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Introduction

Let R be a ring. Suppose that R embeds in a division ring F (i.e. E is a not necessarily
commutative field). By the division ring of fractions of R inside E we mean the embedding
R — E(R) where E(R) denotes the intersection of all subdivision rings of E that contain R.
When R is a commutative ring, the answer to whether R is embeddable in a division ring is
well known:

(a) Eristence: R has a division ring of fractions Q(R) if and only if R is a domain, i.e. R is
a nonzero ring such that zy = 0 implies that x =0 or y = 0.

(b) Uniqueness: If A: R — Q(R) is a division ring of fractions of R, given any embedding
Y: R < E in a division ring E, there exists a morphism of rings 1/: Q(R) — E such that
YA = 1. In particular E(R) = Q(R).

(c) Form of the elements: The division ring of fractions Q(R) is constructed in an analogous
way as the rationals from the integers. The elements of Q(R) are of the form s~!r for
some r € Rand s € R\ {0}. Moreover, we have a rule to decide when two fractions
51_17"1, 52_11"2 represent the same element of F (iff sy = sor1).

This situation extends to the non-commutative setting provided that R is a left (right)
Ore domain [Ore31], but in general the picture is not like that.

Certainly, being a domain is a necessary condition for the ring R to be embeddable in a
division ring, but it is not sufficient as A.I. Mal’cev showed [Mal37]. Necessary and sufficient
conditions can be found in [Coh95], but they are difficult to verify for a given domain R and,
in addition, the proof of the existence of the division ring is not constructive.

There are also many (non-Ore) domains R with more than one division ring of frac-
tions [Fis71] (or see also Chapter 7). For example, for any field k, the free k-algebra k(X) on
a set X of cardinality at least two.

Furthermore, if R — D is a division ring of fractions of R, the elements of D can be built
up from the elements of R in stages, using addition, subtraction, multiplication, and division
by nonzero elements. It can happen that the subset {s'r € D | r € R, s € R\ {0}} is
not a division ring, and it may not be possible to simplify expressions like uv~'w + zy~'z or
(wg — x2(wy — 1Yy, lzl)*lzg)*l. This leads to the concept of inversion height. The inversion
height of a rational expression is the maximum number of nested inversions that occur in it.
For example, the inversion height of uv~'w+2y~ 2 is one and of (wg —z2(w; —xlyl_lzl)*lzg)*l
is three. The inversion height of an element of D is the least inversion height of the rational
expressions of elements of R that represent f. Observe that the inversion height of an element
is not so easy to compute. It depends of course on the nature of the ring R, but there are
also rational identities. To illustrate this point, consider elements x,y € R. At first sight the
element f = (z7' + (y~! —2)~1)~! € D seems to be of inversion height 3. However, by Hua’s
identity, f = « — xyx, and therefore is of inversion height zero. The inversion height of a
division ring of fractions R — D is the supremum of the inversion height of the elements of
D (it may be infinite). Notice that if R is a left (right) Ore domain, R — D is of inversion
height 1.
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Therefore, description of division rings of fractions turns out to be a difficult task.

About two thirds of this work is concerned with the problem of the uniqueness of division
rings of fractions and the form in which the elements of a division ring of fractions can be
expressed. We proceed to outline our main results in this direction.

Let G be a group and k a division ring. One can construct a crossed product group ring
kG, for example the usual group ring k[G]. We deal with the problem of embedding kG in
division rings when G is a locally indicable group, that is, a group such that every nontrivial
finitely generated subgroup H of G has a normal subgroup N with H/N infinite cyclic. These
groups form a large class: locally free groups, torsion-free abelian groups, orderable groups,
torsion-free one-relator groups and extensions of groups in these classes are locally indicable
groups. Observe that if 1 # H < G is finitely generated and the class of ¢ generates H/N,
then the powers of t are kN-linearly independent.

An embedding kG — D, with D a division ring, is Hughes-free if the powers of ¢ are
D(kN)-linearly independent for all 1 # H < G finitely generated, N < H such that H/N
is infinite cyclic and ¢ such that the coset of t generates H/N, that is, we can extend the
kEN-linear independence of ¢ to the division ring D(kN) generated by kN inside D. An
important example of Hughes-free embedding goes back to A.I. Mal’cev [Mal48] and B.H.
Neumann [Neu49a]. They independently showed: for each ordered group (G, <), division
ring k and crossed product group ring kG, the embedding kG — k((G, <)) is a Hughes-free
embedding, where k((G, <)) denotes the Mal’cev-Neumann series ring, i.e.

E(G,<))={yv= Z aqg | supp~y is well-ordered}.
geG

In particular, this holds for (locally) free groups.

A locally indicable group G is Hughes-free embeddable if kG has a Hughes-free division
ring of fractions for every division ring k and every crossed product group ring kG. Orderable
groups are examples of Hughes-free embeddable groups.

We give new proofs of two results by I. Hughes, [Hug70]| and [Hug72]. More precisely,
we show:

HucHES” THEOREM 1. Let k be a division ring and G a locally indicable group. If kG — Dy
and kG — Dy are two Hughes-free division ring of fractions, then there exists a (unique)
isomorphism p: D1 — Dy

D

1
e
I
Y
Dy
making the diagram commutative. O

HucHES” THEOREM II. Suppose that G is a locally indicable group with a normal subgroup
L such that G/L is locally indicable. If both L and G/L are Hughes-free embeddable, then G
is Hughes-free embeddable. O

The proof of Hughes’ Theorem I and the machinery developed to show both results is
a joint work with W. Dicks and D. Herbera [DHS04]. Hughes’ Theorem I has played an
important role in the study of division rings of fractions of the free algebra and of crossed
product group rings of free groups. It has been used by J. Lewin in [Lew74] to describe the
universal division ring of fractions of the free algebra and of the crossed product group ring of
a free group as the division ring of fractions of kG inside the Mal’cev-Neumann series rings.
Also, P. Linnell [Lin00], [Lin93] made use of it to prove that the division ring of fractions that
arises from group von Neumann algebras of free groups is the same as the universal division
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ring of fractions of the group ring of a free group. Because of these important results and the
fact that, in words of P. Linnell [Lin06, p. 52|, “the proof given by Hughes in [Hug70] is
extremely condensed, and ... it is difficult to follow”, a new proof was needed.

We also give an easier proof of the aforementioned result by J. Lewin following closely the
work by C. Reutenauer [Reu99].

Hughes’ Theorem II gives a large supply of Hughes-free embeddings and partial positive
answers to Mal’cev problem of whether the group ring of a right orderable group is embeddable
in a division ring [MMC83, Question 1.6]. Moreover, it allows us to define a division ring
coproduct, and it is also useful for computing the inversion height of some embeddings of rings
in division rings.

In this direction, we close a conjecture by B.H. Neumann [Neu49a, p. 215]. More precisely,
we prove

THEOREM. Let G be a free group on a set X of at least two elements and k a field. Let < be
a total order on G such that (G, <) is an ordered group. Then the embedding kG — k((G, <))
is of infinite inversion height. U

This result was showed by C. Reutenauer [Reu96] for X an infinite set. Indeed, he proved
that the inversion height of the entries of the inverse of an n x n generic matrix (i.e. a matrix
of the form (x;;) where the x;;’s are distinct noncommuting variables in X) equals n with
respect to k(X) — k((G,<)). In the finite case we are able to reduce the problem to the
situation proved by C. Reutenauer.

J.L. Fisher [Fis71], using results by A.V. Jategaonkar [Jat69], gave embeddings of the
free k-algebra k(z,y) in division rings of inversion height one and two. We continue these
investigations, and following the pattern of the embeddings of Fisher of inversion height 2, we
provide examples of inversion height one and two of the free k-algebra k(X) for any set X of
at least two elements. Moreover, we use these examples to give embeddings of the free group
k-algebra of inversion height one and two. Our results on finite inversion height are part of
the joint work with D. Herbera [HS07].

The last chapter of this dissertation is a joint work with L. Angeleri Hiigel [AHSO08]. It is
oriented towards an application of localization to module theory. We focus on the construction
of tilting modules. Tilting modules were introduced as an abstraction of the ideas contained in
[BGP73] and [GP72] to generalize the theory of Morita equivalence. They were used to carry
information between module categories of finitely generated algebras, especially hereditary
algebras. Later M. Auslander and I. Reiten [AR91] found an important relationship between
tilting modules and homologically finite categories which allowed to link tilting theory to
Homological Conjectures, quasi-hereditary algebras or Cohen-Macaulay rings. Tilting theory
has also been useful in the general theory of modules since a lot of results for classic tilting
modules are valid in Mod- R (not necessarily finitely generated modules). In [AHCO1] the
definition of tilting modules was extended to the category Mod- R over a ring R, and was shown
that there exists a relationship between tilting modules and homologically finite categories
analogous to that discovered by Auslander-Reiten. This connection has been used to get
new results on the Homological Conjectures. For example in [AHHTO06] a conjecture on the
finitistic dimension is shown to be valid for Gorenstein rings not necessarily commutative.

Another interesting application of tilting theory was discovered in [AHHTO05] where it
is considered the localization G~'R of a (not necessarily commutative) ring with respect to
a left Ore set & consisting of non-zero-divisors. The authors focused on the case that G~'R
has projective dimension at most one and extended some classical results on localization of
commutative domains due to Kaplansky, Hamsher and Matlis to arbitrary commutative rings.
For proving their results it was essential to use tilting modules. In fact, they constructed a



iv Introduction

tilting module 5~' RS~ R/ R which generates the class of G-divisible modules provided R is
commutative or & ! R/R is countably generated. This also shed new light on some important
examples of tilting modules over 1-Gorenstein rings or over valuation domains.

We push forward the idea of constructing tilting modules using localization techniques. We
show that every injective ring epimorphism A: R — S with the property that Tor{z(S, S)=0
and pd Sg < 1 gives rise to a tilting right R-module S @ S/R.

If U is a class of finitely presented right R-modules of projective dimension one such that
Hompg (U, R) = 0, we can consider the universal localization A\: R — Ry of R at U in the sense
of [Sch85]. Tt is known that A\: R — Ry is a ring epimorphism with Torf*(Ry, Ry) = 0.
Suppose that R embeds in Ry, and pd(Ry)r < 1. Then Tyy = Ry ® Ry/R is a tilt-
ing right R-module. If we further assume that Ry /R is a direct limit of U-filtered right
R-modules, then the tilting class Gen Ty coincides with the class U of all modules M sat-
isfying Extl(U, M) = 0. This allows us to extend the aforementioned result on [AHHTO5]
and prove that if & is a left Ore set of non-zero-divisors of R such that pd(&~'Rg) < 1, then
Ts = G 'R® G 1R/R is a tilting right R-module whose tilting class Gen T coincides with
the class of &-divisible right R-modules.

This way of constructing tilting modules also fits in the context of finite dimensional tame
hereditary algebras. We obtain a tilting right R-module Tyy = Ry @ Ry/R with tilting class
U+ for every set U of simple regular modules.

Two more interesting results are shown when R is a hereditary noetherian prime ring. We
recover a classification result from [BETO05] and show that the tilting modules

Ty :RU‘IR @Rz,{m/R

arising from universal localization at iy = {R/m | m € P}, where P runs through all subsets
of max-spec(R), form a representative set up to equivalence of the class of all tilting R-modules.
And more generally, we prove that if R is a classical maximal order, then

T={Tw=Rw®Rw/R|W CU,}

is a representative set up to equivalence of the class of all tilting right R-modules where U,
denotes a representative set of all simple right R-modules.

Now we proceed to explain how this work is structured, and to discuss in more detail some
of the main results presented in this dissertation.

An important part of Chapter 1 consists of elementary material that can be found in many
undergraduate text books and thus most of the proofs are omitted. We include it in order
to fix notation and to be as self-contained as possible. However some algebraic background
such as basics on the theory of groups, rings, modules and homological algebra is needed. For
example, commutative localization, free product of groups (with or without amalgamation),
exact sequences induced by the functors Ext and Tor,... are concepts we use along these pages
and that we assume are known. The reader is referred to, for example, [Rot73], [Rot70],
[LamO01], [Lam99], [Jac85], [Jac89] for unexplained terminology. It is recommended to skip
this chapter and go back to clarify terms when needed.

The first three sections present basic definitions, examples and results on monoid, groups,
rings and modules.

In the fourth section we present ordinal and cardinal arithmetic because it will be used in
Chapter 7.

Section 5 consists of results on homological algebra. We concentrate on the behavior of
the functor Ext with respect to direct limits. This material will be used in Chapter 8.



In Section 6 we introduce the concepts of graph, rooted trees and graph of groups. This last
concept will be used to show some closure properties of locally indicable groups in Chapter 2.
Rooted trees will be very useful in Chapter 5 to define the complexity of elements of a certain
semiring.

Section 7 is devoted to present the concept of semiring which is relevant to the proof of
Hughes’ Theorems I and II. We also provide important examples of semirings.

In Section 8 we state well known results and definitions on completions and valuations of
rings that are needed in Chapter 7 to give embeddings of the free group algebra in division
rings.

The last section of this chapter concerns itself with the proof of the so-called Magnus-Fox
embedding. This already known result asserts that if H is the free group on a set X and R
is a ring, then the group ring R[H] embeds in the formal power series ring R((X)) via the
morphism of R-rings given by x — 1 + z for all x € X. It will be used in Chapter 7.

In Chapter 2 we collect together well known material on locally indicable groups. This
class of groups was introduced by G. Higman in his PhD Thesis and his paper [Hig40] on
group rings. Although there are some monographs that cover parts of this chapter and other
interesting related subjects, for example [Gla99] and [BMRT77], we have not found a survey
or text book where all the results in this section are proved. So we felt it was necessary to
make this compilation for the sake of completion as these groups play an important role in
our work. We concentrate more on the properties which will have a counterpart when dealing
with Hughes-free division rings of fractions of crossed product group rings kG of a locally
indicable group G over a division ring k.

We begin by showing some closure properties of the class X of locally indicable groups.
Among others, X is closed under free products and extensions, or more generally, it contains
the groups with a subnormal series with locally indicable factors (see Definition 2.5). We will
do something similar with Hughes-free division rings of fractions in Chapter 6. We go on
discussing some properties of an important subclass of X, the class of (two sided) orderable
groups. Torsion-free abelian groups and (locally) free groups are examples of orderable groups.
It turns out that X is a class properly between the classes of orderable groups and right
orderable groups.

We also show the characterization of locally indicable groups as those groups G with a
chain of subgroups % of GG such that

(i) {1}, G € %.
(ii) ¥ contains all unions and intersections of its members.
(iii) For each pair (L, H) of subgroups in ¥ such that there is no element in ¥ that lies
properly between L and H, then L << H and H/L is torsion-free abelian.

We provide the recent proof of this fact by A. Navas-Flores [NF07] which greatly simplifies
the original one by S. Brodskii [Bro84].

We end this chapter enumerating some other important examples of locally indicable
groups, e.g. torsion-free one-relator groups [How82] and right orderable amenable groups
[Mor06|.

In Chapter 3 we present the results on localization that will be needed later. Some of
the results in this chapter are very important in the development of this work, but most of
the proofs and details are omitted. They can be found in the books [LamO01], [Coh95] or
[Sch85]. We begin with Ore localization and some classical results, followed by some results
on the key concept of division ring of fractions of a domain and by some useful examples.
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We then go on with matrix localization. We define the relevant concepts of fir, semifir,
specializations, universal division ring of fractions and coproduct of division rings. They all
appear throughout these pages.

Universal localization is discussed in the next section. We give the definition of rank
function and state the results that we will need in Chapter 8.

Chapter 4 is probably the best starting point for a reading of this work. We define some of
the most important objects that will be considered along these pages. The first four sections
consist of well known material. The first two are made of standard material on crossed
product group rings (monoid semirings). They are generalizations of the usual group ring. An
interesting feature of crossed product group rings, unlike group rings, is the following: Let kG
be a crossed product group ring of a group G over a ring k, and let N be a normal subgroup
of G. Then kG can be seen as a crossed product group ring (kN)(G/N) of the group G/N
over the ring kIN. We also show that a crossed product group ring kG of a right orderable
group over a domain k is a domain, in particular, this holds for locally indicable groups G.

In the next section we present the Mal’cev-Neumann series ring k((G, <)) associated with
a crossed product group ring kG of an ordered group (G, <) over a division ring k. It consists

of the series > a,T with well-ordered support with the expected operations of sum and
zelG
product that extend the ones of kG. Following [DL82], we show the celebrated result by

A1 Mal’cev [Mal48] and B.H. Neumann [Neu49a] which proves that k((G, <)) is a division
ring. A very useful property is that the computation of an expression for the inverse of a
nonzero element in k((G, <)) is “easy”. There is an algorithm to invert series. More precisely,
if f= 3 a,7 € k((G,<)) and xgp = min{z € supp f}, then

el

f_l = Z (awOEO)_l(g(aoﬁo*’Z‘O)_l)ma

m>0

where g = a,,Zo— f. This is a point, which will be corroborated in succeeding chapters, where
becomes more relevant the fact that working with series makes life easier.

The results above imply that if & is a division ring, G a (locally) free group on a set X and
< a total order on G such that (G, <) is an ordered group, then any crossed product group
ring kG is embeddable in its associated Mal’cev-Neumann series ring k((G,<)). We go on to
show that kG is a semifir if G is a locally free group, and that kG and its polynomial ring
k(X) are firs. Thus, in any case, kG and k(X) have a universal division ring of fractions.

It was proved by J. Lewin in [Lew74] that the universal division ring of fractions of the
group ring k[G| and k(X), called the free division ring of fractions, is the division ring of
fractions of k[G] inside k((G,<)). Later, in [LL78], it was noted that the proof given in
[Lew74] worked for any crossed product group ring kG. The proof of [Lew74] relied on the
highly nontrivial result by I. Hughes [Hug?70], i.e. Hughes’ Theorem I. More recently, C.
Reutenauer gave an easier proof of the fact that the universal division ring of fractions of the
free algebra k(X) of a finite set over a field k is the division ring of fractions of the group ring
k[G] inside the Mal’cev-Neumann series ring k((G, <)) where G is the free group on X and
< is a total order on G such that (G, <) is an ordered group. In Section 5 we closely follow
this proof to show the result in all its generality. That is, let k be a division ring, G a free
group on a set X and kG any crossed product group ring. Let < be a total order on G such
that (G, <) is an ordered group. Then the universal division ring of fractions of kG and its
polynomial algebra k(X) is the division ring of fractions of kG inside k((G,<)). Moreover,
we observe that this result holds true for G a locally free group.
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The objects and techniques used to demonstrate Hughes’ Theorems I and II are explained
in Chapters 5 and 6. We proceed to give an outline of the proof of Hughes’ Theorem I which we
think useful to explain why the different concepts are introduced. Notice that the statement
we prove as Hughes’” Theorem I in Chapter 6 is more general than the one we have stated
at the beginning of the introduction, which in turn is the same as the ones in [Hug70] and
[DHSO04]. But they could be the same because we have not found an example that verifies one
and not the other. It is not the moment to go into details, and since, anyway, the proofs are
the same, we think it is more instructive to outline the proof of the theorem at the beginning
of the introduction.

Let k be a division ring, let G be a group, and let kG be a crossed product group ring.
Suppose that kG has a division ring of fractions D. For a subgroup N of G, we denote by
D(kN) the division ring of fractions of kN inside D. Let k* G denote the group of trivial units
of kG.

As we said before, a division ring of fractions of a domain R is constructed in stages,
using addition, subtraction, multiplication, and division by nonzero elements. Then, given
two division rings of fractions of R, there is at most one morphism of rings which is the
identity on R because the image of the elements of R prescribes the image of the elements of
the division ring of fractions. Moreover, this morphism, if it exists, must be an isomorphism.
Therefore, if we want to prove that there exists one ring isomorphism between two division
rings of fractions of R, we need to prove that the only possible one is well defined. This is the
objective of the machinery developed in Chapter 5.

In case R = kG, the division ring of fractions is determined by the group of trivial units
k*G. Notice that when we construct a division ring of fractions from k™G, subtraction is not
needed, it is multiplication by the trivial unit —1. This leads to the concept of semiring and
rational U-semiring where U is a group, see Section 7 of Chapter 1. It is easily seen that if
D' is a division ring of fractions of kG, then D’ U {oo} has a natural structure of rational
k* G-semiring. The symbol co is needed because in a rational semiring every element has a
“formal inverse” (oo stands for the inverse of zero and of itself).

In the division ring of fractions of a domain, we can distinguish different levels which
coincide with the elements of inversion height < n. Level zero is the domain, level one the
subring generated by the domain and its inverses, level two is the subring generated by level
one and its inverses, and so on. For example, in an Ore domain, the construction ends at the
first level. In Section 4 we define an object that imitates this construction of the division ring
of fractions in a formal way, the rational U-semiring of formal rational expressions, denoted
Rat(U). As in a polynomial ring we have all possible products, here we get all possible inverses,
and formal-inverting an element is going up a level. These levels are built using the free
multiplicative U-monoid that is defined in Section 3.

Rat(U) is an initial object in the category of rational U-semirings, that is, given a rational
U-semiring T, there exists a unique morphism of rational U-semirings Rat(U) — 7. In
addition, if V' is a subgroup of U, Rat(V) is naturally embedded in Rat(U).

Thus, for two division rings of fractions of kG, D1, Ds say, we get

P, Rat(kXG) — D; U {OOZ}, 1 =1,2,

onto morphisms of rational k*G-semirings. It turns out that the only possible isomorphism
between D1 and Dy is the restriction 3: D1 — Dy of the morphism of rational k™ G-semirings

G: Dy U {001} — Dy U {OOQ}
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defined by B(®1(f)) = ®2(f) for all f € Rat(k*G). To show that 3 is well defined reduces to
prove that ®;(f) = Op,, o001 if and only if ®2(f) = 0p,, c02. In Theorem 6.2 we prove this fact
in case G is locally indicable and D;, D9 are Hughes-free division rings of fractions.

A lot of results on polynomials or on free groups are proved by induction on the degree or
the length of the word, respectively. The natural numbers are used to measure the “complex-
ity” of the polynomials or of the words. In Section 2 we make the set of (isomorphism classes
of) finite rooted trees into a well ordered set and a rational U-semiring for any group U. More-
over, the order defined is compatible with the operations. Then we measure the “complexity”
of the elements of the rational U-semiring of formal rational expressions Rat(U) by assigning a
rooted tree to each element of Rat(U). This correspondence is compatible with the operations
in Rat(U). In particular, we get a complexity function for the elements of Rat(k*G). The
proof of Hughes’ Theorem I is by induction on the complexity of f € Rat(k*G).

Vaguely, the idea of the order defined is that, for example, if ¢ € G, the element
up = (14+g+¢*)~' 4 (¢ + ¢g*)~' is more complex than us = (1+ g+ g*)~!, but less complex
than uz = ((1 +g)~! + ¢g)~!. Notice that u; and uy are elements of level one and us of level
two. The element u; is made of two pieces, one of them as “complex” as usg, and ug consists
of one piece which is more “complex” than any of the ones in which u; or us are divided.

In the original proof of Hughes’ Theorem [Hug70], the order defined to measure the
complexity of the elements, although equivalent, is more difficult to understand and to work
with.

Let G be a locally indicable group, and let H be a finitely generated subgroup of G.
Hence there exists N <1 H such that H/N is infinite cyclic. Let t € H be such that its coset
generates H/N. Then kH can be seen as the skew polynomial ring kN{[t,t~!; a] where a is left
conjugation by t. The condition D;, ¢ = 1,2, being Hughes-free implies that the Ore domain
D;(kN)[t,t~'; a] is embedded in D; for i = 1,2. Hence, the division ring of fractions of kH
inside D; can be seen as the division ring of fractions of kH inside the skew Laurent series
ring D;(kH)((t; o;)). Notice that in D;(kH)((t; o)) we have a “formula” for inverting series.

In Section 6 we take advantage of these ideas to factor ®; locally. Given a finitely generated
subgroup H of G, the restriction of ®; to k* H can be seen as

®;: Rat(k*H) — D;i(kN)((t; ;) U {00}

Then we construct a rational £* H-semiring, Rat(k™ N)((¢; «)) U {oo} which depends on ®;.
It can be seen as a formal model for D;(kN)((t;;)). The elements of Rat(k*N)((t;«r)) are
series whose coefficients are zero or elements of Rat(k* N). To define the formal inverses of the
elements of Rat(k™*N)((t;a)) U {co} we imitate the “formula” for inverting series in a skew
Laurent series ring.

Then we obtain a commutative diagram of morphisms of rational k* H-semirings for
i1=1,2

Di(EN)((t; o)) U {o0i}

S e

Rat(k*N)((t; ) U {oo}
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To construct a division ring of fractions of a crossed product group ring kG it is enough
to consider elements that contain 1 € G in its support. For example: if g1, g2 € G\ {1}, then

-1 -1
(g +) "+ @ +a9)7) = (97" +0200) " + (6 + 102) )

(o1
(14 9207 )™ + (g1 + 919291_1)_1)71 g1
p- g1,

where p is an element “with 1 in its support”.

In Section 5 we present a formal analogue of elements in the division ring of fractions with
“1 in its support”: the subset P of primitive elements of Rat(U). It is proved that, for every
f € Rat(U), there exist p € P and u € U such that f = pu. And what is more important, for
every p € P, a finitely generated subgroup of U, called source(p), is defined. This subgroup
source(p) is such that p € Rat(source(p)). This construction gives a canonical way to associate
a finitely generated subgroup of U to a primitive element in Rat(U). We illustrate this with the
most trivial situation. Consider the element p = 14 a191 + a2g2 + asgs € kG with a; € k\ {0}
and g; € G. Then

p = ((%91)71 + 1+ asga(argr) ™' + aggg(algl)*l) a1g1

= ((a2g2)_1 + algl(a292)_1 +1+ a393(a2g2)_1) a292,

source(p) = (aigi,a292,a3g3)
= ((a1g1)", azg2(a191) ", azgs(argr) ")
= ((a292) 7", a191(a292) "', azgs(asgs) ) < k*G.

We can suppose that f is a primitive element in the proof of Hughes’ Theorem I since ®;
are morphisms of rational k*G-semirings. Then there exists a finitely generated subgroup H
of G, obtained in a natural way from source(f), such that f € Rat(k* H) and the coefficients
of U;(f) are of lesser complexity than f. Therefore the image of f is determined by elements
of lesser complexity than the complexity of f. Then the result follows by induction on the
complexity.

An important consequence of Hughes’ Theorem I, already noted in [Hug70], is that if &k
is a division ring, G an orderable group and kG a crossed product group ring, then, for any
total orders < and <’ such that (G, <) and (G, <’) are ordered groups, the division rings of
fractions of kG inside k((G, <)) and k((G, <’)) are isomorphic.

The proof of Hughes’ Theorem II in [Hug72| depends heavily on [Hug70], and thus it is
also difficult to follow. As it has interesting consequences we give a proof of it based on the
objects and techniques of [DHS04].

Let G be a locally indicable group and L <1 G. Suppose that we are in the hypothesis of
Hughes’ Theorem II. Recall that the crossed product group ring kG can be expressed as the
crossed product group ring (kL)(G/L). By hypothesis, kL has a Hughes-free division ring of
fractions D. From Hughes’ Theorem I, it follows that the crossed product group ring structure
of (kL)(G/L) can be (uniquely) extended to D(G/L). Again by hypothesis, D(G/L) has a
Hughes-free division ring of fractions E. The aim is to show that

kG — D(G/L) — E

is a Hughes-free embedding. So let H be a nontrivial finitely generated subgroup of G and
N < H with H/N infinite cyclic generated by the class of t. We have to show that the powers
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of t are E(kN)-linearly independent, i.e. if d_,,,...,d, € E(kN), then

n
Z dit' = 0 implies that d_,, = --- = d,, = 0. (1)
i1=—n
There is a morphism of rational k* H-semirings ®: Rat(k*H) — E(kH)U{oo}, which extends
to a morphism of additive monoids ®': Rat(k*H) U {0} — E(kH) U {occ}. To prove (1) it is
enough to show that

Xn: O(f;)t = <1>( zn: fiti) = 0 implies that ®(f;) = 0,

=N ="

for f_p,..., fn € Rat(k*N)U{0}. The result is then proved by induction on the elements of
the form f= > fit' with f; € Rat(k*N) U {0}.

i=—n
The problem can be reduced to the situation of f a primitive element and H = source(f).
The proof is then divided in four cases depending on how the group LH /LN looks like. If either
H C L, or % is infinite cyclic, the result follows directly from the hypothesis. Difficulties

appear when H ¢ L and % is finite. Since G/L is locally indicable, there exists a subgroup

B of H such that % ~ LBH/LL is infinite cyclic. Then the proof splits into two parts, depending

on whether LH # BN or LH = BN. Technical arguments, somehow similar to a change of
basis (one diferent for each case), allow us to prove the result by induction on the complexity
of f.

As a consequence of Hughes’ Theorem II, we obtain that many of the closure properties
that hold for locally indicable groups also hold for Hughes-free embeddable groups. From
these we obtain a lot of new locally indicable groups (hence right orderable groups) which
are (Hughes-free) embeddable in division rings. For example every poly-ordered group is
Hughes-free embeddable. We also get that the free product of Hughes-free embeddable groups
is a Hughes-free embeddable group. This allows us to define the Hughes-free coproduct of
division rings as follows. Let {G;}icr be a set of Hughes-free embeddable groups. Let k be a
division ring and k£G; a crossed product group ring with Hughes-free division ring of fractions
D; for each ¢ € I. The ring coproduct szi can be seen as a crossed product group ring

k(z Gi). Then we define the Hughes-free coproduct of {D;};cs as the Hughes-free division ring
of fractions of k‘(;: G;). We prove that in some cases it agrees with the coproduct of division
rings 2Di defined by P.M. Cohn (see Definition 3.44). As Hughes’ Theorem II gives some

insight into how the division ring of fractions looks like, we think that it may help to reach a
better understanding of zDi.

Let k be a division ring, G a free group, < a total order on G such that (G, <) is an ordered
group and kG a crossed product group ring. J. Lewin [Lew74] proved that the embedding of
kG inside its universal division ring of fractions is Hughes-free. Then, from Hughes’ Theorem I,
he deduced that it is isomorphic to the division ring of fractions of kG inside k((G, <)). We
generalize this proof to a greater class of locally indicable groups, and show that if a crossed
product group ring kG, with G in this class, has a universal division ring of fractions, then it
has to be its Hughes-free division ring of fractions.

In Chapter 7 we deal with inversion height. We begin by presenting the basic definitions
and easy properties of this invariant. Then we deal with embeddings of finite inversion height
from [HSO07], the so called JF-embeddings. They are embeddings of the free k-ring k(X) for
X a set of at least two elements and k a division ring. They are obtained from results by
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A.V. Jategaonkar [Jat69] and generalize embeddings of the free k-algebra k(x,y) given by J.L
Fisher [Fis71] of inversion height 2. We prove that the inversion height of JF-embeddings is
at most two, and provide examples of inversion height one and two for any set X of at least
two elements.

Let us discuss our results with an example. Consider a field K with a morphism a: K — K
which is not onto, k a subfield of K such that a(a) = a for all a € k, a nonempty set {¢; }ier
of elements in K which are a(K)-linearly independent, and the skew polynomial ring K[z; a].
Then the ring generated by k and X = {z; = t;x};cs is the free k-algebra on X. Observe that
K[z;a] is a left Ore domain. Let Q@ = Q% (K[x;qa]). Then k(X) — K[r;a] — Q gives an
embedding of the free k-algebra k(X) in the division ring @ [Jat69].

The JF-embeddings of inversion height one for X a finite set of n > 2 elements are obtained
from K = k(t), a: K — K defined by t + t" and X = {z,tz,...,t" 12}. For the case of
X an infinite set of cardinality A, we need the results on Chapter 1 on ordinal and cardinal
arithmetic. We replace the semiring of exponents N of the polynomial ring k[t] by the ordinal
number A*. Then, with the help of the natural sum ® and natural product ® of ordinals, we
endow M)y = {v | v < A¥} with a structure of semiring. We express the monoid ring kM) in
multiplicative notation k[t | v < A“]. It has a field of fractions K. Then o: K — K, defined
by t7 +— t*®7 and X = {7z}, does the work.

JF-embeddings of inversion height two are obtained very much as the ones by J.L. Fisher.
For each set I of cardinality at least two, fix ig € I, and consider J = I\ {ig}. Let
K =k(tin | i€ Jy;n>0), and define a: K — K by ti, + tint1. Then the set {t;jz} U {z}
generates a free k-algebra inside Q.

It is interesting to note that the embedding of the free algebra given by a JF-embedding
does not extend to an embedding of the free group. We study this question in Section 5 and
compute how the group G generated by the set X inside Q* looks like in our examples of
JF-embeddings. On the other hand, using the techniques and results in [Lic84], we show
that an extension of the division ring ) contains the power series ring k((X)). Then the
Magnus-Fox embedding of Chapter 1 implies that the free group algebra k[H] of the free
group H on a set Y of cardinality |X| is contained in @, providing examples of embeddings
of the free group algebra of inversion height one and two.

In Section 6 we pay attention to embeddings of the the free algebra of infinite inversion
height. The key result in this section is the following:

THEOREM A. Let R be a domain with a division ring of fractions D. Let (L,<) be an
ordered group. Consider a crossed product group ring RL that can be extended to DL. Let
E = D((L, <)) be the associated Mal’cev-Neumann series ring. Thus F is a division ring and
RL — E.If f € D is of inversion height n (with respect to R < D), then f € E is of inversion
height n (with respect to RL — FE). O

Let H be a free group on a set X of cardinality at least two, and < a total order on H
such that (H, <) is an ordered group. Let k be a field and consider the group ring k[H]. Set
E = k((H,<)). As we said before, B.H. Neumann [Neu49a] conjectured that k[H] — E is
of infinite inversion height, and it was proved by C. Reutenauer [Reu96] that this holds for
X an infinite set. In fact he proved that k(X) < F is of infinite inversion height, which is
equivalent to k[H| — E of infinite inversion height. We proceed to sketch how we reduce the
problem to the situation of X a finite set of cardinality at least two.

Let € X. By a well-known result of groups, H can be expressed as an extension of
the free group N on the infinite set {z"yz™ | y € X \ {z}, n € Z} by the infinite cyclic
group generated by z. Then k[H] can be seen as a skew polynomial ring k[N][z,27!;q]
where « is defined by left conjugation by z. Moreover, we show that the polynomial ring
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E(k[N))[z, 2z~ a], where E(k[N]) denotes the division ring of fractions of k[N] inside E, is
contained in F in the natural way. Then, as a corollary of Theorem A, we infer that every
element f € E(k[N]) has the same inversion height with respect to k[H| — E as with respect
to k[N] — E. Thus, as N is the free group on an infinite set, Reutenauer’s result implies
that the inversion height of k[H] < F is infinite. In our proof we also exhibit elements of any
given inversion height with respect to k(X) — FE and with respect to k[H| — E.

We end this section by showing that infinite inversion height does not characterize the
embedding k(X) — E. Indeed, with the help of Hughes-Theorem II we prove: Let k be a
field. For each finite set X of at least two elements, there exist infinite non-isomorphic division
rings of fractions D of k(X) such that k(X) < D is of infinite inversion height.

The main object of Chapter 8 is the study of tilting modules obtained from universal
localization. Let R be a ring. A right R-module T is tilting if the following three conditions
are satisfied

(T1) pdT < 1.

(T2) Exth(T, 7)) = 0 for any set I.

(T3) There exists an exact sequence 0 — R — T} — Tp — 0 with 77,7, € Add T.

Two tilting modules T and 1" are equivalent if T+ = T'*. Section 1 contains well known
results on tilting modules. For example, we show the characterization from [CT95] of tilting
right R-modules as the right R-modules 7" such that the class GenT coincides with the class
T+ = {M € Mod-R | Exth(T,M) = 0}. Recall that GenT denotes the class of right
R-modules which are homomorphic images of arbitrary direct sums of copies of T'.

In Section 2 we mainly deal with homological properties of ring epimorphisms and the
most important example of ring epimorphism in our discussion, universal localization.

The main results of Chapter 8 begin in Section 3. They are from [AHSO08], and some of
them are generalizations of the ones in [AHHTO05]. We begin by showing that if R is a ring,
and A\: R — S is an injective ring epimorphism with Tor{z(S, S) = 0, then, among others, the
following are equivalent

(i) pd(Sgr) < 1.
(i) T = S @ S/R is a tilting right R-module.

Tilting modules constructed in this way generalize the classical tilting Z-module Q®Q/Z.
It also allows us to give many examples of tilting right R-modules. For example the ones
studied in [AHHTO5], where S = &~ 1R, the left Ore localization of R at a left Ore set &
consisting of non-zero-divisors. Or, more generally, if I/ is a class of finitely presented modules
of projective dimension one such that Hompg (U, R) = 0 (i.e. U consists of bound modules) such
that R-embeds in the universal localization Ry and pd((Ry)gr) < 1, then Tyy = Ry @ Ry /R is
a tilting right R-module.

In Section 4 we concentrate on tilting right R-modules 73, obtained as before from universal
localization. We give necessary and sufficient conditions for Ty = UL, Most of the results
are consequences of the following sufficient condition: Ry/R = li_n}lNi where N; is a U-filtered
right R-module for each ¢, that is, each N; has an ascending chain of submodules (N, | v < k;)
indexed at a cardinal k; such that

(a) N;p=0 and N; = L<J Niy.
V<K
(b) Ny = BU Njp for all limit ordinals v < k.
<v
(¢) Ni(41)/Ni is isomorphic to some module in U.

Although it is rather technical, it has interesting applications. It permits us to generalize
already known results in the Ore situation. More precisely, we prove that if & is a left Ore
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set and pd(6~'Rg) < 1, then Ts = 6 'R® G 1 R/R is a tilting right R-module with tilting
class the G-divisible modules, i.e. modules M such that Exth(R/sR, M) =0 for all s € &.

From that condition, best results are obtained when R is a hereditary ring with a faithful
rank function p: Ko(R) — R such that the localization R, of R at p is a semisimple artinian
ring (see Section 4 in Chapter 3) as the next two sections show.

In Section 5 we are concerned with hereditary noetherian prime rings. They are equipped
with a rank function: the normalized uniform dimension. In some situations all tilting right
R-modules can be described up to equivalence in terms of universal localization. This is the
case when R is a hereditary noetherian prime ring R such that there are no faithful simple right
R-modules, and that Exth(U, V) = 0 for all pairwise non-isomorphic simple right R-modules
U and V. In particular, this holds for classical maximal orders and Dedekind domains. In
both cases

T={Thy=Rwy®Ry/R|WCU,}
is a representative set up to equivalence of the class of all tilting right R-modules where U,
denotes a representative set of all simple right R-modules. For Dedekind domains it was
obtained in a different form in [BET05]. We also show that, in general, not all these tilting
modules T)y can be obtained from Ore or matrix localization.

In Section 6, via universal localization, we can construct tilting right R-modules in the
context of finite dimensional tame hereditary algebras R where there is defined a rank function,
the normalized defect. We show that for every set of simple regular modules &/ the module
Ty = Ry & Ry /R is tilting and that TLJ[ = U". We also show that, in general, T ]} does not
coincide with V1, for V a class of bound modules. We give an example of this for a set V of
regular modules.
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Partial list of notation

Z ring of integers

Q field of rational numbers

R field of real numbers

0 empty set

C inclusion

G strict inclusion

A\ B set theoretic difference

A=B A is isomorphic to B

At transpose of the matrix A

M, 5n (R) set of m X n matrices with entries from R

M, (R) set of n X n matrices with entries from R
GL,(R) group of invertible n x n matrices over R

Mod- R, R-Mod category of right, left modules over the ring R
Mg, rN right R-module M, left R-module N

rMg R-5-bimodule M

trg(M) trace submodule of M, i.e. > {f(B) | f € Homg(B, M), B € B}
M ®@pr N tensor product of Mr and rN

Homp(M, N) group of morphisms of R-modules from M to N
Endgr(M) ring of endomorphisms of the R-module M
Aut(R) group of automorphisms of the ring R

b M; direct sum of the modules (groups) {M;}ier

el

Md direct sum of I copies of M

T M; direct product of {M;}iecr

el

M! direct product of I copies of M

M* R-dual of an R-module M

R group of units of the ring R

Spec(R) set of prime ideals of the ring R

max-spec(R) set of maximal ideals of the commutative ring R
lim direct limit

[—

@ inverse limit

H«xG H is a normal subgroup of the group G

X G; free product of the family of groups {G;}icr
*ZEI G; free product of the family of groups {G}ic; amalgamating H

length(M) composition length of the module M



xviii Partial list of notation
NX additive monoid of all functions from X to the additive 3
monoid N
supp(f) support of f 3
ker f kernel of the morphism f 4,5, 9
im f image of the morphism f 4,5, 9
NxC semidirect product of the group N by the group C 4
A B standard wreath product of A and B 4
R* group of units of the ring R 5
R(X) free R-ring on the set X, polynomial ring of a crossed prod- 6, 63
uct group ring (semiring)
E((X) formal power series ring 6
R[[z; o] skew power series ring (semiring) 7, 68
R[z] polynomial ring (semiring) 7,63
R[z; o skew polynomial ring (semiring) 7,63
R[z, 27! Laurent polynomial ring (semiring) 7,63
Rz, 27 % q] skew Laurent polynomial ring (semiring) 7, 63
R[G] group (monoid) ring (semiring) 8, 63
R((z; ) skew Laurent series ring (semiring) 7, 68
coker f cokernel of the morphism f 9
M* dual of the module M 9
a* dual of the morphism « 9
pd(M) projective dimension of the module M 10
id(M) injective dimension of the module M 10
| Al cardinality of the set A 15
C(G,X) Cayley graph of the group G with respect to the subset X 18
(G(—),A) Graph of groups 19
m(G(—),A,Ap) fundamental group of the graph of groups (G(—), A) 19
RuU{0} the semiring R with an absorbing zero 20
R\ {0} the semiring R without a zero 20
R U {0} the semiring R together with infinity 20
w(R[G)) augmentation ideal of the group ring R[G] 25
SG(z1,...,2,) mnormal subsemigroup of the group G generated by 33
{z1,..., 2}
S(z1,y...,xn) subsemigroup generated by {z1,...,2,} 33
SC¢(x1,...,2,)  Conrad subsemigroup generated by {z1,...,z,} 33
6 R left Ore localization of the ring R at the left denominator 43
set G
Ts(M) GS-torsion submodule of M 46
E(R), D(R) division ring of fractions of the domain R inside the division 47
ring £, D
Qn(R,E) subring of E consisting of the elements of inversion height 47, 141
at most n with respect to the embedding R — F
QL(R) left Ore division ring of fractions of the left Ore domain R 48
Ry, localization of R at X 49, 55
Rp localization of R at the prime matrix ideal P 49
zRi ring coproduct of the family of k-rings {R;}icr 54
division ring coproduct of the division rings {D;}ics 54
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R((G, <))
PH
A, Am, 0(A)
T
fam(X)
width(X)
h(X)
exp(X)
log(X)
X XU Y
U X,
~yel'
UnX
Rat(U)
Tree(f)
source(p)
hp(R)
Yo
789
AY

Cl(p)
mod- R, R-mod

category of all finitely generated projective right (left)
R-modules

Grothendieck group of finitely generated projective R-modules
isomorphism class of the module P

localization of R at the rank function p

Mal’cev-Neumann series ring (semiring)

canonical morphism of groups from k*H to H

atlas

set (semiring) of finite rooted trees

family of the finite rooted tree X

width of the finite rooted tree X

height of the finite rooted tree X

expanded of the finite rooted tree X

largest element of fam(X)

tensor product of the right U-set X and the left U-set Y
coproduct of the bisets {X, }yer

free multiplicative monoid on the U-biset X over the group U
universal rational U-semiring

complexity of the element f € Rat(U)

source subgroup of the element p € Rat(U)

inversion height of the domain R inside the division ring F
natural sum of the ordinal numbers v and ¢

natural product of the ordinal numbers v and §

matrix obtained from the matrix A by deleting the i-th row
and the j-th column
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CHAPTER 1

Basic Terminology and Examples

1. Monoids and Groups

DEFINITIONS 1.1. (a) A nonempty set M with an associative binary operation

MxM— M
(z,y) — xy
is called a monoid if it has an identity element, that is, there exists 13y € M such that
1yz =21y =z for all x € M.

