For instance, the matrix S summarizes the way in which one can travel in the
network f by departing and ending at agents in S. This can be done as follows:

1. On the one hand, one can freely walk within h0 and �nish. This is the term
M(h0; a).

2. On the other hand, one can freely walk within h0, cross the cut for a �rst
time, and walk freely through the whole network f to end up in S. This is
aM(h0; a) �V �B.

We can solve for S and T:

S =
�
I� a2M(h0; a) �V �M(h00; a) �W

��1 �M(h0; a)
T =

�
I� a2M(h00; a) �W �M(h0; a) �V

��1 �M(h00; a)
This expression provides us with some of the structure of paths in the solution
network f , given the previous information from h0 and h00, and a particular at-
tachment policy de�ned byV andW. In order to get an intuition of the optimal
choice, let us discard a2M(h0; a) � V �M(h00; a) �W and a2M(h00; a) �W �
M(h0; a) � V inside the inverse terms. This eliminates from our analysis those
paths that cross the cut at least twice. For simplicity, also consider that we deal
with undirected networks so that V = WT . We thus obtain an approximation
for the result:

S � M(h0; a)

T � M(h00; a)

A � aM(h0; a) �V �M(h00; a)
B � aM(h00; a) �W �M(h0; a)

and noting that b(f; a) sums all the entries in S, T,A andB,

b(f; a) = b(h0a) + b(h00; a) + 2ab(h0a)T �V � b(h00; a) + o(a).



4.7 Related Problems 91

Our objective is to maximize the post-attachment centrality b(f; a). Given
the previous expression, we get our approximation by maximizing

b(h0a)T �V � b(h00; a) =
X
i;j

hijbi(h
0; a)bj(h

00; a),

that is, the sum of products of the centralities from both sides of the bipartite
network h. An iterative procedure clearly obtains this approximation for the
problem, as we summarize in the next remark.

Remark 4.8 Up to counting paths that cross the optimal connection network
h at least twice, the following algorithm provides the optimal solution: At each
step, among the unmatched agents in h, match those players i 2 V (h0) and
j 2 V (h00) with maximum bi and bj .

Although we have not provided speci�c bounds for the approximation error,
one can expect that when a is small enough, the number of such paths that cross
h twice should not be high, compared to all the other paths in the �nal network
f .
Nevertheless, we can still apply our result regarding submodular functions to

obtain guarantees of approximation. The following result is similar to that for the
key interaction set and the proof is omitted.
Given a network g and a disjoint g0 (g0 \ g = ?, meaning that new edges

from g0 are being incorporated to g), let rg0(g; a) be the number of new paths in
g[ g0 (weighted with a) that use some edge in g0. That is, this is the contribution
of the edge set g0 to the total connectivity of g [ g0. Then, rij(g; a) denotes the
increase in total centrality by joining i and j in the network g:

rij(g; a) �
X

k;l2V (g)

(mkl(g [ fijg; a)�mkl(g; a))

Lemma 4.5 The contribution of the new link ij =2 g to the increase in the
centrality of g is:

1. If ij is directed:

rij(g; a) = a
ebi(g; a)bj(g; a)
1� amji(g; a)

(4.17)
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2. If ij is undirected:

rij(g; a) = a (bi(g; a)bj(g [ fijg; a) + bi(g [ fijg; a)bj(g; a)) ; (4.18)

where the post-linked centralities can be computed from g as

bi(g [ fijg; a) =
(1� amij(g; a))bi(g; a) + bmii(g; a)bj(g; a)

(1� amij(g; a))2 � a2mii(g; a)mjj(g; a)

bj(g [ fijg; a) =
(1� amij(g; a))bj(g; a) + bmjj(g; a)bi(g; a)

(1� amij(g; a))2 � a2mii(g; a)mjj(g; a)

In fact, it can be proven that rg0(g; a) is submodular in g0, which allows us to
get guarantees of approximation by applying a greedy algorithm.

Proposition 4.9 The optimal attachment problem can be approximated in polynomial-
time by the use of a greedy algorithm, where, at each step, expression (4.17) or
(4.18) is used to �nd the link ij (with highest rij(g; a)) that should be added to
the network. The error of the approximation can be bounded as in (4.11).