(b) A monoid M is said to be abelian or commutative if zy = yx for all x,y € M. Usually,
when a monoid is commutative, the binary operation is denoted by + and the identity
element by 0. By an additive monoid we mean a commutative monoid with a binary
operation +.

(¢) Let M and M’ be monoids. A morphism of monoids is a map f: M — M’ such that

(i) f(zixe) = f(z1)f(x2) for every x1,x2 € M, and
(ii) f(1m) = 1ar.
An isomorphism of monoids is a bijective morphism of monoids. Two monoids M and
M’ are isomorphic, denoted M = M’ if there is an isomorphism f: M — M’.
(d) Let X be a set and M be a monoid containing X. We say that M is the free monoid on

X if for every monoid M’, every map f: X — M’ has a unique extension to a morphism
of monoids of M to M.

X—M
|
|
f\ v
M/
It is known that for every set X there exists the free monoid on X. Observe that if M;
and My are free monoids on X, then Mj is isomorphic to Ms. U

A monoid that will be used throughout is the following.

EXAMPLE 1.2. Let N be an additive monoid and let X be a set. We write N for the set of
all functions from X to N. The map which sends every z € X to 0 is also denoted by 0. We

will denote the elements f of NX as formal sums Y. a,x, where a, is the image of z € X by
zeX

f. The set NX can be made an additive monoid with the sum

f+g= Z(aerbx)l‘,

zeX
forall f= 3 agzand g= Y. byx in N¥.
zeX zeX
For an element f = Y a,z € NX, we define the support of f, denoted by supp(f), as
reX

supp(f) = {z € X | az # 0}.
Notice that f = 0 if and only if supp(f) = 0. O
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Now we turn our attention to some basic definitions on groups.

DEFINITIONS 1.3. (a) A group G is a monoid G satisfying the further requirement that for
each = € G there is an inverse element, that is, there is an element z=' € G such that
zx~! = 27l = 1. The group G is abelian if it is an abelian monoid.

(b) A nonempty subset H of a group G is a subgroup of G in case H is a group under the
binary operation of G.

(c) A subgroup N of a group G is a normal subgroup of G, denoted N <G, in case gNg~' C N
for every g € G. The cosets of N in G form a group, denoted G/N, called the quotient
group.

(d) Given two groups G and G’, a morphism of groups is a map f: G — G’ such that
f(xy) = f(x)f(y) for all z,y € G. Notice that as a consequence f(lg) = lg. An
1somorphism of groups is a bijective morphism of monoids. Two groups G and G’ are
1somorphic, denoted G = G’, if there is an isomorphism f: G — G’.

(e) For a morphism of groups f: G — G’, we define the subgroups kernel and image of f as
ker f={x € G| f(z) =1} andim f = {y € G’ | y = f(z) for some = € G} respectively.
Note that ker f is a normal subgroup of G.

(f) Let X be a set and G be a group containing X. We say that G is the free group on X if
for every group G’, every map f: X — G’ has a unique extension to a morphism of groups
of G to G'.

X —d

|
N
G/
Observe that if G; and G» are free groups on X, then (G is isomorphic to Gs.
(g) A group G is locally free if every finitely generated subgroup of G is free (on some set).
(h) It is known that for every set X there exists the free monoid on X and that every group
G is a quotient of a free group. A group G is defined by generators X = {x; | i € I} and
relations A = {r; | j € J} in case F is the free group on X, R is the normal subgroup
of F' generated by {r; | j € J}, and G = F/R. We say that (X | A) is a presentation of
G. O

Important constructions of groups are the next ones.

ExXAMPLE 1.4. (a) A group H is a semidirect product of N by C in case H contains subgroups

N and C such that:

(i) NaH

(il) NC=H

(iii)) NNnC = {1}.
We will write H = N x C. Observe that each element g of G can be uniquely expressed
as a product ¢ = nc with n € N and ¢ € C, and these expressions are multiplied in
the following way (nici)(nece) = (nlclngcfl)(clcg). So if we know the groups N and C,
to determine H, we only need to know the action of C' in N by left conjugation of its
elements.

(b) If A and B denote groups, then the standard wreath product of A and B, denoted A B,
is constructed as follows. Let F = AP be the direct product of copies of A indexed by
the set B. Explicitly, F' is the set of all functions from B into A, made into a group by
componentwise multiplication. For f € F and b € B, define f®* € F by f’(y) = f(yb™!)
for all y € B. Then, for each b € B, the mapping f — f° is an automorphism of F, and
the group of all such automorphisms is isomorphic to B; the standard wreath product of
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A and B, A B, is the extension of F' by this group of automorphisms. Each element of
A B can be written uniquely as fb, Wlth f € F and b € B and these elements multiply

according to the rule f1b fobs = f1 f21 b1b2 So A B is a semi-direct product of F' and
B: F1A!B, FB=A!B,and FNB = {1}.

(c) By A B we also denote the restricted standard wreath product of A and B. It consists
of the elements fb of the standard wreath product such that f has finite support, that is,

F = AB) = @ A in the foregoing construction. a
B

2. Rings

DEFINITIONS 1.5. (a) A ring is an additive abelian group (R,+) with a second associative
binary operation, multiplication, the two operations being related by the distributive laws:

x(y+z2)=xzy+xzz and (y+2)r=yx+ z2x.

for all z,y,z € R. We also require the existence of an identity element 1 € R such that
xl =1z =z for all x € R. That is, all rings considered here will have an identity element.
A ring is said to be a commutative ring if its multiplicative monoid is commutative.

(b) If R is a ring, then = € R is called a unit if it has a multiplicative inverse, i.e. if there
exists z7! € R such that zz~! = 7'z = 1. The set of all units in R is denoted by R*
and is called the group of units. Notice it is a group.

If x,y € R\ {0} and zy = 0, we say that x is a left zero divisor and y is a right zero
divisor.

(c) A nonzero ring is called a domain if it has no zero divisors. A nonzero ring in which every
nonzero element has a multiplicative inverse is called a division ring. A commutative
division ring is a field. Notice that every division ring is a domain.

(d) Let R be a ring and I a subset of R. We say that I is a right ideal of R if it is an additive
subgroup of R such that for all y € I and r € R, yr € I. And we say that [ is a left ideal
if it is an additive subgroup of R such that for all y € [ and r € R, ry € I. If I is a left
and a right ideal, we say that I is an ideal.

(e) Given an ideal I of a ring R, the quotient ring of R modulo I is the ring constructed from
the additive group R/I and with the multiplication defined by 7 -5 =735 for all r, s € R.

(f) Given two rings, R and R’, a morphism of rings is an additive morphism of groups
f: R — R’ such that

flxy) = f(x)f(y) for every x,y € R, and f(lg) =1pg.
When R = R’ we call f a ring endomorphism. A bijective morphism of rings is called
an isomorphism. The rings R and R’ are isomorphic, denoted R = R/, if there is an
isomorphism of rings f: R — R/. A morphism of rings is a monomorphism if it is an
injective map.

(g) For a morphism of rings f: R — R/, we define the kernel and image of f as the ideal of R
ker f={r € R| f(z) = 0} and the subring of R’ im f={r" € R' | v’ = f(r) for somer € R}
respectively.

(h) Let R be a ring. The Jacobson radical of R, denoted J(R), is the intersection of all
maximal right ideals of R (i.e. right ideals different from R and not contained in any
other right ideal different from R and themselves). It can be proved that J is an ideal of
R. Among other important properties of J(R) are the following:

(a) An element r of R is invertible (in R) if and only if 7 € R/J(R) is invertible (in
R/J(R)).
(b) If M, (R) denotes the ring of n x n matrices over R, then J(M,(R)) = M, (J(R)).
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(i)
()
(k)
Q)

A ring R that has a unique maximal right ideal or, equivalently, that the set of non-units
of R form an ideal, is said to be a local ring.

A ring is left artinian if it satisfies the descending chain condition on left ideals. Similarly
is defined a right artinian ring. A ring is artinian if it is both left and right artinian.

A ring is left noetherian if it satisfies the ascending chain condition on left ideals. Similarly
is defined a right noetherian ring. A ring is noetherian if it is both left and right noetherian.
Let k be a division ring and consider the set My, x, (k) of m x n matrices over k. For a
matrix A € M, xn(k), the rank of A is the number of left k-linear independent rows of A,
which coincides with the number of right k-linear independent columns of A. (|

In the next examples we follow very close the exposition in [LamO01, Section 1].

ExaMPLES 1.6. We present examples of rings that will be used throughout this dissertation.

(a)

Let k be any ring, and X = {z;};cs be a system of independent, non-commuting inde-
terminates over k. Then we can form the free k-ring generated by X, which we denote
by k(X). The elements of k(X) are polynomials in the non-commuting variables in X
with coefficients from k. The freeness of k(X) refers to the following universal property:
if po: k — k' is any morphism of rings and {a; | ¢ € I} is any subset of k" such that each
a; commutes with each element of ¢g(k), then there exists a unique morphism of rings
@: k(X) — k" such that ¢|, = ¢o, and p(z;) = a; for each i € I. When £ is a field, we
usually call k£(X) the free k-algebra on X.

Let k be a ring and X = {x;}icsr be independent variables over k. In this example, the
variables may be taken to be either pairwise commuting or otherwise, but we shall assume
that they all commute with the elements of k. With this convention, we can form the ring
of formal power series k{((X)), if the variables are non-commuting, and k[[z; | i € I]] if
the variables are pairwise commuting. In either case the elements have the form

F=Y fa=fo+th+fot -, (2)
n=0

where f,, is a homogeneous polynomial in X over k with degree n, and we sum and multiply

[e.°]
these power series formally, i.e. given G = }_ gy, then

n=0
F+G:Z(fn+gn)v FG:Z( fzgnz>
n=0 n=0 \7=0

It is not difficult to calculate the units of £((X)) and k[[z; | ¢ € I]]; indeed, F as in (2) is
a unit if and only if the constant term fy is a unit in k. It suffices to do the if part, so let
us assume that fo € k™. To find a power series G = gy + g1 + g2 + - - - such that FG =1,
we have to solve the equations:

n
1= fogo, 0= fog1+ figo, 0= foga+ figi+ fago, 0= fign—i, for n > 1.
i=0

Since fo € k*, we can solve for gg,g1,92,... inductively. This shows that F' is right
invertible, and by symmetry we see that F is also left invertible in k((X)) or k[[z; | i € I]].
Observe that k(X) is contained in k((X)) as the series with only a finite number of nonzero

Jn-
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(c) Let k be a ring and a: k — k be a ring endomorphism. We construct the skew power
series ring k[[x; a]]. The elements of k[[z; a]] are formal power series of the form

[e.e]
E anT",
n=0

with a, € k for each n. The sum and multiplication are defined by

Zw +be iaﬁb (Zan ><§;ﬂbnx”>:z<2az > o

n=0
Now the units of k[[z; «]] are not difficult to determine. Indeed

k[[z; o] = {ianwn | ap € kx}.

n=0

o0

The contention k[[z;a]]* C { > anz™ | ag € kX} is clear by the way multiplication of
n=0

series is defined.

(o.@) o0
Now let F' = > a,z" with ag € k. In order to find G = > b,x"™ such that F'G =1,
n=0 n=0
we have to solve the equations:

1 = apbg
0 = agb, + Zn: ajaj(bn_j) n=12 ...
j=1

o0
And to find H = ) cp2z” such that HF = 1 we have to solve the equations:
n=0

1= coaop

0 = cpa™(ag) + ch Han—j) n=1,2,...
j=

Since ag (and then a™(ap)) is a unit in k, we can solve for by, b1, ... and cgp,c1,... induc-
tively. This shows that F' is right and left invertible in k[[x; a]]. Hence F is invertible in
k([z; o).

An important subring of k[[x; ] is the skew polynomial ring klx; «| consisting of the

[e.°]
series Y. an,x" of k[[x; a]] such that only a finite number of a,, are different from zero.
n=0
Observe that when « is the identity map we obtain the usual polynomial ring k[x] and
power series ring k[[z]].
(d) Let k be a ring and a: k — k a ring automorphism. Then we can form the skew Laurent

series ring k((z;a)). The elements of k((x; «)) are the set of formal power series > ajz”
nez
where a,, € k for each n € Z, and among the coefficients a,, with n < 0 only finitely many

can be nonzero. The sum and multiplication are defined by

Zanx"+anx":Zan+b (Zanx) (anaz"):Z(Za, nz) z".
nez nez nez nez nez neZ \i€Z
Observe that the rings k[[z; a]] and k[z;a] are subrings of k((z;a)). Another important
subring of k((x; @) is the skew Laurent polynomial ring k[x,z~!; o] consisting of the power
series with only a finite number of nonzero coefficients. When « is the identity we obtain
the Laurent series ring k((z)) and Laurent polynomial ring klx, z~1].
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One particularly good feature of k((z;a)) is that if k£ is a division ring, then so is

[e.e]
E((x;a)). To see this note that each nonzero series can be written as ( > anx"> x" where
n=0

o0 o0
r€Zand ag # 0. If > b,x™ is the inverse of > a,x”, which can be computed as in the
n=0 n=0

[e.e] [e.e]
foregoing example, then ™" ( > bnx"> is the inverse of ( > ana:") x". Therefore, when
n=0 n=0

« is a ring automorphism, the rings k[z; o], k[z,271; o] and k[[z; a]] can be embedded in a
division ring. If a is only an injective morphism of rings (so that these rings are domains),
then k[z;a] and k[[z; «]] are also embeddable in a division ring, see Proposition 3.10.

(e) Let k be any ring, and G be a group or a monoid. Then we can form the group/monoid

ring k]G] = @ kg. The elements of k[G] are finite formal sums of the shape }_ aqg, with
geG geqG
ag € k for each g € G. Then the elements are summed and multiplied as follows

Yo agg+ Y beg = (ag+by)g, (Z agg) (Z ng) => ( > apbq> g.

geG geG geG geG geG geG \{(p.q)lpa=g}

Observe that if G is the free monoid on a set X, then k|G| is the free k-ring k(X)) defined

in (a).
Very important for us will be the generalization of this kind of rings called crossed
product group/monoid rings, see Chapter 4. 0

3. Modules

We give some of the definitions and results that will be used in this dissertation. The
reader is referred to [Rot70], [LamO01] and [Lam99] for details and the missing concepts
such as the definitions of tensor product A ®g B and the functors Tor(_, ) and Exth(_, ).

DEFINITIONS 1.7. Let R be a ring.

(a) A right R-module is an additive group M such that there is a map M x R — M,
(m,r) — mr, satisfying:
(i) (m+m)r =mr+m'r;
(i) m(r + ") =mr +mr';
(iii) m(rr’") = (mr)r';
(iv) mlg =m,
for all r,7’ € R and m,m’ € M. We will sometimes write Mg to indicate that M is a
right R-module. Similarly are defined a left R-module and g M.

(b) A submodule of a right R-module M is an additive subgroup M’ of M with m'r € M’ for
all m" € M’ and r € R. The quotient module M/M' is the quotient group made into a
right R-module by mr = w7 for all m € M and r € R. A right R-module M is said to be
a simple module if it has no other submodules other than {0} and M.

(¢) If M and N are right R-modules, a morphism of right R-modules is a morphism of abelian
groups f: M — N such that f(mr) = f(m)r for all m € M and r € R. We say
that the morphism of right R-modules f is an isomorphism (respectively monomorphism,
epimorphism) if f is bijective (respectively injective, onto).

(d) Let M and N be two right R-modules. The set of all morphisms of right R-modules
between M and N is denoted by Homp(M, N). It is an abelian group where the sum of
f,g9 € Hompr(M, N) is the morphism defined by (f+g)(m) = f(m)+g(m) for all m € M.

m
m
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(e) Let f: M — N be a morphism of right R-modules. We define the kernel of f as
ker f={me M| f(m) = 0}; the image of f asim f={n € N|f(m) = nfor someme M};
the cokernel of f as coker f = N/im f.

(f) A sequence of morphisms of right R-modules

fn+1
o — My nd Mnf—">Mn_1—>'~

is exact if im f,11 = ker f,, for all n. A short exact sequence is an exact sequence of
morphisms of right R-modules of the foom 0 - A — B — C' — 0.

(g) If M is a right R-module such that there exists an exact sequence of right R-modules
00— X —Y — M — 0 where Y is a finitely generated free module, and X is finitely
generated, then we say that M is finitely presented.

(h) An important example of right R-module is Rg. Its submodules coincide with the right
ideals of R. A right R-module F is called free if it is isomorphic to a direct sum of copies
of Rr. Equivalently, Fg is free iff it has a basis, i.e. a set {e; : i € I} C F such that
any element of F' is a unique finite right R-linear combination of the e;’s. Also, a right
R-module Fr with a subset B = {e; | i € I} is free with B as basis iff the following
universal property holds: for any family of elements {m; : i € I} in any right R-module
M, there is a unique morphism of right R-modules f: FF — M with f(e;) = m; for all
1el.

(i) A right R-module E is injective if for any exact sequence of right R-modules
0 — A— B — C — 0 the induced sequence of abelian groups

0 — Homp(C, E) — Hompg(B, E) — Homg(A,E) — 0

is exact.
(j) A right R-module E is projective if for any exact sequence of right R-modules
0 — A— B — C — 0 the induced sequence of abelian groups

0 — Homp(P, A) — Hompg(P, B) — Homp(P,C) — 0

is exact. Free modules are examples of projective right R-modules. In fact, projective
right R-modules can be characterized as the right R-modules which are isomorphic to
direct summands of free right R-modules.

(k) A right R-module P is flat if for any short exact sequence of left R-modules
0 — A— B — C — 0 the induced sequence of abelian groups

0—-PRrA—-PRrB—->PerC —0

is exact. Examples of flat modules are projective modules.

(1) Let P be a right R-module, we define P* as the left R-module Hompg(P, R), where, for
each r € R, (rf) is defined by p — rf(p) for all p € P. Let a: P — @ be a morphism
of right R-modules, then o*: Q* — P* is the morphism of left R-modules defined by
v +— ~vya. Similarly are defined P* and o™ in case P is a left R-module and o a morphism
of left R-modules. O

Useful properties of finitely generated projective right R-modules are the following two
results.

LEMMA 1.8. Let R be a ring, let P, QQ be projective right R-modules, and let a: P — Q be a
morphism of right R-modules. Then the following hold:

(i) P* is a projective left R-module.
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(ii) If P and Q are finitely generated, then the following diagram is commutative
P——Q

gl l%

a**
P* S Q**

where the vertical arrows are isomorphisms of right R-modules defined by p — p and
p: P*— R, v (p). O

LEMMA 1.9. Let R be a ring. Let P and Q) be finitely generated projective right R-modules, and
let M be a right R-module. Then there exists an isomorphism M ®p P* = Hompg(P, M) such
that for any morphism of right R-modules a: P — @, the following diagram is commutative

1 *
M®RQ*M®—RQ>M®p*

L

Homp(Q, M) — Hompg(P, M)

1%

where the map in the last row is defined by f — fa. O

DEFINITION 1.10. Let R be a ring and M a right R-module.

(a) A right R-module E that contains M is an injective hull of M if F is injective and every
nonzero submodule of E intersects M nontrivially. It is known that any right R-module
has an injective hull and that injective hulls are unique up to isomorphism, that is, there
is an isomorphism between any two injective hulls of M which is the identity on M.

(b) An injective coresolution of M is an exact sequence

0—-M—->FEy—FE —---

where each F, is an injective right R-module. Note that every right R-module has an
injective coresolution.
(¢) A projective resolution of M is an exact sequence

=P —>FP—-M—0

where each P, is a projective right R-module. Note that every right R-module has a
projective resolution.
(d) We say that pd(M) < n if there is a projective resolution

0—-P,—--—P—>PF—>M-—DO0.
(e) We say that id(M) < n if there is an injective coresolution

0O—-M-—-FEy—>F —---—FE,—0 01O
The following well-known result will be used without any reference.

LEMMA 1.11. Let R be a ring and M a right R-module.

(i) The following are equivalent:
(a) pd M < n.
(b) Ext®r(M,N) =0 for all right R-modules N and all r > n + 1.
(i1) The following are equivalent:
(a) id(M) < n.
(b) Ext®r(N,M) =0 for all right R-modules N and all 7 > n + 1. O
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DEFINITIONS 1.12. (a) A ring R is right (left) hereditary if all right (left) ideals of R are
projective as right (left) R-modules. A ring R is hereditary if it is right and left hereditary.
(b) A ring R is right (left) semihereditary if all finitely generated right (left) ideals are pro-
jective as right (left) R-modules. A ring R is semihereditary if it is right and left semi-
hereditary. (|

LEMMA 1.13. Let R be a ring.

(i) The following are equivalent:
(a) R is right hereditary.
(b) Any submodule of a projective right R-module is a projective right R-module.
(c¢) pd(M) <1 for all right R-modules M.
(ii) The following are equivalent:
(a) R is right semihereditary.
(b) Any finitely generated submodule of a projective right R-module is a projective right
R-module. 0

DEFINITION 1.14. Let R and S be two rings. We say that M is an R-S-bimodule, denoted Mg,
if M is a left R-module and a right S-module, and there is an associative law: r(ms) = (rm)s
forallr € R, s€ S and m e M. O

The following result will be referred as the Hom-Tensor adjunction

LEMMA 1.15. Let R and S be two rings. Let A be a right R-module, B an R-S-bimodule and
C a right S-module, then there is an isomorphism of abelian groups

Hompg(A, Homg(B,(C)) 2 Homg(A ®g B,C). O

4. Ordinal and cardinal numbers

In this section we collect standard material on ordinal and cardinal numbers. Most of it
is taken from [Sie58|.

4.1. Ordinal numbers. These concepts will be used throughout this section.

DEFINITIONS 1.16. (a) Given a set A and a binary relation < defined in A, we say that (A, <)

is an ordered set (or < is an order in A) if the following conditions hold:
(i) For all a,a’ € A, a < o' implies that o’ < a does not hold.
(ii) The relation < is transitive, i.e. if a,b,c € A with a < b and b < ¢, then a < c.

(b) The ordered set (A, <) is a totally ordered set (or < is a total order in A) if for each pair
a,b € A with a # b, then either a < b or b < a.

(c) An ordered set (A, <) is said to be well-ordered if each non-empty subset of A has a least
element, i.e. for each () # B C A there exists a € B such that a < b for all b € B\ {a}.
Notice that a well-ordered set is a totally ordered set.

(d) Two ordered sets (A, <) and (B, <’) are similar if there exists a bijective map f: A — B
such that f(a1) < f(ag2) for all a1, as € A with a; < as.

Observe that similarity is an equivalence relation. Thus ordered sets are divided into
disjoint classes. These classes are called order types. Hence every ordered set (A, <)
determines a certain order type, namely the type determined by the class of all ordered
sets similar to (A, <). The order type of (4, <) is denoted by (4, <).

(e) Order types of well-ordered sets are called ordinal numbers. Number 0 (order type of the
empty set) is included among ordinal numbers. Notice that if (A4, <) is a well-ordered set,
then any ordered set (B, <) similar to (4, <) is also a well-ordered set.
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The finite ordinals, that is, those which are the order type of a finite set, are de-
noted by 0,1,2,... according to the number of elements of the set. The ordinal number
corresponding to the order type of (N, <) is denoted by w.

(f) Let (A, <) be a totally ordered set. The subset A" of A is called a segment if for each pair
of elements a € A’, b € A such that b < a, then b € A’. O

4.2. Some properties and ordinal arithmetic. The next result is well-known:

PROPOSITION 1.17. Let (A, <) and (4', <) be two well-ordered sets. Then one and only one
of the following cases hold:
(i) (A, <) and (A',<') are similar.
(i) (A, <) is similar to a certain segment of (A, <') different from A’ and (A',<’) is not
similar to any subset of (A, <).
(iii) (A, <) is similar to a certain segment of (A,<) different from A and (A, <) is not
similar to any subset of (A',<’). O

DEFINITION 1.18. (a) Let (A, <) and (A’,<’) be two well-ordered sets, « = (A, <) and
B = (A", <’'). We say that o < 3 if case (ii) in Proposition 1.17 holds. On the other
hand if case (iii) in Proposition 1.17 holds, we say that § < «. Therefore given two

ordinals a, § one and only one of the following possibilities hold:
(i)a=p (i) a< p (iii) B < a.

Ordinal number 0 is regarded as the smallest ordinal number.
(b) Given a well-ordered set (A, <) and an element a € A, we denote by A, the segment of A

A, ={x €Az <a}.

Notice that A, is different from A and that it may be empty if a is the first element of
(A, <). Conversely, let A’ be a segment of A different from A. Since A\ A’ is not empty,
it has a least element a. Then clearly A’ = A,. Therefore the set of all segments of the
well-ordered set A that are different from A is the set of all sets A, for a € A. O

Let o > 0 be an ordinal number and let (A4, <) be a nonempty well-ordered set of type
a. For each a € A denote by &, the order type of A,. For all a € A we have that &, < «
and if a,b € A with a < b, then £, < &. In this way to each element of A corresponds a
certain ordinal number ¢ < «, a greater number always corresponding to a later element. On
the other hand, every ordinal number £ < « corresponds to a certain element of the set A;
indeed, if £ < o and (A4’, <’) is a well-ordered set of type £, then A’ is similar to a segment of
A different from A, and if a € A is the first element not in this segment we get that (A’, <)
is similar to A,, hence £ = &,. Therefore

PRrROPOSITION 1.19. Let o be an ordinal number. A well-ordered set of type o # 0 is similar
to the set of ordinal numbers Ay, = {£ | £ < a}, ordered according to their magnitude. O

DEFINITIONS 1.20. Let o and 8 be two ordinal numbers. Thus there exist well-ordered sets

(A, <4) and (B, <p) of order types « and 3 respectively.

(a) Let (S, <a+p) be the well-ordered set formed as follows. As a set S is the disjoint union
of A and B. The binary relation <44 p is defined by the conditions: if s1,s2 € S, then
$1 <A+B s2 holds if and only if s1,80 € A and s1 <4 S9, or 51,89 € B and s1 <p s3, or
s1 € A and sy € B. In other words, we order the disjoint union S of A and B in such a
manner that for each two elements of S both belonging to A or both belonging to B we
retain the ordering in which they appeared in those sets, and two elements of the set S
belonging one to A and the other to B we regard the one belonging to A as preceding the
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other. It is easy to prove that (S, <a4p) is a well-ordered set. Let o be the order type of
(S,<a+B)- Then we define the sum of o and (3 as
a+pB=o.

The concept of sum of ordinal numbers can be immediately generalized by induction to
the sum of an arbitrary finite number of ordinal numbers, and it is easy to prove that this
sum has the property of associativity, that is

(a+B)+v=a+(B+7)

for any ordinal numbers «, 3,7y. From the definition of the sum of ordinal numbers it
follows that

a+0=04+a=a
for any ordinal number a.
On the other hand, the sum of ordinal numbers is not commutative. For example
lHw=w#w+1.

Let (P, <a.p) be the well-ordered set constructed as follows. As a set P = A x B. The
order <4.p in A x B is defined as: for (a1,b1), (a2,b2) € A x B, (a1,b1) <a.p (az,b2)
if and only if by <p be, or by = bg and a; < ag. It is easy to prove that (P,<4.p) is a
well-ordered set. The order type p of P is the product of a and (3, i.e.
a-f=p.
From the definition it follows that
lra=a- 1=«

for any ordinal number «. The concept of the product of ordinal numbers is generalized
by induction to the product of an arbitrary finite number of ordinals and it is not difficult
to prove that this product is associative, that is

a-(B-7)=(a-B)v
for any ordinal numbers «, 3, .
On the other hand, the product of ordinal numbers is not commutative. For example
2rw=wHFw-2.

As regards the law of distributivity of the multiplication of ordinals with respect to
their addition, it holds only in one of its forms, namely when the second factor is a sum.
It is not too difficult to prove that for all ordinal numbers «, 3, we have

a-(B+7)=a-fta-y (3)
but
1I+) w=2w=w#wtw=w-2=w-(1+1).
By induction formula (3) can be generalized to an arbitrary finite number of ordinals and
obtain the formula

a- (Bt Ffo) = Bt +a b

for every finite sequence of types «, (1, ..., B,. In particular for gy = --- = 3, = 1, we
obtain that

(n
a-n=at- - +o

for each ordinal number o and natural number n.
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(¢) Let p and v be two ordinal numbers such that u,y > 0. Let us denote by Z(u,~) the set
of all sequences of type v whose terms are ordinal numbers § with 0 < § < 1, the number
of § which are different from zero being finite. That is, a = {a¢}e<y € Z(1,7) if and only
if for each £ a¢ is an ordinal number with 0 < a¢ < g and the number of { such that
ag # 0 is finite.

Suppose that a = {ag¢}ecy, b = {b¢}ecy are two different elements in Z(yu,~). Hence
the number of those ordinal numbers § such that a¢ # b¢ is finite and there exists at least
one because a and b are different. Let v be the greatest of such £&. We say that a < b if
a, < b, and b < a if b, < a,. It can be proved that (Z(u,7), <) is a well-ordered set.

Let & be the order type of (Z(u,7),<). We define the exponentiation of x to the v as
g, i.e.

p =e.

Clearly p' = p and 1# = 1 for each ordinal number g > 0. We also define u® = 1 for any
ordinal number v > 0. O

The following remarks will prove useful for us in Chapter 7.

REMARKS 1.21. Let v,d and u be ordinal numbers.
(a) If v > 0, then

w4y > p+6.
In particular for § = 0 we get
w+y > pu.
(b) If x> 0 and 7,6 > 0, then
[ﬂ—&-é =u- /id-
(c) If w>1,and 0 <~ <6, then
p < pl. O

4.3. Cardinal numbers. Recall the next two important statements which are known to
be equivalent to the Axiom of Choice [Sie58|.

ZERMELO’S THEOREM 1.22. For any set A there exists a binary relation < defined on it such
that (A, <) is a well-ordered set. O

DEFINITION 1.23. An ordered set (A, <) is inductive if for every non-vacuous subset C' of A
such that (C, <) is totally ordered, then C' has a least upper bound in A, that is, there exists
u € A such that for each a € A either u = a or a < u, and if v € A is also such that for each
a € A either v =a or a < v, then v = u or u < v. O

ZORN’S LEMMA 1.24. Let (A, <) be an ordered set that is inductive. Then A has mazimal
elements, that is, there exists m € A such that no a € A satisfies m < a. O

DEFINITIONS 1.25. (a) We say that the sets A and B have the same cardinality, and indicate
this by |A| = | B|, if there exists a bijection among A and B. To have the same cardinality
is an equivalence relation. Thus ordinal numbers are divided into disjoint classes consisting
of the ordinal numbers « such that the sets A, = {£ | 0 < £ < a} have the same cardinality.
We will denote the cardinality |As| of Ay by |a| for any ordinal number .

(b) A cardinal number is an ordinal number « such that if § is a different ordinal number
with |8| = ||, then a < (3, that is, cardinal numbers are the “least” ordinal numbers in
the equivalence classes.
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(c) Given a set A, by Zermelo’s Theorem, there exists a binary relation < on A such that
(A, <) is well-ordered. Let v be the order type of (A4, <). Then v is an ordinal number.
Let « be the least ordinal number with the same cardinality as v (and as A). The ordinal
number « is called the cardinality of A. In this way we associate to each set a cardinal
number «. Observe that any other relation <’ such that (A, <’) is well-ordered gives an
ordinal number +/ but the same ordinal o because there exists a bijection between A, A,
and A.,,. We denote the cardinality of A by |A| since it only depends on A itself.

Hence one and only one of the relations

Al <[B|, [A]=[B]|, |A]>|B]|
holds for any given sets A and B. Thus given cardinal numbers « and 3 we say that o < 8

(as cardinal numbers) if |a| < |F], and 5 < «a if |5] < |a|. O

4.4. Cardinal arithmetic. We proceed to give the definition of cardinal number and
the main properties of cardinal arithmetic.

DEFINITION 1.26. Let «, B and - be cardinal numbers. Let A and B be sets of cardinality «
and [ respectively.

(a) We define the sum of cardinal numbers o and 3, denoted « + (3, as the cardinality of the
disjoint union A U B. It is not difficult to see that the sum of cardinal numbers has the
following properties

at+f=pF+a (a+B)+y=a+(B+1),

that is the sum of cardinal numbers is commutative and associative.
(b) We define the product of cardinal numbers « and (3, denoted « - 3, as the cardinality of the
set A x B. It can be seen that the product of cardinal numbers has the following properties

a-f=p-a a-(B-y)=(-p) 7,

that is, the product of cardinal numbers is commutative and associative. Moreover the
product of cardinal numbers satisfies the distributive law with respect to the sum, i.e.

a-(B+y)=a-B+a-7.

(c) We define the cardinal number o as the cardinality of the set of maps AP = {f: B — A}.
Cardinal exponentiation satisfies the following properties

Pt =P .o (a-B) =a7- 37 (@ =a%. O
Cardinal arithmetic has the following important properties

REMARK 1.27. Let « be an infinite cardinal number and 8 a smaller or equal cardinal number
to a. Then

a+ =« a-f=a O

5. Homological tools

In this section we state well known results on homological algebra that will be used in
Chapter 8.
DEFINITIONS 1.28. Let R be a ring.

(a) An ordered set (I, <) is upper directed, provided that for all ¢, j € I there exists [ € I such
that ¢ <l and j <.
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(b) Given an upper directed set (I, <), a system M = (M;, f;; | i < j € I) is a direct system
of modules, provided that M; is a right R-module for each i € I and f}; is a morphism of
right R-modules such that fj;;: M; — M, for ¢« < j € I, with f;; the identity on M; and
fui = fijfji whenever i < j <l el

(c) Let M be as in (b). Viewing M as a diagram in the category of all right R-modules,
we can form its colimit (M, f; | ¢ € I). In particular, M is a right R-module and
fi € Homp(M;, M) satisfies f; = f;f; for all ¢ < j € I. This colimit (or sometimes
just the module M itself) is called the direct limit of the direct system M; it is denoted
by lim M;. There is a unique morphism of right R-modules 7: @ M; — lim M; such that

. —
iel el iel
Ji = m,, - The morphism 7 is onto.
1

(d) An ascending chain (N, |v < k) of submodules of a right R-module N indexed by a cardinal
K is called continuous if N,, = BU Ng for all limit ordinals v < k. The continuous chain is
<v
called a filtration of N if Ng =0 and N = L<J N,.
V<K

(e) Given a class U of right R-modules, we say that a right R-module N is U-filtered if it
admits a filtration (N, |v < k) such that N,;1/N, is isomorphic to some module in ¢ for
every v < K. (|

Now we state some well-known results that explain the behavior of the functor Ext with
respect to direct limits.

The proof of the first three results can be found for example in [GT06, Lemmas 3.1.2,
3.1.4, 3.1.6].

EKLOF-LEMMA 1.29. Let R be a ring. Let M be a right R-module, and let U be a class of
right R-modules such that ExtL(U, M) = 0 for allU € U. If N is a U-filtered right R-module,
then Exth(N, M) = 0. O

AUSLANDER-LEMMA 1.30. Let R be a ring. Let n € N. Let U be a class of right R-modules
such that pdU < n for any U € U. Let M be a U-filtered right R-module. Thenpd M <n. [

LEMMA 1.31. Let 1 <n € N. Let R be a ring, and suppose that M is a right R-module that
has a projective presentation

> P,—-.. =P —>FPp—->M-—=0

with P; a finitely generated projective right R-module for each i < n+1. Let (N;, fji |i < j € I)
be a direct system of modules. Then, for all i <mn,

Ext(M,lim N;) = lim Extf (M, N;). O
i€l el
DEFINITIONS 1.32. Let R be a ring.
(a) An exact sequence 0 — A — B — C' — 0 of right R-modules is said to be pure if

0 -A®rX - BRrX —-C®rX —0

is an exact sequence for any left R-module X. In this case, we say that A is a pure
submodule of B.

(b) Modules that are injective with respect to pure sequences are called pure-injective modules.
In other words, a module M is pure-injective if the sequence

0 — Homp(C, M) — Homg(B, M) — Homgr(A, M) — 0

is an exact sequence for each pure sequence 0 - A — B — C' — 0. O
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The following is a characterization of pure sequences. For a proof of it see for example
[Lam99, Theorem 4.89].

LEMMA 1.33. Let R be a ring. Let 0 - A — B — C — 0 be an exact sequence of right
R-modules. The following are equivalent:

(i) The sequence 0 - A — B — C — 0 is pure.
(ii) For each finitely presented right R-module M the sequence

0 — Homp(M, A) — Homp(M, B) — Homgr(M,C) — 0
18 an exact sequence. Il

Now we give an important property proved by M. Auslander of the behavior of pure
injective modules with respect to Ext’:(_, _). It can be found in [GT06, Lemma 3.3.4]

LEMMA 1.34. Let R be a ring and M be a pure injective module. Let (Nj;, fji | i < j € I) be
a direct system of right R-modules. Then for each n € N,
Ext%(n_n>1Ni,M) = @Ext%(Ni,M). O

i€l i€l

6. Graphs

We make a quick summary of basic concepts and results which is mostly taken from
[DD89].

Rooted trees will play an important role in proving Hughes’ Theorems 6.3, 6.10 and will
be intensively used in Section 2.

6.1. U-sets.

DErFINITIONS 1.35. Let U,V be groups. Let X, X;, X5 be sets.

We say that X is a left U-set if a map U x X — X, (u,x) — ux, is given such that
lz =z for all z € X, and u(v'z) = (v')x for all u,u’ € U, x € X.

We say that X is a right U-set if a map X x U — X, (z,u) — zu, is given such that
zl =z for all z € X, and (zu)u’ = z(uv’) for all u,v' € U, z € X.

A map a: X7 — X, between left (right) U-sets is said to be a morphism of left (right)
U-sets if a(uz) = u(a(z)) (a(zu) = (a(z))u) for allu € U, z € X.

We say that X is a V-U-biset if it is a left V-set and a right U-set, and v(zu) = (va)u for
alveViuelU z e X.

If V =U, we say that X is a U-biset. If x € X, U =V and v € U, by z* we denote
ulzu.

A map a: X7 — X5 between two V-U-bisets is said to be a morphism of V-U -bisets if
« is a morphism of left V-sets and of right U-sets.

6.2. Graphs.

DEFINITIONS 1.36. (a) By a graph (I',V, E,¢,7) we mean a nonempty set I" with a specified
nonempty subset V', its complement £ = I'\ V, and two maps ¢,7: E — V. In this
event we say simply that ' is a graph. For any subset A of " we write VA = V N A,
EA = ENA.If A is nonempty, and for each e € FA both te and Te belong to VA, then
A is said to be a subgraph of T'.

We call V = VI'and E = ET the vertex set and edge set of I', and the elements vertices

and edges of ', respectively. The functions ¢,7: E — V are the incidence functions of
r.
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If e is any edge then ce and Te are the vertices incident to e, and are called the initial
and terminal vertices of e, respectively. A vertex which is the terminal vertex of some
edge is sometimes called a head.

For graphs I', A, a morphism of graphs a.: I' — A is a map such that o(ET") C EA,
a(VT) C VA and for each e € ET, a(te) = 1(ae), a(re) = 7(ae). A graph isomorphism
is a bijective morphism of graphs.

For a set S we write ST! for Sx {1, —1}, and denote an element (s,&) by s°.

More incidence functions, again denoted ¢, 7, are defined on ET*! by setting te! = ce,
el = Te, and te”! = Te, Te”! = 1e. We think of e, e ! as traveling along e the right
way and the wrong way, respectively.

A path p in I' is a finite sequence

€ & (1
Vo, 611,1)17 6227 ce ey Un—1, enna Un,
where n > 0, v; € VI for each i € {0,...,n}, and €' € ET*, €' = v;_q, Te5’ = v; for
each i € {1,...,n}. We say that p is a path of length n from vy to v,, and
€1 En
V0y - vy Uy €15 vey €y €11y €5

are said to occur in p.

If for each i € {0,...,n — 1}, €, # ¢; % then p is said to be reduced. Notice that if

€11 =e; " for some i € {0,...,n — 1} then
v, €74, 01, .. -, e?:ll,vi,l, eff;, ey U1, €50 Uy
is a path of length n — 2 from vy to vy.

We say that I is a tree if for any vertices v, w of I' there is a unique reduced path from
v to w.

A path p is said to be a closed path at a vertex v if vg = v, = v, and is said to be a
simple closed path if it is nonempty and there are no other repetitions of vertices and no
repetitions of edges. A graph with no simple closed paths is called a forest.

Two elements of I are said to be connected in T" if there exists a path in I' in which
they both occur. Being connected is an equivalence relation.

Let G be a group. The Cayley graph of G with respect to a subset X of G, denoted
C(G, X), is the graph with vertex set G, edge set X x GG, and incidence functions ¢(z, g) = g,
7(z,9) = xg for all (z,g9) € X x G. O

When T is a finite graph, it is customary to describe or define a graph by means of a

diagram in which each vertex is represented by a point and each edge e by an arrow starting
at te and finishing at Te.

(v).

The following useful results are not too difficult to prove, making use of Zorn’s lemma for

PROPOSITION 1.37. (i) A graph is a tree if and only if it is a connected forest.
(ii) A subgraph of a tree is a union of trees.
(iii) Suppose that T' is a graph that has a finite number of vertices and that it is a union of

trees. Then the total number of edges is smaller or equal to the number of vertices minus
one.

(iv) Let G be a free group on a set X. Then the Cayley graph C(G,X) is a tree.
(v) If T is a connected graph then I' has a mazimal subtree. Any mazimal subtree of T' has

vertex set all of V. O
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DEFINITION 1.38. A rooted tree (I',up) is a tree I' with a distinguished vertex vy € VT, called
the root, such that for any other vertex v € VI' no inverse edges occur in the reduced path p
from vg to v, i.e. p =g, el,v1,..., 00 1,k vp.

For rooted trees (I', vp), (A, wp), we say that a morphism of graphs a.: I' — A is a morphism
of rooted trees if a(vg) = wo. An isomorphism of rooted trees is a bijective morphism of rooted
trees. (|

The customary way to draw a rooted tree (I',vg) is to place the root at the top. Then the
terminal vertices of the edges with initial vertex vy are placed one level below the root, and so
on. In fact, since all arrows are directed downwards we may redraw (I', vp) without directed
arrows, just drawing the edges e as a (non-directed) segment joining e and Te.

6.3. Graphs of groups. Everything in this subsection will only be used to prove Propo-
sition 2.8 and Corollary 2.9.

DEFINITIONS 1.39. (a) By a graph of groups (G(—),A) we mean a connected graph
(A,V,E,7,7T) together with a function G(—) which assigns to each v € V' a group G(v),
and to each edge e € E a distinguished subgroup G(e) of G(ze) and an injective morphism
of groups t.: G(e) — G(7e), g — g'e. We call the G(v), v € V, the vertex groups, the
G(e), e € E, the edge groups, and the t. the edge functions.

(b) Let (G(—),A) be a graph of groups as in (a). Choose a maximal subtree Ay of A,
so VAy = VA by Proposition 1.37(v). We define the associated fundamental group
m(G(=), A, Ag) to be the group presented with
- generating set: {t.|e€ E}V \ G(v).

veV

- relations:
- the relations for G(v), for each v € V,
ctolgte =gt foralle € E, g € G(e) C G(ie), so g' € G(Te),
- te =1, for all e € EAg. O

REMARK 1.40. Let (G(—),A) be a graph of groups. Let G = n(G(—), A, Ap) be its funda-
mental group. Then the G(v) embed in G. For a proof of this fact see for example [DD89,
Corollary 7.5]. O

Following the notation of Definitions 1.39 we state the following theorem whose proof can
be found for example in [DD89, Theorem 7.7].

THEOREM 1.41. Let G = w(G(—),A,Ag). If K is a subgroup of G which intersects each
G-conjugate of each edge group G(e) trivially, i.e.: KNg 'G(e)g = {1} forallg€ G, e € E,
then K = F'x .>€|<I K; for some free subgroup F, and subgroups K; of K of the form KNg~1G(v)g

as g ranges over a certain set of elements of G and v ranges over VA. O

7. Semirings

Throughout chapters 5 and 6 we will use the concept of semiring which is an algebraic
structure that suits our purposes.

DEFINITIONS 1.42. (a) By a semiring R we mean a set R endowed with two binary opera-
tions + and - which give R the structure of an additive semigroup, and a multiplicative
monoid, respectively, and such that the multiplication is left and right distributive over
the addition. Note that a semiring has an identity element which will be denoted by 1.

By a morphism of semirings ®: Ry — Ry we mean a map between two semirings such
that, for all .7’ € Ry, ®(r+71") = ®(r)+ ('), ®(rr') = &(r)®(r'), and ®(1r,) = ®(1g,)-
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(b) Let R be a semiring. If (R, +) has a neutral element it is called the zero and we denote it
by 0, i.e. 0+ 7 = r for all r € R. Moreover, it is called an absorbing zero if Or = r0 =0
for all » € R.

Now we introduce the semiring RU{0}. If R has an absorbing zero, then RU{0} = R.
Otherwise, RU{0} is R together with a new element called 0, such that R is a subsemiring
of RU{0} with 04+ r =7 and Or =70 =0 for all »r € RU {0}.

(c) Let R be a semiring with a zero element 0. We say R is zero-sum free if r1 +re = 0 implies
ry =ro = 0. And R is called zero-divisor free if r1ro = 0 implies 1 = 0 or ro = 0.

Let R be a semiring which is zero-sum and zero-divisor free. Observe that the set
R\ {0} is a subsemiring of R.

(d) If R is a semiring, then we define R U {oo} to be the semiring which is the set consisting
of R together with a new element, oo, such that R is a subsemiring of R U {oo}, and
0+r=o00-r=r-00=o0o0 forall re RU{oo}.

(e) Let U be a group. By a U-semiring R we mean a semiring R given with a morphism
of monoids ¢: U — R. Thus the identity elements are respected, and R has a U-biset
structure.

By a morphism of U-semirings we mean a map between two U-semirings such that it
is a morphism of semirings and a map of U-bisets, that is, ¢(urv) = ug(r)v for all r € R
and u,v € U.

(f) By a rational semiring R we simply mean a semiring R endowed with a map, called the
x-map, denoted R — R, r +— r*.

(g) By a rational U-semiring R we mean a rational semiring R which is a U-semiring such
that the x-map on R is an anti-map of U-bisets, that is,

-1

(urv)* = v r*u~! for all 7 € R,u,v € U.

By a morphism of rational U-semirings ®: Ri — Ro we mean a map between two
rational U-semirings which is a morphism of U-semirings such that ®(r}) = ®(r1)* for all
r1 € Ry. O

ExAMPLES 1.43. (a) Rings are semirings and morphisms of rings are morphisms of semirings.
(b) Let U be a group. Consider the group semiring N[U]. It is the submonoid of NV consisting
of the maps with finite support where the product is given by

<Z nuu> (Z muu> = Z (Z nvmw> U.
uel uelU uelU \vw=u
It has a natural structure of U-semiring. It is zero-sum and zero-divisor free. Thus
N[U] \ {0} is also a U-semiring. Moreover it satisfies that for every U-semiring R with mor-
phism of monoids ¢: U — R, there exists a unique morphism of U-semirings
®: N[U]\ {0} — R extending ¢. It is defined by ®( Y. nyu) = > nyuo(u).

uelU uelU

(c¢) Crossed product monoid semirings, see Section 1 of Chapter 4.

(d) Let R be aring. The zero element of R is an absorbing zero. Hence RU {0} = R. On the
other hand consider now the semiring R U {oco}. Let U be the group of units of R. The
inclusion map U — R U {oco} endows R U {oo} with a U-semiring structure. The map
RU {o0} — RU {oo} defined by

. rlifret
R ifre(RU{oo})\U

makes R U {oo} a rational U-semiring.
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(e) Let T be a ring and a: T' — T an automorphism of rings. Consider the skew Laurent
series ring T'((x; o)) (see Definitions 4.17 or Examples 1.6). Let

U={f= Z anx" | ay € T™ where N = minsupp(f)}.
neZ
It is known that every element in U is invertible. Indeed, if we define g = ayz™ — f, then

7t = (ana™ —g)7!

(anz™)7'(1 = glana™)H) !
= (ana™)7! Z (glanz™)~H)™
m2>0

It is not easy to see that U is a group. Thus the map T'((z; «)) U{oo} — T((z;a)) U {0}

defined by
i} r~lifretvU
TTTT) o ifre (T((x;a))U{oo})\U

makes T'((z;a)) U {oo} a rational U-semiring.

Notice that if k is a division ring and « is an automorphism of k, then k((x;«)) is a
division ring (see Corollary 4.20 or Examples 1.6). The structures of rational semirings of
E((x;a)) U {oo} given for R = k((z;«)) as in (b) and for T'= k as in (c¢) coincide. O

REMARK 1.44. If R is a rational U-semiring and V is a subgroup of U, then R has a natural
structure of rational V-semiring. g

8. Completions and valuations

DEFINITIONS 1.45. Let R be a ring. Let {I,,},>1 be a family of (two sided) ideals of R such
that I,4+1 C I, for all n > 1. Consider the natural map f,41: R/I,+1 — R/I, for each n > 1.
We define the completion of R with respect to {I,}n>1 as the ring

R =1im (R/I,, f).

Let I be an ideal of R. If I, = I" for all n > 1, then we say R is the completion of R with
respect to I. Il

REMARKS 1.46. Let R be a ring. Let {I,,}n>1, {J/n }n>1 be two families of ideals of R such
that I,11 C I, and J,41 C J, for all n > 1. Denote by RI and RJ the completions of R with
respect to {I}n>1 and {J,},>1 respectively. Then

(a) Ry can be seen as the subring of [[ R/I,;1 consisting of
n>0

{(C_Ln)nzo € [[ R/Inv1 | ans1—an € Inyr, n> 0}-
n>0

(b) There is a natural morphism of rings R — Ry defined by a +— (a,a,a,...). Moreover, it is

injective if and only if () I, = 0.
n>1

(c) Ry is also the completion of R with respect to {I, }n>n, for each ng > 1.

(d) Suppose that for each n > 1 there exists n’ > 1 such that I, C J, and that for each
m > 1 there exists m’ > 1 such that J,,, C I,,,;. Then }ABI = R]. This can be deduced from
the universal properties of the inverse limit. O
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ExaMPLES 1.47. The main examples for us are the following

(a) Let K be a ring and a: K — K an injective ring endomorphism. Consider the skew
polynomial ring R = K[z;0]. Let I = (z). Then the completion R of R with respect
to I is K[[z;a]] via the isomorphism ¢: K[[z;0]] — R defined by o(f) = (@n)n>0 where
an =710+ -+ rpx” for each f= 3 rpa”™ € K[[z; o]

n>0

(b) Let k be a ring and X a set. Consider the free k-ring on X, R = k(X). Let I = (X).

Then the completion of R with respect to [ is k(( )) via the isomorphism ¢: k(X)) — R
a

defined by ¢(f) = (@n)n>0 where a, = fo + -+ + fp for each f = 3 f, where f, is
n>0

homogeneous polynomial of degree n. O

DEFINITIONS 1.48. Consider the monoid NU{oo} with the ordering defined by the usual order-
ing on N and co > n for all n € N. The sum on N is defined as usual and n + co = 0o +n = o0
for all n € NU {oc}.

Let R be a ring. By a valuation on R we understand an onto map v: R — N U {co} such
that
(V.1) v(x) = oo if and only if z = 0.
(V.2) v(zy) =v(x) + v(y) for all z,y € S.
(V.3) v(z +y) = min{v(z),v(y)}.
A ring R endowed with a valuation v is called a wvaluation ring. The completion of R with
respect to v is the ring R = lim R/I, where I, = {r € R|v(r) > n} for each n > 1. O

REMARKS 1.49. Let R be a valuation ring with valuation v.

(a) R is a domain by (V.2) and (V.1).
(b) v(1) = v(—1) =0, and therefore
(b.1) v(r) =0if r € R is invertible.
(b.2) v(—r) =v(r) for all r € R.
(c) Foreach n € N, I, = {r € R| v(r) > n} is an ideal of R. O

ExamMpLES 1.50. We will deal with the following examples of valuation rings.

(a) Let K be a ring and a: K — K an injective ring endomorphism. Consider the skew
polynomial ring R = K|z;«a]. Each f € R is of the form f = Y a,z" where only a finite
n>0
number of f,, # 0. Define v: R — N U {oco} by v(f) = min{n | a, # 0}. Then v is a
valuation. Observe that for each n > 1, I, = (x)™.
(b) Let k be a ring and X a set. Consider the free k-ring on X, R = k(X). Each f € R is of

the form f = > f, where f, is a homogeneous polynomial of degree n and only a finite

n>0
number of f, # 0. Define v: R — N U {oo} by v(f) = min{f, | fn # 0}. Then v is a
valuation. Observe that for each n > 1, I,, = (X)™. O

LEMMA 1.51. Let R be a ring with a valuation v: R — N U {occ}. Consider the completion R
of R with respect to v. Then the following statements hold

(i) R — R.
(ii) R is a valuation ring with a valuation that extends v.
(iii) If we denote by v the extension of v to }A?, then ]%, the completion ofﬁ with respect to v

is isomorphic to R.

Proor. (i) Clearly () I, = 0. Thus Remarks 1.46(b) implies that R — R.
n>1
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(i) Let (@n)ns0 € R\ {0}. Define v((@y)n>0) = min{n | @y # 0}. If (@;)n>0 = 0, then
v((@n)n>0) = co. Thus (V.1) holds.

Notice that @, = 0 if and only if v(a,) >

Let (an)nzo, (bn)n>0 S R Let n; = (( n)n>0) and Ng = U((bn)nzo).

Then (@,)n>0 + (bn)n>0 = (an + bp)n>0- Now an,b, € I, for all n < ny or n < ng
respectively. Thus

v((an + bp)n>0) = min{n | a, + b, # 0}
min{n | a, + b, ¢ I}
min{nl, ng}

= min{v((@)n>0), v((bn)n>0)}

v

So (V.3) is satisfied.
To verify (V.2), first observe that if either p < n; and ¢ < ng or p < n; and ¢ < ng then
v(apby) = v(ap) +v(by) > p + q. Thus v((@n)n>0 - (bn)nEO) ((anbn)nZO) > n1 + na.
On the other hand, an,4n, = (Any4ny — nytng—1) + -+ + (Any+1 — any) + apn,, and
bny4ny = (bn1+n2 - bn1+n2*1) +eee (bn2+1 - bn2) + bp,. Then an, 4ny, bny4ny, = anybn, +Z Cj
j

where v(cj)z ni + ng, ie. ¢j € Iniqnot1. Thus v(an, 4ns - buy+n,) = n1 + no. Hence
V((@n)n>0 - (bp)n>0) = N1 + na.

(iii) Set I, = {r € R | v(r) > n} and I, = {z € R | v(z) > n} for each n > 1. Observe
that R < R induces R/I, — E/ I,,. So we get a morphism of rings R— R by the universal
property of the completion.

On the other hand, let (@,)n>0 € R/I,,. We define a morphism R/I, — R/I by
(@n)n>0 — @m—1. Note that the map is well-defined because if (@)n>0 — (bn)n>0 € Im, then
m—1 — bm—1 € I,. Moreover the following diagram is commutative

E/I/m\—l — R/In

]

R/I,, R/,

because ay—1 — am—2 € Iy—1 for each (@y)n>0 € R. So it induces a morphism of rings R — R.
Now both compositions have to be the identity, as desired. O

EXAMPLES 1.52. (a) Let R be as in Examples 1.50(a). Then the valuation defined on the
completion R = K|[[z;a]] is o( 3 apz™) = min{n | a, # 0}.
n>0

(b) Let R be as in Examples 1.50(b). Then the valuation defined on the completion R = k((X))

iso( Y. fn) =min{n | f, # 0}. O
n>0
DEFINITION 1.53. The valuations in Examples 1.52 are called order. And o( Y. fn), o( > ana™)
n>0 n>0
are the order of the series > fn, > anx™ respectively. O
n>0 n>0

9. Magnus-Fox embedding

Let H be a free group on the set {h;};er. Let X = {z;}ic;. Consider the series ring
Z{(X)). It was proved by W. Magnus [Mag35, Satz I] that the map ¢: H — Z{(X))* defined
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by h; — 1+ z; is an injective morphism of groups. Slight additions to the proof of this fact
given in [MKS76, Theorem 5.5.6] work to show that ¢: H — R((X))* defined by h; — 1+z;
is an injective morphism of groups for any ring R.

PROPOSITION 1.54. Let R # 0 be a ring. Let H be the free group on the set {h;};cr. Let
X = {x;}icr. Consider the series ring R{((X)). Then the morphism of groups, ¢: H— R((X))*
defined by h; — 1+ x; and hence h;l — 1 —a; +2? — 2} + -, is an injective morphism of
groups.

PROOF. Let Ry be the image of the morphism of rings Z — R.Thus Ry is either isomorphic
to Z or to Z, = Z/nZ for some natural n. Observe that the image of ¢ is contained in
Ry{((X)). Therefore to prove the result it is enough to show that the morphism of groups
vr: H — R{({X))*, h; — 1+ x;, is injective where R is either Z of Z,. Note that for each
natural n > 1 there exists a prime number p (a divisor of n) such that the projection Z, 3 Ly,

is an onto morphism of rings. It can be extended in a natural way to Z((X)) % Zp((X)).
Notice that m,pz, = ¢z,. Thus if we prove the result for R = Z or R = Z;, we are done.

So suppose that R = Z or R = Z,.

Let W be a nonempty reduced word,

W= h b

where e; are nonzero integers, i; € I for j = 1,...,r, and i; # i;11. We must show that
e(W) # 1.

Let e be a positive integer, then (1+x;)€ is a polynomial on z; different from 1 since it has
a monomial on z¢. If e is a negative integer, then (1 + ;)¢ is a series on x; different from 1,
since it is the inverse of the polynomial (1 4 z;)~¢. In either case ¢(h;) is a series of the form

1+a1z; + agx? + .-+ If e is a nonzero integer, let m; be the nonzero coefficient of smallest
degree [; > 1 of (1 + x;)¢ — 1. Hence

(1 + xi)e =1+ m,xiz + l’iiJrlhi((L'i),
where h;(x;) is a series on x; alone. So

(W) =1+ miﬂ%ll + 5%1 hiy (ziy)) - (L + mg, x; "+ ;] hi, (2i,)),
a series that contains the unique monomial

i1 l’i'r

mll .. .mirx,
because m;, ---m;, # 0 in R since R(= Z or Z,) is a domain. Therefore (W) # 1 as
desired. O

REMARKS 1.55. The group ring R[H] is a free left R-module with basis H and R((X)) is a left
R-module, thus we can extend ¢ in Proposition 1.54 to a morphism of left R-modules which
turns out to be a morphism of R-rings. U

ERRATA.

In what follows, to prove Proposition 1.60 it is used Propositon 1.57 from the
paper by R.H. Fox [Fox53], but this result was proved by R.H. Fox using Propo-
sition 1.60.

Proposition 1.60 still holds true. In cite [ADO7, Section 2.12] it is noted that the
proof of Proposition 1.60 of R.H. Fox for the ring R = Z works for any ring R.
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DEFINITION 1.56. Let R be aring and G a group. Consider the group ring R[G|]. The morphism
of R-rings €: R[G] — R which sends every g € G to 1 is called the augmentation map of R[G].
The kernel of € is known as the augmentation ideal of R[G]. The two-sided ideal kere is
usually denoted by w(R[G]). We will denote the n-th power of w(R[G]) as w™(R[G]).
Every element ) ryg € R[G] can be expressed as > r4(9 —1) — > rg. Thus
geqG geG

geG
R & w(R[G)) (4)
as a left (or right) R-module and w(R[G]) is generated by the elements of the form g — 1 with
geqG. O

The ideal w(R[G]) is an important object in the study of group rings. A well-known result
is the following [Fox53, Corollary 4.4]

PROPOSITION 1.57. Let R be a ring and H a free group. Then (| w™(R[H]) = 0. O
n>1

Now we need the next definitions.

DEFINITIONS 1.58. (a) An rng is an additive abelian group (S, 4) with a second associative
binary operation, multiplication, the two operations being related by the distributive laws.
That is, S is a ring not necessarily with an identity element.

(b) Let R be a ring. By an R-rng we mean an R-bimodule S which has structure of rng and
such that the abelian group of S as an R-bimodule and as a rng coincide and the following
relations connecting the R-action and ring multiplication hold

r(si1s2) = (rs1)s2, (s1s2)r = si1(sar), (s17)s2 = s1(rs2)

for s1,s2 € .S, r € R.

(¢) Given R-rngs S, Se, by a morphism of R-rngs we mean an R-bimodule homomorphism
f: 81 — So such that f(st) = f(s)f(t) for all s,t € S;. O

LEMMA 1.59. Let R be a ring. Let H be the free group on the set {h;};cr. Consider the group
ring R{H|. Let X = {x;}icr. For each natural n > 1 the following statements hold:
(i) The ideal w™(R[H]) is generated by the set By, = {(hi; —1) -+ (hi, —1) | (i1,...,i,) € I}
as a left ideal.
(ii) The R-rng w(R[H])/w™" Y (R[H)) is isomorphic to the R-rng (X)/(X)"+1.

PRrROOF. (i) For each i € I, let ¢; = £1. Let w € H. From the equalities
(h{iw—1) = (hy —1)+h(w—1) (5)
(7 =1+ (hi=1) = —(h7" = 1)k~ 1) € H(RIH)) (©)

we infer by induction on the length of w that the set By = {h; — 1| i € I} generates w(R[H])
as a left ideal.

Notice that in a product of the form py(h;, —1)pi1(h;, —1) where p1,p2 € R[H], the element
p2(hi, — 1)p1 € w(R[H]). Therefore, again by induction, it can be seen that B, generates
Ww"(R[H]) as a left ideal.

(ii) By (i), every element in w"(R[H]) can be expressed as a left R[H|-linear combina-
tion of the elements in B,. From (4) we get that the classes of the elements in B, generate
W (R[H])/w" L (R[H]) as a left R-module.

Extend the morphism ¢ of groups given in Proposition 1.54 to a morphism of R-rings.
Since ¢(h; — 1) = z;, every element in w"(R[H]) \ {0} is sent by ¢ to a series of order at
least m, and if (h;, —1)---(hs, — 1) € By, its image is z;, - - - z;,. Therefore the classes of the
elements in B, are R-linearly independent in w™(R[H])/w" " (R[H)).
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The foregoing shows that the classes of the elements in [LJ Bj form a left R-basis of

7=1
w(R[H]) /w1 (R[H]).
Now observe that the morphism of free left R-modules

(@1, xm) /{21, o) — W(R[H]) /0" (R[H])
defined by z; — (h; — 1) is an isomorphism of R-rngs. O
Now we come to the main result in this section.

PROPOSITION 1.60. Let R be a ring. Let H be the free group on {h;}icr. Let X = {x;}icr.
Consider the morphism of R-rings ¢: R[H| — R{(X)) defined by p(h;) = 1+ x;. Then ¢ is
mjective.

PRrROOF. For each n > 1, consider the morphism v,: R{({(X)) — R(X)/(X)" given by
Yn( Y fm) = fo+ -+ fn. Notice that ker ¢, = {f € R{((X)) | o(f) > n}.

m>0

We claim that ker,¢ = w"(R[H]) for all n > 1.

First notice that w™(R[H]) C ker ¢ for each n > 1, because as it is done in the proof of
Lemma 1.59(ii), the image by ¢ of an element in w™(R[H]) is a series of order at least n.

Let h € keripp. Then h = A\1g1 + - - -+ Arge for some Ay,--- ;A\ € R, g1,...,9: € H. Since
for every g € H, ¢(g) is a series with independent term 1, we get that A\; +--- 4+ Ay = 0. That
is, h € w(R[H]). By the commutativity of the following diagram

w(R[H)) ) R(X)/(X)"

\ /

w(R[H]) ~ (X)
W (R[H]) — (X)™
we get that h € w"(R[H]). This finishes the proof of our claim.
If h € ker ¢, then h € ker ¢, = W™ (R[H]) for all n > 1. Therefore h € (| w™(R[H]), and

n>1

h = 0 by Proposition 1.57. O

The result in Proposition 1.60 is well-known. This embedding is known as the Magnus-Fozx
embedding. Our proof is from [Lic84, Proposition 3]. There the result is stated for R an Ore
domain, but as we have just seen the proof also works for any ring R. Another proof is given in
[ADO7, Theorem 2.11]. In paragraph 2.12 of this paper a historical remark on the Magnus-Fox
embedding is given. There it is explained that this result was already noted in [She06] and
that the proof of Proposition 1.60 for R = Z was given in the paper by R.H. Fox [Fox53].

“Something is starting to breathe
Something is coming alive

What which should never be

Spawned by the demon seed
Don’t let the fetus survive”

Dead Soul Tribe, Feed Part I: Stone by stone



CHAPTER 2

Locally indicable groups

In this chapter we deal with locally indicable groups. They were introduced by G. Higman
in his PhD thesis and his paper [Hig40| on group rings. These groups are very important
in this dissertation because a lot of our embeddability results are about embedding crossed
product group rings kG of a locally indicable group G over a division ring k. We give important
properties and examples of locally indicable groups and discuss relations with some other
classes of groups.

1. Definition and closure properties

Before defining locally indicable groups we give the following useful lemma which will be
used throughout without any further reference. We also provide some trivial but important
examples of locally indicable groups.

LEMMA 2.1. Let G be a nontrivial group. The following statements are equivalent.
(i) Hom(G,Z) #0
(ii) There exists an onto morphism of groups G — 7
(iii) There exists a normal subgroup H of G such that G/H is infinite cyclic
(iv) G = H x C, the semidirect product of H by C where C' is an infinite cyclic group.

PRrROOF. Clearly (i)-(iii) are equivalent and (iv) implies (iii). Suppose (iii) holds. Let t be
an element such that Ht generates G/H. Let C be the subgroup of G generated by t. Then
C is infinite cyclic since G/H is a homomorphic image of C; H N C = {1} since G/H would
be finite if t" € H for some n € N\ {0}; HC = G because if g € G, then Hg = Ht"™, for some
m € Z, which implies g = ht" for some h € H. Therefore G = H x C. U

DEFINITION 2.2. Let G be a group. We say that G is indicable if either G is trivial or G
satisfies the equivalent statements of Lemma 2.1. And G is said to be locally indicable if every
finitely generated subgroup of G is indicable. O

REMARKS 2.3. (a) An indicable group need not be a locally indicable group. For example,
Z x Z/2Z is indicable but not locally indicable since there does not exist a nontrivial
morphism of groups Z/27 — 7.

(b) A subgroup of a locally indicable group is again a locally indicable group.

(¢) Locally indicable groups are torsion-free groups. If a is not the identity element of a locally
indicable group, there exists a morphism of groups from (a) onto Z. Thus a has infinite
order. O

ExaMPLE 2.4. The following classes of groups consist of locally indicable groups.
(a) Locally free groups and, in particular, free groups.
(b) Torsion-free abelian groups.

PRrOOF. (a) Let H be a nontrivial finitely generated subgroup of a (locally) free group F.
Then H is a free group on a subset X # () of H. Choose an element x € X. Then, by the
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universal property of free groups, there is a (unique) morphism of groups ¢: H — Z such
that z — 1 and 2’ +—— 0 for every 2’ € X \ {z}.

(b) Let G be a torsion-free abelian group and H a nontrivial finitely generated subgroup.
By the classification of finitely generated abelian groups, H = Z* for some k € N\ {0}. Then
the composition of this isomorphism with the projection over any of the components of Z*
defines a morphism of groups from H onto Z. O

The following definition is very important because, as we will state later, every locally
indicable group is of this form with torsion free abelian factors.

DEFINITIONS 2.5. Let GG be a group. Let X be a class of groups closed under isomorphisms.

(a) Let X be a chain of subgroups of G. We say that the pair (L, H) isa jump in X if L, H € ¥,
L < H and no subgroup in X lies properly between L and H.

(b) A subnormal system of G with factors in X is a chain of subgroups ¥ of G such that

(i) {11, G e %,
(ii) X contains all unions and intersections of its members,
(iii) for each jump (L,H) in ¥, L<H and H/L € X.

(c) If ¥ is a chain of subgroups of G satisfying (i) and (ii) above, then, for x € G \ {1}, we
define the jump associated with x in ¥ as the jump (L, H;), where L, is the union of the
groups of ¥ that do not contain x, and H, is the intersection of all the subgroups of X
containing x.

Some subnormal systems have their own names:

(d) A subnormal series of G with factors in X is an ascending chain of subgroups of G, (G, )<+,
indexed at some ordinal 7 such that Gy = {1}, G- = G, G, is a normal subgroup of G41,

Gy41/G~ € X, and if p is a limit ordinal smaller or equal to 7 then G, = U G,.
v<p
(e) We say that G is poly-X if G has a finite subnormal series

(1)=Go<G1<---<G, =G
with each quotient Gj41/G; belonging to the family X. O

Now we proceed to give some of the closure properties of the class of locally indicable
groups. The following result is a concrete case of [BH72, Theorem 3|. A proof of it for
poly-{locally indicable} groups as well as proofs of Proposition 2.6 and Corollary 2.7(i) for
the finite case were given in [Hig40, Appendix].

PROPOSITION 2.6. Let G be a group. Let X be the class of locally indicable groups. Suppose
that G has a subnormal system with factors in X. Then G is locally indicable. In particular
if G has a subnormal series with factors in X or if G is a poly-X group, then G is locally
indicable.

PROOF. Let X be a subnormal system of G with factors in X. Suppose that B is a nontrivial
finitely generated subgroup of G generated by g1,...,g, € G. For each g;, let (L;, H;) be the
jump associated with g¢;. By (iii) of Definition 2.5(b) we get that L; < H; and H;/L; is locally
indicable. Since ¥ is a chain, there is iy € {1,...,n} such that H; C H;, for alli € {1,...,n}.
Thus B is contained in H;,. Now the projection B of B in H;,/L;, is a nontrivial finitely

generated subgroup. Therefore there exists an onto morphism of groups B — Z. So the
composition B — B — Z is an onto morphism of groups. O

COROLLARY 2.7. The following statements hold

(i) The cartesian product of locally indicable groups is a locally indicable group.
(ii) The direct sum of locally indicable groups is a locally indicable group.
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(iii) Let G, H be locally indicable groups. Then GUH, the (restricted) standard wreath product
of G by H, is a locally indicable group.

(iv) The subdirect product of locally indicable groups is locally indicable, i.e. let {H;};cr be
a family of normal subgroups of G with 'QI H; = {1} such that each quotient G/H; is a
locally indicable group, then G is a locally indicable group.

PROOF. (i) Suppose (G;)icr is a family of locally indicable groups. Consider [] G;.
i€l

Well-order the index set identifying I with the set of ordinal numbers + smaller than a cer-

tain ordinal number 7. For each v < 7, let H, = {(z;) € H Gi | i =1, i > ~}. The

set ¥ = {H,},<- is a chain of subgroups of H G;. The groups Hy = {1} and H, = [[ G;
el
are in . For any subset of X, since [ is well ordered the intersection and the union of its
members belong to . For each v < 7, since H, is a normal subgroup of [[ G;, Hy < H,11
iel
and H,41/Hy, = G, is locally indicable. Therefore ¥ is a subnormal series of G' with locally
indicable factors. Now apply Proposition 2.6 to get [[ G; is locally indicable.
el
(ii) It is a subgroup of the cartesian product. It will be useful to have another way of
showing this: note that the same proof of (i) works for H, = {(z;) € EB G|z =1, 1>~}

(iii) G H is the extension of [[ Gy (or EB Gp) by H, where Gh =G for all h € H.
heH
(iv) G can be seen as a subgroup of the locally indicable group [] G/H; via the diagonal
i€l

map. O

In [Ber90, Section 9], Corollary 2.9 is given for right orderable groups. We state it for
locally indicable groups and realize that the same proof works to show it and Proposition 2.8.
We follow the notation in Section 6.3 of Chapter 1.

PROPOSITION 2.8. Let (G(—),A) be a graph of groups and G = w(G(—), A, Ag) its fundamen-
tal group. The following conditions are equivalent:

(i) The G(v) can be embedded in a common locally indicable group L by morphisms
fv: G(v) — L that can be extended to f: G — L.
(ii) G is locally indicable.

PROOF. (ii) = (i) Recall that G(v) embeds in G for each vertex v by Remark 1.40. Then
take L = G.

(i) = (ii) Let K = ker f. Since f, is an injective morphism for each vertex v, we infer that
KnNgGe)g™' € KNgG(v)g~! = {1} for all g € G and vertex v. Then, by Theorem 1.41,

K=TFx *Q K, for some free subgroup F, and subgroups K, of K of the form K N gG(v)g~—*
q€
as g ranges over a certain set of elements of G and v ranges over VA. Hence K is a free group.

Consider the subnormal series of G
{1} < K <QG.

Notice that K is a locally indicable group by Example 2.4(a). Also G/K is locally indicable,
since it is isomorphic to the image of f, a subgroup of L. Therefore G is a locally indicable
group by Proposition 2.6. O

COROLLARY 2.9. Let H be a group. Let {G;}icr be a set of groups such that H is a subgroup
of G; for each i € 1. The following conditions are equivalent

(i) The G; can be embedded in a common locally indicable group L by morphisms that agree
on H.
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(ii) The free product amalgamating H, x'5' G, is locally indicable.
Therefore
(a) If G; is locally indicable for each i € I then the free product X G, is a locally indicable
1€

group. Moreover, x G; is the extension of a free group K by the group [] G;.
1€ el
el

b) For every subgroup H of a locally indicable group G, every free product x'5' G amalgamating
H
H s locally indicable.

PRrROOF. (ii) = (i) Just take L = *'5'G;.

(i) = (ii) First we construct a connected graph (A,V,E,7,7). Set V = I. Fix ig € I.
Let E' = {ei}ier\{io}- For each e; € E, i(e;) = io, T(ej) = j. Thus A is a tree, and clearly
coincides with its maximal subtree Ag. For each i € V, let G(i) = G; and for each e; € E,
G(ej) = H. Hence (G(—),A) is a graph of groups. The fundamental group of (G(—),A) is
G = #'§'G(1) = #'5'G;. By hypothesis and the universal property of i’ G;, there exists a
morphism of groups f: %5’ G; — L which extends the embeddings of G; in L for each i € I.
Now apply Proposition 2.8.

(a) Apply the foregoing proof with H = {1} and L = [] G;, which is locally indicable by

i€l
Corollary 2.7(i).
(b) The condition (i) is satisfied with L = G. O

It was proved by A. Karrass and D. Solitar in [KS70, Theorem 9] that the free product of
two locally indicable groups amalgamating an infinite cyclic group is always a locally indicable
group. On the other hand, they also showed that the free product of two locally indicable
groups amalgamating a subgroup is not always a locally indicable group [KS70, p. 250].

We illustrate the results in Proposition 2.8 and Corollary 2.9 with some examples.

ExamMpPLES 2.10. The following groups are locally indicable
(a) G = (a,b|a®=103).
) T=(X,T|TXTX ' =XTX'T)= (X, T | TXTX 'TIXT1x"1=1).

PROOF. (a) G = AéB where A = (a), B = (b), C = (c¢) are infinite cyclic groups and

C — A, crs a? C < B, c+ b2 Let D = (d) be another infinite cyclic group and consider
the embeddings fi: A — D, a+— d® and fy: B — D, b+ d?. Since D is locally indicable, we
infer from Corollary 2.9 that G is locally indicable.

(b) As it is done in [LS77, Chapter IV Section 5], since the relator of I has exponent sum
zero on X, we can express ' as an HNN-extension of a free commutative group with stable
letter X as follows:

I = (X' To, Ty | oW T, ' Tyt =1, X'To X'~ =Ty).

The isomorphism I' — I" is given by X — X', T +— Ty. And the isomorphism IV — T' by
To—T, T — XTpX ', X' — X.

We can also view I' as a semidirect product of N and the infinite cyclic group C' = (X),
where

N=(T}, i € Z| T.Ty41 = Ty To),

and X acts on N as T; — T;41. The isomorphism N x C' — T is given by X — X, T; —
XTX~% ieZ. And the isomorphism I' = N x C by X — X, T — T.

Observe that N is the fundamental group of the graph of groups

G(Z) G(e)

G(i+1) G(ejt1)
° °
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where G(7) is the free abelian group in {7}, T;+1} and G(e;) = (Tj4+1) for each i € Z. And we
have the morphism of groups

Tp if 7 is even

Ty if 7 is odd

where (T5,T7) is the free abelian group on the set {7, T;}. Moreover it can be deduced from
the proof of Proposition 2.8 that IV is the extension of a non-cyclic free group K by the
free abelian group (Tj,T7). Then N is locally indicable by Proposition 2.8. And T is locally
indicable because it is the extension of two locally indicable groups. O

N — (T, T7)  defined by T; — {

Of course these examples can be obtained from Theorem 2.37, but it will be useful for us
to express these groups in this way to illustrate some results on Hughes-free embeddings in
Chapter 6. We will generalize Example 2.10(b) in Corollary 7.60.

PROPOSITION 2.11. The directed union of locally indicable groups is a locally indicable group.

PROOF. Suppose G = li_n>1G7. For each v, denote by f,: G, — G the morphism of
groups given by the definition of directed union. Notice that f, is injective for each . Let
g1, ---,9n € G\ {1}. Define H = (g1, ..., gn). Then there exists v such that H is contained in
the image of f,. Hence H is isomorphic to a nontrivial finitely generated subgroup of a locally
indicable group Gj. O

2. Orderable and right orderable groups
2.1. Definition and some properties.

DEFINITION 2.12. (a) Let M be a monoid. We say that M is a right orderable monoid if the
elements of M can be totally ordered in a manner compatible with right multiplication
by the elements of M. To be more precise, if there exists a total order < on M such that,

(i) for all z,y,z € M, x < y implies zz < yz.
M is a left orderable monoid if there exists a total order < on M such that,
(ii) for all z,y,z € M, = < y implies zx < zy.
If there exists a total order < on M such that (i) and (ii) hold, we say that M is an
orderable monoid.
In these cases we will say that (M, <) is a (right, left) ordered monoid.
(b) A group G is said to be a (left, right) orderable group if G is a (left, right) orderable
monoid. Analogously (G, <) is a (left, right) ordered group.

Let (G,<) be an ordered group. Of particular importance in (left, right) ordered
groups is the so-called positive cone, namely

P=PG,<)={zeCG|l<a}. O

REMARK 2.13. Let (M, <) be an ordered monoid (group). Let x,y,a,b € M. If x < y and
a < b, then ax < by and za < yb.

PROOF. Since z < y, then ax < ay and xa < ya. In the same way, a < b implies ya < yb
and ay < by. Hence ax < ay < by and za < ya < yb. Il

The next lemma, in essence, yields an alternate definition of a (right) ordered group. The
proof is not difficult and can be found in [Pas77, Lemmas 13.1.3 and 13.1.4]. In many cases,
to endow a group with a structure of (right) ordered group, we will prove the existence of a
set verifying the conditions of Lemma 2.14 (i) (or (ii)).
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LEMMA 2.14. Let G be a group and < a total order on G.

(i) If (G, <) is an ordered group with positive cone P, then P has the following properties:

(a) P is a subsemigroup of G, that is, P is multiplicatively closed.

(b) G =PU{1}uU P! is a disjoint union.
(c) P is a normal subset of G, that is, z 1Pz = P for allx € G.
Conversely, suppose that G has a subset P satisfying conditions (a), (b) and (c). If we
define x < y to mean that yr—' € P, then (G, <) is an ordered group with positive cone
P.

(i1) If (G, <) is a right ordered group with positive cone P, then P has the following properties:
(a) P is a subsemigroup of G.
(b) G =PU{1}U P~ is a disjoint union.
Conversely, suppose that G has a subset satisfying conditions (a) and (b). If we define
x < y to mean that yx~—! € P, then (G,<) is a right ordered group with positive cone
P. O

REMARKS 2.15. (a) Orderable groups are right orderable groups.

(b) Observe that conditions of Lemma 2.14(ii) on P are right-left symmetric. Thus a right
orderable group must also be left orderable, but, of course, not necessarily under the same
ordering. Indeed, if (G, <) is a right ordered group, then < defined by = < y if and only
if y=1 < 27! makes (G, <) a left ordered group with the same positive cone as (G, <).

(c) Right orderable groups are torsion free. Note that if 1 < g, then 1 < ¢" for all n > 1
and order < such that (G, <) is an ordered group. Analogously if g < 1. However not
all torsion-free groups are right orderable groups. For example it is proved in [PasT77,
Lemma 13.3.3] that the group G = (z,y | 7 'y%r = y =2,y 2%y = 272) is torsion free
but not right orderable.

(d) If G is a (right) orderable group, then so is every subgroup of G. On the other hand,
these properties are not inherited by quotient groups. As an example consider the (right)
ordered group Z. Given any nonzero n € Z, Z/nZ is not (right) orderable since it is not
torsion free.

(e) Let G be a group and H < G. If H and G/H are right orderable, then so is G. Moreover,
if (H,<pg) and (G/H, <g/p) are right ordered groups with positive cones Py and Pg/q
respectively, then P = {x € G |z € Py or T € Pg/y} is a positive cone for G.

(f) Let G be a group and H <G. If H and G/H are orderable, then G need not be orderable.
For example, let G = (x,y | yloy = 271) and H = (z). Then G/H = (y). Both H and
G/H are infinite cyclic and thus orderable. But G is not orderable because if = belongs
to some positive cone Pg of G then 7' = y~lay € Pg.

(g) Let G be a group and H <IG. Suppose that (H, <y) and (G/H, <q/p) are ordered groups
with positive cones Py and P, respectively such that Py is a normal subset of G, then G
can be ordered (as in (e)) via the positive cone Pg = {r € G|z € Py or ¥ € Pg/}. O

2.2. Examples of orderable groups. The most important classes of orderable groups
for us are given in Proposition 2.16 and Corollary 2.24. As it is shown in Section 3, orderable
groups are locally indicable. So, at first sight, it seems that these results do not add anything
new to our discussions on locally indicable groups; but in the following chapters we will realize
how important is that these groups are orderable, not only locally indicable.

Now we proceed to give our first important class of examples, due to [Lev13]. The proof is
taken from [LamO1, Theorem 6.31]. Notice that Proposition 2.16 can be seen as a consequence

of Corollary 2.20(i) since a product Zx ™. X7 is an ordered group with the lexicographical
order, see the proof of Proposition 2.21(i).
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PROPOSITION 2.16. Let G be a torsion-free abelian group. Then G is an orderable group.

PROOF. We consider G as an additive group. Then G is a Z-module. Since S = Z \ {0}
is a multiplicative set, we can localize at S. We obtain GS™! = G ®7 Q. Note that G embeds
into G1 = G ®z Q because G is torsion free. We are going to construct a positive cone P for
(1, then G will be an ordered group with the inherited order. G is a Q-vector space. Choose
a Q-basis {g;}icr for G1, and fix a total order “ <” on the indexing set I. Using the additive
notation for GG1, we can define P to be the set of elements

gi,a1 + -+ gi, On,

with a1,...,a, € Q, i1,...,4, € I, where i1 < i3 < ... <1, and a7 > 0 in Q. Then it is not
very difficult to see that the sum of two elements in P is in P, that G; equals the disjoint
union P U {0} U (—P) and that P is a normal subset in G because the group is abelian. [

Now we introduce some useful results and definitions in order to prove that (Conrad)
(right) orderability is a local property. Lemma 2.19 is due in various forms (among others) to
[Lor49], [Los54] and [Ohn52|. The proof we provide is taken from [NFO07], while the proof of
Corollary 2.20 is taken from [Pas77, Corollary 13.2.2] where a different proof of Lemma 2.19
is also given.

DEFINITIONS 2.17. Let G be a group. Suppose that z1,z9,..., 2, € G.

(a) We denote by S%(x1,x3, . ..,2,) the normal subsemigroup of G which they generate. Thus
SE(z1,...,2,) consists of all finite products of the form alal? - xf]] with ¢; € G and
j=>1L

(b) We define S(x1,22,...,2,) to be the semigroup of G generated by these elements. That
is, S(x1,x9,...,x,) consists of all finite products of the form z;, z;, - - - zi; with j > 1.

(c) We denote S¢(z1,...,7,) the Conrad subsemigroup of G generated by these elements.
That is, Sc(ml, ..., Zp) is the smallest semigroup among all semigroups W which contain
x1,..., 2, and 22yx~! for all z,y € W. Thus,

S (x1,.. . @) = mLiOSgL(ml, cey Tn),s

where S (x1,...,2,) = S(x1,...,2,), and, for all m > 0, S,%H(ml, ..., Tp) is the semi-
group generated by the sets SC (1, ..., x,) and {22wz™! | z,w € SG(x1,...,2,)}. O

The proof of the next result is topological. Recall the following facts:

REMARKS 2.18. (a) Given a family {X;};cr of topological spaces, the cartesian product [] X;
i€l
is a topological space with the product topology, i.e. the least one such that the projections
pj: [I Xi — X; are continuous for all j € I.
el

(b) Tychonov Theorem: Given a family {X;};cr of topological spaces, the cartesian product
[T X; is compact if and only if X; is compact for all 7 € I.
i€l

(c) A topological space X is compact if and only if it satisfies the Finite Intersection Prop-
erty, i.e. for any family {F;};er of closed subsets of X such that any finite intersection

Fz'lm'“sz‘T?é@,thenﬂIFi#@. -
1€

LEMMA 2.19. Let G be a group. The following statements hold true.

(i) G is an orderable group if and only if for all nonidentity elements x1,...,x, € G there
exist suitable signs e; = 1 such that 1 ¢ S (z7*, ..., x5).

n
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(ii) G is a right orderable group if and only if for all nonidentity elements x1,...,z, € G
there exist suitable signs e; = +1 such that 1 ¢ S(z5, ..., 25").

n

PROOF. We consider only part (i), because (ii) is proved in the same way.
Suppose that G is orderable. Given z1,...,z, € G\ {1}, choose signs ¢; such that 27" > 1

for all i. Then > 1 for each x € S%(2{',...,25"). Therefore 1 ¢ S¢(x7",...,25") as desired.
To prove the converse, endow {+, —}\} with the product topology. Hence {4, —}&\{1}
is a compact topological space. For each finite family z1,...,2, € G\ {1}, and for each

family of suitable signs €1,...,e, € {£1} (ie. 1 ¢ S%(25",...,25")). Consider the closed
subset X(z1,...,Tn;€1,...,6n) of {+, =Y\ formed by all functions sgn which satisfy the
following property: sgn(z) = + and sgn(z~!) = — for every € S%(25,...,25"). Notice
that X(z1,...,2n;€1,...,6,) is not empty because 1 ¢ S% (25", ..., z5). For fixed x1,. .., 2y,
let X(z1,...,2y,) be the union of all the sets X(x1,...,zp;€1,...,6,) for suitable family of
signs {e1,...,e,}. Notice that it is a closed subset because it is a finite union (at most 2") of

closed subsets. Note also that for any finite family of subsets {X; = X (zi1,. .., Tin,) F1<i<m

m m
the intersection .ﬂl AX; is not empty because X (Z11,. ., ZTingy- -+ Tmls---sTmn,,) ﬂl X;. By
1= 1=

the Finite Intersection Property, the intersection X of all the sets of the form X (z1,...,x,) is
not empty. Moreover, if f € X, then P = {x € G | f(x) = +} is a positive cone, and therefore
G is orderable. O

COROLLARY 2.20. Let G be a group. The following statements hold true.

(i) If all finitely generated subgroups of G are orderable groups then G is an orderable group.
(ii) If all finitely generated subgroups of G are right orderable groups then G is a right or-
derable group.

PROOF. We prove (i), while (ii) can be shown in the same way. Suppose that G is not
an orderable group. Then by Lemma 2.19(i) there exist nonidentity elements z1,...,z, € G
such that 1 € SG(xil, ... x5 for all 2™ choices of the signs ¢; = £1. By writing the identity
element as an explicit product in each of the 2™ cases, we see that there exists a finitely

generated subgroup H of G with z1,...,2, € H and 1 € S7(27",...,z5") for all choices of
signs. But H is assumed to be an orderable group. Hence we have a contradiction, and G is
therefore an orderable group. O

About the closure properties of the class of orderable groups, although we have already
seen that the class of orderable groups is not closed under extensions, we can state the following
results. The proof of the following Proposition is mainly taken from [BMR77, Theorem 2.1.1].