4.8 Discussion and Open Problems
We have described the problem of optimally changing the outcome of a game
with bilateral in�uences, by removing/adding agents/links. The fact that a net-
work of complementarities emerges from our particular payoff structure, allows
us to derive interesting properties of the optimal choice, based on graph theoreti-
cal concepts.
In order to deal with the applicability of our problem, we also show that, un-

der some circumstances, a solution can be approximated within reasonable error
bounds, given the inherent hardness attached to the computation of the key group.
In particular, when the optimal policy can be written as a maximization program
of a submodular set function, a simple greedy procedure that picks/removes the
best element at each stage guarantees a fair approximation to the optimal policy.
We also model the optimal choice of the key group of players when the

participation in the game becomes voluntary at a �rst stage. This completely
changes the prescription of the key group, because an optimal choice has to take
into account the fact that the elimination of a player may induce further voluntary
exit from the game.
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Most of our results also hold when we want to minimize submodular func-
tions. But, in this case, the greedy algorithm is not adequate for our situation
because guarantees of approximation are only possible for submodular functions.
The problem of minimizing submodular functions with size constraints on the
sets isNP -hard, in general. Nonetheless, we cannot provide a proof of hardness
for our particular problems. On the other hand, we do not know whether the
problem of choosing the network g0 � g that maximizes lg0(g; a) is hard or not.
A reduction from the edge cover problem is straightforward, but this problem
is polynomial-time solvable. The same situation arises when dealing with the
complexity of maximizing the function rg0(g; a).
As we mentioned in the case of the two-stage game, it is not clear whether

every ! admits a stable separation of the players. On top of that, we could not
�nd an iterative fast procedure for �nding maximum equilibrium in this game.



94 Chapter 4 Optimal Targets in Peer Networks



Bibliography

[1] AGRAWAL, M. , N. KAYAL, AND N. SAXENA (2002): �Primes is in P,�
mimeo.

[2] AKERLOF, G.A. (1980): �A Theory of Social Custom of Which Unemployment
May be One Consequence,� Quarterly Journal of Economics, 94, 749-775.

[3] AKERLOF, G.A. (1997): �Social Distance and Social Decisions,� Economet-
rica, 65, 10005-1027.

[4] ALBERT, R., H. JEONG, AND A-L. BARABÁSI (2000): �Error and Attack
Tolerance of Complex Networks,� Nature, 406, 378-382. 406, 378-382.

[5] AMIR, R. (2003): "Submodularity and Complementarity in Economics: An
Elementary Survey," mimeo.

[6] BALLESTER, C. (2004): "NP -completeness in Hedonic Games," Games and
Economic Behavior, 49, 1-30.

[7] BALLESTER, C., A. CALVÓ-ARMENGOL, AND Y. ZENOU (2005a): �Who's
Who in Networks. Wanted: The Key Player,� mimeo.

[8] BALLESTER, C., A. CALVÓ-ARMENGOL, AND Y. ZENOU (2005b):
�Optimal Targets in Peer Networks,� mimeo.

[9] BANERJEE S., H. KONISHI, AND T. SÖNMEZ (2001): �Core in a Simple
Coalition Formation Game,� Social Choice and Welfare, 18, 135-153.

[10] BEN-PORATH, E. (1990): �The Complexity of Computing a Best Response
Automaton in Repeated Games with Mixed Strategies,� Games and Economic
Behaviour, 2, 1-12.

[11] BERMAN, E. (2000): �Sect, Subsidy, and Sacri�ce: An Economist's View of
Ultra-Orthodox Jews�, Quarterly Journal of Economics, 115, 905-953.

[12] BERNHEIM, B.D. (1994): �A Theory of Conformity,� Journal of Political
Economy, 102, 841-877.

[13] BOGOMOLNAIA, A., AND M. JACKSON (2002): �The Stability of Hedonic
Coalition Structures, � Games and Economic Behavior ,38, 201-230.

[14] BOLLOBÁS, B., AND O. RIORDAN (2003): �Robustness and Vulnerability of
Scale-Free Random Graphs,� Internet Mathematics, 1, 1-35.

[15] BONACICH, P. (1987): �Power and Centrality: A Family of Measures,�
American Journal of Sociology, 92, 1170-1182.

[16] BORGATTI, S. P. (2003): �The Key Player Problem,� in Dynamic Social
Network Modeling and Analysis: Workshop Summary and Papers, ed. by
R. Breiger, K. Carley and P. Pattison, Committee on Human Factors, National

95



96 Bibliography

Research Council, 241-252.
[17] CALVÓ-ARMENGOL, A., ANDM.O. JACKSON (2004): �The Effects of Social

Networks on Employment and Inequality,� American Economic Review, 94,
426-454.

[18] CALVÓ-ARMENGOL, A., AND Y. ZENOU (2004): �Social Networks and
Crime Decisions: The Role of Social Structure in Facilitating Delinquent
Behavior,� International Economic Review, 45, 935-954.

[19] CECHLÁROVÁ, K., AND J. HAJDUKOVÁ (2004a): �Stable Partitions with
W -preferences, � Discrete Applied Mathematics, 138, 333-347.

[20] CECHLÁROVÁ, K., AND J. HAJDUKOVÁ (2004b): �Stability Of Partitions
Under WB-Preferences And BW -Preferences," International Journal of
Information Technology and Decision Making, 3, 605-618.

[21] COOK, S. (2000): �The P versus NP Problem, �. Clay Mathematics Institute.
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