ProrosiTIiON 2.21. The following statements hold

(i) The cartesian product of (right) orderable groups is a (right) orderable group.
(ii) The directed union of (right) orderable groups is a (right) orderable group.
(iii) The restricted standard wreath product of two (right) orderable groups is a (right) order-
able group.
(iv) The subdirect product of (right) orderable groups is a (right) orderable group.

PROOF. (i) Let I be a set, and for each i € I, let G; be a (right) orderable group. Fix
an order <; of G; such that (G;, <;) is a (right) ordered group for each ¢ € I. Well-order the
index set I. Set

P = {(xi)ie[ € HG”L ’ if 19 = min{i ’ Z; 7& 1}, then 1 <4 xio} .
el
Then P is a positive cone.
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(ii) Suppose that G = lim G;, where G; is a (right) orderable group for each i € I. Given
i€l
9g1,---,9n € G, there exists i € I such that gi1,...,9, € fi(G;). Since f; is injective, the
subgroup generated by g1, ..., gn is (right) orderable. Now apply Corollary 2.20.
(iii) Suppose that (G, <g) and (H, <p) are (right) ordered groups. Every element of Gt H
can be expressed uniquely as a product gh where h € H and g € & Gy, Gj, = G for all
heH

h € H. We say that g € @ G}, is positive if the first component different from 1 (the
identity element of G) is po}g‘gve. Then
P={gheGUIH|1<gh, or h=1p and g is positive }
is a positive cone.
(iv) Let G be a group and { H; };cs be a set of normal subgroups of G such that iQ] H, ={1}
and G//H; is orderable for all i € I. Then G is (right) orderable because G embeds in [[ G/H;
and this group is (right) orderable by (i). “ O

Before giving the next result we need this definition

DEFINITION 2.22. Let R be a ring. We say that R is an ordered ring if there exists a subset
Q@ of R satisfying the following properties

HR+QCQ (i) Q- Q CQ (ili) R = QU {0} U (—Q) is a disjoint union.
Given z,y € R we can define a total order on R by = < y if and only if y — x € ). Notice
that the following properties are verified for x,y,z € Q
(a) ifx <y, thenz+ 2 <y+ 2, (b) if 0 < z,y, then 0 < zy.
Conversely, if there exists a total order < on R satisfying (a) and (b), then the positive
cone Q = {x € R |0 < x} satisfies (i), (ii), (iii) and < is the total order induced by Q. O

The following Proposition was first proved in [Vin49], but the proof given here is from
[Ber90, Sections 3,4] where more general results are proved.

PROPOSITION 2.23. The free product of (right) orderable groups is a (right) orderable group.

PROOF. Let F,G be two (right) orderable groups. Set H = F x G. By Proposition 2.21,
H is (right) orderable. Fix a total order < on H such that (H, <) is an ordered group. Let R
be the group ring Z[H|. We endow R with a structure of ordered ring with positive cone

Q= {7‘ = Z aph € R | if hg = minsuppr, then 0 < aho}.
heH
Notice that F' and G are embedded in Q.

Consider the polynomial ring R[t] and the matrix ring My(R[t]) = Ma(R)[t]. We now
embed F and G inside the group of units of My (R]t]). The map F' — Ma(R[t]), f +— (g t(ffl))
is the composition of the maps F' — My (R[t]) defined by f +— (g [1)) , and Ma(R[t]) — Ma(R[t])
given by right conjugation by ({ ¢). Similarly the embedding G — My(R[t]), g — (t(gl_l) 2) ,
is the composition of the maps G — My (R[t]) defined by g — ((1) 2) , and My (R[t]) — Ma(R]t])
given by right conjugation by (}9).

These two maps induce a morphism of groups from F'«G to the group of units of My (R[t]).

We claim that it is injective. The nonidentity elements of F' x G can be expressed uniquely
as an alternating product of nonidentity elements of F' and G. The claim follows if we prove
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that the images of such elements are never the identity matrix. Suppose that A is the image
of some element w € F * G. Apply A to the column vector (1) € My(R[t]). We show that if
the leftmost factor in the expression of w as an alternating product of elements of F' and G
is in F then the upper entry of A (1) has strictly greater degree (on t) than the lower entry;
and if the leftmost factor of w is in G then the lower entry of A (1) has strictly greater degree
(on t) than the upper entry. Thus the image A of w is never the identity matrix. We prove
the claim by induction on the length of the element w. If w has length 1, then w = f € F
or w =g € G, and the result is clear from the definition of the map. If w has length greater
than 1 and the leftmost factor of w is in F, then w = fgw’, where f € F and g € G. Call B
the image of gw’. We apply the induction hypothesis to gw’ to obtain that the lower entry of
the image B (}) has strictly greater degree (on t) than the upper entry. Then the upper entry
of A(1) = (g t(fl_l)) B (1) has degree on t strictly greater than the lower entry. In the same
way the claim can be proved if the leftmost factor of w is in G.

Notice that the image of F' x G in Ma(R[t]) = Ma(R)]t] is contained in the monoid U of
matrices whose constant term is a diagonal matrix with positive entries. Now we introduce an
order < in U compatible with the product of matrices so that (F x G, <) is an ordered group.

Choose an order among the four entries in a 2 x 2 matrix. We say that B € My(R)
is positive (in Mia(R)) if and only if the first nonzero entry of B is positive (in R). Given
A,B € U C My(R)[t], let n > 0 be the least integer such that ¢" has nonzero coefficient in
A — B. We say that B < A if and only if such coefficient is positive (in Ma(R)). This gives a
total ordering in U and it is compatible with the product since the product, in either order,
of a positive element of My(R) and a diagonal matrix of My (R) with positive diagonal entries
is still positive (in Ma(R)). Hence F % G is (right) orderable.

It can be showed by induction that Gy * - - - x G, is orderable for any n > 1 and orderable
groups G1,...,Gy. Since (right) orderability is a local property by Corollary 2.20, it follows
that B G; is (right) orderable for any set I and (right) orderable groups G;, i € I. O

COROLLARY 2.24. Locally free groups, and in particular free groups, are orderable groups.

PROOF. A free group on a set X is isomorphic to the free product * C,, where C}, is
Te

an infinite cyclic group for each z € X. Since infinite cyclic groups are orderable, the result
for free groups follows from Proposition 2.23. That locally free groups are orderable is a
consequence of the foregoing observation and Corollary 2.20(i). U

The fact that a free group is orderable is due to Birkhoff [Bir42|, Iwasawa [Iwa48],
Neumann [Neu49b|. Another way of showing that was given in Bergman [Ber90, Section 1]
using the Magnus-Fox embedding 1.60, or in more detail [Reu99, Section 2.3].

3. Relations between locally indicable groups and (right) orderable groups

The first important result which we want to prove is that orderable groups are locally
indicable [Lev43]. So we collect some properties of the convex subgroups of a right ordered
group which are taken from [Fuc63, Chapter IV] and [Con59].

DEFINITIONS 2.25. (a) Let (G, <) be a right ordered group. A subgroup H of G is said to be
convex if for all a,b € H and g € G, the inequality ¢ < g < b implies that g € H.

(b) A (right) orderable group G is said Archimedean if there exists a total order < on G such
that (G, <) is a (right) ordered group and for every a,b € P(G, <) there exists n € N\ {0}
such that b < a”. We also say (G, <) is an Archimedean (right) ordered group. O
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REMARKS 2.26. Let (G, <) be a (right) ordered group. Let ¥ be the set of convex subgroups

of (G, <). Then

(a) The partially ordered set (by inclusion) X is in fact a chain.

(b) The arbitrary union and intersection of convex subgroups is a convex subgroup.

(c) Let N < G. The group G/N can be (right) ordered with an ordering compatible with <
if and only if IV is a convex subgroup. By an order compatible with < we mean that for
every a,b € G such that alN # bN, aN < bN if and only if a < b.

(d) If N is a normal convex subgroup of (G, <), then there is a bijective correspondence
between the convex subgroups of (G, <) that contain N and the convex subgroups of
(G/N,<).

Moreover, if (G, <) is an ordered group,
(e) If (L,H) is a jump in X, then L < H.
(f) If (G, <) has no other convex subgroups other than {1} and G, then G is Archimedean.

PRrOOF. (a) Let C, D be two convex subgroups of a (right) ordered group (G, <). Suppose
that d € D\ C. Then for every c € C, d"! < c<dord < c < d ! (otherwise d € C). So
ceD.

(b) Follows by the definition of convex subgroups.

(c) Suppose that N is convex, we show that the (right) order on G/N is well defined.
Let a,b € G be such that a < b. Let a/,b" be other representatives of the cosets aN and bN
respectively. Then a’ = nja, b’ = nob, for certain ni,no € N. Suppose that b’ < a’. Hence
noba~! < my1. On the other hand ab~! < ns because otherwise ny < ab™' < 1 and aN = bN,
a contradiction. Hence ab‘lngl < 1 and 1 < ngba~!. Therefore 1 < ngba™! < ny. Since
N is convex, ngba~! € N, and ba~' € N. From this, aN = bN, a contradiction. The other
properties needed to see that G/N is a (right) ordered group are easily verified.

Conversely, suppose that G/N is (right) ordered. Given ni,ny € N and g € G such that
n; < g < ng, then g € N because the order is well defined.

(d) Follows from (c).

(e) For each h € H, the subgroup hLh~! C H is convex because (G, <) is (two-sided)
ordered. Thus hLh~! = L for all h € H since (L, H) is a jump.

(f) If it is not Archimedean, there exist h,g € G with 1 < h < g such that A" < g for
every n € N\ {0}. Since (G, <) is a (two-sided) ordered group, the smallest convex subgroup
containing h is of the form {z € G | h= < x < h'}. Thus G has a nontrivial convex subgroup
different from G, a contradiction. O

LEMMA 2.27. An Archimedean right orderable group is a torsion-free abelian group.

PrOOF. Let G be an Archimedean right orderable group. We already know that right
orderable groups are torsion free, so we only need to show that G is abelian. Let < be a total
order on G such that (G, <) is a right ordered Archimedean group. Let P = P(G, <).

Step one: Any Archimedean right ordered group is an ordered group.

By Lemma 2.14, it is enough to prove that zPz~' = P for all z € G. Let y € P and
x € G. Suppose that = > 1. Let n be the least natural such that 1 < z < y™. If zyz~! < 1,
then zy < = < y". Hence x < y" !, a contradiction. Thus zPxz~! C P for all 2 € P. Hence
xP~lz=t C P! for all z € P. Since G is the disjoint union P U {1} U P! we get that
zPx~! = P for all z € P. This also implies that P = z~!'Pz. Therefore P = xPx~' for all
x €.

Step two: Any Archimedean ordered group is torsion free abelian.

Assume the existence of g € P such that 1 < x < g implies that x = 1. Because of the
Archimedean property, for every a € G there exists an integer n such that ¢" < a < ¢"*!, and
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n

then 1 < ag™ < g. Hence ag™
group.

Next assume that no such g exists. For every x € P, there is y € G such that 1 <y < z.
Here either 4% < x or o < y?. This second option implies that y~'a < y. Multiplying by « on
the left and by ! on the right we get (zy~!)? < 2. Thus for each z > 1 there exists z € G
with 1 < z < z and 22 < z.

Notice that it suffices to show that the elements of P commute. Let a,b be positive
elements of G with ab # ba. Suppose that ba < ab. Then for x = aba~'b~! choose z € G with
1 <z<zand 1l < 2?2 <z By the Archimedean property, there exist natural integers m,n
satisfying

=1, and a = g". Consequently, G = (g) is a commutative

Mg <M 2 << ML (7)
Since a=1b~! < z7""™ (7) implies that z < 22, contrary to 22 < x. Thus G is commutative.
O

In fact, an Archimedean right orderable group is isomorphic to a subgroup of the additive
group of the real numbers. The proof of the foregoing lemma is part of Cartan’s proof [Car39]
of this stronger result.

THEOREM 2.28. Orderable groups are locally indicable groups.

PROOF. Let G be an orderable group. Suppose that (G, <) is an ordered group. Let
Y be the set of convex subgroups of (G, <). We claim that ¥ is a subnormal system with
torsion-free abelian factors. Then Example 2.4(b) and Proposition 2.6 imply that G is locally
indicable. The claim follows because {1}, G € ¥, and from Remarks 2.15 (a), (b), (e), (f) and
Lemma 2.27. O

The converse of Theorem 2.28 is not true. There are locally indicable groups which are
not orderable as Remark 2.15(f) shows. On the other hand, locally indicable groups are right
orderable [BHT72]. The proof that we give of this fact is taken from [Pas77, Exercise 13.9].

PROPOSITION 2.29. Let G be a group. Suppose that every nonidentity finitely generated sub-
group of G can be mapped homomorphically onto a nonidentity right orderable group. Then G
18 a right orderable group. In particular, a locally indicable group is a right orderable group.

PROOF. If G is not right orderable, then, by Lemma 2.19(ii), there exists a minimal
integer n and nonidentity elements z1,...,2, € G with 1 € S(z{',...,25") for all choices
of sign. Set H = (x1,...,7,) and let H = H/N be a nonidentity homomorphic image of
H which is right orderable. Assume that x,...,2y € N and x441,...,2, ¢ N. Notice that
t > 1 because otherwise, as H/N is a right orderable group, there would exist signs such

that 1 ¢ S(:Efff, ..., Z%) by Lemma 2.19(ii) which contradicts the choice of x1,...,z,. Also
t < n because H is not trivial. So there exist signs 6y, ...,6, with 1 ¢ S(z%',...,2%) and
1¢S(z fff, ..., @), By the mmlmahty of n, if 1 € S(z%,...,20), then 1, the image in H
of 1€ H,isin S(asz:f, ...,2). Thus 1 ¢ S(z',...,2%"), a contradiction. O

But then, is the converse of Proposition 2.29 true? That is, do the classes of locally
indicable groups and right orderable groups coincide? The answer is no. It was proved
independently by G. M. Bergman [Ber91] and V. M. Tararin [Tar93] that there exist right
orderable groups which are not locally indicable. In [Ber91, Section 6] it is proved that the
group G with presentation (x,y,z | 22 = y3 = 27 = xyz) is right orderable and perfect i.e.
[G,G] = G. Thus it has no infinite cyclic quotient group.
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So now arises the question of which right orderable groups are locally indicable. This can
be answered in two ways, restricting the class of right orderings or the class of groups. We
give an answer to the former and some partial answers to the latter in the next section.

4. Characterization of locally indicable groups and some recent advances

DEFINITION 2.30. Let (G, <) be a right ordered group. Let ¥ be the chain of convex subgroups
of (G,<). We say that < is a Conrad right order if L < H and H/L is Archimedean for
every jump (L, H) in X. Notice that H/L is a (right orderable) torsion-free abelian group by
Lemma 2.27.

We say that a group G is Conrad right orderable if there exists a total order < on G such
that (G, <) is a Conrad right ordered group. These right ordered groups were introduced by
P. Conrad in [Con59]. Many equivalent conditions to Conrad orderability can be found in
[BMR77, Section 7.4]. O

Before stating the main result of this section we need some preliminary results. The proof
of Proposition 2.31 is taken from [Gla99, Lemma 6.6.2], while Proposition 2.32 from [NFO07].
Condition (ii) in Proposition 2.31 was first introduced in [Jim07].

PROPOSITION 2.31. Let (G, <) be a right ordered group. The following are equivalent.

(i) (G, <) is Conrad right ordered.
(ii) For all z,y € P(G, <), y*r > y.
(iii) For all x,y € P(G,<), y"x >y for some n € N.
(iv) For all z,y € G, 1 < x <y implies zy "z~ >y for some n € N.

PROOF. (i) = (ii) Let ¥ be the chain of convex subgroups of G. Let z,y € P(G,<). If
x <y, consider the jump (L,, H,) in ¥. Then H,/L, is a torsion-free abelian group. By
Remarks 2.26(c), (Hy,/L,,<) is an ordered abelian group. Then 1 < yL, and 1 < zL,.
Moreover y?z L, > y*L, > yL,. Hence y*z > y by Remarks 2.26(c).

(ii) = (iii) Clear.

(iii) = (iv) First notice that if a,b € P(G, <), there exists m € N such that (ab)™ > ba.
Otherwise (ab)™ < ba for all m € N. Since 1 < a, then (ba)™b < a(ba)™b = (ab)™ ! < ba.
Thus (ba)™b < ba for all m € N, contradicting (iii). By what we have just proved, there exists
n € N such that zy"z ! = (xyz~!)" > v~ loy = y, as desired.

(iv) = (i) Let X be the class of convex subgroups of G.

Step one: Let w € P(G,<). If a,b € G and n € N with a < w" and b < w", then ab < w™
for some m € N.

If there is m € N such that w"b < w™, then ab < w"b < w™ as desired. So we suppose
that no such m exists. Thus w™ < w"b for all m € N. Therefore w™b~! < w™ for all m € N.
But b < w" implies bw™ < w"t™. Hence bw™b~! < w™t™b~1 < w™ for all m € N. This
contradicts our hypothesis (iv).

Step two: Let (L, H) be a jump in X. If z,y € P(H, <)\ L, then y™ > x for some m € N.

Suppose that there does not exist such m. Consider the set

C={ceG|IneNsuchthat l<ec<y orl<c <yl

Notice that if ¢ € C, then ¢! € C. Moreover, if ¢, ¢y € C, then cico € C by Step one. Hence
C is a subgroup of G. Furthermore C is convex. Let ¢,d € C' and z € G such that ¢ < z < d.
Then 1 < z¢™' < de™t. For de™! € C, z¢™! € G. Moreover z¢™! - ¢ = z € G. Therefore, since
y € C, C is a convex subgroup of G which strictly contains L, but, since = ¢ C, C' is strictly
contained in H, a contradiction with the fact that (L, H) is a jump.

Step three: If (L, H) is a jump in X, then L < H.
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If z€ L and € P(H,<) \ L, notice that z=! € P(H,<) \ L. By Step two, let n € N
be the least one such that x < (xz=1)". If z(zz71)z~! < 1, then z(z27!) < o < (227 1)"
and z < (zz71)""! contradicting the minimality of n. Therefore x(xz~1)z=! > 1. Hence
r(zz7 o™t = (zw(zz7 )2~ )7t < 1, that is, zzx~! < 2. Since z was arbitrary in L, we obtain
that xzm2z~! < xforanym € Z. Ifzz™x~' ¢ L,and xzx~! > 1, thenz < 222! = (zza~1)™
for some m € N by Step two, contradicting what we have just showed. In the same way, if
rzmr"t ¢ L and zza~ ! < 1, we get that © < 2z~ ™2~ ! for some m € N, a contradiction.
Therefore xLz~' C L. To show that L <1 H it is enough to prove that 2='Lz C L. To
prove this, let y € P(H,<) \ L. By Step two, there exists m € N such that z < y™. By
hypothesis there exists 7 € N such that y™ < xy™ z~!. Hence zyz~! € P(H, <)\ L. Therefore
x(P(H,<)\ L)x~! C P(H,<)\ L and, moreover, z(H \ L)z=' C H \ L. This implies that
x 1Lz C L as desired.

Thus L << H and H/L is Archimedean by Step 2. O
ProPoOsSITION 2.32. A group G is Conrad right orderable if and only if for all nonidentity
elements x1,...,T, € G there evist suitable signs &; = +1 such that 1 ¢ S (25", ..., z5").

Proor. If (G, <) is Conrad right ordered and 1, ...,z, € G\ {1}, choose signs 1, ..., &,
such that x5 > 1. Then, by Proposition 2.31(ii), every element z € S (', ..., z5") verifies
x> 1, and thus 1 ¢ SC(af',...,z5).

Conversely, suppose that G satisfies the condition stated on Conrad semigroups. Con-
sider the compact topological space {+, —}G\{l} with the product topology. For each finite
family x1,...,2, € G\ {1} and each family of suitable signs ¢1,...,&,, consider the closed
subset CX(x1,...,&n;€1,...,en) of {4+, —}E\M1} that consists of all functions sgn which sat-
isfy the following property: sgn(z) = + and sgn(z™!) = — for all z € S (z7",...,25").
Notice that CX(x1,...,Tn;€1,...,6,) is not empty because 1 ¢ SY(25',...,25"). For fixed
Zi,...,on € G\ {1}, let CX(x1,...,x,) be the union of all the sets CX (z1,...,2n;€1,...,6n)

for suitable signs €1, ...,&,. Notice that CX(x1,...,x,) is a closed subset. Moreover, for any
finite family of subsets {CX; = CX (i1, ..., %in,) F1<i<m, the intersection Hl CX; is not empty
1=
because CX(T11,---,Tingy---sTmls---»Tmn,) < ﬁl CX;. Now, by the Finite Intersection
i

Property, the intersection X of all the sets of the form CX (1,...,xy) is not empty. Then, if
feX, P={xeG| f(x)=+} is a positive cone that defines a Conrad right order. O

What follows is the main result of this section. The equivalence of conditions (i) and (iii)
was conjectured in [BH72], but the whole result was first proved in [Bro84]. Another proof
can be found in [RR0O2]. Both proofs use nontrivial results on group varieties. The more
direct proof provided here is from [NF07, Proposition 3.11].

THEOREM 2.33. Let G be a group. The following statements are equivalent.
(i) G is a locally indicable group.

(ii) G is a Conrad right orderable group.

(iii) G has a subnormal series ¥ with torsion-free abelian factors.

PROOF. (i) = (ii) We prove that G satisfies the condition of Proposition 2.32. So let
Zi,...,on € G\ {1}. Let I; = {1,...,n}. Since G is locally indicable, there exists a non-
trivial morphism ¢1: (z1...,2,) — Z. Let Iy = {i € I | ¢1(z;) = 0}. If Iy # 0, by local
indicability, there exists a nontrivial morphism of groups ¢o: (z; | i € Is) — Z. Continuing
in this way, if I,,41 = {i € I, | ¢m(x;) = 0} # 0, there exists a nontrivial morphism of
groups ¢m+1: (x; | i € Ijy+1) — Z. Notice that for some m € {1,...,n}, I,+1 = 0. For each
i € {1,...,n}, let j(i) be the unique index such that ¢;@; is defined on z; and ¢;¢;(w;) # 0.
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Let ¢; € {—1,1} be such that ¢;(;)(x5") > 0. We claim that 1 ¢ S (2},. .., 25"). Notice that it
is enough to prove that for each = € S¢ (27", ..., x5") there exists j such that ¢;(z) > 0. So let
x € SC(x5", ..., 5. First notice that for each m such that ¢y, exists, if + € SC (25" | i € I,),

then ¢, (x) > 0 because S¢(25' | i € I,) = U SC(z5" | i € I,). Moreover, for every

T
Y,z € (x| i € L)y dm(y?2y™Y) = ¢m(y) + dm(2). Then, it is not difficult to realize that
¢m(x) = 0 implies that I, 1 # 0 and x € SY(25" | i € Iyy41). Since I,11 = 0 for some m, we
get that ¢;(z) # 0 for some j.

(ii) = (iii) Suppose that G is Conrad right orderable. Let < be a total order on G such
that (G, <) is Conrad right ordered. Then X, the chain of convex subgroups of (G, <), is a
subnormal system of G with torsion-free abelian factors by Remarks 2.26(a), (b), the definition
of Conrad right order and Lemma 2.27.

(iii) = (i) Example 2.4(b) and Proposition 2.6 imply that G is locally indicable. O

Now we proceed to state some recent advances on which classes of groups are such that
every right orderable group is locally indicable. For that we need the following definition

DEFINITION 2.34. A group G is amenable if there is a measure -a function that assigns to each
subset of G a number from 0 to 1- such that

(a) The measure is a probability measure: the measure of the whole group G is 1.

(b) The measure is finitely additive: given finitely many disjoint subsets of G, the measure of
the union of the sets is the sum of the measures.

(c) the measure is left-invariant: given a subset A and an element g of G, the measure of A
equals the measure of gA. a

It is known that subgroups of amenable groups are amenable and extensions of amenable
groups by amenable groups are amenable. Some examples of amenable groups are polycyclic,
solvable-by-finite, supramenable and elementary amenable groups. On the other hand. the
direct product of an infinite family of amenable groups need not be amenable and, if a group
contains a non-abelian free subgroup, then it is not amenable [Wag93|.

That a right orderable amenable group is locally indicable has been proved by D. W.
Morris in [Mor06]. This theorem generalizes results in [Rhe81], [CK93], [Kro93], where it
was respectively proved that right orderable groups in the classes of polycyclic, supramenable
or solvable-by-finite groups are locally indicable. It also implies the result in [Lin99] that
every right orderable group in the smallest class of groups closed under extensions and directed
unions that contains supramenable and elementary amenable groups is locally indicable.

On the other hand it is known that right orderable groups in the class X of groups with no
nonabelian free subsemigroups are locally indicable [LMR95] (for example nilpotent groups
are contained in X) and also that a right orderable group G with a normal series (Gq)a<r
(i.e. a subnormal series where G, <1 G for all «) whose factors are locally nilpotent groups is
locally indicable [Tar91]. Along these lines, a further result was given in [LIMROO]: a right
orderable group with a normal series with factors in X is locally indicable.

Furthermore, an even stronger result than [Mor06] and [LMROO] has been conjectured
in [Lin01]: every right orderable group which contains no non-abelian free subgroup is locally
indicable.

5. Torsion-free one-relator groups

An important class of examples of locally indicable groups is that of torsion-free one-relator
groups. In this section it is briefly explained what a torsion-free one-relator group is and stated
two important results without proofs.
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DEFINITION 2.35. A one-relator group is a group which has a presentation of the form (X | w),
where w is a word in the free group on X.

Given F' the free group on X, a freely reduced word in F' on X is a word of the form
x=x{25? a8 where x; € X, e; = £1 and x; # x4 if €, = —ejp1.
A freely reduced word w = z{'x5? - -zt is cyclically reduced if x1 # x, or if 1 = x,
then e; # —e,. Every element of a free group is conjugate to an element given by a cyclically
reduced word. Hence every one-relator group has a presentation of the form (X | w), where

w is a cyclically reduced word in the free group on X. O
The following well-known result was proved in [KMS60].

PROPOSITION 2.36. Let G = (X | w) where w is cyclically reduced in the free group on X.
The group G is torsion free if w is not a proper power in the free group on X. If w = u",
n > 1, where u itself is not a proper power, then u has order n in G and all elements of G of
finite order are conjugates of powers of u. OJ

The following theorem was proved independently by S.D. Brodskii [Bro84| and J. Howie
[How82].

THEOREM 2.37. Torsion-free one-relator groups are locally indicable groups. U

REMARKS 2.38. (a) Let F' be the free group with basis {z, y, 2z}, and let f € End(F') be defined
by x — 2?yz "yt oy — 322y l27l, 2 —— 2222 '2~!. Then for each n > 0 the
group

Gn = <'T7 Y,z | fn(x)v fn(y»

is locally indicable and it is not a one-relator group. A proof of this can be found in

[How85].
(b) By Theorem 2.37 and Proposition 2.29, every torsion-free one-relator group is right order-
able. g

DEFINITION 2.39. Let {G;}ier be a set of groups. A word w = ajas - - - a, in the free product
x G is reduced if two contiguous letters belong to different groups. The length of the reduced
1€

word w is n. We say that w is cyclically reduced if w is reduced and, whenever the length of
w is at least two, a; and a,, belong to different factors. (|

The following generalization of Theorem 2.37 can be found in [How82, Theorem 4.2]

THEOREM 2.40. Let {G;}icr be a set of groups, and G be the quotient of * G; by the normal
1€

closure of a cyclically reduced word w of length at least 2. The following are equivalent:

(i) G is locally indicable
(ii) G is torsion free

(iii) w is not a proper power in ‘*I G;. O
1€

“.. Feeding on you
Feeding on me

Feeding on everyone
Feeding on everything”

Dead Soul Tribe, Feed Part I: Stone by stone



CHAPTER 3

Localization

1. Ore localization

Here we collect some well known results on Ore localization. Details and proofs will
be omitted. Most of them can be found for example in the book of T.Y. Lam [Lam99,
Sections 10-11], where a nice introduction about the problem of embedding domains in division
rings is given.

DEFINITIONS 3.1. Let R be a ring.

(a) By a multiplicative set of R, we shall mean a subset & C R that satisfies the following
three properties:
(i) & is closed under multiplication,
(ii) 0 ¢ &, and
(iii) 1 € &.
(b) A morphism of rings ¢: R — R’ is said to be &-inverting if (&) C R'*.
(c¢) Given a multiplicative set & of R, a ring R’ is said to be a left Ore ring of fractions of R
(with respect to &) if there is a given morphism of rings ¢: R — R’ such that:
(i) ¢ is G-inverting.
(ii) Every element of R’ has the form ¢(s) '¢(a) for some a € R and s € .
(iii) kerop = {r € R: sr = 0 for some s € G}.
In this event, R’ is denoted by G~ 'R. O

The construction of a left Ore ring of fractions is done very much in the same way as the
one of the ring of fractions of a commutative ring.

THEOREM 3.2. The ring R has a left Ore ring of fractions SR if and only if the following
properties hold:

(i) For any a € R and s € 6, SaN Rs # ().

(ii) For a € R, if as’ =0 for some s’ € &, then sa =0 for some s € &.
Moreover, the morphism of rings ¢: R — &R has the following universal property: for
any S&-inverting morphism of rings ¢: R — T, there exists a unique morphism of rings
f: 67 R — T such that ¢ = fop.

SKETCH OF THE PROOF. It is not very difficult to prove that if R has a left Ore ring of
fractions @R, then (i) and (ii) hold.

Conversely, suppose that & and R satisfy (i) and (ii). We construct a left Ore ring of
fractions G~ 'R.

We start the construction by working with & x R. We define an equivalence relation as
follows

(s,a) ~ (8',a) iff there exist b, b’ € R such that bs = b's’ € G and ba = V'a' € R.

We write s~1a for the equivalence class of (s, a).
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Observe that
two fractions sl_lal, Sy 4y can be brought to a common denominator (8)

From &s; N Rsy # 0, we get elements r € R, s € & such that ss; = rsy € &, so now
sl_lal = (ss1) 'sa; and 32_1a2 = (rs3)"Y(raz).

We can define sl_lal + 32_1(12 = t*1(8a1 + rag) where t = ss; = rsa.

The zero element of the commutative group (&1R, +) is 1710.

We define ¢: R — & 'R by ¢(r) = 1717,

In order to multiply sflal with sglag, we use Rso NGay # 0 to find r € Rand s € &
such that rsy = sa;. Then we define sflalsglag = sfls_lrag = (ss1) 'ras.

The identity element is 1711.

It can be proved that ¢ is a morphism of rings with

kero={a€ R|(1l,a) ~(1,0)} = {a € R| sa =0 for some s € &}.

For every s € &, ¢(s) is invertible with inverse s~ !1.
Hence every element of G~!R is written as ¢(s) t¢(a) = s La. O

DEFINITIONS 3.3. Let © be a multiplicative set of a ring R.

(a) If © satisfies conditions (i) and (ii) of Theorem 3.2, then & is called a left denominator
set.
(b) If & satisfies only condition (i) of Theorem 3.2, then & is said to be a left Ore set. O

An important property of Ore localization is that a finite number of fractions can be
brought to a common denominator. More precisely

REMARK 3.4. Let R be a ring and G a left denominator set. By an iteration of what has been
done in (8), given a finite number of elements sl_lal, o.,8, a, € G7IR, there exist s € &
and by,...,b, € R such that s~ 1b; = sl_lal, oy 85T, = s tay,. O

Most of the situations that we will be interested in, to verify that a certain multiplicative
set G is a left denominator set, it is enough to show that & is a left Ore set. We proceed to
state this result which will be used without any further reference. But before that, we need
to give a definition.

DEFINITION 3.5. Let R be a ring. A left ideal I of R is called an annihilator left ideal if it is
the left annihilator of a non-empty set X of R,i.e. I ={re€ R|rz =0 forall z € X}. O

LEMMA 3.6. Let R be a ring. Let G be a multiplicative set of R. If either

(i) & consists of non-zero-divisors, or
(ii) & consists of central elements, or
(iii) R satisfies the ascending chain condition on annihilator left ideals,

then & is a left denominator set provided & is a left Ore set. g

DEFINITION 3.7. Let R be a ring.

(a) Suppose that R is a subring of a ring A. We say that R is a left order in A if
(i) every non-zero-divisor of R is invertible in A, and
(ii) every element of A has the form s~!r, where a € R, and s is a non-zero-divisor of R.
In this event the set & consisting on all non-zero-divisors of R is a left Ore set and
A=6"'R.
(b) The ring R is said to be left Goldie if it satisfies:
(i) the ascending chain condition on annihilator left ideals, and
(ii) R does not contain an infinite direct sum of non-zero left ideals. O
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The following result is known as Goldie’s Theorems.

THEOREM 3.8. Let R be a ring.
(i) R is a left order in a semisimple ring A if and only if R is a semiprime left Goldie ring.
(ii) R is a left order in a simple artinian ring if and only if R is a prime left Goldie ring. O

Of course there exist right versions of these results and definitions: right Ore ring of
fractions, right Ore set, right order, right Goldie ring,...

DEFINITIONS 3.9. (a) A ring R is an order in a ring A provided R is a left and a right order
in A.

(b) A subset & of a ring R is an Ore set if it is both a left and a right Ore set.

(c) If a subset G of aring R is a left and a right denominator set, then the universal properties
of the left and the right Ore ring of fractions imply that R&~! = &~ 'R as R-rings. In
this case IR is called the Ore ring of fractions. O

Now we present an example that we will need later in Chapter 7. The proof can be found
in [Coh95, Theorem 2.3.1].

ProOPOSITION 3.10. Let k be a division ring, and let a: k — k be a morphism of rings. Con-
sider the skew polynomial ring klz;a] and the skew power series ring kl[z;a]].  Let
S={l,z,...,2",...}. Then & is a left Ore set whose inversion yields the division ring
&~ Lk[[x; a]] which contains k|x;a] and k[[z;al], consisting of all power series of the form

x " Z apx™, r >0, a, € k for each n > 0.

Moreover, if a is an automorphism, then every element of &~ 1k[[z;a]] can be expressed as a

series Y. bpa™, with s € Z and by, € k for each n. Therefore S~ 1k[[z; a]] = k((z; a)). O

n>s
REMARK 3.11. Let k be a division ring, and let a: £k — k£ be a morphism of rings. Consider

oo
the division ring &~ 'k[[z; o]]. In general, the expression of a series ™" . a,x™ is not unique.

n=0

o o

Indeed, let A=2"" Y a,2" and B=2"° Y. b,2" be series in & 1k[[z;a]] with r > s, then
n=0 n=0

A=B iff a,=0for 0 <n<r—sand aptr—s =" *(by) for n >r —s. (9)

On the other hand, if  is an isomorphism, then every series in &~ 1k[[z;]] can be ex-

pressed in the form Y a,z™, and this expression is unique. O

n>s

In general, if a ring R is not commutative, given a right R-module M and a subset & of
R, we cannot talk about the G-torsion submodule of M. On the other hand, this can be done
if & happens to be a right Ore subset.

LEMMA 3.12. Let R be a ring and & a multiplicative subset of R. Then
(i) & is a right Ore set if and only if the set Ts(M) = {m € M | ms =0 for some s € &}
18 a submodule for each M € Mod- R.
(ii) & is a left Ore set if and only if the set Tg(M) ={m € M | sm =0 for some s € &} is
a submodule for each M € R-Mod.
Moreover, if (1) holds, then Ts(M) is the trace submodule
Z {f(R/sR) | f € Homgr(R/sR,M)}; and if (ii) holds, then Ts(M) is the trace submod-

ule Z {f(R/Rs) | f € Homr(R/Rs,M)}.
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PrOOF. We prove (i), then (ii) follows by symmetric arguments. Suppose that & is a
right Ore set and M a right R-module. Let m € 7g(M). Then there exists s € & such that
ms = 0. For each r € R, there exist s’ € & and 7’ € R such that rs’ = sr’ because & is a right
Ore set. Hence (mr)s’ = msr’ =0, i.e. mr € Tg(M). Suppose now that mi, ms € Tg(M).
Let s1,s2 € & such that mis; = masy = 0. By the foregoing, mas; € 7g(M). Thus there
exists w9 € G such that mosjwo = 0. Notice that sywy € &. Then

(m1 + ma)siwe = (m1s1)ws + (Mmasy)wz = 0,

that is, m1 +mg € Ts(M).

Conversely, suppose that 7g (M) is a submodule for each M € Mod- R. For any s € & and
r € R, consider the right R-module M = R/sR. Clearly 1 € 7s(M). Hence, 7 = 1r € Tg(M)
because 7g (M) is a submodule. Thus there exist s € & and r’ € R such that rs’ = sr’/.

Now suppose that (i) holds and that M is a right R-module. Then m € 7g(M) iff there ex-
ists s € & such that ms = 0 iff there exists a morphism of right R-modules f: R/sR — M with

f(1) = m. Now observe that for each s € & and morphism of right R-modules f: R/sR — M,
then f(1) € Tg(M). Thus f(R/sR) = f(1)R C Tg(M), and then

> {f(B/Rs) | s € 6} C Ts(M),
because 7 (M) is a submodule of M. O

DEFINITION 3.13. Let R be a ring, & a right (left) Ore subset of R and M a right (left)
R-module. The submodule 7g (M) is called the &-torsion submodule of M. We say that M
is &-torsion-free if T(M) = 0, and that M is &-torsion if Tg(M) = M.

Suppose that & is a right (left) Ore subset that consists of all non-zero-divisors of R. If
Ts(M) = 0, we usually say that M is torsion-free instead of G-torsion-free. If Tg(M) = M,
we usually say that M is torsion instead of G-torsion. g

Some other important properties of Ore localization for us are contained in the following
result.

PROPOSITION 3.14. Let R be a ring and & a left denominator set. Then the following state-
ments hold:

(i) 'R is a flat right R-module. That is, for every eract sequence of left R-modules
0—-B—-C—-D—0,then)—>6'"RprB —-6"'"RprC -6 'R®rD — 0 is an
exact sequence of left &~ R-modules.

(ii) Let M be a left R-module. Then the kernel of the natural map ¢: M — G 'R®p M,
m— 1 ®m, equals Tg(M).

SKETCH OF THE PROOF. (i) can be proved by verifying the conditions of a flatness test:
the map 6 'R®p I — G 'RI, defined by s 'r ® y — s 'ry, is an isomorphism of abelian
groups for each left ideal I of the ring R, see [Lam99, Lemma 4.12].

(ii) It can be proved that there exists a “left Ore module of fractions” &~'M in the same
way as the construction of @' R. The elements are of the form s~ m for each s € & and m €
M. The kernel of the natural map ¢: M — &~ 1M is Tg(M). It has the following universal
property: for each morphism of left R-modules 1): M — N such that the action of s on N is
bijective, there exists a unique morphism of left R-modules f: @ 'M — N such that fo = ).
Therefore there exists a unique morphism of left R-modules f: & 'M — & 'R ®p M such
that fo = 9. By the universal property of the tensor product, there exists a morphism
g: 6 'R®r M — &~ 'M Then both compositions of f and g give the identity. Then ¢ has
kernel 7g(M). O
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2. Division rings of fractions

In this section we present concepts and examples that will be used throughout these pages.

DEFINITIONS 3.15. Let R be a ring.

(a) By an R-ring we understand a ring L with a given morphism of rings p: R — L. Given
another R-ring L’ with morphism of rings p’: R — L', by a morphism of R-rings we
understand a morphism of rings q: L — L’ such that gp = p’. When ¢ is an isomorphism
(automorphism) we say ¢ is an R-isomorphism (R-automorphism). If R is a commutative
ring and the image of the morphism of rings p: R — L is contained in the center of L,
we usually say that L is an R-algebra.

Suppose that R is embedded in a division ring F, R — F.

(b) We define the division ring of fractions of R inside E, denoted E(R), as the R-ring which
is the intersection of all division subrings of E that contain (the image of) R. Of course
E(R) is a division ring. Notice that different embeddings of R inside E give different
division rings of fractions of R inside FE.

(¢) We say that a division ring D is a division ring of fractions of R if there exists an embedding
of R inside D such that D = D(R).

(d) Let R — D; and R — D3 be two division rings of fractions of R. We say that they are
isomorphic division rings of fractions (of R), if D1 and Dy are isomorphic as R-rings. [

The following remark is very important. The situation described in it will be most helpful
for us through Chapters 5-7.

REMARK 3.16. The division ring of fractions D of R inside E can be constructed from R in
the following way. Let S be a set of generators (as a ring) of R. Let Xy be the empty set and
X1 = (R\ {0})~!. Now suppose that we have defined X, for all natural numbers r < n. Then
we define Q,(R, E) to be the subring generated by S U X,, and set

Xnt1 = (Qn(R, E)\ Qu-1(R, E)) ™" U X,
Let X = nL>J0 Xp. We have defined an ascending chain of subsets (X, )nen and of subrings
(Qn(R, E))nen of E. Hence ngO Qn(R,E) is a subring of E. Moreover, it contains R and
every nonzero element of it is invertible. Thus D C ng() Qn(R, E). Notice that for each n > 0,

Qn(R, E) is contained in the subring of E generated_by S and X, and that X,, C D for each
n. Thus D = L;O Qn(R, FE) and D equals the subring of E generated by S and X.
n

Notice that we could also have defined Qo(R,E) = R, and for each n > 0
Qni1(R, E) = subring of E generated by {s™1,r | r,s € Qu(R, E), s # 0}

as it is done in [Fis71]. Being this last definition easier, we are inspired by the first one to
produce Section 4 in Chapter 5.

In summary the elements of D can be built up from elements of R (or of S) in stages
using addition, subtraction, multiplication and division by nonzero elements, and for each
n > 0, Qn(R, F) is the set of elements of D which can be obtained using at most n nested
inversions. O

In general, as we have explained in the Introduction, unlike in the commutative case, a
domain may not have a division ring of fractions or may have more than one (see Chapter 7).
However the Ore situation is very similar to the commutative one.
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DEFINITION 3.17. Let R be a ring. When R is a domain and & \ {0}, then the left Ore
condition can be re-expressed in the equivalent form: Rr; N Rry # (0) for any r1,72 € R\ {0}.
If & satisfies the left Ore condition, we say that R is a left Ore domain. The left Ore ring of
fractions &1 R is usually denoted by Q',(R). Observe that Q.,(R) is a division ring because
the inverse of s™1r is 7~!s for each s, € R\ {0}. So we usually call Q,(R) the left Ore
division ring of fractions of R. O

Now the universal property of Q';(R) implies that a (left/right) Ore domain has a unique
division ring of fractions.

THEOREM 3.18. Let R be a (left) Ore domain. Then ¢: R — QL (R) is a division ring of
fractions of R. Furthermore, for every embedding ¢¥: R — E of R in a division ring E, there
exists a unique monomorphism f: QZCZ(R) — F such that fo = . Therefore we can suppose
that Q',(R) is embedded in every division ring which contains R. O

Observe that if R is a left Ore domain and D = QICI(R), then, under the notation of
Remark 3.16, D = Q1(R, D) = L>J0 Qn(R, D).

Some (left) Ore division rings of fractions we will deal with are the following ones. For a
proof see for example [Lam99] and [GW89)].

ProprosITION 3.19. The following statements hold:

(i) If R is a left (right) noetherian domain, then R is a left (right) Ore domain.

(ii) Let k be a division ring and a: k — k be a ring endomorphism. Then k[x;a] is a
principal left ideal domain. Thus klx;a] is a left Ore domain with left Ore division ring
of fractions denoted by k(x;a). Moreover, if o is an automorphism, then kl[z;a] and
k[z,x71;a] are principal right and left ideal domains and have as Ore division ring of
fractions k(x; ).

(iii) Let R be a domain and a: R — R be a ring endomorphism. If R is a left Ore domain,
then so is R[x; ). Indeed, if D is the left Ore division ring of fractions of R, then D(x; )
is the left Ore division ring of fractions of R[x; ). Moreover, if a is an automorphism,
then R[z,z71;a] is a left Ore domain. O

3. Matrix Localization

In this section we present the concepts and results on matrix localization that we will need
in the forthcoming chapters. Most of the proofs are omitted. They can be found in [Coh95]
and [Coh85], where the concepts in this section are discussed in full detail.

3.1. Epic R-division rings. We now study the morphisms of rings from a given ring to
division rings.

DEFINITIONS 3.20. Let R be a ring, and let p: R — F be an R-ring.

(a) If F is a division ring, we say that F' is an R-division ring.

(b) If p: R — F is a division ring of fractions of imp, we say that F is an epic R-division
Ing. Il

If R is commutative, epic R-division rings p: R — L are determined up to R-isomorphism
by the kernel of p. More precisely,

REMARK 3.21. Let R be a commutative ring. The map

{Prime ideals of R} — {R-isomorphism classes of epic R-division rings}

p—  Q(R/p)
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is bijective, where Q(R/p) is the field of fractions of R/p and has the natural R-ring structure
given by R — R/p — Q(R/p). O

Let R be aring and F' an epic R-division ring with p: R — F. In the noncommutative case,
the kernel of the morphism p is not sufficient to describe R-division rings. For example, in
Chapter 7 we present non-isomorphic division rings of fractions of the free algebra (therefore
kerp = 0).

If R is commutative, the epic R-division ring F' can be also constructed from the local-
ization R,, where p = kerp, p: R — F. Since the image of the elements of R\ p by p are
invertible, we get an R-morphism of rings R, — F whose kernel is pR,. Hence, F' = R, /pR,
as R-division rings. It is this second way of constructing epic R-division rings the one that
generalizes to the noncommutative setting, but, considering elements which map to zero is not
enough, the matrices which become singular must be taken into account. What follows tries
to explain this last assertion in more detail.

We begin with the construction of the localization of a ring at a certain set of matrices.

DEFINITIONS 3.22. Let R be a ring. Let X be a set of matrices over R.

(a) A morphism of rings f: R — R’ is called X-inverting if, for each A = (a;;) € X,
fA = (f(ai;)) is an invertible matrix over R’. Notice that for morphisms to division rings
only square matrices will play a role.

(b) A X-inverting morphism of rings f: R — R’ is universal X-inverting if, for each X-inverting
morphism v¢: R — S, there exists a unique morphism of rings : R — S such that

of = O

THEOREM 3.23. Let R be a ring. Let 3 be a set of matrices over R. Then there exists a ring
Ry, and a universal X-inverting morphism of rings A\: R — Ry.

PRrROOF. For every m xn matrix A = (a;;) € X, we choose mn symbols a;i which we adjoin
to R, with defining relations the ones given by entries of the matrices equalities

AA =1, AA=I,

where A’ = (a;i), and I,,,, I, denote the identity matrices of orders m and n respectively. We
denote the resulting ring by Ry. Notice that, by construction, the natural morphism of rings
A: R — Ry is Y-inverting and the inverse of A\A is A’. Given any X-inverting morphism of
rings f: R — R/, we define f’: Ry — R’ by mapping Aa (for a € R) to f(a) and a; to the
(J,i)-th entry of the inverse of fA. Any relation in Ry is a consequence of the relations in
R and the relations expressing that A’ is the inverse of AA. All these relations hold in R/,
so f’ is well-defined and it is a morphism of rings. It is unique because its values on AR are
prescribed, as well as on (AA)~!, by the uniqueness of inverses. O

DEFINITION 3.24. Let R be a ring. Let X be a subset of matrices over R. Then the ring Ry

constructed in Theorem 3.23 is called the universal X-inverting ring or the localization of R
at 2. ]

From the localization of a ring R at certain sets of matrices it is possible to obtain all epic
R-division rings.

DEFINITION 3.25. Let R be a ring. Given an R-division ring F', with map p: R — F, by the
prime matriz ideal of F' (or of p), we understand the collection of all square matrices over R,
of all orders, which map to non-invertible matrices over F. If P is the set of all such matrices,
then we can define a localization Rp, analogous to R, in the commutative case. Let X be
the complement of P in the set of all square matrices over R. Thus ¥ consists of all square
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matrices over R which become invertible over F. Then the universal ¥-inverting ring Ry is
usually written Rp, just as we write R, in the commutative case. g

The construction of an epic R-division ring can be described in terms of its prime matrix
ideal.

THEOREM 3.26. Let R be any ring and F' an epic R-division ring with prime matriz ideal P.
Then the localization Rp is a local ring with residue class division ring F. (|

So we have as many epic R-division rings as prime matrix ideals, analogously as in the
commutative case we have as many epic R-division rings as prime ideals.
What matrices are the candidates to become invertible in a division ring? Full matrices.

DEFINITION 3.27. Let R be a ring.

(a) Let A be an n x n square matrix over R. Consider the different ways of writing A as a
product

A= PQ,where Pisn xrand Qisr xn (10)

for varying r. If in every representation of A we have r > n, A is said to be full. Observe
that, if R is a division ring, then a matrix A is full if and only if A is invertible.
(b) Two square matrices A, A’ over R of the same size are associated if A’ = PAQ with P,Q
invertible over R. Notice that if A, A" are associated, then A is full if and only if A’ is full.
(c) Let A be an n x n square matrix over R. We say that A is hollow if it has a zero submatrix
of size r X s with r 4+ s > n. 0

The set of full matrices is the biggest set of matrices we can try to invert in a division
ring. For some rings R, it is possible to find an epic R-division ring such that all full matrices
become invertible, see Section 3.2. In fact, this epic R-division ring will be a division ring of
fractions of R, for note that any nonzero element of R is a 1 x 1 full matrix. On the other hand,
in general, not all full matrices over a ring R become invertible over an epic R-division ring,
see Example 3.34. Furthermore, this happens for many rings as the following useful remark
shows. It is taken from [Lew74].

REMARK 3.28. Let R be a ring that has a non-free finitely generated projective module P.
Then R has a full matrix which is not invertible in any division ring which R embeds.

PROOF. Let M be a free module of least rank n such that M = P, & P = R™. Let A be
the n x n matrix which gives the projection over P. Then A is an idempotent, not zero and
not the identity. Hence A is not invertible in any division ring in which A embeds. Now we
prove that A is full. Suppose that A is not full, then

A Rn
74
Rm

with m < n. Let N be the image of the matrix C. Then P C N and P is a direct summand

of N since it is of R". So we have R % N — P — 0. Hence P is a direct summand of R™,
contradicting the minimality of n. O

R’n

Hollow matrices are an important set of non-full matrices.

LEMMA 3.29. Let R be a ring and A an n X n hollow matriz over R. Then A is not full.
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PROOF. Suppose that A has a zero submatrix of size r x s with r + s > n. Since any two
associated matrices are simultaneously full or not, we can suppose

n—s S

4= (g s)

(- ()

where the matrices are n X (n —s+mn —r) and (n — s + n — r) x n. Therefore, if r + s > n,
wegetn—s+n—r<n. g

Then

Let R be aring. The epic R-division rings can be made into a category. To take morphisms
of R-rings as morphisms would be too restrictive, as all maps would then be isomorphisms.
To see that let f: F1 — F5 be a morphism of R-rings between epic R-division rings. Since Fj
is a division ring and ker f is a proper ideal of F, f is injective. Then f is onto because f(F})
is a subdivision ring of F, which contains the image of R and F5 is an epic R-division ring.

A workable notion of morphism in this category is that of specialization.

DEFINITIONS 3.30. Let R be a ring and F, L,T be epic R-division rings.

(a) A local morphism between F, L is a morphism of R-rings f: Fy — L, whose domain
Fp is an R-subring of F', which maps non-units to non-units. Since L is a division ring,
this means that the non-units in Fj form an ideal (= ker f). Hence Fj is a local ring.
Moreover, since L is an epic R-division ring, then Fy/ker f = L, because the image of f
is a division ring isomorphic to Fy/ker f that contains R.

(b) Suppose that f: FF — L and ¢g: L — T are local morphisms with domains Fy and Lg
respectively. Let F, = f~!(Lg). We define the composition gf as the local morphism
obtained by the restriction gf: Fj — T.

(¢) Two local morphisms between F' and L are said to be equivalent if there is a subring of F’
on which both are defined, and on which they agree and again define a local morphism.
It is easy to see that it is an equivalence relation.

(d) An equivalence class of local morphisms between epic R-division rings is called a special-
ization. In this way we obtain for each ring R, a category with epic R-division rings as
objects and specializations as morphisms. O

ExamMpPLE 3.31. Let R be a commutative ring. Let F} and F5 be epic R-division rings. By
Lemma 3.21, there exist pp,po prime ideals of R such that p; = kerp;, pas = kerps and
Fy = Ry, /p1 Ry, Fo = Ry, /p2Ry,. Then there exists a specialization f: Fy — F; if and only
if p1 C po. O

We have just seen that, in the commutative case, a specialization between epic R-division
rings can be characterized in terms of the corresponding prime ideals, i.e. kernels. In general, a
specialization between epic R-division rings can be characterized in terms of the corresponding
prime matrix ideals:

THEOREM 3.32. Let R be a ring. Let Fy, Fy be epic R-division rings with prime matriz ideals
P1, P2 and corresponding localizations Rp,, Rp,. Then the following conditions are equivalent:
(i) There is a specialization 3: Fy — F.
(ii) Py C Ps.
(iii) there is a morphism of R-rings Rp, — Rp,.
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Further, if there are specializations F1 — Fy and Fo — Fi, then F} and Fy are R-isomorphic.
O

DEFINITIONS 3.33. Let R be a ring.

(a) A wuniversal R-division ring is an epic R-division ring F' such that for every other epic
R-division ring T' there exists a specialization F' — T'. That is, F' is an initial object in
the category of epic R-division rings. By Theorem 3.32, it means that R has a least prime
matrix ideal.

(b) If F'is a universal R-division ring such that R < F', we say that F' is the universal division
ring of fractions of R. Notice that if R has a universal R-division ring F' and a division
ring of fractions T, then F' is a universal R-division ring of fractions. This is because the
specialization from F' to T is a morphism of R-rings. U

EXAMPLE 3.34. (a) Let R be a commutative ring. Suppose that R has a least prime ideal p.

Then Q(R/p), the field of fractions of R/p, is a universal R-division ring by Example 3.31.

In particular, if R is a commutative domain, the field of fractions of R is the universal
R-division ring of fractions.

Let R = k[z,y, z]. The field of fractions F' = k(z,y, z) is the universal R-division ring

0 z —y
of fractions. It can be proved that the matrix A = (—z 0 z ) is full over R, but it is
Yy —x

not invertible over F' because A (g) =0.

(b) More generally, let R be a left Ore domain. If R has a universal division ring of fractions,
then it is QZCI(R). Indeed, if there is a specialization from an epic R-division ring D
to Q4(R), then R embeds in D since R embeds in Q' (R). Then the fact that D is
an epic R-division ring and the universal property of Ore localization implies that D is
R-isomorphic to Qfﬂ(R) Therefore the prime matrix ideal of Qld(R) is a minimal prime
matrix ideal. O

The following result will be useful for us in Chapter 6. The statement is a slight general-
ization of [LL78, Lemma 1] while the proof remains the same.

LEMMA 3.35. Let R be a ring. Let F' and L be epic R-division rings, and p an R-specialization
from F to L. Suppose that S is a subring of F' contained in the domain of p. If L(p(S)) is an
S-division ring of fractions with a minimal prime matriz ideal, then F(S) is an S-division ring
of fractions contained in the domain of p, and so p maps F(S) isomorphically onto L(p(S)).

PRrROOF. Let Fy be the domain of p. Then F and L are Fy-division rings, via the inclusion
Fy — F and via p: Fy — L, and p is an Fy-specialization. Let X be the set of matrices
over S that become invertible over L(p(S)). Observe that each matrix of ¥ is invertible over
Fy because it is invertible over its residue class division ring, Fy/kerp = L. Thus they are
invertible over F'. The matrices of ¥ are also invertible over F(S) because, when considered
as endomorphisms of F'(S)-vectorial spaces of finite dimension, they are injective. Therefore
F(S) is R-isomorphic to L(p(S)) by Theorem 3.32 and the minimality of the prime matrix
ideal of L(p(S)). Note that there exists a morphism of S-rings f: Sy, — Fy whose image is
contained in F'(S) and that composed with p has image L(p(S)). Which implies that there is
an onto R-morphism of rings from a subring of F'(S) to L(p(S)). Therefore, the image of f is
exactly F'(S), i.e. F'(S) is contained in Fp. O

3.2. Firs, Semifirs and Sylvester domains. In this section we briefly talk about some
classes of rings with a universal division ring of fractions. They are the classes of firs and
semifirs, introduced by P.M. Cohn [Coh64], and Sylvester domains, introduced by W. Dicks
and E. Sontag [DS78].
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DEFINITIONS 3.36. Let R be a non-zero ring.

(a) R is a semifir if every finitely generated left ideal is free, of unique rank. This condition
is known to be left-right symmetric.

(b) R is a left fir if every left ideal is free, of unique rank. Right fir is defined similarly. R
is a fir if it is left and right fir. This condition is not left-right symmetric. Observe that
clearly a left fir is a semifir. O

EXAMPLES 3.37. Some trivial, but important examples of firs are the following:

(a) A division ring is a fir.

(b) A principal left (right) ideal domain is a left (right) fir. In particular, if & is a division
ring and « is an automorphism of k, the skew Laurent polynomial ring k[z,z~!;a] is a
fir. (|

Other important examples, constructed from these ones, will be given in Example 3.43
and Theorem 4.22.

DEFINITIONS 3.38. Let R be a ring.

(a) A relation of r terms
a-b=ab1+...+ab. =0, (11)
ai,bi,...,a.,b. € R, is said trivial if for each 1 = 1,...,r, either a; = 0 of b; = 0. If there
is an invertible 7 x r matrix P over R such that aP~!- Pb = 0 is a trivial relation, then
(11) is said trivializable.
(b) More generally, a matrix product

AB =0, (12)
where A is m x r and B is r X n is trivializable if there is an invertible r x r matrix P
over R which trivializes (12), i.e. such that for each i = 1,...,r either the i-th column of

AP~! or the i-th row of PB is zero.
(c) Let A be an m x n matrix over R. Consider all factorizations

A = PQ, where Pism x r and @ is r X n.

When r has the least possible value, r is called the inner rank of A, written r A. Observe
that if A is an s x s full matrix, then r A = s.

(d) If R is a non-zero ring, we say that R is a Sylvester domain if for any matrices A and B
over R such that the number of columns of A equals the number of rows of B, equal to n,
say, the following condition holds:

AB=0 — rA+rB<

n.
(e) Two square matrices A, A are stably associated if (49) and (/[‘)' ?,) are associated for

some identity matrices I, I’ of appropiate size. O
The following result relates all the foregoing concepts.

PRrOPOSITION 3.39. Let R be a non-zero ring. R is a semifir if and only if for every r, every
relation as (11) of r terms is trivializable. Moreover, the following statements hold:
(i) If R is a semifir, then every matriz product AB = 0 as (12) is trivializable for every r.
(ii) If R is a semifir, then R is a Sylvester domain. O
Now we state one of the main results of this section.

THEOREM 3.40. Let R be a ring. The following conditions are equivalent:
(i) R is a Sylvester domain.
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(ii) If ® denotes the set of all full matrices over R, then Rg, the localization of R at ®, is a
division ring.
In this event Rg is the universal division ring of fractions of R.
In particular, for any fir or any semifir R, the localization Rg at the set ® of all full

matrices is the universal division ring of fractions for R, and all full matrices become invertible
via R — Rg. O

DEFINITION 3.41. Let k be a division ring. Let (R;);c; be a family of k-rings. By zRi we
mean the ring coproduct of the family (R;);cr over k. It is a k-ring with a morphism of k-rings
u;: Ry — >’|€<Ri for every i such that if R’ is a k-ring with morphism of k-rings v;: R; — R’ for
every i, then there exists a unique morphism of k-rings f: >’:Ri — R’ such that fu; = v; for
all i € I. O

The following result is our key to construct the firs and semifirs we are interested in. The
part corresponding to Sylvester domains can be found in [DS78].

THEOREM 3.42. Let k be a division ring. Let (R;)icr be a family of k-rings. The following
statements hold:
(1) If {1} US; is a left k-basis of R;, then the monomials on 'UI Si, such that no two succes-
1€
sive letters of which are in the same factor, form together with 1, a left k-basis for the
coproduct tRi'
(ii) Suppose that R; is a fir (semifir, Sylvester domain) for each i € I. Then :Ri is a fir
(semifir, Sylvester domain,). O

EXAMPLE 3.43. Let k be a division ring, and let (D;);c; be a family of k-division rings. By
Examples 3.37, each D; is a fir. Hence zDi is a fir by Theorem 3.42. Therefore zDi has a

universal division ring of fractions by Theorem 3.40. 0

DEFINITION 3.44. Let k be a division ring. Let (D;);er be a family of k-division rings. The
universal division ring of fractions of zDi, denoted by zDi, will be called the division ring

coproduct of {D;}ier. O

Observe that for each division ring of fractions D in which all D; embed, there exists a
specialization from 2Di to the epic zDi—division ring inside D.

4. Universal Localization

In this section we present the results on universal localization that will be needed in
Chapter 8. Most of the proofs and details are omitted. The reader is referred to [Sch85] from
where we have taken the results. We begin by fixing some notation.

NoTATION 3.45. Let R be a ring. Let P and @ be projective right R-modules. Let ¥ be a

class of morphisms between finitely generated projective right R-modules.

(a) By Pr (respectively rP) we denote the category of all finitely generated projective right
(left) R-modules.

(b) By P* we denote the projective left R-module Hompg(P, R).

(c) If @« € Homp(P,Q), we denote by o* the morphism of left R-modules a*: Q* — P* defined
by v — vya.

(d) By ¥* we will denote the class {a* | « € ¥}. O
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DEFINITION 3.46. Let R be a ring. Let X be a class of morphisms between finitely generated
projective right R-modules. The universal localization of R at X is a ring Ry, with a morphism
of rings A\: R — Ry such that:

(a) A is X-inverting, i.e. if a: P — @, a € X, then o ®g 1g,,: P ®r Ry — Q ®r Ry is an
isomorphism of right Ry-modules.

(b) A is universal ¥-inverting, i.e. if S is a ring such that there exists a ¥-inverting morphism
¢: R — S, then there exists a unique morphism of rings ¥: Ry, — S such that )\ = ).

In the same way can be defined the universal localization at a class of morphisms between
finitely generated projective left R-modules. O

REMARKS 3.47. Let R be a ring, and let X be a class of morphisms between finitely generated
projective right R-modules.

(a) The universal localization of R at ¥, A\: R — Ry is unique up to isomorphism of R-rings
because A is universal X-inverting, i.e. if \;: R — 5;, i = 1,2, are universal localizations
of R at %, there exists a unique isomorphism of rings ¢: 51 — Sy such that A = Aa.

(b) Ry~ is isomorphic to Ry as R-rings. Notice that applying Lemma 1.9 and the Hom-tensor
adjunction we get the following natural isomorphisms for every @ € Pgr

Ry, ®r Q" = Hompg(Q, Rx;) = Hompg(Q, Hompg, (Ryx, Ry)) =
= Homp,, (Q ®r Ry, Rx) = (Q ®r Rx)".

Hence a ® 1gy, is invertible if and only if 1z, ® a* is invertible if and only if (o ® 1, )*
is invertible for each o € X. O

ExaMPLES 3.48. Let R be a ring.

(a) If & C R is a left denominator set, then the left Ore localization &R is the universal
localization of R at all the morphisms of right R-modules as: R — R, defined by r — sr,
for each s € &. Equivalently, 8 ! R is the universal localization of R at the morphisms of
left R-modules o for each s € G given by right multiplication by s.

First notice that lg-1p ® as: R®p 6 'R =2 6°'R — R®r 6 'R = G7!R,
b='a +— sb~la is invertible since s is invertible in G~ R.

Let ¢: R — S be such that the morphism of right S-modules as®1g: RRrS =S5 — S,
x — sz is invertible for each s € &. Let ¢ be the image of 1 by the inverse of s ® 1g. Then
st =ts = 1. That is, the image of s in S is invertible. Now there exists a unique morphism
of rings ¢: G 'R — S such that ¢ = ¥\ by the universal property of Ore localizations.

Since o is given by right multiplication by s for each s € &, an analogous argument
as before shows that G~ 'R is the universal localization of R at the morphisms of left
R-module o} for each s € G.

In the same way, if & is a right denominator set, then RS~ is the universal localization
of R at the maps o, for each s € & and R&~! is the universal localization at the maps
o for each s € 6.

(b) If ¥ is a set of matrices over R, then ¥ can be seen as a set of morphisms between finitely
generated free right (left) R-modules. Then the localization of R at these morphisms
coincides with the localization of R at the set of matrices 3 by Theorem 3.23. 0

DEFINITIONS 3.49. Let R be a ring and a: P — @, o/: P’ — @’ be two morphisms of right
R-modules.
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(a) The morphisms « and o are said to be associated if there is a commutative square of
morphisms of right R-modules

P—=Q

|,

Pl OCH, Q/
where the vertical maps are isomorphisms. Observe that this defines an equivalence rela-
tion among the morphisms of right R-modules.

(b) Suppose that P,Q € Pg. Let B = E? € M,,(R) and F = F? € M,,(R) be such that
P~ ER"and Q = FR™. Since Homgr(ER", FR™) = F Mpxn(R)E, there exists a unique
matrix A € M, «,(R) such that the following diagram of morphisms of right R-modules
is commutative

P——Q
ER"- %~ FR™
and FAE = A. We say that (E, A, F) represents « or that (E, A, F') is a representative
of O

THEOREM 3.50. Let R be a ring, and let 3 be a class of morphisms between finitely generated
projective right R-modules. Then the universal localization of R at X2 exists.

PrROOF. We claim that we may suppose that 3 is a set. For each a € 3, let (Fy, Ao, Fu)
be a representative of . Observe that the different representatives form a set since they are
elements of M,,(R) X My, xn(R) X M,,(R), m,n € N. Moreover, let R — S be a ¥-inverting
morphism of rings. Then, the commutativity of the diagram

PorsS—2 . Qars (13)
BoS"— - 2% = = F, 8™

for each a € ¥, implies that o ® 1g is invertible if and only if there exists a (unique) matrix

By € My, xn(S) such that B,A, = FE, AyBo = F and EB,F = B,. This proves our claim.
Suppose that ¥ is a set. For each a € X, let (Eq, Aq, F,) be a representative of . For

every mq X ng matrix A, = (a%), we choose mn symbols b7; which we adjoin to R, with

defining relations the ones given by the entries of the matrix equalities
BaAa = Eom AaBa = L, EaBaFa = Ba (14)

where B, = (b?‘z) We denote the resulting ring by Ry. Notice that, by construction, the
natural morphism of rings A\: R — Ry is Y-inverting and (Fy, By, E,) represents the inverse
of a for each a € 3. Let ¢: R — R’ be a Y-inverting morphism of rings. For each a € X,
by (13), there exists a unique m X n matrix C, over R’ such that C, Ay = Eo, AaCy = Fua,
EoCyF, = Cy. We define ¢: Ry — R’ by mapping Aa (for a € R) to v (a) and b$; to the
(4, 7)-th entry of C,. Any relation in Ry is a consequence of the relations in R and the relations
n (14). All these relations hold in R/, so 1) is well-defined and it is a morphism of rings. It is
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)

Ca. O

unique because the values on R are prescribed, as well as the ones on b}* by the uniqueness of

It follows from the proof of Theorem 3.50:

REMARK 3.51. Let R be aring and Y a class of morphisms between finitely generated projective
right R-modules. Let A\: R — Ry be the universal localization of R at ¥. Let ¢v: R — S be
a morphism of rings. Let (E,, As, F,,) be a representative of «a for each o € 3. Then there
exists a (unique) morphism of rings 77: Ry — S such that 7\ = n if and only if there exists
a (unique) matrix B, over S such that BoA, = Eo, AaBa = Fu, EqBoFy = B, for each
a € X. U

DEFINITION 3.52. Let R be a ring. If there are two right R-modules Z, T such that ({ (1]2) is
o' 0

0 1p
a commutative square where the vertical maps are isomorphisms

associated with ( ), then o and o are said to be stably associated, that is, if there exists

(aO
01
PpZ—%QaZ

| o) |

PoT—QaT.
Observe that stably association is an equivalence relation. Note also that if 31 and X9 are

classes of morphisms between finitely generated projective right R-modules, then Ry, = Ry,
provided every element of ¥; is stably associated with an element of ¥; for i, € {1,2}. O

The proof of the following result can be found in [Coh85, Theorem 0.6.2]. Notice that
(iii)=(i) is the assertion of Schanuel’s lemma.

LEMMA 3.53. Let R be a ring, and let a: P — @Q and o: P’ — Q' be two morphisms of
right R-modules. Suppose that Q, Q' are projective right R-modules and o, o are injective
morphisms. Then the following conditions are equivalent:

(i) There is an isomorphism p: P& Q' — Q & P’ of the form

[ a B g q (0P
M_(’y 6>wzthmve7’seu —<’7, o )

(i) « is stably associated with .
(iii) coker av = coker . O

The ring Ry and the kernel of A: R — Ry, are fairly well understood when R is equipped
with a rank function.

DEFINITIONS 3.54. Let R be a ring.

(a) We denote by Ko(R) the Grothendieck group of finitely generated projective right
R-modules, modulo direct sums, that is, the abelian group generated by the isomorphism
classes [P] of P € Pgr, modulo the relations [P] + [Q] — [P ® Q] for all P,Q € Pg.

(b) A (projective) rank function on a ring R is a morphism of groups p: Ko(R) — R such that

(i) p([P]) > 0, for all P € Pg, and

(i) p([R]) = 1.
If p([P]) > 0 for every nonzero P € Pg, we say that p is a faithful rank function. For the
sake of simplicity we will write p(P) instead of p([P]) for every P € Pg.

Suppose that R has a rank function p: Ko(R) — R.
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(¢) Let a: P — @ be a morphism between finitely generated projective right R-modules. Con-
sider the finitely generated projective right R-modules P’ such that there exist morphisms
0, making the following diagram commutative

P——=Q (15)
o
We define the inner rank of « as p(a) = inf{p(P’) | P’ satisfies (15)}.

(d) We say that a morphism between finitely generated projective right R-modules a: P — @
is full in case p(a) = p(P) = p(Q). We will denote the localization of R at all full maps
by R,, and will call it the universal localization of R at p. If p is faithful and « is full,
we define « to be an atomic full morphism if, in any nontrivial factorization as in (15),
o(P') > p(P) = p(Q) = pla).

(e) Suppose that R is a semihereditary ring with a faithful rank function p. Notice that every
full map is injective under these assumptions since P = ker~ & im~ for every morphism
v: P — @Q between finitely generated projective right R-modules. Let M be a right
R-module. We say that M is p-torsion if M is the cokernel of a full morphism. We say
that M is p-simple if M is the cokernel of an atomic full morphism. For a characterization
of p-torsion and p-simple modules in the hereditary case see [CB91, Definition 1.3]. O

Let R be a ring such that all finitely generated projective right R-modules are free of
unique rank (for example Sylvester domains [DS78]). Then it has a unique rank function
p. Note that morphisms among finitely generated projective right R-modules are given by
matrices. Thus p-full matrices are exactly full matrices. If R is a Sylvester domain, then the
localization of R at p is a division ring by Theorem 3.40.

The following results are proved in more general situations in [Sch85]. Here we state them
in the form needed in Chapter 8, for R a hereditary ring.

The first result describes the p-torsion modules.

THEOREM 3.55. Let R be a hereditary ring with a faithful projective rank function. The full
subcategory of Mod- R consisting of all p-torsion modules is closed under images, kernels, cok-
ernels and extensions, so it is an exact abelian subcategory of Mod- R. The simple objects are
the p-simples and every object has finite length in this subcategory. Moreover, every full mor-
phism factorizes uniquely into full atomic morphisms , i.e. if @ = an - a1 and o= By, -+ - P
where a;, B; are full atomic morphisms, then m = n and there is a permutation o € S, such
that o is stably associated with By ;). O

This second one gives us a sufficient condition for A\: R — Ry to be injective, and the next
theorem computes the kernel in some situations.

THEOREM 3.56. Let R be a hereditary ring with a faithful rank function p. Let 3 be a collection
of full morphisms. Then the universal localization \: R — Ry, s injective. 0

THEOREM 3.57. Let R be a hereditary ring with a rank function p. If p takes values in %Z
for some n € Z, then the kernel of the universal localization \: R — R, is precisely the
trace ideal of the finitely generated projectives of rank zero, i.e. X(r) = 0 if and only if there
exist a finitely generated projective right R-module P with p(P) = 0 and a morphism of right
R-modules f: P — R such that r € im f. O

Sometimes we know how the ring R, looks like.

THEOREM 3.58. Let R be a hereditary ring with a projective rank function p taking values in
Z. Then R, is a division ring. O
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The following results explain how are the intermediate localizations of R that embed in
R,.

THEOREM 3.59. Let R be a hereditary ring with a faithful rank function p taking values in %Z
for some n € Z. Let 2 be a class of full morphisms. Then Rz embeds in R, if and only if
there exists a set X of atomic full morphisms such that Rz = Ry. Moreover, given two sets
¥1,Y2 of atomic full morphisms, then Ry, is the same subring of R, as Rx, if and only if
every element of %1 is stably associated with an element of Yo and every element of Yo is
stably associated with an element of 3. O

THEOREM 3.60. Let R be a hereditary ring with a rank function p, and let A\: R — R, be the
universal localization of R at p. Suppose that R, is a simple artinian ring. Let S be a subring
of R, such that im A C S and A\: R — S is a ring epimorphism. Then S is the universal
localization of R at those full morphisms between finitely generated projective right R-modules
that become invertible over S. [

Let R be a commutative ring. Then the localization of R at a set 3 of square matrices is
the same as the (Ore) localization at the multiplicative set

S ={(det Hy)---(det H,) |n € N, H; € ¥}.

On the other hand, there exist a commutative ring R and a set X of morphisms between
finitely generated projective R-modules such that the universal localization Ry of R at X is
not an Ore localization, i.e. G~ !R 2 Ry as R-rings for all multiplicative sets & of R. For a
proof of these facts see Remark 8.74.

“Tortured tongues feast their frenzy
They hiss out all that is nothing

The night time of the hearing flower
Has put aside the laugh dancing flame
No longer warming the wings

Of their fluttering dust angel mistress
The petals have closed for this long night
Their brittle limbs are thinning

Their meek and weeping gesture fares their well
To the falling paper blossoms

One by one, down into the everflow

One by one, drown in the overflow
Gliding through the emptiness

Flying through the emptiness”

Psychotic Waltz, Into the Everflow






CHAPTER 4

Crossed product group rings and Mal’cev-Neumann series
rings

1. Crossed product monoid semirings

In this section we introduce the concept of crossed product monoid (group) semiring (ring)
and some of their basic properties. It is crucial in our work. Being our concepts more general,
we follow the exposition in [Pas89, Chapter 1].

DEFINITIONS 4.1. Let R be a semiring, and let G be a monoid. The set (R * G) U {0} is the

subset of (R U {0})¢ consisting of the maps with finite support expressed as Y. r,z. The
zeG
element > 7,Z with r, = 0 for all x € G is (also) denoted by 0.
zeG
We define a crossed product monoid semiring R x G (or simply RG) of G over R as a

semiring which contains R constructed in the following way. As a set R+« G = (R * G) U {0}
if R has an absorbing zero; otherwise R+ G = ((R* G) U{0}) \ {0}. Addition is as expected

Z rsT + Z ST = Z (ry + 82)7,
zeG zeG zeG

and multiplication is determined by the two rules below:
Twisting. For x,y € G we have

Ty = 7'<(L‘, y)Ty

where 7: G x G — R*.
Action. For x € GG and r € R we have

zr =r"@z

where 0: G — Mon(R) and Mon(R) denotes the monoid of injective semiring endomorphisms
of R.
More concretely

(Z rxx> (Z sx:p> = Z ( Z rys7W 7 (y, Z)) .
zeG zeG zeG \{(,2)|yz==}

Notice that neither o nor 7 need to preserve any kind of structure.

If R is a ring or G is a group, we say that RG is a crossed product group (monoid) ring
(semiring).

If Ris aring, G a group and 0: R — Aut(R), then RxG is a crossed product group ring as
defined in [Pas89, Page 2]. Notice that o is always like this if G is a group by Remarks 4.3(b).

If H is a submonoid of G, then RH = {n € RG | suppn C H} is the naturally embedded
sub-crossed product monoid semiring. O

Note that, by definition, a crossed product monoid semiring is merely a semiring which
happens to have a particular structure relative to R and G. The following is useful.
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LEMMA 4.2. Let RxG be a crossed product monoid semiring of the monoid G over the semiring
R.

(i) The associativity of R+ G is equivalent to the assertions that for all x,y,z € G

(a) 7(z,y)7(2y, 2) = 7(y, 2)"O7(x,y2)
(b) o(xy)u(z,y) = o(y)o(x) (composition from left to right) where p(z,y) denotes the
automorphism of R defined by r — @) = 7 (z,y)rr(z,y) " .
(ii) The existence of an identity element is equivalent to the fact that o(1): R — R is a

semiring automorphism.

PRrROOF. (i) The associativity of R * G is equivalent to the equality
[(rz) (s9)](t2) = (rZ)[(s7)(t2)]
for all r,;s,t € R and x,y, 2z € G. The left-hand expression equals
770, YD 7 (2, 2 = 15 EHT D (5, )7y, ),
while the right-hand expression becomes
rs? @ W@ N @ (2 TYE.

Certainly, if (a) and (b) hold, then the product in R * G is associative. Suppose that R * G is
associative. Then, by setting r = s = ¢ = 1, (i) follows. To prove (ii), let r = s = 1, and ¢ be
any element in R.

—1
(ii) Suppose that o(1) is an automorphism. Let u = (T(l,l)_l)a(l) , and let e = ul.

Then e is an idempotent. R * G=e(R x G)= (R * G)e because given any rZ € R * G then
e(utrr(1,2) W™z = 1z (the other case is analogous). Now, for f € R G, there exist
g,h € R+ G such that f = eg and f = he. Then ef = e¢?g = eg = f and fe = he? = he = f.
This implies that e is the identity element of R G .

Conversely, let n = > r,& be the identity element of R x G. Since ny = y for all y € G,
zeG
we get that 7, = 0 for all z € G\ {1}. Hence n = vl for some v € R. Moreover, for all

re R, rl=vlrl =vr°Wr(1,1)1. For 7(1,1) is invertible, if » = 1, then v = 7(1,1)~!. Hence
rM) = 7(1,1)r7(1,1)~ L. Therefore o(1) is a semiring automorphism. O

REMARKS 4.3. (a) Crossed product monoid semirings do not have a natural basis. If d: G— R*
assigns to each element = € G a unit d,, then G = {Z = d,& | = € G} is another R-basis
for R x G which still exhibits the basic crossed product monoid semiring structure. Here
we have 7: G X G — R* and ¢ : G — Aut(R) defined by 7(x,y) = dxdy"(x)r(x, y)d;, and
&(z): R — Rby 1 ro@) = q,ro@ g1,

(b) As we have seen in the proof of Lemma 4.2(ii), the identity element of R % G is of the
form 1 = ul for some v € R*. Thus, because of (a), we will assume that 1 = 1g.«g. The
embedding of R into R * G is then given by 7 — r1. Moreover, 7(1,_) = 7(_,1) = 1 and
o(1) is the identity on R. Hence, in case G is a group, looking at Lemma 4.2(i)(b) for
y = o~ !, we obtain that for each € G, the morphism o(x) € Aut(R).

(¢) Let G* denote the group of units in G. The group G* is, in general, not contained in
R x G. Rather, for each z € G*, the element Z is a unit of the semiring with inverse
770 = (r(2, 27 ) D@ 5T = 7(z7,2) "2z~ 1, and

R*G* ={uz |z € G*,ue R*},

the group of trivial units of R x G, satisfies R*G* /R* = G*. Notice that R*G* acts on
both R+ G and R by conjugation and that for each z € G*, r € R we have Zrz—! = r7®),
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We will mostly be concerned with the case of a crossed product group ring kG of a
group G over a division ring k. In this case the group of trivial units is

E*G ={uz |z € G,uek™},
and k*G/k* = G. O

CONVENTIONS 4.4. The notation R x G for a crossed product monoid semiring is ambiguous
since it does not convey the full o, 7-structure. Nevertheless it is simpler and hence preferable
to something like (R, G, 0, 7). Moreover all crossed products may (and in many cases will)
have the same notation RG. O

Certain special cases of crossed product group rings have their own names. Some of them
have already been defined in Examples 1.6.

DEFINITIONS 4.5. Let R x G be a crossed product monoid semiring.

(a) If the twisting is trivial, that is, 7(x,y) = 1 for all x,y € G, then R+xG = RG is a skew
group (monoid) ring (semiring). In this case G is naturally embedded in R * G.

(b) If the twisting and the action are trivial, then R+G = R[G](= RG) is a group (monoid)
ring (semiring).

(c) Suppose that G equals N but in multiplicative notation, i.e. G = {z" | n € N}. Let
a: R — R be an injective morphism of semirings. If the twisting is trivial and o: G — Mon(R)
is the only morphism of monoids such that x — «, we obtain the skew polynomial semiring

(ring) Rlz;a]. Hence given a = Y anz", b= Y b,z" € R|z;ql,
neN neN

a+b= Z(a” + by )", ab = Z Z arad (by_)x".
neN neN0<I<n
When « is the identity on R we get the polynomial semiring (ring) R|x].
(d) Suppose that G equals Z but in multiplicative notation, i.e. G = {2" | n € Z}. Let
a € Aut(R). If the twisting is trivial and o: G — Aut(R) is the only morphism of groups such
that x — «a, we obtain the skew Laurent polynomial semiring (ring) R[x,z~!; a]. Hence given

a= Y apz", b= ) bya™ € R[z;q],
nez nez

a+b= Z(an + by)z", ab = Z Zalal(bn_l)az".
nez AT
When « is the identity on R we get the Laurent polynomial semiring (ring) R[z,z1].
(e) Let R be a semiring (ring). Let G be a free group on a set X. Form a crossed product
group ring RG. By the polynomial semiring (ring) R(X) of RG, we mean the subsemiring
(subring) of RG generated by R and the set {Z | x € X}. Notice that R(X) is a crossed
product monoid semiring (ring) of the free monoid generated by X over R. O

What follows is an easy but important remark.

REMARK 4.6. When G = N or G = Z, RG can always be seen as a skew polynomial semir-
ing (ring) R[x;a] or as a skew Laurent polynomial semiring (ring) R[z,z~!;a] respectively.
Indeed, making a change of basis as in Remarks 4.3(a), with 2% = z" for all n € N (n € Z),
then " = 27, 7(z", ™) = 1 and z"r = ro@)" g0, O

2. Some useful results on crossed product group rings

Our first result is an important property of crossed product group rings. The proof will
also be useful for us in Chapter 6.
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LEMMA 4.7. Let R be a ring, and let G be a group with a normal subgroup N. Let RG be a
crossed product group ring. Then

RG = (RN)(G/N)
where the latter is some crossed product group ring of the group G/N over the ring RN.

PRrROOF. For each 1 # 8 € G/N, let 3 € G be a fixed representative of the class 3. For
the class 1 € G/N choose z1 = 1 € G. Then G = |JNzg and G = {73 : € G/N} C G
is a copy of G/N. This shows that RG = @ RNZg. Therefore G is an RN-basis for RG.

B

Moreover, we have the maps:
: G/N— Aut(RN)
8 +— &(8): RN— RN
y —— Tgyis’
7: G/N x G/IN— (RN)*
B:v) = 7(B,7) = 7(28,29)7(ngy, Ty) gy
where ng, is the unique element in N such that ngyrg, = zgz,.
Then Zg( >° mn) = (> Tnﬁ)g(ﬂ)a_cﬁ and TgZ = 7(8,7)Tg, as desired.
neN neN
Notice that the assumption (z; = 1) imply that RN embeds in RG via rn— rin-1. O

When R and G have good properties, sometimes it is possible to infer from them a certain
behavior of the crossed product group ring RG as for example the following proposition shows.
It was proved by G. Higman [Hig40, Section 4] in the case of locally indicable groups.

PROPOSITION 4.8. Let G be a right orderable group. Let R be a domain. Consider a crossed
product group ring RG of G over R. Then RG is a domain and has no units other than the
trivial units. In particular, this applies when G is a locally indicable group.

PROOF. We show that if n € RG \ {0} is not a trivial unit, then 7 is neither a zero divisor
nor invertible.

Let © € RG\ {0}. Call A = suppn and B = supp u. Since A is finite there exist
(mins Amax € A such that apgay is the largest element in A and ami, the smallest element in A.
Choose V/,b” € B such that amaxd’ and amind” are the largest and the smallest element in the
finite sets amaxB and amin B, respectively. If a € A and b € B, then amin < a < amax yields
mind < ab < amaxb, and hence

aminb/l < minb < ab < amaxb < amaxb/

Moreover, aminb” = ab implies that ayi, = a and then that b’ = b. Similarly, ab = ayaxb’ gives
@ = amax and b = b'. Therefore, the two products amaxbd’ and ani,b” are uniquely represented.
Moreover, if |A| > 2 or |B| > 2, then amyinb” # amaxb’. Thus |supp(nv)| > 2 and nv # 0 and
nv # 1. If |A| = |B| = 1. Then n = rZ, v = sy with x,y € G and r neither zero nor invertible.
The products nu = rs"(””)T(:c,y)Ty and pun = STU(y)T(y,CC)W show that nu # 0 and 7 is not
invertible because r is not.

For the second part recall that a locally indicable group is a right orderable group by
Proposition 2.29. O

Concerning the Ore condition on crossed product group rings we can state the following
results. The first one tells us that the Ore condition is in fact a local property.

PROPOSITION 4.9. Let R be a ring and G a group. Consider a crossed product group ring RG.
Then the following are equivalent:
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(i) RG is a (left, right) Ore domain.
(i) RH is a (left, right) Ore domain for each subgroup H of G.
(iii) RH is a (left, right) Ore domain for each finitely generated subgroup H of G.

PRrROOF. Clearly (ii) = (iii).

(iii) = (i) because given a,b € RG, there exists a finitely generated subgroup H of G such
that a,b € RH.

(i) = (ii) We prove the result of the right Ore condition. The left one is shown similarly.
Let H < G. Define the equivalence relation on G by = ~ y if and only if zy~! € H. Then
G = g Hz,, where the union is disjoint and {z,} is a complete set of representatives of the

(left) cosets of ~. Moreover RG is a free RH-module with basis {z,}. Suppose that RH is
not right Ore. Thus, given a,b € RH, aRH NbRH = 0. Hence

aRGNbRG = a(® RHx,) Nb(® RHz,,) = 0. O

PROPOSITION 4.10. Let k be a division ring. Let G be a group. Consider a crossed product
group ring kG. Suppose that G has a normal subgroup N such that G /N is torsion-free abelian
and kN is a left (right) Ore domain. Then kG is a left (right) Ore domain.

PRrROOF. Notice that for each a,b € kG there exists a subgroup U such that U contains N,
U/N is finitely generated and a,b € kU.

The ring kG = kN(G/N) is a domain by Proposition 4.8 for R = kN.

If we prove that kU is left Ore for each such U, then it follows that kG is a left Ore domain.

Observe that U/N = @ Z. We show that kU is left Ore by induction on n. If n = 0 the

result is clear by hypothe51s Suppose that z1,...,x, are such that {Nzi,..., Nx;} generate

73 - ¢ - @Z for 1 < i < n. By induction hypothesis, if U,_1 = (N, z,... ,xn_1> then kU,,_1

is left Ore. Since U,_1 < U, left conjugation by Z, gives an automorphism « of kU,_;.
Moreover the powers of Z, are left kU,_i-linearly independent. Thus kU is isomorphic to
kU,_1[t,t~1; a]. Then Proposition 3.19 implies that kU is a left Ore domain. O

COROLLARY 4.11. Let k be a division ring. Let G be a group. Suppose that (Gy)y<r is a
subnormal series with torsion-free abelian factors. Consider a crossed product group ring kG.
Then kG is an Ore domain.

ProoFr. We prove by transfinite induction that the result holds true for each G. If v =0
the result is clear. Suppose that v = 3 + 1 for some ordinal 8 < 7. For kG satisfies the
induction hypothesis, the result follows for kG, by Proposition 4.10. If v is a limit ordinal
and H a finitely generated subgroup of G, then H C Gg for some 3 < 7. By induction
hypothesis and Proposition 4.9, kH is an Ore domain. Thus Proposition 4.9 implies that kG
is an Ore domain. 0

The following well known result will be useful to construct the example in Proposition 7.22.

LEMMA 4.12. Let k be a division ring. Let M be an ordered commutative monoid. Consider
the monoid k-ring kM. Then kM is a left (and right) Ore domain.

PRrROOF. A similar argument as the one of Proposition 4.8 shows that kM is a domain. Let
X be a finite subset of M. Let k[X] denote the monoid algebra on the free commutative monoid
generated by X. Observe that k[X] is a noetherian domain. Let My denote the submonoid
of M generated by X. The monoid subring kM x of the domain kM is a homomorphic image
of the noetherian ring k[X], so it is a noetherian domain. Thus kMx is a (two-sided) Ore
domain by Proposition 3.19. Therefore we can conclude that kM is an Ore domain. g
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The next one is a well known obstruction to the Ore condition. The proof we provide is
by P.A. Linnell in [Lin06, Proposition 2.2].

PROPOSITION 4.13. Let G be a group which has a subgroup isomorphic to the free group F on
two generators, let k be a division ring, and let kG be a crossed product group ring. Then kG
does not satisfy the right (left) Ore condition.

PRroOOF. By Corollary 2.24 and Proposition 4.8, kF' is a domain. And by Proposition 4.9,
it is enough to show that kF' is not right Ore. Suppose that F' is free on a,b. We prove that
(@a—1)kFN(b—1)kF = 0. Write A = (a) and B = (b). Suppose that n € (a—1)kFN(b—1)kF.
Then we may write

(2 (2

where u; = a9 for some ¢(i) € Z, v; = ") for some r(i) € Z, d;, e; € k and z;,y; € F. The
general element g of F' can be written in a unique way as gi - - - g;, where g; are alternately in
A and B, and g; # 1 for all i; we shall define the length A(g) of g to be [. Of course A\(1) = 0.
Let L be the maximum of all A\(x;), A(y;), let s denote the number of z; with A\(z;) = L, and
let ¢ be the number of y; with A(y;) = L. We shall use induction on L and then on s+ ¢, to
show that n = 0. If L = 0, then z;,y; = 1 for all ¢ and the result is obvious. If L > 0, then
without loss of generality, we may assume that s > 0. Suppose that A(z;) = L and z; starts
with an element from A, so z; = a’h where 0 # p € Z, and A\(h) = L — 1. Then

(u; — Daid; = (@19 — 1)aPhdd; = (a?D*P — 1)hdd; — (a? — 1)hdd;

for some d € k. This means that we have found an expression for n with smaller s + ¢, so all
the z; with A(z;) = L start with an element from B. Therefore if ¢ = > u;T;d; where the

1
sum is over all i such that A(z;) = L, then each x; starts with an element of B and hence
Ma?9z;) = L41. We now see from (16) that ¢ = 0. Since s > 0 by assumption, the expression
for 1 above is nontrivial and therefore there exists i # j such that a?®z; = a9U )xj. This forces
q(i) = q(j) and x; = z;. Thus u; = u; and we may replace (u; — 1)T;d; + (u; — 1)T;d; with
(u; — 1)@i(d; + d;), thereby reducing s by 1 and the proof that (@ — 1)kEF' N (b— 1)kF =0 is
complete. O

The following result explains how semirings come into play when trying to elucidate
whether two division rings of fractions of a crossed product group ring are isomorphic.

LEMMA 4.14. Let Dy and Dy be two division rings of fractions of a crossed product group ring
kG. Then Dy U{oco1} and Dy U {oco2} are rational k™ G-semirings as in Examples 1.43(d).
If there exists a morphism of rational k*G-semirings #: D U {oo1} — D3 U {002}, then
B(D1) € Dy and B)p, : D1 — Da is a ring isomorphism which is the identity on kG.

Conversely, if g: D; — Ds is a ring isomorphism which is the identity on kG, then
its extension, §: Di U {oco1} — Dy U {002}, sending 0o to ocog, is a morphism of rational
k* G-semirings.

PROOF. Let 3: D;U{oo1} — Dy U {002} be a morphism of rational £*G-semirings. Let
x € D1\ {0p, }. Because (3 is a morphism of rational k*G-semirings and 1 € k*G,
Ip, = B(1p,) = Blza™") = Blaa®) = B(x)B(x*) = B(x)B(x)".
Therefore 3(x) € D2\ {Op, }, and B(D1) € Dy. We can consider §p, : D1 — Ds, which is an

(injective) morphism of rings because it is a morphism of additive semigroups and a morphism
of multiplicative monoids. Since 3 is a morphism of £*G semirings, f(x) = z for all z € k*G.
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Then f(x) = z for all x € kG because [ is a morphism of additive semigroups. Hence, Bip, is
an isomorphism because (3(D;) is a division ring containing kG.

Conversely, suppose that §: D1 — Dy is a kG-isomorphism, then it is straightforward to
prove the remaining part. O

3. Mal’cev-Neumann series rings

As we have just seen in Proposition 4.8, given a division ring k£ and a right orderable group
G, any crossed product group ring kG is a domain. So now arises the still open question of
whether kG is embeddable in a division ring. This is known as Mal’cev’s problem [MMC83,
Question 1.6]. We will give examples of locally indicable groups G in which the answer is yes
in Chapter 6.

Some important results related to Mal’cev’s problem have been proved by J. Lewin and
T. Lewin in [LL78] and by N. Dubrovin in [Dub94]. In the first one it is proved that if & is
a division ring and G is a torsion-free one-relator group, then the crossed product group ring
kG can be embedded in a division ring. Another proof of this result was given by W. Dicks
in [Dic83|.

In [Dub94, Theorem 10.1] it is shown that if G is the universal covering group of
SL(2,R), then the group ring k[G] is embeddable in a division ring. It was proved by G.M.
Bergman [Ber91]| that this G is right orderable, but it is not locally indicable.

Mal’cev’s problem arose as a consequence of the result that independently proved A.IL
Mal’cev [Mal48] and B.H. Neumann [Neu49a]: when G is an orderable group, kG embeds
in a division ring, the so-called Mal’cev-Neumann series ring. This section is mainly devoted
to prove this result. It is a key result in this dissertation that will be used throughout.

DEFINITIONS 4.15. Let R be a semiring, and let (G, <) be an ordered monoid. Form a crossed
product monoid semiring RG. We want to construct a new semiring in which RG embeds.

(a) Let R((G,<)) U {0} denote the subset of (R U {0})® consisting of all the maps with

well-ordered support, expressed as ». r,Z. We proceed to define the Mal’cev-Neumann
zeG
series semiring R((G,<)). As a set, R((G,<)) = R((G,<)) U {0} whenever R has an

absorbing zero. Otherwise R((G,<)) = (R((G,<)) U {0}) \ {0}. Let f = > a,z and

zelG
g = Y byT be elements in R((G, <)). Then addition is defined by
z€G

zeG
and multiplication
fo="3 (Y abWr(y,2))z
zeG M,

where M, = {(y, z) € supp(f) x supp(g) | yz = x}.
The sum and product are well defined. The sum since supp(f + ¢) Csupp(f)U supp(g)
is a well-ordered subset of G. The multiplication because M, is a finite set and supp(fg)
is contained in {yz | y € supp(f), z € supp(g)}, a well-ordered subset of G.
If R is a ring, we say that R((G, <)) is a Mal’cev-Neumann series ring.
(b) Let G U {co} be the totally ordered set consisting of G together with a new element
oo such that z < oo for all z € G. We define a map w: R((G,<)) — G U {oco} by
f = w(f) =inf{x € supp(f)}. Here we are suposing that the infimum of the empty set is
00, thus w(0) = oo if 0 € R((G, <)). This map induces a partial ordering on R((G, <)) by

f<g if w(f)<w(g)
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for all f,g € R((G,<)). Notice that w is multiplicative, i.e. w(fg) = w(f)w(g), provided
we define goo = cog = oo for all g € G U {o0}. O

REMARK 4.16. (a) RG is embedded in R((G, <)) as RG can be identified with the subsemiring
of elements of R((G, <)) with finite support.

(b) On the semiring R((G, <)) there is defined the R-action R x R((G,<)) — R((G,<)),
(AN, f) = Af, where Af = 3 (Aag)z if f = Y a,Z. Notice that supp(Af) C supp(f). O

zeG zeG

As for crossed product monoid semirings, certain special cases of Mal’cev-Neumann series
semirings have their own names. They have already been defined in Examples 1.6.

EXAMPLES 4.17. Let R be a semiring (ring). Let o € Mon(R).The associated Mal’cev-Neumann
series semiring (ring) with
(a) R[z;a] is denoted by R][x;a]] and is called skew series semiring (ring)
(b) R[z] is denoted by R[[z]] and is called series semiring (ring).

If o is an automorphism. The associated Mal’cev-Neumann series semiring (ring) to
(a) R[z,z~';a] is denoted by R((z;a)) and is called skew Laurent series semiring (ring).
(b) R[z,27'] is denoted by R((x)) and is called Laurent series semiring (ring). O

DEFINITION 4.18. Let R be a semiring. Let (G, <) be an ordered monoid. Let RG be a
crossed product monoid semiring. Consider the associated Mal’cev-Neumann series semiring

R((G, <))
Let I be a set. Suppose that there exists a map I — R((G,<)), i — fi = > a7,
zeG
such that the following two conditions hold:
(1) Y supp(fi) is well ordered,
1€
(2) for each = € G the set {i € I | x € supp(f;)} is finite.
Then we say that 3 f; is defined in R((G, <)).
i€l
In this situation Y f; will be used to denote > > aim):)?. Note that > f; is then
1€l z€G  {ilz€supp(f;)} i€l
an element of R((G, <)). O

The proof of the next theorem is taken from the paper by W. Dicks and J. Lewin [DL82,
Proposition 2.1]. They state the result for monoid rings, but as we see here the proof works
weakening these assumptions.

THEOREM 4.19. Let R be a semiring. Let (G,<) be an ordered monoid. Let RG be a
crossed product monoid semiring. Consider the associated Mal’cev-Neumann series semir-
ing R((G,<)). Let I,J be sets and v(I) the set of all finite sequences in I. Let Y. fi, > gi,

ZJ h; be defined in R((G,<)). Then the following hold i€l el
Je(i For any A € R, 3  Afi is defined in R((G,<)) and equals X > fi

(i (fi +gi) is deZ]%Led in R((G,<)) and equals INEDY gi'lg

(iii i€l i€l

(iv

s
~

S

—

> (fihy) is defined in R((G,<)) and equals (3 fi)( > hj).

(4,)eIxJ iel jeJ

If each f; > 1, then
> furfu

(i1,...in)Ev(I)

)
)
)
)

is defined in R((G, <)).
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(v) Ifeach f; > 1 and R is a ring, then > fiy -+ fi, is a two-sided inverse of 1= f;.

(i1,--yin)€v(I) =
PROOF. (i) Since y supp(Afi) C Y supp(fi), the first set is well ordered. Also for each
1€ 1€

reG
{i eIz esupp(Afi)} C{iel|xesupp(fi)},
hence the first set is finite. This implies that >~ Af; is defined in R((G, <)). Clearly it follows
iel
that > Afi =AY fi.
i€l i€l
(ii) Since U supp(fi+gi) C (‘UI supp(fi))U (.UI supp(g;)), which is a well-ordered set, then
1€ 1€ 1€

‘UI supp(fi + g;) is well ordered.
1€

For every x € G, {i € I | © € supp(f; + ¢;)} is finite because it is contained in the finite
set {i € I |x €supp(fi)}U{i € I|x e supp(gi)}. Thus > (fi + ¢:) is defined in R((G, <))
el

and 3 (fi+g) = 2 fi+ 2 gi.
i€l i€l i€l
(iii) The set ( )UI Jsupp(fihj) is contained in T = {yz | y € u supp(fi), z € u supp(h;)}.
i,5)EIxX i€ je

We prove that T is well ordered and consequently ’ ')UI Jsupp( fih;) is too. Suppose that T
1,7)€IX

is not well ordered. Then there exists an infinite decreasing sequence in T,
Y121 > Y222 > ... > YpZp > ...,
where y, € ,UI supp(fi), zn € ,UJ supp(h;) for all n. There exists a subsequence {yn, }x>1 of
1€ je =
{Yn }n>1 such that
Yny S Yng <o gy oo
Hence
an >Zn2 > >an >’
that is, .UJ supp(h;) is not well ordered, a contradiction.
je

To prove that for each z € G the set {(i,j) € I x J | « € supp(fih;)} is finite, suppose
that there exists © € G such that this set is infinite. Since the sets {i € I | y € supp(f;)} and
{j € J | z € supp(h;)} are finite for each y, z € G, then the set

L ={(y,z) € Usupp(fi) x U supp(hy) | v =yz}
i€l jeJ

is infinite. Hence either Ly = {y € o supp(fi) | 3z such that (y,z) € L} is infinite or
1€
Ly={z¢€ .UJ_ supp(h;) | y such that (y, z) € L} isinfinite. Suppose that Ly is infinite. Then,
jE
for L1 C ,UI supp(f;) is well ordered, there exists a strictly increasing sequence {yi,}n>0 in
1€

Y supp(fi). As before there exists {zap }n>0 C y supp(h;) with
S J€

291 > 292 > ... > 2op > ...,
contradicting that .UJ supp(h;) is well ordered.
j€

Now it is not very difficult to prove that > (fih;) = (X fi)( X hy).
(4,)elIxJ icl jeJ

(iv) Suppose that > fiy - fi,, is not defined in R((G, <)). Then either
(i15erin)Ev(I)

(a) ’ U) 0 supp(fi, - - - fi,,) is not well ordered or
D] yeens in)Ev

(b) the set Sy = {(i1,...,in) € v(I) | x € supp(fi, - -- fi,)} is infinite for some z € G.
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(a) implies that there exists a sequence {zy}n>1 C upp(fi, - - fi,), such that

U S
(i1--rin) Ev(T)

Ty >Tp> > Ty >

Hence there exists a sequence of elements in V(.UI supp(fi)),
1€

(1‘11,.%’12, . 71'1k1)7 ($21,$22, e 7$2k2)7 ey (xnl,xng, e ,:rnkn), ceey

such that

Clearly (xp1,...,2,) # (To1,. .., sk, ) if L # 5.
(b) implies that there exists a sequence without repetitions in V(’UI supp(fi)),
1€

(.1:11,.%12, . ,:clkl), (xgl,xgg, e ,x2k2), ey (mnl,xng, . ,xnkn), e
such that
T =y Tiky = Tol Lok, = = Tplccc Tpk, =
We now prove that certainly the sequence can be chosen without repetitions. Given the
element (71, ..., 7, ) € GM, we define
Sut = {Gnns -y iw,) € v(I) | @1 € supp(fiy)s - - Ty € supp(filkl)}.

Notice that S,; is finite because for every xy; the set {i € I |z € supp(f;) # 0} is finite.
Let (i11,...,%1k,) € Sz, then there exists (xi1,...,21x,) such that z = x11--- 215, and

11 € Supp(firy)s - - - T1k, € SUPP(fiyy,)-
Suppose that we are given (z;1,...,2,), { > 1, then S\ (Sz1U- - -USy) is infinite. Choose

(G14115 -+l 1kyyy) € Sz \ (Se1 U+ U Sg).

Therefore there exists (lel,...,lele) € GFi+1 guch that x = Tip11c Tilkyy, With
Tr11 € supp(fi11) -+ o5 Tk, € supp(fil“kl“). Because of the way it has been chosen,
(T14115 -+ Tig1ky ) 7 (Te1, -, Ta,) for every 1 <t <1+ 1.

Then, in any case (a) or (b), there exists a sequence without repetitions in I/(_UI supp(fi)),
1€

(mn,...,:clkl),...,(mnl,...,xnkn),... (17)
such that
xll .. .a’/‘lkl Z CEEEE Z "'UTL]. .. .xnkn Z .. (18)

Call S the set of sequences in V(AU] supp(fi)) like (17) and satisfying (18).
1€
In u('UI supp(f;)) there is defined a (partial) order by length. That is, given the elements
1€

(21, 20), (&, ) € (Y, supp()

x1,...,2s) > (27,..., ) if and only if s > [.
1 l y
From this we can define a (partial) order > on S, the lexicographic order. We say that
((xnl’ s 7xnkn))n21 s (($;zl7 RS ‘T;Lkg))nzl
if and only if there exists ng > 0 such that
(11, -y @1y ) = (2, - - -, x’lk,l), coy (Tngts - - xngkno):(:v;ml, el x;mkho)

/ /
and ($n0+11’ cee 733710+1kn0+1) > (xn0+11’ B xn0+1k;0+1)'
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We want to find a minimal sequence in (S,>). To do that we define the “reverse order”
in § by,

(@1 Ty sy > ((Fts o Taka)) sy
if and only if ((#n1,-- -, Tk, )) 5y = (@015 Thpr ) sy
’y ’y . . .
Suppose that (((xnl"“’x”k%»”Zl)yeF is a chain in (S,*>). We construct an upper

bound of this chain in the following way.
Consider ((z]y,... ’xYlﬂ))yeF and the subset {k{},er of nonzero naturals. Because N is
1

a well ordered set, {k]} er has a least element k'. The definition of *> implies that, for all
Y=,

ki = k' and (z7,... 733?@) = (z7},... ’mYllffl)'
Suppose that » > 1 and that we have
(mﬂ,...,x&zl),...,(mZ{,...,mZ;ZT) (19)
such that vy < v <--- <~,,and, fori =1,...,r,
if v > ~;, then k] = k}* and (2]}, .. .,xzk;,) = (x}f,... ’lezzl)

In particular, by the definition of *>, there are no repetitions in (19) and

Y Y Yr Yr

l’li DY xlllf;lyl Z DY Z mrl .. .xrkz’r'

Consider {k],1}y>~,. Let 7,11 € ' be such that k%" is the least element of {k], | },>-,.
Then, for all v > v,41,

Yoo O+l 2 Y — (A tl Yr+1
kl =k and (z)44,... ’xr+1k2+1) = (z, 507, ,:z:er%H).

r+1
Vi1 V41 i Vi C_
Moreover, (2,55, ., wr+1k7’”§1) # (z)],... ’xz‘lﬂi) fori=1,...,r
r+ z

In this way we obtain ((z)i,...,2)5)), -, € S, such that, for all y € T,

((95% te 7x22gn))n21*i ((xZD e 7$7mg))n21'

That is, the sequence ((z),...,2) ")), -, is an upper bound in (S,*>) of the chain

v v
(((wnl, e x”’f?t))”zl)yer'

Therefore, by Zorn’s Lemma, (S,*>) has a maximal element. This means that (S, >) has
a minimal element.

We summarize what we have shown until now. If > fiy -+ fi, is not defined in
(41,...in)EV(I)
R((G, <)), the partially ordered set (S,>) is not empty and has a minimal element. Let
((zD1,- .- 205 )),~, be a minimal element in (S, >).

The sequence of first components {z¥;1},,>1 is a subset of the well ordered set igj supp(fi)-
Hence there exists a subsequence {x%ll}lzl such that
Tt Sapyy <o <apy <o
We prove that () ,,... ,x%lknl))l21 is a sequence in S.
First notice that k,, > 2 for all I, otherwise ((3321, e 7$2kn))n>1 ¢ S because there would

be repetitions since s > 1.
Suppose that | < s. Consider (2, ... ’x(r)uknl) and (z 4,... ,$%Skns).
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_ 0 0 0
If 29, = af 1, then (a0 ,,.. "xnlknl) and (2,9, -, 2y, ) are not empty and not the
0 0 0 0
same, since (7,1, . . - ’xmknl) # (Tny1s - Ty g )
J 0 0 0
Suppose that zp, 1 < 29 . We already know that (2 T2y ,xmknl) and (2 o, ... T k)
: 0 0 0 0 0 0 0 0
are not empty. Since :Eml . '-xnlkn > Tp,1 g, s then xp - STk, T2t Tk,
0 0

Thus (22 Tpy2s - - - ’xnlknl) # (2,95 - - xnskns)

Also,

0 0 0 0
xn12...xn1k_nlZ...anZQ...xnlknlz...7

since :c 1 < :c 1< < xnll <.

Con31der now the sequence

0 0 0 0
(@115 21)s s (@1 $n1—1kn1,1)a
0 0 0 0
(:Ule, e xnlkn1)7 (:Umg, e xn2kn2), e (20)
0 0
(J:mZ’ cee 7xnlknl)’

As before, since by hypothesis x%ll > 1, for all n; > 1, then

0 0 0 0 0
nl " Tk, > xnllw

0
n2" mnlknl

T > xnl2 Tk,

for 1 <n <ny—1and! > 1. Then, since ((mgﬂ, . 7$9lenl))l>1 € S, the foregoing implies
> (20) since they

are equal until n; — 1; a contradiction with the minimality of (( Topqye - ’:Eglkn))nZl'

Therefore > fiy -+ fi,, is defined in R((G)).
(i1 5-emsin ) Ev(I)
(v) Suppose now that R is a ring. Then it makes sense to consider 1 — Y f;. Notice that

that (20) is a sequence without repetitions in S. But ((29;,. .. gkn))n>1

iel
I'xv(I)=v(I)\ {{0}}. Then,
=20 X fafu)=
icl (ieemrin) V(1)
_ oy (TR X faf) =
(41500 in)Gu(I) €1 (i1 5eens in)€v(l)
= S fu fin— > fifiy - fin, =
(i1 erin)ev(I) (iyi1seosin)EIxv(I)
= 1+ > Jifi -+ fin — > fifir -+ fin = 1.
(iyi1 5. rrim ) EI X () (4481 5ermrin ) EI X (I)
In the same way (2 fio fi) =X fi) =1 O
(4150005 in)€v(I) el

As a consequence we get the result by A.I. Mal’cev [Mal48] and B.H. Neumann [Neu49a).
It is very important how the inverse of a nonzero series is constructed. Observe that it is an
algorithmic process.

COROLLARY 4.20. Let R be a ring. Let (G,<) be an ordered group. Let RG be a crossed
product group ring. Consider the associated Mal’cev-Neumann series ring R((G,<)). Let

f= > a,z € R((G, <)), and w(f) = xg. If az, € R*, then f is invertible and
zeG

fil = Z (axO‘%O)il(Q(amo'fO)il)mv

m>0
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where g = ag,To — f. In particular, R((G, <)) is a division ring provided that R is a division
Ting.

PROOF. Since a,, is invertible, a,,Z is too. Notice that g(az,T0) ! = 1— f(az,To) "+ > 1.
Then Theorem 4.19(iv) implies that f(a.,Zo) "' = 1 — g(az,To) ! is invertible and

(1 - g(arojO)il)il = Z (g(a:cofo)il)m'

m>0

Since f(az,Zo)~ ! and ag,To are invertible, then f is invertible and

f_l = Z (aa:ofo)_l(g(%offo)_l)m- O

m>0

The following is [DL82, Corollary 2.1] for crossed product monoid rings. The proof given
there also works for the more general setting.

COROLLARY 4.21. Let k be a division ring. Let (G, <) be an ordered monoid. Let kG be a
crossed product monoid ring. Consider the associated Mal’cev-Neumann series ring k((G, <)).
Let H be a subset of k((G,<)) that is a subgroup of k((G,<))*. Suppose that H is totally
ordered under the partial order defined on k((G,<)) and that \HX"' C H for all A € k*. Let

D={d="3 Mh| M€k, dis defined in k((G,<))}.
heH

Then D is a division ring and w(D*) = w(H ). Moreover, D embeds in the subring k((w(H), <))
of k((G, <)).

PrOOF. By Theorem 4.19(i)-(iii), we get that D is a subring of k((G, <)). Consider any

d= Y Mh e D\ {0}. Since e 0 supp(h) is well ordered, the set {w(h) | h € H, A\, # 0}
heH h
is well ordered. Therefore Hy = {h € H | A\;, # 0} is well ordered. Let hy be the least element

of Hy. Then (A\p,hg)1d=1— 3 M,h, for some )} € k, is defined in k((G, <)). Notice that
) _heH

(Angha)™t € D and 1 < (Ap,hq)~'d. By Theorem 4.19(iv) it has a two-sided inverse which

belongs to D, and hence so has d. Thus D is a division ring. Moreover w(d) = w(hy) € w(H),

and since for each = € w(H) there exists ' € H with w(h') = x, we obtain w(D*) = w(H).
To see that D embeds in k((w(H), <)) consider the map ®: D — k((w(H), <)) defined

by > Aph— > Aw(h). Then @ is well defined because {w(h) | h € H, A, # 0} is well
heH heH
ordered. Moreover @ is a morphism of rings by Theorem 4.19, and, since H is totally ordered,

® is injective. 0

Let k be a division ring. Let G be an orderable group. Let <j, <2 be two different total
orders on G such that (G, <;) and (G, <2) are different ordered groups. For i = 1,2, let D; be
the division ring of fractions of kG inside k((G, <;)). At first sight, it is not clear whether Dy
is isomorphic to Ds. Certainly they are different as sets. Let P, ={g € G:1<; g}, i=1,2.
As we have seen in Lemma 2.14, P; determines <; and G = P, U {1} U Pi_l. Therefore there
exists g1 € Py \ Po. Then the series > g} is the inverse of 1 — g1 in k((G, <1)), but it does

n>0
not exist in k((G, <32)) since gi't <5 g7. The inverse of 1 — gy in k((G, <2)) is — 3 gf(nﬂ).
n>0
Moreover, when <5 is the order given by h <5 ¢ if and only if ¢ <1 h, we get that the only
series which are in k((G, <1)) Nk((G, <2)) are the ones with finite support, that is kG. This
follows because a series with infinite support A in k((G, <;)) has a strictly ascending sequence
{an} with respect <; inside A, but {a,} is strictly decreasing with respect <;: .
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We will see in Corollary 6.5 that, as a consequence of Hughes’ Theorem I 6.3, D; and Dy
are kG-isomorphic. For the concrete case of the free group, it can also be seen as a result of
Lewin’s construction of the free division ring as Corollary 4.41 shows.

4. The free division ring of fractions

In this section we briefly present P.M. Cohn’s construction of the free division ring of
fractions. This concept is one of the main objects of study in this dissertation. The results in
this section follow from the ones in Section 3.2 of Chapter 3.

In the next theorem, the proof of (i) is taken from [LL78, Section 2], and (ii) is [Coh85,
Exercise 1.1.3].

THEOREM 4.22. Let k be a division ring. Let G be a group. Form a crossed product group
ring kG. The following hold,

(i) If G is a free group on the set X, then kG and the polynomial ring k(X) are firs.
(i1) If G is a locally-free group, then kG is a semifir.

In any of these events, kG (respectively k(X)) has a universal division ring of fractions.
Moreover, if ® is the set of full matrices over kG (respectively over k(X)), then the localization
of kG (k(X)) at ® is the universal division ring of fractions of kG (k(X)).

PROOF. (i) Suppose that G is the free group on the set X. Notice that for every z € X
the subring R, generated by k and {Z,Z7!} (generated by k and Z) is isomorphic to the skew
Laurent polynomial ring k[z, 7~ %; a] (skew polynomial ring k[x;a]), where a(a) = zaz ™!, for
all @ € k is an isomorphism, see Remark 4.6. Hence R, a fir by Examples 3.37(b).

Consider the family (R;).cx and the coproduct sz. By Theorem 3.42(ii), tRx is a fir.

By Definition 3.41, since for every x € X we have the inclusion map u,: R, — kG
(ug: Ry <— k(X)), there exists an onto morphism of Fk-rings f: sz — kG

(f: sz — k(X)). For each x, a k-basis of R, is Sy = {2" | n € Z} (S, = {z" | n € N}).
Then f is injective because the image of the k-basis of zRgc given by Theorem 3.42(i) is a

k-basis of kG (k(X)).

(ii) By definition of locally free group, for every finitely generated subgroup H of G, H is
a free group. Then, by (i), kH is a fir.

On the other hand, kG = lim kH. So if we prove that the direct limit of a directed set

H<¢,G
of semifirs is a semifir we are doné.

Let (I, <) be an upper directed set. Let (RA,,@M | ¥ < § €T) be a direct system of
semifirs. Thus, if v,6 € ', v < 6, ¢s,: Ry — Rs is a morphism of rings. Suppose that R, is a
semifir for every v € I'. Let R = lim R,. Then, for every 7 < 6 € I, there exist morphisms of
rings ¢y: Ry — R, p5: Rs — R, such that ¢, = @505 .

Suppose that a-b=ai1b; +-- -+ a,b, = 0 in R. It is known that by the construction of the
direct limit, there exists v € I" such that ay, b1, ..., ar, b, are the image of a}, b}, ...,a;., V. € R,
by ¢, and @’ - ¥ = a}b) + -+ alb. = 0. Since R, is a semifir, by Proposition 3.39, there
exists an invertible X r matrix P with entries in R, such that o’ P~1. Py =0 is a trivial
relation. Then ¢, P verifies that a(cpA,P)_1 -4 Pb = 0 is a trivial relation. Then the result
follows by Proposition 3.39.

The last part follows from Theorem 3.40. O

Let R be a ring, and let G # 1 be a group. In [Won78| it is proved that the group ring
R[G] is a fir if and only if R is a division ring and G is a free group. In [DMT79] it is proved



4. The free division ring of fractions 75

that the group ring R[G] is a semifir if and only if R is a division ring and G is locally free.
The if part of this result is proved analogously for crossed product group rings (see the proof
given in Theorem 4.22). But the only if part does not generalize to crossed product group
rings. Indeed, let G # 1 be a free group, and let N be a nontrivial normal subgroup of G. By
Lemma 4.7, kG = EN(G/N) and kG is a fir (therefore a semifir), but kN is not a division
ring, and G/N 1is not a locally free group in many cases. As an example, let G be an infinite
cyclic group generated by g. Let N = (¢"), for some n > 1. Then kG = kN x C,, where C,, is
the cyclic group of n elements.

DEFINITION 4.23. Let k be a division ring, and let G be a free group on a set X. Consider a
crossed product group ring kG. The universal division ring of fractions of kG will be called
the free division ring associated with kG. g

Usually, when k is a field, the term free field refers to the universal division ring of fractions
of the free algebra k(X) associated with the free group ring k[G].

The following consequences of Proposition 3.39 will be very useful for us in Section 5 to
give another description of the universal division ring of fractions of a crossed product group
ring kG with k a division ring and G a free group.

COROLLARY 4.24. Let R be a semifir. A matriz A is full if and only if (4 9) is full for any
identity matriz I. Hence a square matrix A is full if and only if any stably associated matriz

A’ is full.

PROOF. Let A be an n x n matrix over R. Notice that if A is not full, then (£ 9) is not
full. Conversely, suppose that the (n+1) x (n+ 1) matrix (4 ¢) is not full. Then there exist
matrices By, By, C1,Cs over R of sizesn xn, 1 X n, nxn, nXx 1, respectively such that

(40)-(8)c o

In particular B1Cs = 0. By Proposition 3.39, there exists an n x n invertible matrix P that
trivializes B1Cy = 0. Since BoCy = Bo P~ PCy = 1, we obtain that PCy # 0. Thus a column,
say the i-th one, of BjP~! is zero. If B} is the matrix obtained erasing the i-th column of
B1P~! and C] is the matrix obtained erasing the i-th row of PC}, we get that A = B|C.
Hence A is not full. Now the result follows by induction on the size of I. O

DEFINITION 4.25. Corollary 4.24 allows us to use Higman’s trick: Let R be a ring and A an
n X n matrix over R such that the (7, j)-th entry of A is of the form f + ab with f,a,b € R.
Then by enlarging the matrix and applying row and column elementary transformations over
R we obtain successively:

: 0 : 0 0
(xg 0)2 oo f4ab --- |0 N f+ab a |_| f a
: 0 : 0 : 0
0 0 0 |1 0 0 0|1 0 —-b 01
Thus, applying Higman’s trick repeatedly, the matrix A is stably associated over R to a matrix
B whose entries are “less complex” than the entries of A. O

Higman’s trick will be very useful in the following situation. The proof follows from the
definition.

LEMMA 4.26. Let k be a division ring, and let G be the free group on a set X. Consider a
crossed product group ring kG and its polynomial ring k(X). The following hold:
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(i) If A is a matriz with entries over kG, then A is stably associated over kG to a matriz
B such that the support of each entry of B is contained in X U {1} U X!, where X!
denotes the subset of G consisting of the inverses of X.

(il) If A is a matriz with entries over k(X), then A is stably associated over k(X) to a matriz
B such that the support of each entry of B is contained in X U {1}. (|

5. The free division ring of fractions inside the Mal’cev-Neumann series ring:
Reutenauer’s approach

We have seen in Theorem 4.22 that if G is a free group on a set X (or more generally, a
locally free group), and k a division ring, then any crossed product group ring kG and any
polynomial ring k(X)) are semifirs. Therefore they have a universal division ring of fractions.
This division ring of fractions is constructed in terms of generators and relations, and thus it
is not easy to work with it in many situations. So a more explicit description of the universal
division ring of fractions is needed.

J. Lewin and T. Lewin showed in [Lew74, Theorem 2] and [LL78, Section 2] that the
universal division ring of fractions of a crossed product group ring kG, where G is a free group
and k a division ring, is the division ring of fractions of kG inside the Mal’cev-Neumann series
ring k((G, <)) for any total order < such that (G, <) is an ordered group. When kG is a
group ring J. Lewin also showed that the universal division ring of fractions of k(X) is the
division ring of fractions of k(X) inside k((G, <)). More recently, C. Reutenauer [Reu99]| gave
an easier proof of this fact with X finite. We follow Reutenauer’s proof and extend it to the
general case stated by J. Lewin and T. Lewin. We also observe that Lewin’s theorem can be
extended to locally free groups.

5.1. Technical definitions and results. What follows was proved in [Reu99, Sec-
tion 3.2] for a finitely generated free group G, a field k and the group ring k[G]. But as we
see, they can be stated for any ordered group GG, any division ring k£ and any crossed product
group ring kG.

DEFINITIONS 4.27. Let (G, <) be an ordered group and X a subset of G with 1 ¢ X. Let
k be a division ring. Consider a crossed product group ring kG and the corresponding
Mal’cev-Neumann series ring k((G, <)).

(a) Let g1,...,9n, m > 1, be different elements in G. We associate to them a graph
IN'X)=(T(X),V,E, ¢, 7) as follows. The set of vertices V' consists of ¢i,..., g, together
with the elements ¢ € G such that there exist ¢ # j and z,y € X U {1} such that
g = xg; = ygj. This second kind of vertices are said to be special. Notice that some g;

may be a special vertex. For x € XU{1}, there is an edge, labeled (z, g;), with ¢(x, g;) = g;

and 7(x,g;) = xg; (i.e. zg; Eai) g;) if and only if xg; is a special vertex. Note that the

heads of I'(X) are exactly the special vertices.

(b) Let Si,...,S, € k((G,<)) \ {0}, n > 1. For each i = 1,...,n, let g; = minsupp S;.
Suppose that all g; are different. Let M be a p X n matrix with entries in the k-subspace
of kG spanned by all z with z € X U{1}. Denote by mj; the (j,%)-th entry of M. Consider
the graph associated with g1, ..., g, given in (a). We associate to M a subgraph I'(X, M)

of I'(X). I'(X, M) has the same vertices as I'(X) and an edge xg; .9s) g; in I'(X) is an
edge of I'(X, M) if x is in the support of some entry in the i-th column of M. U

REMARK 4.28. Note that if we remove the loops g; as gi; in I'(X), then I'(X) becomes a
subgraph of the Cayley graph C(G, X). O
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LEMMA 4.29. Under the notation and assumptions of Definitions 4.27(b), suppose that

S1
M( : ) =0, that is,
S
m;1S1 +mj2S2 + - - +mjp S, =0 (21)
for 3 =1,...,p. Then the following hold true:
(i) If the j-th row of M is not zero then

hj = ti{linn{xjtgt}7 (22)

,,,,,

.....

in (21) with the products xg;.
(iii) IfT'(X, M) has no edges, then M = 0.

ProoF. (i) Note that if m;; # 0 for some t € {1,...,n}, then z;,9; € suppm;;S; because,
since (G, <) is an ordered group,

zjtgt < ba for each b € suppmj;, a € supp Sy with b # x;; or a # g;. (23)

In particular h; € supp mj, Sy, for some tg € {1,...,n}. Then, by (21), (23) and the definition
of hj, there exists t; # to such that xj;, gy, = 1,91, = h;. Hence h; is a head of I'(X') and of
I'X,M).
(ii) Since M # 0, h is a head by (i). The result follows from (23) and the definition of h.
(iii) If M # 0, by (i), there exists a head, and therefore an edge, in I'(X, M). O

REMARK 4.30. If P € GL,(k), then the set of heads of I'(X, PM) is contained in the set of
heads of T'(X, M). Similarly for the set of heads of I'(X, M’) where M’ is any submatrix of
M. O

LEMMA 4.31. Under the notation and assumptions of Definitions 4.27, suppose that M # 0
St

and that M | : | = 0. Let h be the smallest head of I'(X, M). Let e(h) be the number of

Sn
edges in I'(X) with head h. Assume that p > e(h) — 1. Then there ezists P € GLy(k) such that

S1
]\]él, ) , where M' is of size (p — e(h) + 1) x n. Moreover, M’ ( . ) =0, and h is

PM = (
S
not a head of T'(X, M").

. . x1, (r,9¢)
PROOF. We may assume that the edges in I'(X') with head h are h oy gi,...,h JLi) 9

with f = e(h). Denote by mj;(z) the coefficient of Z in mj;. We claim that the coefficient of
hin (21) is

(z1) (w2)

mji(x1)a] (w1, g1) + mya(re)ag U T(x2,92) + - + mjf(xf)a;(xf)T(fo’gf),

where «; is the coefficient of g; in S;. Certainly this is a summand of the coefficient of h in
(21). So suppose that there is some [ € {1,...,n}, g € G and some z € X U {1} such that
g € supp Sy, x € suppmj;, and g = h. By Lemma 4.29(ii), g = ¢; and « = x; = ;. Therefore
le{l,...,f}, and the claim is proved.

From (21) we obtain that for any j = 1,...,p,
o(z1)

mj1(z1)ay VT (r, 91) + mjg(xg)ag(xZ)T(xg,gg) + mjf(xf)a;(xf)T(:cf,gf) =0.
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This means that the columns of the p x f matrix

A= (myi(:))1<j<p
1<i<f

are right k-linearly dependent. Thus its rank is at most f — 1. Since p > f — 1, there exists
P € GL,(k) such that PA = ( ﬁ} > , where A" =0 is of size (p — f+ 1) x f =p' x f. Then
M,y

M/

i-th column of M’, for i = 1,..., f. Hence the edge h (wp.00) g; does not exist in I'(X, M’). O

PM = ( ) where M’ is of size (p — f + 1) x n, and such that z; does not appear in the

This is [Reu99, Lemma 1] which turns out to be very important.

LEMMA 4.32. Let G be a free group on a finite set X. Forn > 1, let g1,...,9, be distinct
elements of G. Associate to them the graph I'(X) defined in Definitions 4.27(a). Let e be the
number of edges in T'(X), and let s be the number of special vertices. Then e <n+s— 1.

PROOF. Let [ be the number of loops, and s’ be the number of special vertices without
loop around them. Then s = s’ +1 and n = n’ + [ where n/ is the number of g; without loop.
So the total number of vertices in I'(X) is n + s’ = n + s — [. By Remark 4.28, if we remove
the loops in I'(X), then we obtain a subgraph of the Cayley graph C(G, X), hence a union
of trees by Proposition 1.37. Therefore if we replace each loop around a vertex v by a new
edge v — ¥, where ¥ is a new vertex, we obtain a union of trees. This graph has e edges, and
n+s—1+1=mn+ s vertices. Recall that in a union of trees the number of edges is smaller
or equal than the number of vertices minus one by Proposition 1.37. Thus e < n+s—1 as
desired. O

Before stating Theorem 4.35, the extension of [Reu99, Theorem]| to crossed product group
rings, we need to give some definitions and one easy technical result.

DEFINITIONS 4.33. Let G be a free group on a set X. Let k be a division ring and kG a crossed
product group ring. A matrix M over kG is a

(a) linear matriz if each entry of M has the support contained in X U {1} U X 1.
(b) polynomial linear matriz if each entry of M has the support contained in X U {1}.

Suppose now that G is a locally free group. A matrix M over kG is a

(c) polynomial linear matriz if there exists a finite subset Y of G such that Y is the basis of
a free subgroup H of G and the support of each entry of M is contained in Y U{1}. O

LEMMA 4.34. Let k be a division ring. Let G be a free group on a set X. Consider a crossed
product group ring kG. Then a linear matriz M over kG is stably associated with a polynomial
linear matriz M'. Furthermore, M is full over kG if and only if M’ is full over kG.

PRrROOF. We proceed by induction on the number m of elements of the form z—! that
appear in M (counting multiplicities). If m = 0, then M is polynomial linear and the result
follows. Suppose that m > 0. Thus M is not a polynomial linear matrix. If in the i-th row of
M there is an element of the form z—!, multiply M by the invertible matrix that correspond
to multiply the i-th row by Z. Now use Higman’s trick 4.25 to obtain again a linear matrix.
The matrix so obtained is stably associated with M and has less elements of the form 2z~
among its entries. Then apply induction hypothesis to obtain the result.

For the second part, recall that a matrix over a semifir is full if and only if any stably
associated matrix is full by Corollary 4.24. 0
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THEOREM 4.35. Let k be a division ring. Let G be a free group on a finite set X. Let < be
a total order on G such that (G, <) is an ordered group. Consider a crossed product group
ring kG and the associated Mal’cev-Neumann series ring k((G, <)). Then a polynomial linear
matriz which is not invertible over k((G, <)) is not full over k(X) and hence not full over kG.

PROOF. Let A be a p X p polynomial linear matrix. Suppose that A is not invertible
over k((G, <)). Thus A, as an endomorphism of the right k((G, <))-vector space k((G, <))",
is not injective. Hence there exist S1,...,5, Ma’lcev-Neumann series, not all 0, such that

S1
A<:>:0.
Sy

St
Multiplying ( : ) on the left by a matrix @ € GL,(k) (and A on the right by Q~1), we
S,
P s
S1 :
may assume that ( ; > = %L , and that the leading elements ¢1,..., g, of S1,...,S, are
SP .
0
distinct.
S1
Now A = (MN), where M is of size p x n. We then have M | : | =0.

Sn
The result will follow applying Lemma 4.31 repeatedly. First notice that by Lemma 4.32,
we have

e= Z e(h)<n+s—-1<p+s—1,
REVI(X)
special
where e(h) is the number of edges in I'(X) with head h and s the number of special vertices.
Thusp>1+4+ > (e(h)—1). Now, if I'(X, M) has an edge, let h; be its smallest head. By

heVI(X)
special

Lemma 4.31 we obtain a matrix P; € GL,(k) such that PiM = (%&) where M’ is of size

(p—e(h1)+1) xn, and hy is not a head of T'(X, M’). If M’ has an edge, let hy be its smallest
head. Again by Lemma 4.31, we obtain a matrix P, € GLy(k) such that P,PiM = (Al\g?,)

2
where M" is of size (p— > (e(hi) = 1)) x n such that neither hy nor hy are heads of I'( X, M").

Continuing in this way, in each step we reduce the number of heads by Remark 4.30. So after
r < s steps, we obtain matrices P, ..., P, € GLy(k) such that P,---PiM = (1\]4\4(:)) where

M) is of size (p— > (e(hi)— 1)) x n and such that I'(X, M) has no edges. Hence M) =0

=1
by Lemma 4.29(iif). Notice that (p— 3 (e(hs) — 1)) > p— e +s.
i=1

This shows that there exists a matrix P € GL,(k) such that PM has a rectangle of 0's
of size at least (p — e+ s) x n. By Lemma 4.32, n+p—e+ s > p+ 1, showing that M is
associated with a hollow matrix.

So we have proved that there exist invertible matrices P, Q € GL,(k) such that PAQ is a
hollow matrix, and therefore A is not full by Lemma 3.29. U

5.2. Consequences. We proceed to give the main results of this section. They are
corollaries of the ones in the foregoing subsection.
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THEOREM 4.36. Let k be a division ring. Let G be a free group on a set X. Let < be a total
order on G such that (G, <) becomes an ordered group. Consider a crossed product group ring
kG and the associated Mal’cev-Neumann series ring k((G,<)). Let K be the division ring of
fractions of kG inside k((G, <)) (which is the same as the one of k(X)). Then every full
matriz over kG (or over k(X)) is invertible over K. Therefore K is the universal division
ring of fractions of both kG and k(X).

PROOF. Let A be a full matrix over kG (or over k(X)). It is enough to show that A is
invertible over some subdivision ring K’ of K. Let H be a free subgroup of G generated by a
finite subset Y of X such that the entries of A are in kH (or k(Y)). Notice that A is full over
kH (or k(Y)), that k((H, <)) < k((G, <)) and that if K’ is the division ring of fractions of
kH inside k((H, <)), then K’ < K. Now A is stably associated over kH (or k(Y')) to a square
polynomial linear matrix A’ by Lemmas 4.26 and 4.34. Since kH and k(Y) are semifirs, A’
is full over kH and k(Y) by Corollary 4.24. Then, by Theorem 4.35, A’ is invertible over
k((H,<)). Notice that A’, as an endomorphism of the right K’-vector space K™, is injective,
and thus invertible. Therefore the coeficients of A’~! are in K’. Hence A’ is invertible over
K'. But A’ is stably associated with A also over K’. Since stably associated matrices over a
division ring are simultaneously invertible or not, A is invertible over K'. O

COROLLARY 4.37. Let k be a division ring. Let L be a locally free group. Let < be a total order
on L such that (L, <) is an ordered group. Consider a crossed product group ring kL and the
associated Mal’cev-Neumann series ring k((L,<)). Let K’ be the division ring of fractions of
kL inside k((L,<)). Then every full matriz over kL is invertible over K'. Therefore K' is the
universal division ring of fractions of kL.

PROOF. Let A be a full matrix over kL. Then there exists a finitely generated free sub-
group G of L such that the entries of A are in kG. Notice that k((G, <)) < k((L,<)). By
Theorem 4.36, A is invertible over K, the division ring of fractions of kG inside k((L, <)).
Therefore it is invertible over K. O

COROLLARY 4.38. Let k be a division ring. Let L be a locally free group. Consider a crossed
product group ring kL. Let U(kL) be the universal division ring of fractions of kL. Let H
be a subgroup of L. Then the division ring of fractions of kH inside U(kL) is the universal
division ring of fractions of kH .

PROOF. Let < be a total order on L such that (L, <) is an ordered group. Then (H, <) is
also an ordered group. By Corollary 4.37, U (kL) is the division ring of fractions of kL inside
k((L,<)). Notice that k((H,<)) < k((L,<)) and that the division ring of fractions of kH
inside k((H, <)) and k((L, <)) is the same. The result now follows because the division ring of
fractions of kH inside k((H, <)) is the universal field of fractions of kH by Corollary 4.37. [

COROLLARY 4.39. Let k be a division ring. Let G be a locally free group on a set X. Consider
a crossed product group ring kG. A square polynomial linear matrix A over kG of order p is
not full if and only if for some invertible matrices P, Q over k, the matrix PAQ is hollow.

ProOOF. If the matrix PAQ is hollow, then PAQ is not full by Lemma 3.29. Now clearly
A is not full.

Suppose that A is not full. Let < be a total order on G such that (G, <) is an ordered
group. Consider the Mal’cev-Neumann series ring k((G, <)) associated with kG. Let Y be a
finite subset of G such that Y is the basis of a free subgroup H of G and the support of each
entry of A is contained in Y U {1}. Now k((H, <)) C k((G,<)). Observe that A is not full
over kH, otherwise it would be invertible over k((H, <)) by Theorem 4.36, and therefore over
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k((G, <)), a contradiction. Hence A is not full over kH, A is a polynomial linear matrix (over
k(Y)), so we can apply the proof of Theorem 4.35 to obtain the desired result. O

COROLLARY 4.40. Let k be a subdivision ring of k'. Let L be a locally free group. Consider a
crossed product group ring k'L such that

(i) The image of k by o(x) is contained in k for each x € L

(ii) 7(z,y) € k for all z,y € L
then each full matriz over kL (or k(X) when L is a free group on a set X ) is also full over
K'L (or K'(X)).

PRrROOF. By conditions (i) and (ii), we can consider kL as a subring of kL. Suppose
that (L,<) is an ordered group. Then, by Corollary 4.37, a full matrix A over kL becomes
invertible over k((L, <)) which is a subdivision ring of ¥'((G,<)). Thus A is also invertible
over k' ((G,<)). Thus it has to be full over k'G. O

COROLLARY 4.41. Let k be a division ring. Let L be a locally free group. Let <1 and <o be two
different total orders on L such that (L,<1) and (L,<3) are ordered groups. Let D;, i = 1,2,
be the division ring of fractions of kL inside k((L,<;)). Then Dy is kL-isomorphic to Ds.

PROOF. D; and D, are the universal division ring of fractions of kL. O

As we said before, Theorem 4.36 and Corollary 4.38 were first proved in [Lew74, Theo-
rems 1 and 2] and [LL78, Section 2]. There, Corollary 4.38 was used to prove Theorem 4.36.
We will do something similar in Section 2.1 of Chapter 6. Our proof of Theorem 4.36 is
patterned on the one given in [Reu99, Corollary 1].

Statements of Corollaries 4.39 and 4.40 are the natural generalization of [Reu99, Corol-
laries 2 and 3] to crossed product group rings. They were first proved by P.M. Cohn for tensor
rings, see for example [Coh95, Corollary 6.3.6 and Theorem 6.4.6].

Corollary 4.37 is probably well known, but we have not found it in the literature.

“Do you hear the hounds they call
Scan the dark eyes aglow
Through the bitter rain and cold
They hunt you down

Hunt you down”

Savatage, Hounds
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CHAPTER 5

Towards Hughes’ Theorems

Our aim is to define the objects needed to prove the results in Chapter 6, and to show
their main properties. Almost everything in this chapter appears in the joint work with W.
Dicks and D. Herbera [DHS04]|. Most of the objects deal with the concepts on semirings
defined in Section 7 of Chapter 1.

For the sake of simplicity we fix the notation at the beginning of some sections and it
remains valid until the end of that section unless otherwise stated.

1. Hughes-free division ring of fractions

In Theorem 6.3 it is proved that two division rings of fractions satisfying a certain property
are isomorphic. It is useful to define first such a property because what follows tries to imitate
that situation in a formal way.

NOTATION 5.1. Throughout this section let k be a division ring, G a locally indicable group
and kG a crossed product group ring. O

Let H be a nontrivial finitely generated subgroup of G. Since G is locally indicable, there
exists N < H such that H/N is infinite cyclic. So H can be expressed as an internal semidirect
product N x C' with C infinite cyclic. By Remarks 4.3(c), k*H/k* = H. Hence we have a
morphism of groups

K*H 25, E*H/k* = H

ar  — laz] — T

(24)

Let t € k* H be such that pg(t) generates C. Clearly t € k*C. Observe that left conjugation
by the trivial unit ¢ induces an automorphism « of kN, i.e. a: kN — kN, z +— tzt™!.
Moreover the powers of ¢ are left (and right) kN-linearly independent because every element
of H can be uniquely expressed as a product of an element of N and a power of pg(t). Thus
kH = @ kNt". Therefore kH can be seen as the skew Laurent polynomial ring kN[t t!; a].

nez

Suppose that kG has a division ring of fractions D. We say that D is a Hughes-free division
ring of fractions if the kN-linear independence of the powers of ¢t extends to D(kN). More
precisely:

DEFINITIONS 5.2. Suppose that kG has a division ring of fractions D.

(a) An atlas A = {Ng} g of G, where H ranges over all nontrivial finitely generated subgroups
of G, is a set consisting of subgroups Ny of H, one for each H, such that Ng <« H and
H/Ny is infinite cyclic. If L is a fixed subgroup of G, we denote by Ay the atlas of
L {Ny € A| H < L}. If 0 is a monomorphism of G, by 6(A) we denote the atlas of
6(G) {Né(H) = 0(Nu)}om)- Notice that an atlas A always exists provided G is a locally
indicable group. If G is trivial, then A is the empty atlas.

(b) Let A = {Ng}g be an atlas of G. We say that D is an A-Hughes-free division ring of
fractions (of kG) if for each nontrivial finitely generated subgroup H of G, any expression
of H as an internal semidirect product Ny x C with C' infinite cyclic and any t € k*C
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such that pp(t) generates C, then the powers of ¢ are D(kNp)-linearly independent, i.e.
if do,...,dn, € D(kNg), then

do+dit+---+d,t" =0 implies that dyg =---=d, =0.

(c¢) If D is an A-Hughes-free division ring of fractions for each atlas A of G, then we say that
D is a Hughes-free division ring of fractions.

(d) If there exists an embedding of kG in a division ring E, kG — E, such that E(kG) is
an (A-)Hughes-free division ring of fractions, we say that kG — E is an (A-) Hughes-free
embedding. We also say that kG is (A-) Hughes-free embeddable. O

Some other ways of expressing .A-Hughes-freeness are given in the next result.

LEMMA 5.3. Suppose that kG has a division ring of fractions D. Let A = {Ng}p be an atlas
of G. The following are equivalent:

(i) D is an A-Hughes-free division ring of fractions.

(ii) For each nontrivial finitely generated subgroup H of G there exist an expression of H
as an internal semidirect product Ng x C with C infinite cyclic and t € k*C such that
pr(t) generates C' and the powers of t are D(kNp)-linearly independent.

(iii) For each nmontrivial finitely generated subgroup H of G there exists an element x € H
such that Ngx generates H/Npg and the powers of & are D(kNpg)-linearly independent.

PROOF. (i) = (ii) It is clear because (i) is more general than (ii).

(ii) = (iii) Let H be a nontrivial finitely generated subgroup of G. Let ¢ be given by (ii).
Set © = pg(t). Then H/Ny = C is infinite cyclic and Nyx generates H/Ng. The powers of
Z are D(kNp)-linearly independent because t = aZ for some a € k.

(iii) = (i) Let H be a nontrivial finitely generated subgroup of G. Let = be given by (iii).
Suppose that H = Ny x C' with C infinite cyclic. Let ¢t € k*C be such that pg(t) generates
C. Then t = qi"ﬂ for some a € k* Ny. Suppose that dy + dit + - - - + d,t"™ = 0. For each 1,
d;tt = diaiﬁz for some a; € k*Ng. Then d;a; = 0 for ¢ = 1,...,n. Since q; is invertible for
eachi,dy=d =---=d, =0. O

Following the notation of Definitions 5.2 we get the following important remarks.

REMARKS 5.4. Suppose that kG has an A-Hughes-free division ring of fractions D. For each
nontrivial finitely generated subgroup H of G and t € k*C such that pg(t) generates C' we
have the following:

(a) Left conjugation by ¢ induces an automorphism « of D(kNg). Moreover, the subring
generated by D(kNy) and t (respectively {t,¢71}) is isomomorphic to the skew polynomial
ring D(kNg)[t; o] (skew Laurent polynomial ring D(kNg)[t,t~1; a]).

(b) The division ring of fractions of kH inside D, D(kH), is isomorphic to

QL(D(kNg)[t,t % a]) = D(kNu)(t; ).

Therefore D(kH) embeds in the skew Laurent series ring D(kNg)((t; «)) in a natural way.
(¢) The powers of ¢ are also right D (kN )-linearly independent. Hence A-Hughes-freeness is
a left and right symmetric concept.

PROOF. (a) Recall that D(kNpy) = OLjO Qn(kNpg, D)that , and Qn+1(kNg, D) is the sub-

ring generated by the elements of @, (kNg, D) and its inverses, see Remark 3.16. We have
already noted at the beginning of this section that left conjugation by ¢ induces an auto-
morphism of kNg = Qo(kNpg, D). Suppose that left conjugation by ¢ induces an automor-
phism of Q,(kNg, D). This implies that tQ,+1(kNg, D)t~ = Qn+1(kNg, D) because both



1. Hughes-free division ring of fractions 87

tzt~! and t~1zt belong to Qn11(kNp, D) for each generator z of Qny1(kNg, D). Therefore
tD(kNg)t~! = D(kNp).

The second part follows because the powers of ¢ are D(kNp)-linearly independent since
D is an A-Hughes-free division ring of fractions.

(b) D(kH) contains D(kNy) and {t,t"'}. By (a), it contains the left Ore domain
D(kNy)[t,t71;a]. By the universal property of Ore localization, D(kNg)(t; ) embeds in
D(kH). Moreover, the image of D(kNp)(t; «) is a division ring containing kNy[t,t~'; o] = kH.
Therefore D(kH) = D(kNpg)(t;«). Now, D(kNg)((t;«)) is a division ring that contains
D(kNgy)[t,t71; a]. Again the universal property of Ore localization implies that D(kNg)(t; «),
and therefore D(kH), is contained in D(kNg)((t; «)).

(c) Let dy,...,d, € D(kNg). Suppose that dy + tdy + - -+ + t"d,, = 0. Thus

do + a(di)t + - 4+ a"(dp)t" = 0.

By (a), a(d;) € D(kNg) for all i. Hence dy = a(d1) = --- = a"(dy) = 0. Since a is an
isomorphism, dy =d; = --- = d,. O

DEFINITIONS 5.5. Let G be a group.

(a) Suppose that G is locally indicable. We say that the group G is Hughes-free embeddable
if kG is Hughes-free embeddable for each division ring & and each crossed product group
ring kG.

(b) We say that G is embeddable if kG can be embedded in a division ring for each division
ring k£ and each crossed product group ring kG. O

We proceed to give some important examples of Hughes-free embeddings and Hughes-free
embeddable groups. Example 5.6(d) was already given by I. Hughes in [Hug70].

ExXAMPLES 5.6. Let G be a group.

(a) Suppose that G is locally indicable. Let k be a division ring. Consider a crossed product
group ring kG. Suppose that kG is a left (right) Ore domain. Then the embedding
kG — D is Hughes-free provided D is the left (right) Ore division ring of fractions of kG.

(b) Suppose that G has a subnormal series (G),<- with torsion-free abelian factors. Then G
is Hughes-free embeddable.

(¢) Suppose that G is a right orderable amenable group. Then G is Hughes-free embeddable.

(d) If G is an orderable group, then G is Hughes-free embeddable. Indeed, if (G, <) is an
ordered group, then kG — k((G, <)) is a Hughes-free embedding for any division ring k
and any crossed product group ring kG.

(e) If G is a locally free group, then G is Hughes-free embeddable.

PROOF. (a) We prove the result for the left Ore case. The proof of the right Ore case is
similar.

Let H be a nontrivial finitely generated subgroup of G. Let N <t H be such that H/N is
infinite cyclic. Let © € H such that Nx generates H/N. Suppose that

do+diz+---+d,z" =0

where dg,dy,...,d, € D(kN). Notice that kN is a left Ore domain by Proposition 4.9,
and that D(kN) is the left Ore division ring of fractions of kN. By Remark 3.4, there exist
u, 00, -..,n € kN such that d; = v~ 'v;. Multiplying by u on the left we get

vg+ 0T+ +v,T" =0.

Since the powers of & are kN-linearly independent, v; = 0 for all . Hence dy =--- =d,, =0.
(b) The result follows from (a) and Corollary 4.11.
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(c) By the comments at the end of Section 4 of Chapter 2, G is locally indicable.

It is known that kG has an Ore division ring of fractions whenever kG is a domain by a
result of D. Tamari [Tam57], see also [DLM 103, Theorem 6.3] or [Liic02, Example 8.16].
Certainly this is the case by Proposition 4.8. Now apply (a).

(d) From Theorem 2.28, G is a locally indicable group. Let k be a division ring and kG a
crossed product group ring. Suppose that (G, <) is an ordered group. Set

E=k((G,<)={y= Z d,z | supp(7y) is well ordered}
z€G
the Mal’cev-Neumann series ring associated to kG, see Chapter 4. Let H be a nontrivial
finitely generated subgroup of G. Let N < H, and = € H such that H/N = (Nz) is infinite
cyclic. -
Notice that if d € E(kN), thend € {y = > dph | supp(7) is well ordered}. Suppose that
heN

there exist d; = 3 dp;h € E(kN) for i € {1,...,n} such that 0 = i d;(%)*. Then
heN i=0

n n
0= Zdzfl = Z ( Z dhlﬁ)fl
i=0 i=0 heN

Since h1a" = hox™ if and only if hy = hy and iy = ia, for hy, he € N, it follows that dj; = 0
forallh € N andi€ {1,...,n}. Hence dy =dy = --- =d,, = 0.

(e) The group G is orderable by Corollary 2.24. Thus (c) implies that kG — k((G, <)) is
a Hughes-free embedding for any division ring k, any crossed product group ring kG and any
total order < on G such that (G, <) is an ordered group. O

As a consequence of Theorem 6.10 we will obtain more Hughes-free embeddings. On the
other hand, we remark that there exist embeddings of crossed product group rings kH, with
H a locally indicable group, inside division rings () such that @ is not A-Hughes-free for any
atlas A of H. The first example of this situation was given by J. Lewin in [Lew74, Section V].
We will see more examples in Chapter 7, see Corollary 7.61.

2. A measure of complexity

In this section, we collect together standard material on finite rooted trees, and construct
the rational semiring 7 which will be used to measure the complexity of elements of an-
other rational semiring, Rat(U), that will be defined in Section 4. 7 will turn out to be a
well-ordered set. We also give the main properties of the behavior of this order with respect
to the operations defined on 7.

DEFINITIONS 5.7. Let 7 denote the set of all (isomorphism classes of) finite rooted trees. We
give 7 the structure of semiring as follows. Let X, Y € 7.

(a) The sum X 4+ Y is obtained from the disjoint union X UY by identifying the root of X
with the root of Y and taking the resulting vertex to be the new root. It is not difficult
to realize that the sum is associative. Then (7,+) is an additive monoid, and the zero
element 07 is the tree with exactly one vertex. Notice that X + Y = 07 if and only if
X =Y =0r7.

(b) We define the family of X, denoted fam(X ), as the set of components of the graph obtained
by deleting the root of X and all incident edges. We view fam(X) as a finite family of
finite rooted trees, with multiplicities, where the root of each component is the vertex
that was incident to the deleted edge. Notice that fam(07) is empty. We remark that
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fam(X +Y) can be thought of as fam(X) U fam(Y") provided multiplicities are taken into
account.

(¢) The width of X, denoted width(X), is the number of elements in fam(X). For example, in
Example 5.9 the width of Yy is 3. In a tree of width one, the root is incident to a unique
edge, called the stem. Note that width is additive, i.e.

width(X + V) = width(X) + width(Y).

(d) We recursively define the height of X as follows. We say that 07 has height 0, and that,
if X # O, then the height of X is one more than the maximum of the heights of the
elements of fam(X). We denote the height of X € 7 by h(X).

(e) We define ezpanded X, denoted exp(X), as the tree obtained from X by adding a stem,
that is, we add a new vertex, and a new edge which joins the new vertex to the root of
X, and then the new vertex is taken as the root of exp(X). So the height increases by 1
and fam(exp(X)) = {X}.

We have X = > exp(X'), a (possibly empty) sum of trees with stems.
X' efam(X)
(f) We define the product

X-y= > > exp(X'+Y).

X'efam(X) Y/'efam(Y)

Thus, the product of two trees with stems identifies the stems, and the multiplication is
then extended distributively. The multiplication is commutative since the sum is. The
identity element 17 = exp(07) is the tree with exactly one edge. Notice that X - Y = 11
ifand only if X =Y = 17.

We remark that fam(X -Y") can be thought of as fam(X) 4 fam(Y"), where the elements
of fam (X ) +fam(Y) are the rooted trees of the form X’'+Y” for X’ € fam(X), Y’ € fam(Y)
and multiplicities are taken into account. Notice that width is multiplicative, i.e.

width(X - Y) = width(X) - width(Y). O
Now it is not difficult to prove that 7 is a semiring.

LEMMA 5.8. The product defined on T is distributive with respect to the addition and it is
associative. Therefore T is a semiring with absorbing zero O.

PROOF. Let X,Y, Z € T.

X-Y+2) = > > exp(X'+ W)

X' efam(X) Wefam(Y +2)

— Z Z exp(X'+Y’) + Z Z exp(X' + Z')

X' efam(X) Y/ efam(Y) X' efam(X) z' efam(Z)

= XY+ X -Z.
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And because of the commutativity, (Y +2) - X =Y - X + 7 - X.

X (Y-2Z) = X-( > > eXp(Y/+Z/))

Y’ efam(Y') Zlefam(Z)

= Z Z X -exp(Y' + Z')

Y'efam(Y) Z' efam(Z)

= > > Y exp(X'+Y'+7)

X' efam(X) Y'efam(Y) Z'efam(Z)

= Z Z exp(X'+Y')-Z

X' efam(X) Y/ efam(Y)

- ( S0y exp(X’—i—Y’))-Z—(X-Y)-Z. O

X' efam(X) Y/ efam(Y)

ExXAMPLES 5.9.

S R .

Xo Yo Xo+ Yo

A A A

fam(Yp) exp(Y)
XU }/0 XO : l/0

DEFINITIONS 5.10. (a) We make 7 into a rational semiring with s-map defined by
X* = exp?(X) for X € 7. That is, we add a double-length stem to X.

(b) Let U be a group. We endow 7 with a structure of rational U-semiring via the trivial
multiplicative map U — 7 which sends every element of U to 17. Here the U-biset
structure is trivial. g

We next want to well-order 7.

DEFINITIONS 5.11. For m,n € N, we let 7, ,, denote the subset of 7 consisting of all the
elements of height at most n — 1, together with all the elements of height exactly n and width
at most m.

We now define a total order > on 7.

We let 07 be the least element of 7.
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In particular, we have ordered 77 o = {07}.

Suppose that n > 1, and that we have ordered 7, .

Suppose that m > 1, and that we have ordered 7, ,,—1.

Consider any nonzero X,Y € 7y, .

Notice that fam(X) is a finite family of elements of 7, . Thus fam(X) has a largest
element. We define log X to be the largest element of fam(X).

Note that exp(log X) is a summand of X, and we denote the unique complement by
X —explog X. Thus, X —explog X is formed by deleting from X a suitable edge incident to
the root, and then deleting the component (= log X') which does not contain the root.

Since log X and logY lie in 7,0, they can be compared. Also, X — explog X and
Y —explogY lie in 7, ,,—1, and therefore they can be compared. We define X > Y to
mean

(log X >logY) or (log X =logY and X —explogX >Y —explogV).
By induction on m, 7y, ,,, is ordered for all m € N, that is, 7,41, is ordered.
By induction on n, 7, is ordered for all n € N, that is, 7 is ordered. O

REMARKS 5.12. Let X, Y € 7\ {07}.
(a) X =explog X + (X —explogX)and Y- X =Y -explog X +Y - (X —explog X).
(b) If log X =logY, then
(b1) X <Y if and only if X —explog X <Y —explogY.
(b2) X =Y if and only if X —explog X =Y —explogY'.
(c) X —explog X < X.

PRrROOF. (a) Follows directly from the definition and the distributive law.

(b1) Follows directly from the definition.

(b2) The only if part is clear. For the if part apply (a).

(¢) Notice that fam(X — explog X) C fam(X).

The proof is by induction on the multiplicity of log X in fam(X), denoted by mx. If
myx = 1, log X ¢ fam(X — explog X). Then log X > log(X — explog X). This implies
X —explog X < X.

Suppose that mx > 1 and that Y > Y —explogY for all Y € 7 such that my < mx.
Since mx > 1, log(X) = log(X — explog X) and mx_explogx = mx — 1 < mx. Hence
log X = log(X — explog X) and, by the induction hypothesis,

(X —explog X) — explog(X —explog X) < X — explog X.
That is, X > X —explog X. O

ExAMPLE 5.13. With the same notation as in Examples 5.9

B LA

log(Yo) Y —explog(Yy) O

REMARK 5.14. The ordering on 7 refines the partial ordering given by the height. That is, if
h(X) < h(Y), then X <Y for X,Y € 7. Moreover, h(logY) =h(Y) — 1.

ProoOF. Let X, Y € 7 with h(X) < h(Y) (hence Y # 07). We prove the result by
induction on h(Y) > 1.
Suppose that h(Y) = 1. If h(X) < h(Y), then h(X) = 0. Therefore 07 = X < Y.
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Suppose that 1 < h(Y'). Notice that h(Y’) < h(Y) for all Y’ € fam(Y"), and there exists
Y’ € fam(Y) with h(Y’) = h(Y) — 1. Then h(logY) = h(Y) — 1 because logY € fam(Y)
and the induction hypothesis. If X = 07, obviously X < Y. Suppose that X # 07. Hence
h(log X) <h(X)—-1<h(Y)—1=h(logY) < h(Y). The induction hypothesis implies that
logX <logY. So X <Y. O

LEMMA 5.15. T 4s well ordered.

PROOF. Suppose not, so that there exists an infinite, strictly descending sequence (T;) in
T; thus
To>T1>Tr > . (25)

We shall obtain a contradiction.

For each i, T; is then nonzero, and we let n; denote the height of T;, and m; denote the
multiplicity of log T; in fam(7;). Hence n; > 1, m; > 1.

Since N is well-ordered, we may assume that (25) has been chosen to minimize ng.

It follows that the set of elements of 7 of height strictly less than ng is well-ordered. Thus,
we can ignore ng, and assume, by Remarks 5.14, that (25) has been chosen to minimize log T,
and, with log Ty fixed, to minimize its multiplicity my.

By the definition of the ordering,

logTy > logTy >logTe > --- . (26)

If some term of (26) is less than log T, we can omit finitely many terms from (25), and obtain
a contradiction to the minimality of logTy. Thus

logTy =logT) =logTo =---.
By the definition of the ordering,
To —explogTy > Th —explogTy > Ty —explogTy > -+ - . (27)

If mp = 1, then (27) contradicts the minimality of log Tp. If mo > 2, then (27) contradicts the
minimality of myg. g

In 7, log(07) was not defined, and it is convenient to have an interpretation for this
expression.

CONVENTIONS 5.16. Let —oo7 denote the empty tree, and say it has height —1 and width 0.

We extend the structure of semiring of 7 to 7 U {—ocor} as in Definitions 1.42(d). That
is, (—oor) + X = (—oo7) - X = X - (—oo7) = —oog for all X € T U {—oor}.

We extend the order on 7 to an order on 7 U {—oo7} so that —oor is the new smallest
element.

Define log(07) = log(—oor) = —oo7 and exp(—oor) = 07. O

LEMMA 5.17. If X, Y, X')Y' € T, then the following hold in T :

(i) (7,+) is an ordered monoid.

(ii) (7 \ {07},-) is an ordered monoid.

(iii) log(X +Y) = max{log X,logY}.

(iv) log(X -Y) =log X + logY.

(v) log?(X +Y) = max{log?X,log?Y'}.

(vi) log?(X - Y) < max{log®X,10g?Y'}, and equality holds if X and Y are nonzero.

PROOF. (iii) holds true because of the remarks about the family of the sum made on
Definitions 5.7(b).
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(i) Let X,Y,Y' € 7 with Y < Y’. We prove that X +Y < X + Y’ by induction on the
complexity of X. If X = 07 the result is clear.

Suppose that X > O7. If explog X # X, then X —explog X < X and explog X < X by
Remarks 5.12(c). Thus applying twice the induction hypothesis

X+Y =(X —explogX) +explogX +Y < (X —explog X) +explogX +Y' =X +Y".

Suppose that X = explog X. Since logY < logY”’, we get that log(X +Y) <log(X +Y”)

by (iii). Moreover
max{log X,log Y} = log(X +Y) <log(X + Y’) = max{log X,log Y'}.

It is clear that X +Y < X 4+ Y if either log(X +Y) =logY <logY’ =log(X +Y’), or
log(X +Y)=1logX <logY’ =log(X +Y’).

If log X =log(X +Y) =log(X +Y’) =log X, then

(X+Y)—explog(X+Y) = (X —explogX)+Y
< (X —explogX)+Y’
= (X+4Y') —explog(X +Y’),
and the result follows.

IflogY =log(X +Y) =log(X +Y’) = logY’ # log X, we proceed by induction on Y.
Notice that Y > 17. If Y = 17, then X = 07 and the result follows. If Y > 07, then by the
induction hypothesis

(X4Y)—explog(X+Y) = X+ (Y —explogY)
< X+ (Y —explogY’)
= X+Y' —explog(X +Y’),
as desired.

(iv) If X =07 or Y = 07, the result is clear. If X and Y are nonzero, it follows from the
remarks about the family of the product made on Definitions 5.7(f) and by (i).

(ii) Suppose that X,Y, Y’ € T \ {07} with Y < Y’. There are two possibilities either
logY <logY’ orlogY =logY’ and Y —explogY <Y’ —explogY’. In the first case, by (i)
and (iv) we get that

log(X -Y) =1log X +logY <logX +logY’ =log(X -Y’).
For the second possibility we proceed by induction on Y. Suppose that Y = 1. Notice that
X - (Y —explogY’) > 07. Then, by (i), we obtain
XY = X-explogl + X (Y —explogV)

= X+0r

< X+ X (Y —explogY’)
X -explogY’ + X - (Y —explogY’)
XY

If Y > 17, again by (i) together with the induction hypothesis
XY = X-explogV + X (Y —explogY)
< X-explogY'+ X - (Y —explogY”)
= X.Y.
To prove (v), apply log to (ii).
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(vi) log?(X - Y) = log(log X + logY) = max{log® X,log? Y}, by (iv) and (iii), provided
log X # —o0 and log Y # —o0, that is, if X and Y are nonzero. O

What follows is just Lemma 5.17(i)-(ii) in the way we will use it.

REMARKS 5.18. Let X, Y, X" Y' € 7.

(a) f X < X'and Y <Y’ then X +Y < X'+ Y, and equality holds if and only if X = X’
and Y =Y’. Hence, X < X +Y, and equality holds if and only if Y = 0.

(b) If X, Y, X' Y’ are nonzero, X < X' and Y <Y’ then XY < X’'-Y’, and equality holds if
and only if X = X', Y =Y. Hence, X < X .Y, and equality holds if and only if Y = 17.

PRrOOF. (a) and (b) follow from Lemma 5.17(i)-(ii) and Remark 2.13. O
3. The free multiplicative U-monoid on a U-biset X

We present how to construct a U-semiring from a U-biset in the same way the tensor
algebra is built from a bimodule. In fact we follow very close the exposition in [Jac89].

NoTATION 5.19. Throughout this section U,V and W will be multiplicative groups. O
DEFINITIONS 5.20. Let X1 be a V-U-biset and X5 be a U-W-biset.
(a) There is a natural V-W-biset structure on X; x Xy given by v(z1,z2) = (vzy,z2),

(z1,22)w = (21, x2w) for v € V, w € W and (z1,22) € X1 x Xo.

(b) Let Y be a V-W-biset. A morphism of V-W-bisets f: X; x X9 — Y is said to be a
balanced morphism if f(z1u,z2) = f(z1,uzs) for all 1 € X1, 2 € X9, u € U.

(c) We define X; xyy Xa to be (X7 x X3)/ ~ where (z1,x2) ~ (2,25) if and only if there
exists u € U such that rju = 2} and v~ lxe = x5. It is not difficult to prove that ~ is
an equivalence relation. The equivalence class of (z1,z2) € X7 x Xo will be denoted by

1+ T2.
(d) There is a V-W-biset structure on X; Xy Xo defined by v(z;-x2) = (vxy1) - x9, and
(x1 - z2)w =x1 - (xow) for allv € V, w € W, z1 - 22 € X1 Xy Xo. O

Observe that the natural map X7 x Xo — X3 Xy Xo, defined by (z1,x2) — x1 - 29, is
an onto balanced morphism of V-W-bisets.

LEMMA 5.21. Let f: Xy x Xo — Y be a balanced morphism of V-W -bisets. Then there
exists a unique morphism of V-W-bisets, [+ X1 xy Xo — Y with f(z1-x2) = f(x1,22) for
all (x1,x9) € X1 X Xo. That is, f makes the following diagram commutative

X1><X2 !

N

X1 xy Xo

Y

ProOF. Clearly f, if it exists, is unique because - is onto. So we only need to show it is a
well defined morphism of V-W-bisets. Suppose that 1 - £9 = x| - . Then there exists u € U
such that z1u = 2} and v~z = 7%, and

flah - ah) = f@h, ah) = frru,u™" we) = (a1, u(u"zs)) = f(z1,29) = f(w1 - 22).
Therefore f is well defined. Moreover, f is a morphism of V-W-bisets because
fo(@r-22)) = f((var) - w2) = flvwr,@2) = vf (@1, 22) = vf (21 - 22)

for any v € V, 1 - 19 € X1 Xy Xo. Similarly, f((xl CXT)w) = f(:cl -x9)w for any w € W,
T1 - x9 € X1 Xy Xo. O
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DEFINITIONS 5.22. Let X1 be a V-U-biset and X5 a U-W-biset.
(a) Suppose that f1: X7 — Y] is a morphism of V-U-bisets and fo: X2 — Y5 is a morphism
of U-W-bisets. The composition
X1 x X Py 5 vy — vy xp Yo,
is a balanced morphism of V-W-bisets. We define fi - fo: X1 Xy Xo — Y7 Xy Ys as the
unique morphism of V-W-bisets given by Lemma 5.21. Thus f; - fo is defined by

fl . fz(l‘l . xg) = fl(azl) . fz(l‘g) for all xr1 -T2 € X1 XU XQ.

Note that if f; is a V-U-biset isomorphism and f; is a U-W-biset isomorphism, then f; - fo
is a U-W-biset isomorphism.

(b) As the map X; x U — X, defined by (x1,u) — zju, is balanced, there is a map
X1 xy U — X4, defined by x1 - u — xqu, that is an isomorphism of V-U-bisets with
inverse X1 — X1 Xy U, 1 —— x1 - 1. By symmetry, the map U xy X9 — Xo, defined
by u - x9 — ux9, is an isomorphism of U-W-bisets.

(c) Let (X,)yer be a family of V-U-bisets. Consider the disjoint union | X,. It is a

yel’
V-U-biset with the actions given by v(z,7y) = (vz,v), (z,7)u = (zu,v) for all v € V,

weU, (x,7) € U X,. The coproduct of (X,)er is the disjoint union together with the
~yel

inclusion maps i,: X, — U X5, iy(x) = (x,7). The coproduct verifies that if ¥ is a
~vel
V-U-biset, and for every v € I' we have a morphism of V-U-bisets, f,: Xy, — Y, then

there exists a unique morphism of V-U-bisets f: |J X, — Y, such that fi, = f,. O
~yel

LEMMA 5.23. Let (Xy)~er be a family of V-U-bisets. Let Y be a U-W -biset. Then the map

ny: (UX"/) XUY—> LJ()(,y XUY)
yerl’ yel’

(z,7) y+— (z-y,7)
is an isomorphism of V-W -bisets. If (Y5)sca is a family of U-W -bisets, then the map

905(UX’Y)XU(UY5)—> U (X5 xu Ys)
~yer d0eA

(7,0)el'xA

((z,7) - (y,9)) ¥ (2 -y, (7,9))

is an isomorphism of V -W -bisets.

PROOF. The map ( U Xv) XY — U (X, xuY), ((z,7),y) — (z-y,7) is a balanced
yerl vel

morphism of V-W-bisets. Then, by Lemma 5.21, there exists a morphism of V-W-bisets
nv: (U X)) xuY — U (X, xpY) defined by ny ((2,7) -y) = (z-9,7).
yel ~el
On the other hand, for each v € I, consider iy: X, — |J X, the inclusion map, which
~yel
is a morphism of V-U-bisets. The identity map on Y, 1y, is a morphism of U-W-bisets.
Thus we have the morphism of V-W-bisets i, -1y: X, xyp YV — ( U X,y) Xy Y, for each
vyel

v € T, such that x -y — (x,7) - y. By the universal property of the coproduct, there
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exists a unique morphism of V-W-bisets 7v: U (Xy xp Y) — ( U XW) Xy Y such that

yel ~yel'
v(z-y,v) = ((z,7) - y). Then ny7y =1 U (XyxuY) and Tyny =1 U X)xuy
yel’ yel’

In the same way it can be proved that

X,YXU(UY;;> — U (XA{XUY;Q
dEA dEA

is an isomorphism of V-W-bisets. Hence

(LEJFX’Y) Xy (6L€JAY5) — LEJF(Xw Xy ( U Y(s)) — ( U X5 xu Ya))

dEA vel' dEA
(('rvf}') : (yvé)) — (l‘ ’ (y,é),v) — ((1‘ ' y,5),7)

U(U&Exoys)— U (X xuYs)

~el e (7,0)el'x A
((J} Y, 5)77) L ((I’ ' y)7 (77 5))
is an isomorphism of V-W-bisets. O

DEFINITIONS 5.24. (a) Let M be a monoid. We say that M is a U-monoid if there exists
a morphism of monoids U — M. Then M has a U-biset structure. Moreover, since
M x M — M, (m,n) — mn, is a balanced morphism of U-bisets, it factors through
Mx M — M xy M, (m,n) — m-n.

(b) Let M and N be U-monoids. A morphism of U-monoids is a morphism of monoids
M — N such that the following diagram is commutative

U

\

N

(¢) Consider the monoid semiring N[M]. It has a natural structure of U-semiring. It is
zero-sum and zero-divisor free. Thus N[M] \ {0} is also a U-semiring. Moreover it has
the following universal property: for every U-semiring R with a morphism of U-monoids
¢: M — R there exists a unique morphism of U-semirings ®: N[M] \ {0} — R that
coincides with ¢ on M. It is given by ®( >~ ny,m) = > npo(m). O

meM meM

LEMMA 5.25. The map (X1 XUXQ) XUX3 — X4 XU (XQ XUX3), (.%'1 'ZCQ) X3 —— T ($2 '.%'3)

18 a U-biset isomorphism.

PROOF. Observe that the maps (X1 xy X2) x X3 — X; xy (X2 xy X3), given by
(r1-x9,23) — 21 - (x2-x3), and X7 x (X2 xy X3) — (X; Xy X2) Xy X3, defined by
(z1,29 - x3) — (21 - T2) - 3, are balanced morphisms of U-bisets. Then, by Lemma 5.21, we get
unique morphisms of U-bisets (X1 xyXo) Xy Xg — X1 Xy (XexyX3s), (z1-22) 3 — x1-(22-73),
and Xl XU (X2 XU Xg) — (Xl XU Xg) XU X3, I - (1‘2 . l‘3) — (:Cl . :EQ) - X3. Notice that these
morphisms of U-bisets are mutually inverse. O
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DEFINITIONS 5.26. (a) Let Xi,..., X, be U-bisets. We define X; xy X9 Xy -+ xy X, in-

ductively by X; xy Xo Xy - xy X; = (Xl Xy - Xy X’i—l) xy X;. Also, if T; € Xj,
j=1,...,n, we define 1 - x3 - - - &, inductively by z1---z; = (x1---x;-1) - @;.
We claim that if 1 < m < n we have a unique isomorphism

Tm,n - (Xl Xy - XUXm) XU(Xm—I—l Xy« XUXn) —>X1 Xy« XUXn

such that 7, (21 @)« (Tmg1 -+ @Tn)) = T1+ Ty * Ting1 * - - Tn. We prove it by induc-
tion on n —m. If n —m = 1 the isomorphism is the identity by definition. Suppose that
1 < n —m and the claim true for nonzero naturals smaller than n — m, then

(X1 xu - xu Xm) Xu (Xmy1 Xv -+ Xvu Xn)

= (X1 xp -+ xu X)) xu (Xmy1 Xu -+ Xno1) Xu Xn)
by Lemma 5.25

= (X1 %y - xu Xm) xu (Xpg1 Xvu -+ xu Xp1)) xu Xn
by induc. hypoth.

(X1 Xy -+ Xy Xop Xy Xng1 xu -+ xu Xpn—1) xu Xy,
= Xle"'XUXn~

Via the isomorphism defined by

(1 @m) - (@mg1 - 2n) = (@1 2m) - (@mg1 - Tn1) - Tn)
— (1 Zm) - (Tng1 - Tn1)) - 2n

7T'm,nfl'an
— (ml...xnil).xnzml...xn.

Let X be a U-biset. Put X*¥ = U, and XV = Xxg -2+ xpX, i > 1. Define
Tomn: U Xy X*XU — X*U and Ton X*XU xy U — X*U, n > 0, to be the canonical
isomorphisms of U-bisets given by 7o, (u - ) = uz and m, (2 - u) = zu, for all x € X*v
and u € U.

Form the U-biset,

UsX = | X0 =UUXUXTU...
neN

We proceed to endow UyX with a structure of U-monoid. _
Using that (X *v xp Xng) is the coproduct of the U-bisets X XU x s X*U we obtain
i?j
a morphism of U-bisets 7': (X XU xy XX?J) — UfX, which coincides with 7, on

(2%
X*U xy X*0 . Composing «’ with the U-biset isomorphism

(UnX) xy (UX) = (U XX3> X7 (U XX’&) — Jx*v xy X*U)

neN neN i,J

given by Lemma 5.23, we obtain a morphism of U-bisets 7: (UX) xy (UsX) — UpX.
We claim that

(U8X) x (UgX) — (UsX) xu (UBX) = UbX

endows UhX with a structure of U-monoid. Clearly the inclusion map U — UfX is a
morphism of monoids. The associativity is clear if one of the factors is in U, since, by
definition, v - = ux and =z - u = zu for all x € UX, u € U. In particular 1 € U is
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the identity element of UpX. Now consider * = 1 %y, Yy = Y1 Un, 2 = 21" Zp,
m,n,p > 0. The definition of 7 gives

( Y1 yn)) (217 2p)
= (11 xm Y- yn) (21 2p)
= (21

1" Tm Y1 " Yn 21" 2p
)(yl yn'zl"'zp)

= (l"l Tm) (Y1 ym) (21 2p))
= az(yz)
We call Ut X the free multiplicative U-monoid on X over U. g

LEMMA 5.27. Let M be a multiplicative U-monoid, and let f: X — M be a U-biset map.
Then there exists a unique morphism of U-monoids f: UhX —— M that coincides with f

on X. Moreover, if M is a U-semiring, there erists a unique morphism of U-semirings
f: NUtX]\ {0} — M that coincides with f on X.

PRrROOF. We define, inductively, a morphism of U-bisets f(™): XXE — M, n=1,2,...,
by fO = f, and f® the morphism of U-bisets from XX = X*U Xy X obtained by
composing f¢~1 . f with the morphism of U-bisets M xy M — M, m - n — mn. Let
r; € X,1=1,2,...,n, then

F @ -zn) = f(a1) -+ fl@n). (28)
We define f(©: U — M as the morphism of monoids which gives M the structure of
U-monoid. We let f: UsX — M coincide with f™ on X*0, n = 0,1,2,.... It is im-
mediate from (28) that f is a morphism of U-monoids. The uniqueness is also clear by the
definition of UfX.
If M is a U-semiring, the morphism of U-monoids f: U§X — M induces a unique mor-
phism of U-semirings f: N[UtX] \ {0} — M that coincides with f on X by the universal
property of N[UtX] \ {0}. O

DEFINITION 5.28. Suppose that U is a subgroup of some group W. If Y is a W-biset, then a
subset X of Y is said to be an admissible U-sub-biset of the W-biset Y if X is closed under
left and right multiplication by the elements of U, and, moreover, for all w € W \ U both
X NwX and X N Xw are empty. O

LEMMA 5.29. Suppose that U is a subgroup of a group W. Let X1, Xo be U-bisets, and
let Y1, Yo be W-bisets. For each i = 1,2, suppose that there exists f;: X; — Y;, an in-
jective morphism of U-bisets such that f;(X;) is an admissible U-sub-biset of Y;. Then
fi- for Xi xy Xo — Y1 xw Ya is an injective morphism of U-bisets, and fi - fo(X1 Xy X2)
is an admissible U-sub-biset of Y1 Xy Y.

PROOF. Suppose that x1-xo, 2122 € X1 Xy X2 are such that fi- fo(x1-22) = fi1- fa(z1-22),
that is, f1(z1)- fo(x2) = f1(21)- f2(22). It means there exists w € W such that fi(x1)w = fi(z1)
and w1l fo(z2) = f2(22). Hence w € U because fi(X1) is an admissible U-sub-biset of Y7.
Then the injectivity of the morphisms of U-bisets f;, i = 1,2, implies that x1 - xo = 21 - 2o.

Let @; € X;, i = 1,2. Let w € W. Suppose that w(fi(z1) - fa(x2)) € f1 - fo(X1 xu X2).
That is, there exist z; € X1, z2 € X such that (wfi(z1)) - fa(x2) = fi(z1) - f2(z2). Then there

exists v € W such that

(a) (wfi(z1))v = fi(z1),

(b) v fa(x2) = fa(z2).
Because f2(X3) is an admissible U-sub-biset of Y3, (b) implies that v € U. Condition (a) means
that w(fi(z1v)) = fi(z1). This together with the fact that fi(X7) is an admissible U-sub-biset
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of Y yields w € U. Thus we have proved that w(f1 - fa(X1 xu X2)) N f1 - f2(X1 xp X2) = 0,
for all w € W\ U. Analogously f1- fo(X1 Xy Xo)wN f1 - fo(X1 Xy X2) =0 for all w € W\ U.
So f1 - fo(X1 xy X2) is an admissible U-sub-biset of Y7 xy Ys as desired. O

COROLLARY 5.30. Let U be a subgroup of a group W. Let X be a U-biset. LetY be a W -biset.
Suppose that there exists an injective morphism of U-bisets, 1: X — Y, such that 1(X) is
an admissible U-sub-biset of Y. Then v can be extended to a unique injective morphism of
U-monoids (respectively U-semirings), v: UgX — WY (z: N[UpX]\ {0} — N[WY]\{0}).
Moreover 1(UX) (#(N[UX] \ {0})) is an admissible U-sub-biset of WY (N[WY]\ {0}).

PrOOF. Notice that 2 can be seen as a morphism of U-bisets from X to WjY. Then,
by Lemma 5.27, there exists a unique morphism of U-monoids 7 (respectively, U-semirings)
which extends 2. If z1,...,2, € X, then 7 sends u € U C W to u, and z1---x, € UgX to
w(21) - o(wy) =821 wp1) - 2(2n) € WHY. Observe that (X *0) C Y *w. Thus, if we prove
7| & Is injective and 7(X*0) is an admissible U-sub-biset of Y *w , the result will follow. We
do it by induction on n.

If n = 0, then 7 is the inclusion map of U into W. If n = 1, then 7 |x= 1. In either case,
7| < is injective, and its image is an admissible U-sub-biset. If n > 1, the result follows
from Lemma 5.29 because 7|  n+1=7] x» 7 |x. O

X*u X"u

4. The Rational U-Semiring of Formal Rational Expressions Rat(U)

We now construct a rational U-semiring, Rat(U), which is a formal analog to the con-
struction of the division ring of fractions of a ring R given in Remark 3.16. This object has
a universal property which allows us to give important examples of morphisms of rational
U-semirings. One of these defines the complexity of the elements in Rat(U).

NoTATION 5.31. Throughout this section:

(a) U is a multiplicative group.

(b) If B is a U-biset, BT denotes a disjoint copy of B, with bijective map B — BT, b +— b*,
and we endow BT with a U-biset structure by defining ub*v = (v=1bu™1)*, for all u,v € U,
be B. O

DEFINITIONS 5.32. Consider the U-semiring, and thus a U-biset, N[U] \ {0}. We set
X, = (N[U]\ {0})T, and X = 0.

Clearly, Xg is a U-sub-biset of Xj.
Now suppose that n > 1, and that we are given a U-sub-biset X,,_1 of a U-biset X,,.
Then N[UX,,] is a U-semiring, and, since N[U1X,,_1] is a U-sub-biset of N[UfX,], then
N[UyX,]| \ N[UtX,,—1] is a U-sub-biset. We define

Xpy1 = (N[UX,] \ N[UEX,, 1)) U X,..

Thus we have recursively defined an ascending chain (X,,) of U-bisets.

We denote the union of this chain by X, a U-biset, and define the universal rational
U-semiring as Rat(U) = N[UgX] \ {0}, a rational U-semiring with a *-map which carries
N[U]\ {0} to X1, and N[UtX,,] \ N[UtX,,—1] to Xp,+1 \ Xy, for each n > 1.

The U-semiring with absorbing zero Rat(U) U {0} is (isomorphic to) the U-semiring
N[UtX]. O

REMARK 5.33. The x-map carries bijectively N[UtX,,]\ {0} to X, 11, for each n > 0. Therefore
the «-map carries bijectively Rat(U) to X.
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PRrOOF. For n = 0 we get the result by the definition of X;. Suppose that n > 0 and that
the *-map carries N[U§X,_1] \ {0} to X,,. The result follows because

N[Uth] \ {0} = (N[Uth] \N[Uthfl]) U (N[Uthfl] \ {0})5

and the x-map carries bijectively N[UtX,,] \ N[UtX,_1] to Xp4+1 \ Xy, and N[UX,,_1] \ {0}
to X, by induction hypothesis.
The second part follows taking unions. O

We now present the universal property of Rat(U) which we shall apply in different situa-
tions.

LEMMA 5.34. If U is a multiplicative group, and R a rational U-semiring, then there exists a
unique morphism ®: Rat(U) — R of rational U-semirings.

Moreover, if R has a zero element, Og, then ® extends to a morphism of additive monoids
®': Rat(U) U {0} — R, and this is a morphism of U-semirings if Og is an absorbing zero.

PROOF. We use the notation of Definitions 5.32.

Let ¢g: Xo (= () — R be the inclusion map which is a map of U-bisets.
Suppose that n > 0, and that ¢,,: X,, — R is a map of U-bisets.

Then, by Lemma 5.27, ¢,, induces a morphism of U-semirings

on: NUEX,) \ {0} — R.
Now we define ¢y 41: X1 — R, by

Gnr1(f7) = (én(f))" for all f € N[U5X,]\ {0}.

This is a U-biset map. Note that ¢, is well defined by Remark 5.33.

Thus we have recursively defined a sequence (¢,) of morphisms of U-bisets.

We prove, by induction, that ¢, agrees with ¢, on X,,, for all n > 0.

If n =1, it is clear because Xy = (), and ¢g is the inclusion map. Suppose that n > 1, and
¢n agrees with ¢,_1. Let g € X,,, g = f* for some f € N[UyX,,_1]\ {0}. Then

Pnt1(9) = dnt1(f7) = (0n(f))" = (on-1(f))" = ¢u(f7) = Pn(9g)-
Taking unions, or limits, we get a morphism of U-bisets, ®: X — R, and this induces a
morphism of rational U-semirings ®: N[UtX] \ {0} — R, as desired.
Observe that the U-monoid structure of R determines the image of the elements of X,
because of the way Rat(U) is constructed. This proves that ® is unique.
The second part follows easily defining ®'(0) = 0. O

The following examples turn out to be very important.

EXAMPLE 5.35. If U is a subgroup of some group W, then, by Lemma 5.34 with R = Rat(W),
we get a morphism of rational U-semirings

¢: Rat(U) — Rat(WV).

Furthermore, ® is injective, and Rat(U) is (identified with) an admissible U-sub-biset of the
W-biset Rat(W).

PrROOF. We denote the U-bisets needed to construct Rat(U) by X, = 0,
X; = (N[U]\ {0} and X,11 = (N[UsX,] \ NUtX,—1]))T U X,,. We denote by Yy = 0,
Y) = (N[W]\ {0} and Y;,1 = (N[W1Y,] \ NWHY,_1])T U Y, the W-bisets needed to con-
struct Rat(IW). We are going to prove by induction on n that ¢,(= @ |x, ) is an injective
map of U-bisets such that ¢,(X,) C Y, is an admissible U-sub-biset of Y,, for every n € N.
Assume that this is proved. Then ®(X = UX,) C Y = UY,, ® |x is an injective map of
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U-bisets, and ®(X) is an admissible U-sub-biset of Y. Also, by Corollary 5.30, it follows that
®: Rat(U) — Rat(W) is an injective morphism of rational U-semirings and that ®(Rat(U))
is an admissible U-sub-biset of Rat(W).

For n = 0 it is clear since Xg = Yy = 0, and ¢ is the inclusion map.

Suppose that n > 0, and ¢,: X,, — Rat(W) is an injective U-biset map such that
¢n(Xy) C Y, is an admissible U-sub-biset of Y,,. Then ¢,, induces an injective morphism of
U-semirings ¢, : N[UtX,]\{0} — N[WtY,]\{0} such that ¢, (N[UX,]\{0}) is an admissible
U-sub-biset of N[IW1Y;,]\ {0} by Corollary 5.30. Recall that ¢,,11: X;,+1 — Rat(W) is defined
by ¢n+1(f*) = (on(f))* for all f € N[UX,,]\ {0}. Then the fact that the *-map bijectively
carries N[WWY, ] \ {0} to Y1 implies that ¢n41(Xpt+1) C Yoi1, and ¢y,11 is injective.

If w e W, then wo,1(f*) = (pnflw™H*, and ¢pi1(fw = (wle,(f))* for all
f e NUtX,] \ {0}. Since ¢,(N[UgX,] \ {0}) is an admissible U-sub-biset of N[WtY,,] \ {0}
and the x-map carries bijectively N[WtY,,] \ {0} to Y11, it follows that ¢y, 41(Xpnt1) is an
admissible U-sub-biset of Y;, ;1. O

EXAMPLE 5.36. Let D be a division ring, and let D U {oo} have the structure of rational
U-semiring as described in Examples 1.43(d) for each subgroup U of D*.

Suppose that U < W < D* is a subgroup of W. Then there exist & : Rat(U) — D U {0},
a morphism of rational U-semirings, ®y: Rat(W) — D U {co}, a morphism of rational
W-semirings, and a commutative diagram of morphisms of rational U-semirings

Rat (W) —Y ~ DU {o0}

‘IJU;V\ /q:,
(U)

Rat

Moreover, Wy is injective, so we think of @y as the restriction of @y to Rat(U).

PRrROOF. The structure of rational U-semiring of D U {oo} gives a unique morphism of
rational U-semirings ®r: Rat(U) — D U {oo} by Lemma 5.34. In the same way we obtain
Oy Rat(W) — DU{oo}. The morphism Uy exists and is injective by Example 5.35. The
commutativity of the diagram is given by the uniqueness of ®y;. O

EXAMPLE 5.37. Let D be a division ring. Let U be a subgroup of D* such that —1 € U. Let
D' be the smallest subdivision ring of D that contains U. Let D U {oo} have the structure of

rational U-semirings as in Examples 1.43(d). As before, there exists a morphism of rational
U-semirings ®: Rat(U) — D U {oo}. Then the image of ® is D’ U {oo}.

ProoOF. Let R = ®(N[U] \ {0}). Since —1 € U, then R is a ring, the one generated by
U. Recall from Remark 3.16 that D’ = CfJOO Qn(R, D). Now we prove that, for each n > 1,
n=

S(N[UsXn] \ {0}) = Qn(R, D) U {oo}.

Suppose that n = 1. Since ® is a morphism of rational U-semirings, the way D’ is con-
structed implies that ®(N[UsX;] \ {0}) C Q1(R, D) U {co}. Moreover, if d € R\ {0}, and
®(f) =d for f € N[U]\ {0}, then ®(f*) = d~! with f* € X;. Hence, because N[U§X;]\ {0}
is a U-semiring and —1 € U, there exists f € N[UiX;] \ {0} such that ®(f) = d for every
d € Q1(R, D). Observe that 1+ (—1) € N[U] \ {0} and ®((1 + (—1))*) = oc.

Suppose that n > 1 and ®(N[UtX,] \ {0}) = Qn(R,D) U {oo}. Then ®(X,,+1) and
O(N[UtXp41] \ {0}) are contained in Qny1(R,D) U {oco} because ® is a morphism of ra-
tional U-semirings. If d € Q,(R, D) \ {0}, then there exists f € N[UfX,] \ {0} such that
®(f) = d. Then ®(f*) =d~!. Notice that f* € X,+1. Hence, because N[U§X, 1] \ {0} is a
U-semiring and (—1) € U, there exists f € N[UtX,,11] \ {0} such that ®(f) = d for every
d e Qnt1(R, D). O
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ExaMPLE 5.38. Let k be a division ring. Let G be a group. Let kG be a crossed product group
ring. Suppose that kG has a division ring of fractions D. Let N be a subgroup of G. Then
U = k* N is a subgroup of D*. Endow D U {oco} with the structure of rational U-semiring as
in Examples 1.43(d). By Lemma 5.34, there exists ®: Rat(U) — D U {oo}, a morphism of
rational U-semirings. Then the image of ® is D(kN) U {oo}. Moreover, ®(N[U]\ {0}) = kN
and

O(N[UX,] \ {0}) = Qn(kN,D) U {0} forn > 1.

Proor. Follows from Example 5.37 and its proof. 0
EXAMPLE 5.39. By Definition 5.10(b), 7 is a rational U-semiring. By Lemma 5.34 with

R =T, we get a morphism of U-semirings,
Tree: Rat(U)U {0} — 7.
For f € Rat(U) U {0}, Tree(f) is called the complexity of f. We can prove

LEMMA 5.40. If f,q,f', g € Rat(U) U {0}, then the following hold.
(i) Tree(f) =07 if and only if f = 0.

(ii) Tree(f) = 17 if and only if f € U.

(iii) Tree(f + g) = Tree(f) + Tree(g); hence, if Tree(f) < Tree(f’) and Tree(g) < Tree(q’),
then Tree(f + g) < Tree(f' + ¢'), and equality holds if and only if Tree(f) = Tree(f’)
and Tree(g) = Tree(qg'). Then it follows Tree(f) < Tree(f + g), and equality holds if and
only if g = 0.

(iv) Tree(fg) = Tree(f) - Tree(g); therefore, if f, f', g and ¢' are nonzero, Tree(f) < Tree(f’)
and Tree(g) < Tree(g'), then Tree(f - g) < Tree(f'-¢'), and equality holds if and only if

Tree(f) = Tree(f’) and Tree(g) = Tree(g'). It follows that if f and g are nonzero, then
Tree(f) < Tree(fg), and equality holds if and only if g € U.

(v) log(Tree(f + g)) = max{log(Tree(f)), log(Trec(g)) }.

(v) log(Tree( g)) = log(Tree()) + log(Tree()).

(vi) log?(Trecl(f + g)) = max{log’ (Tree( ), log” (Tree())}.

(viii) log?(Tree(f - g)) < max{log?(Tree(f)),log?(Tree(g))}, and equality holds if f and g are
nonzero.

(ix) If f # 0, then log?(Tree(f*)) = Tree(f).

PROOF. We prove (i) and (ii) at the same time. Rat(U) is the disjoint union of the
following subsets:

U, X, (UgX)\(UuX), NUEX]\ (UX U{0}).

If f € U, then Tree(f) = 17 # 0Or.
If f € X, then f = r* with r € N[U§X]\ {0}. Since Tree |ga¢ () is @ morphism of rational

U-semirings, Tree(f) = exp?(Tree(r)). Hence h(Tree(f)) > 2. So Tree(f) > 17 > 01 by
Remark 5.14.
If fe (UX)\(UUX), fe€ X*0, n>1. Thus f = f,--- f, for fi € X. Then

Tree(f) = Tree(f1--- fn) = Tree(f1)--- Tree(f,) > Tree(f1) - Tree(fz) > Tree(f1) > 17 > O,
by Remarks 5.18(b).

If f e NUsX]\ (UtX U{0}), then f = Xn: fi,m>1, f; € UgX. We already know that
=1
Tree(f;) > 17 >07,i=1,...,n. Hence

Tree(f) = Zn:Tree(fi) > Tree(f1) + Tree(fa) > Tree(f1) > 17 > 07
i=1
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by Remarks 5.18(a).

(iii)-(vii) follow from (i), (ii) and Lemma 5.17(i)-(v) using that Tree is a morphism of
U-semirings.

(ix) follows from the fact that log(exp(X)) = X and Tree(f*) = (Tree(f))*.

(viii) follows from (i) and Lemma 5.17(vi). O

A somehow similar thing is done in [DGHO3]. They define the complexity of the elements
of the division ring instead of using an auxiliary object (Rat(U)) as we do. They also measure
the complexity of the elements assigning to them an ordinal instead of a rooted tree.

5. Source subgroups

We use the notation of Definitions 5.32 throughout this section.
We want to prove that, for each f € Rat(U), there exists a (unique) smallest subgroup V'
of U such that f € Rat(V) - U; we will then show that V' is finitely generated.

DEFINITIONS 5.41. We define a subset @ of X, and a subset P of Rat(U) = N[UtX] \ {0}.
Let Qo = Xy (=0). Let n > 0. Suppose that we have defined @,, a subset of X,,. Denote
by (@y) the multiplicative submonoid of UgX,, generated by @Q,. We define:

P, = <Qn> + N[Uth], Qn+1 = P; (29)
Notice that P, C N[UtX,,] \ {0}. Then, by Remark 5.33,
Qn-‘rl = P; - (N[Uth] \ {O})* = Xnt1.

Thus (Qn)nen is an ascending sequence of subsets of X, and (P,),en is an ascending sequence
of subsets of N[UtX] \ {0}.

We prove by induction that (Qp)nen form an ascending chain. Obviously, @y C Q1.
Suppose that n > 1 and Q-1 C Q. Then (Q,—1) C (@), and (29) implies that P,_1 C P,.
Thus, @Qn, = P C P} = Qnt+1- By (29), (Py)nen is an ascending chain of subsets of
N[UX]\ {0}. We define Q = ng() QnC X and P = ng() P, C N[UtX]\ {0}. We call P the set

of primitive elements of Rat(U). O

LEMMA 5.42. The following hold:
() P = (Q)+N[UX], Q = P".
(il) @, (@) and P are closed under U-conjugation. In fact Qy, (Qn) and P, are closed under
U-conjugation for every n € N.
(i) QU =UQ = X. In fact QU =UQ,, = X, for every n € N.
(iv) (Q)U =U(Q) = UnX. In fact (Qn)U = U(Qn) = UnX,, for every n € N.
(v) PU=UP = N[UgX] \ {0} = Rat(U). In fact, P,U = UP, = N[UyX,] \ {0} for every
n € N.

Proor. (i) Q = nL>J0 Qn = nL>J0 Pr= (nL>JO P,)* = P*.
P= U P.= U ((Qn) +NU2X,)) = (@) + N[UsX].

We prove (ii)-(v) at the same time by induction on n.

Clearly, Qo = 0 is closed under U-conjugation and UQq = QoU = Xy = (). Suppose that
n > 0, @ is closed under U-conjugation, and UQ,, = Q,U = X,. Then (Q,) is closed
under U-conjugation. Hence P, = (@) + N[UtX,] and P; = @Qn4+1 are also closed under
U-conjugation. Moreover, U(Q,) = (Qy)U. This last object is a submonoid of UfX,, that con-
tains U and UQ,, = Q,U (= X,, by induction hypothesis). Therefore UyX,, = U(Qy) = (Qn)U.
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Since for every u € U, uN[UtX,,| = N[UtX,Ju = N[U§X,], the foregoing implies
UP, = P,U =N[UtX,]\ {0}.
Now,
UQnt1 =UP,; = (PU)" = (N[UEX,] \ {0})" = Xn 1.
Analogously Q41U = X,+1. The remaining parts of (ii)-(v) follow by taking unions. d

DEFINITION 5.43. Let p € P and u € U. Recall p* € P by Lemma 5.42(ii). We are going to
define recursively a subgroup of U, the source subgroup of p, denoted by sourcey(p). It will
satisfy the following two properties:
(a) sourcey(p)" = sourcey (p*).
(b) If pu € P, then u € sourcey(pu) = sourcey(p).
(In fact we will need that sourcey (p) satisfies these properties to make this recursive definition).
We partition P into the following four subsets,

{1, @ @\ (QuU{l}), (@) + (NULX]\ {0}).

We define sourcey(1) to be the trivial subgroup of U. It is clear that (a) and (b) are
satisfied.

Suppose that we have (well) defined sourcey(q), and it satisfies (a) and (b) for all ¢ € P
with Tree(q) < Tree(p). We call this “the transfinite induction hypothesis”. We now define
sourcey(p) depending on which of the four subsets of P it belongs to.

Case 1. p € (Q) + (N[UsX] \ {0}). Then,
=35 (30)
1=1

where n > 2, f; € UpX = (Q)U for each i, and f;, € (Q) C P for some ig. By Lemma 5.42(iv),
there exist u; € U, p; € (@) C P such that f; = pju;, i =1,...,n.

Because n > 2, by Lemma 5.40(iii), Tree(p;) = Tree(p;ju;) < Tree(p) for i = 1,...,n. Thus
sourcey (p;) satisfies the transfinite induction hypothesis for each i. We define sourcey(p) to
be the subgroup of U generated by

3

,Ul(sourceU (pi) U{ui}).

1=

n
Consider the following argument. Suppose that pu = > f;u € P. Then
i=1

pu € (Q) + (N[UEX]\ {0}).
Hence pu = f: fj»m>2, fj € UgX for each j, and fj, € (Q) for some jo. Then n = m, and
j=1

we can suppose that f/ = fyu for each ¢ € {1,...,n}. By Lemma 5.42(iv), there exist u, € U
and p, € (Q) such that f/ = plu;, i =1,...,n. Hence piu, = p;ju;u and

/ 1—1 .
p; = piwjuu;  for each 7.

Notice that Tree(p}) = Tree(plu;) < Tree(p) for i = 1,...,n. Then, by the transfinite induction
hypothesis,

uiuu’i_l € sourcey (p;) = sourcey(p;) for each i. (31)
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If u=1, by thlme foregoing argument, uiu;_l € sourcey(p;) = sourcey (ng Then the subgroup

generated by 'Ul(sourceU (pi)U{u;}) is the same as the one generated by ‘Ul(sourceU (ph)U{ul}).
1= 1=

Therefore sourcey(p) is well defined.

We may assume that u;, = 1 and uj, = 1 because p € (@) + (N[UX]\{0}) and sourcey(p)
is well defined. Then f;, = pi, € (Q), [}, = P, € (Q) . Thus, (31) implies,

(
uu;(;1 € sourcey(pj,) = sourcey (pj,)

ujou € sourcey(pj,’) = sourcey (pj, )-

The first one implies that u € sourcey(pu). The second one that u € sourcey(p). Thus, by
(31), u} € sourcey(p) and u; € sourcey(pu) for each i. Therefore sourcey(p) = sourcey (pu).

n n n
If p is as in (30), p"* = X f' = > (piug)* = Y pi'uy'. Notice that p € P and fi! € (Q)
=1 i=1 i=1

1=
by Lemma 5.42(ii). Also Tree(p}') = Tree(p;) < Tree(p) = Tree(p") for i = 1,...,n. Hence,

sourcey (p;') = sourcey(p;)* for each 1.

So sourcey (p*), the subgroup generated by ‘Gl(sourceu (p) U{ul'}), equals sourcey(p)™.
1=

CASE 2. Suppose that p € (Q) \ (Q U {1}). Then p can be expressed as

with ¢ € (Q)\ {1}, 7 € Q C X (in fact, if p € X*U, then ¢ € X*U " and r € X). By
Lemma 5.40(iv), Tree(q) < Tree(p) and Tree(r) < Tree(p). Thus ¢ and r satisfy the induction
hypothesis. We define sourcey(p) to be the subgroup of U generated by

sourcey (q) U sourcey(r).

Consider the following argument. Suppose that pu € P. Then pu € (Q) \ (Q U {1}).
Thus pu = ¢ - " with ¢ € (@) \ {1}, v’ € Q. Because pu = ¢ -ru = ¢ -1/, there exists
v € U such that ¢ = qu, ' = v~!ru = r’v~!u. Notice that Tree(q') = Tree(q) < Tree(p) and
Tree(r’) = Tree(r) < Tree(p). Then, by the transfinite induction hypothesis,

v € sourcey(q') = sourcey(q)
v~ lu € sourcey(r') = sourcey (r?) = sourcey (r)°.

If u=1, then p =¢q-r = ¢ -7/, and the subgroup generated by sourcey(q) U source(r) is the
same as the one generated by sourcey(q’) Usourcey(r’). Hence sourcey(p) does not depend on
the expression of p = ¢ - r as in (32), so it is well defined.

In the general case, because v € sourcey(p) N sourcey (pu),

u € sourcey(p) = sourcey (pu).

Notice that p* = (¢ -r)* = ¢" - 7", and ¢*,r"* € P, by Lemma 5.42(ii). Then, because
Tree(q") = Tree(q) and Tree(r*") = Tree(r), the transfinite induction hypothesis implies that
sourcey(p*), the subgroup generated by source(q*) U source(r"), equals sourcey(p)™.

CASE 3. Suppose that p € Q = P* by Lemma 5.42(i). Then there exists a unique ¢ € P
such that

p=q". (33)

Because h(Tree(q)) < h(Tree(p)), then Tree(q) < Tree(p) by Remark 5.14. Thus ¢ satisfies
the induction hypothesis. We define

sourcey(p) = sourcey(q).
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Since ¢ is unique, sourcey(p) is well defined.
Suppose that pu € P, then pu = ¢*u = (u"1q)* = (¢*u~1)*. For Q = P* and Remark 5.33,
q*u~! € P. By definition sourcey(pu) = sourcey(¢“u~!). By Lemma 5.42(ii), ¢* € P. Since

Tree(q") = Tree(q) < Tree(p), (34)
the transfinite induction hypothesis implies that
u™! € sourcey ()" = sourcey (¢*) = source(q“u"") = sourcey (pu).
Hence u € sourcey(q) and sourcey(q) = sourcerr(q)*. Therefore
u € sourcey (p) = sourcey(q) = sourcey (pu).

Because p* = ¢*" = ¢"* and ¢* € P, (34) and the transfinite induction hypothesis imply
that
sourcey (p*) = sourcey(q") = sourcey(q)* = sourcey(p)*. O

LEMMA 5.44. If p is a primitive element of Rat(U), then the following hold:
(i) sourcey(p) is finitely generated.
(ii) p € Rat(sourcey(p)).
(iii) If U is a subgroup of some group W, then p is primitive element of Rat(W) and
sourceyy (p) = sourcey(p).
In particular we can write sourcey (p) as source(p).

PRrROOF. We call Py and Py the set of primitive elements of Rat(U) and Rat(W) respec-
tively. The objects (X, @, ...) involved in the construction of Py and Rat(U), Py and Rat(W)
will be denoted as in Definitions 5.41 and 5.32 with a subscript U, if they are used to construct
Py or Rat(U), and with a subscript W, if they are used to construct Py or Rat(W). As in
Definition 5.43 we partition Py and Py into four sets.

Py ={1}, P6=Qu, Pj=(Qu)\(Quu{l}), Pj=(Qu)+ (NULXy]\{0})

Py ={1}, Py=Qw, Pi=(Qw)\(@QwU{1}), PFy=(Qw)+ NWiXw]\{0})
We prove (i)-(iii) at the same time by transfinite induction. In fact, for (iii) we are going to
prove

(iii') If p € Pé, thenp e P, j=1,...,4. And sourceyy (p) = sourcey(p).

If p = 1, then sourcey(p) = {1} is finitely generated, p € Rat(sourcey(p)), p € P}, and

sourcey (p) = {1} = sourcey(p).
Let 1 # p € Py and suppose that for elements of lesser complexity (i), (ii) and (iii’) hold.

Cask 1. If p € (Qu) + (N[USXy] \ {0}), then p = 3 pius as in (30). By definition,
=1

sourcey(p) is the subgroup generated by .Gl(sourceU(pi) U {u;}). The transfinite induction
1=

hypothesis implies that, for each i, sourcey(p;) is finitely generated, p; € Rat(sourcey(p;)),
pi € (Qw), and sourcey(p;) = sourcew(p;). Then sourcey(p) is finitely generated,
p € Rat(sourcey(p)), p € (Qw) + (N[WiXw] \ {0}) (notice that if pj,ui, € (Qu), then
DioUi, € (Qw)) and sourcey(p) = sourcew (p).

Case 2. If p € (Qu) \ (Qu U {1}), then p = ¢ - r as in (32). By definition, sourcey(p) is
the subgroup generated by sourcey(q) and sourcey(r). Hence sourcey(p) is finitely generated
because sourcey(q) and sourcey(r) are finitely generated by the transfinite induction hypoth-
esis. For ¢ € Rat(sourcey(q)) C Rat(sourcey(p)) and r € Rat(sourcey(r)) C Rat(sourcey(p)),
then p = ¢ - r € Rat(sourcey(p)).
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By the transfinite induction hypothesis, ¢ and r are primitive in Rat(W) with
g€ (Qw)\ {1}, 7€ Qw. Thenp=q-r € (Qw) \ (Qw U {1}).

By definition, sourcey (p) is the subgroup of W generated by sourcey (¢) and sourcey (7).
By the transfinite induction hypothesis,

sourcey(q) = sourceyy(q) and sourcey(r) = sourceyy (r).
Hence sourcey(p) = sourcey (p).
CasE 3. If p € Qu, then p = r* as in (33). Since Tree(r) < Tree(p), then
sourcey (r) = sourcey(p)
is finitely generated and r € Rat(sourcey(r)). Hence
p =" € Rat(sourcey(p)).
By the transfinite induction hypothesis, p = r* € Qw because r is primitive in Rat(W).

Also sourceyy (p) = sourceyy (r) = sourcey(r) = sourcey(p). O

DEFINITION 5.45. Let f € Rat(U). By Lemma 5.42(v), f = pu, with p € P and u € U. We
define

source( f) = source(p).

It is well defined for suppose that f = p/u/, with p’ € P and «' € U, then p/ = puw/~'. Thus,
by Definition 5.43(b), source(p’) = source(p). O

REMARK 5.46. By Lemma 5.44(i), source(f) is finitely generated, and, by Definition 5.45,
f € Rat(source(f)) - U. O

LEMMA 5.47. If f € Rat(U), then source(f) is the smallest subgroup of U among the subgroups
V of U such that f € Rat(V)-U. That is, if V < U such that f € Rat(V) - U, then
source(f) < V.

PrOOF. By Remark 5.46, f € Rat(source(f)) - U.
Let V < U such that f € Rat(V) - U. Then there exist ¢ € Rat(V) and u € U such that
f = qu. By Lemma 5.42(v), ¢ = pv with p a primitive element of Rat(V) and v € V. By
Lemma 5.44(iii), p is also a primitive element of Rat(U) and sourcey(p) = sourcey (p). By
Definition 5.45,
source(f) = sourcey(p) = sourcey (p) < V. O

6. Skew Laurent series constructions

NOTATION 5.48. Throughout this section R is a ring, a an automorphism of R and V is a
subgroup of R* such that —1 € V and o(V) = V. O

Consider the skew Laurent series ring R((¢; «v)). Recall from examples 1.43(e) that the set
R((t;a))™ = {f =Y dut"| dy € R* where N = minsupp(f)}
neZ
is a subgroup of R((t;))* that contains R*. Moreover, if f € R((t;a))™, then
Fh= 20 @Ant™) Hgldnt™) ™,
m>0
where g = dytV — f.

Let V (t) denote the subset of R((¢;a)) consisting of the polynomials whose support con-
tains exactly one element and its nonzero coefficient is in V. Observe that V (¢) is a subgroup
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of R((t;a))>. In fact it is an internal semidirect product V x (t), with tv = a(v)t. There-
fore R((t; ) U {oo} is a V (t)-semiring as in Examples 1.43(d) where the *-map is defined as
follows:

oo* =00, f*=f"tif feR((t;a))> and
fr=o00 forall fe R((t;a))\ R((t; ).
By Lemma 5.34, there is a morphism of rational V (t)-semirings,
@ Rat(V (1) — R((t;a)) U {oc},
and ® extends to a morphism of additive monoids
®': Rat(V(t)) U{0} — R((t;a)) U {cc}.
This section is devoted to construct the rational V (t)-semiring, Rat(V)((t;a)) U {oo},
factor ® through it and give some important properties of this factorization.
STEP 1. Construction of the V (¢)-semiring Rat(V)((¢; o)) U {o0}.

Notice that a induces a group automorphism of V. Thus a: V' — Rat(V') endows Rat(V)
with a new structure of rational V-semiring. It gives rise to a morphism of rational V-semirings
a: Rat(V) — Rat(V) by Lemma 5.34. In the same way a~! induces a morphism of rational
V-semirings 3: Rat(V) — Rat(V). Since aa™! = a~la = 1y, again Lemma 5.34 implies
that Ba = a8 = 1gay(v). Hence a: Rat(V) — Rat(V), without considering the different
structures of V-bisets, is a semiring automorphism. We extend it to

a: Rat(V)U {0} — Rat(V)uU{0}.

Consider the skew Laurent series semiring Rat(V')((¢; «)). The semiring Rat(V (¢)) U {0}
contains copies of Rat(V') and (t), and we denote the product by Rat(V)(¢), a multiplicative
submonoid of Rat(V (t)). Moreover, we have the multiplicative monoid inclusions

V({t) € Rat(V)(t) € Rat(V)((t; ),

which implies that Rat(V')((¢; «)) and Rat(V)((t; ) U {oo} are V(t)-semirings. An element
f € Rat(V)((t; o)) is represented by

f=Ydnt™ = fn € Rat(V)((t;a)), (35)
nez nez
where we understand f,, = dpt™ € Rat(V')(¢) U {0}.
Notice that for all x € Rat(V) U {0} C Rat(V (t)) U {0},
& (a(z))t = & (a(x)t) = &' (tz) = t&' ().
Hence if ®'(x) # oo, then ®'(a(z)) = a(®'(x)). If &’(z) = oo, then &' (a(x)) = oc.
STEP 2. Definition of Q: Rat(V)((t;a)) U {o0} — R((t;«)) U {oo}, a morphism of
V (t)-semirings.

We define (c0) = 0.

Suppose that we are given f € Rat(V)((¢; ) U {co} as in (35).
If ®'(f,) = oo for some n € Z, then we define Q(f) = oo.

If ®'(f,,) # oo for all n € Z, we define

Qf) =D ¥ (fa) = D ¥ (du)t" € R((t;0)).

nez ne’l

Now we prove that €2 is a morphism of V (t)-semirings.
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If f=o00o0rg=o0,then Q(f +g) = Q(f) +Q(g) = o0, Qf - g) = Q(f)2g) = oo, and

Q(at® fot') = atFQ(f)bt! = oo for all ath, bt! € V(t).
Let f=Y fo= N dnt",g= 3 gn= 3 ent™ as in (35). Let at®, bt! € V(t).
nez nez nel ne”
Af+9) = S (fatgn)s UF-9) =2 T (T dma™(enm))t").
neE”L n€Z “meZ
Suppose that there exists ng € Z such that ®'(f,,) = co. Then
(I)/(fno +gno) = (I)I(fm)) + (I)/(gm)) = Q.
Thus Q(f + g) = Q(f) + Q(g) = oo.
Because there exists ny € Z such that e,, # 0, then,

@'( > dmam(en0+n1_m)t”°+”1) = 00.
meZ

Therefore Q(f - g) = Q(f) - Q(g) = co. In the same way it is proved when there exists ng € Z

such that ®'(g,) = co. The foregoing also proves that Q(at® fbt!) = at*Q(f)bt! = cc.
Suppose that ®'(f,) # oo and ®'(g,,) # oo for all n € Z. Then,

Q(f + g) = Q( Z(fn + gn)) = Z (I)/(fn + gn) - Z(q)/(fn) + (I),(gn))

ne’ nel nez
= D () + D ¥(gm) = Q) +g)-
neZ neEZ
Now,
O (Y dwa™(enm)) = Y (dm)® (@™ (en-m))
mEZ meEZ
= ) ¥(dn)a™(?(en—m)) # oo for all n € Z.
meEZ
Hence,

Af-9) = X (X dma™(enm))t")

n€Z meZ

- Z <I>’< Z dmam(en_m))t”

ne”Z meZ

= 3 (D ¥ dm)a™(@ (enm)))t"

n€eZ meZ
= (@) (X (ent” = 2AHAg))-
nez nezZ

It also proves that Q(at® fot') = at*Q(f)bt'.
Therefore 2 is a morphism of V (t)-semirings.

STEP 3. We make Rat(V)((t;)) U {oo} into a rational V(t)-semiring so that  is a

morphism of rational V' (t)-semirings.

We need to define a x-map such that Q(f*) = oo for all f with Q(f)* =
Q(f*) = Q(f)~! for all f € Rat(V)((t;a)) with Q(f) € R((t;a))™.
We define oco* = oo.

Suppose that we are given f as in (35).
If Q(f)* = oo, then we define f* = co.

oo, and
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If Q(f)* # oo, then Q(f) € R((t;a))>. Thus ®'(f,) # oo for all n € Z, and ®'(f,) # 0
for some n € Z. Let N be the least integer such that ®(fy) # 0. Then fy = dyt"¥ for some
dy € Rat(V) such that ®(dy) € R*. Notice that Rat(V) contains d} and o~V (d%). So if
we set

fa=tNdy=a M@yt eRat(V)({t) and g= Y (-1)fn, (36)

n>N+1

then > fx(gfx)™ is defined in Rat(V')((t; o)), by Theorem 4.19(iv) and (i). We define
m>0

fr=2" falafa)™. (37)

m>0
Notice that the least element of the support of f* is —IV.

Now we prove that Rat(V)((¢; ) U {oo} is a rational V (¢)-semiring with this s-map .

Let at, bt' € V(t). Let f € Rat(V)((t;a)) as in (35) or f = co.

Suppose that f* = oo, that is, Q(f)* = co. By Step 2, Q is a morphism of V (t)-semirings,
thus Q(at® fot!) = at*Q(f)bt!. Then

Q(at® oty = (0t 71 f)* (at?) ™! = .

Hence, (at® fot!)* = oo = (bt") =L f*(atk) !
Suppose that f* # oo, then f* = % fi(gf%)™, where f, fi and g are as in (35) and
m>0
(36), respectively.
Now,

h = at® fot! = atk( 3 dnt")btl = 3 aa¥(dp)a™ R (b) R = 3 py,

ne”Z ne”Z €L

where e, = aa®(d,)a"t*(b) and hypr) = eppppat” TF = at*d,t"bt!. Then, for all r € Z,
O (hyppyr) = at*® (f,)bt!. Thus, Q(f)* # oo and N + k + [ is the first integer such that
' (hnikt1) # 0. Moreover ®'(en 1) € R*. So we proceed as in (36) and (37) to calculate
h*.

If we set

" L N—k—lx Nkl N—k—l _
hngp =t EN -kt = O (eNfrtt)t and q= > (=1)hrixp,
r>N+1

then h* = > Ay (@hipp)™
m>0

We express Iy, ., in a more suitable way for our purpose

Ntk o N QN R (Y ok (d ) a e N R
= « l(b l)a N— l( ) —N—k— l(a )t—N—k_l
ot Ot la N (diy )t Na* (a it F
= « l(b 1) lf o~ ( fl)tfk
= (o) f(ath) !

Now observe that

k
(hr+k+lh}k\/+k+l)at =dt" fx.
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So (thJrkH) :gfj{,. Hence,
R = Zh}kv+k+l(qh7\7+k+l)m
m>0
= )Y ™) T gh )™
m>0
= )Y fr((@hips)™ )™ (at™) !
m>0
= OO X e et
m>0

= (o) fH(at®)

We prove that 2 is a morphism of rational V'(¢)-semirings. It only remains to prove that
Q(f*) =Q(f)* for all f € Rat(V)((t;)) U{o0}.

Let f be as in (35) or f = oc.

If Q(f)* = oo, then, since f* = oo, Q(f*) = Q(f)*.

Suppose that f € Rat(V)(( a)), Q(f) € R((t;a))™. Let fy and g be as in (36). Notice

that ifh= Y —&/(dy)i"
n>N+1

Q" = Q(f)ﬂ: (@'(dn)t™) ™ (h(@' (dn)t™) 7)™

>0

= > QR 9(9 Q)™

m>0
Then because €2 is a morphism of V (t)-semirings, then Q(g) = h and

) = o3 filefi)™)

m>0

= o > frlafi)™) +9( Y filgfi)™) for every r € N,
m=0 m>r+1
and 0 X fi(fi)") = £ Q) OA)A)™
ThlS shows that the least element of the support of Q(f*) — Q(f)* is larger than —N + k
for every k € N. Therefore Q(f*) = Q(f)*.

STEP 4. ® factors through €.

Because Rat(V)((t;«)) U {oo} is a rational V(t)-semiring, we get a unique morphism
U: Rat(V(t)) — Rat(V)((t;a)) U {oo} of rational V (t)-semirings by Lemma 5.34.

Since ® and Q¥ are morphisms of V (¢)-semirings which coincide on V(¢), Lemma 5.34
implies that ® = QW. So we get the following commutative diagram:

Rat(V (1)) 2 R((t; ) U {oo}

\ /
Rat(V)((£; a)) U {oo}
We view &, ¥ and (2 as acting as the identity on V (¢).
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For each f € Rat(V (¢)) such that W(f) # oo, we abuse notation and write U(f) = > fn,
nez

where we understand that f,, € Rat(V)t™ U {0}.

If f € Rat(V(t)), then we write U(f) = f if there exist n € Z and d,, € Rat(V) such
that f = d,t" € Rat(V)(t) and ¥(f) is the Laurent series having one nonzero summand
fn = dnt™. O

THEOREM 5.49. With notation as in Step 4, if f € Rat(V(t)) and

00 # U(f) =Y fa € Rat(V)((t;a)),

ne”Z

then, for each n € Z, Tree(f,) < Tree(f), and equality holds if and only if

\Il(f):fn:f

ProOF. To simplify notation, put U = V (¢), then Rat(U) = N[UfX] \ {0} as in notation
of Definitions 5.32.

If f € Rat(U) we argue by induction on the complexity of f, Tree(f).

If f is an element of least complexity, that is, f € U, then U(f) = f, as desired.

Suppose that Tree(f) > 17 and the result holds for elements of lesser complexity.

As in Lemma 5.40 we partition N[UfX] \ {0} into the four sets

U, X, (UsX)\(XuU), NUX]\ (UsX U{0}).
We only have to prove the result in the case that f is in one of the last three subsets.

CASE 1. Suppose that f € N[UX]\ (UsX U {0}). There exist g,h € N[UX] \ {0} such

that f = g + h, in fact we could assume h € UfX. Since VU(f) # oo, then oo # ¥U(g) = > gn
nez

and oo # ¥(h) = Y hy. By Lemma 5.40(iii), Tree(g) < Tree(f) and Tree(h) < Tree(f).
€z

n
Therefore the theorem holds for g and A by the induction hypothesis, .
Since ¥ is a morphism of semirings, f, = gn + hp for every n € Z. So if n € Z,
Lemma 5.40(iii) implies that

Tree(f,) = Tree(gy) + Tree(h,) < Tree(g) + Tree(h) = Tree(f).

Suppose that Tree(f,) = Tree(f). By the induction hypothesis, Tree(g,) < Tree(g) and
Tree(hy,) < Tree(h). Thus Tree(g,) = Tree(g) and Tree(h,) = Tree(h) by Lemma 5.40(iii).
Again the induction hypothesis implies that ¥(g) = g, = ¢g and ¥(h) = h, = h. Hence
V(f)=V(g)+¥(h)=g+h=gn+h,=fo= .

CASE 2. Suppose that f € (UgX)\ (X UU), then f = g - h for some g,h € UgX \ U, in
fact, we could suppose h € X.

Let us make the following observation. For each € X, x = ¢* for some ¢ € N[U§X]\ {0},
and Tree(z) = Tree(q)*. Thus width(Tree(z)) = 1. Also width(Tree(u)) = width(17) =1 for
every u € U. Then, since width(X -Y) = width(X) - width(Y) for all XY € 7T,
width(Tree(r)) = 1 for all » € UgX. Hence

Z > Tree(y) if and only if log Z > log(Tree(y)) for y € UpX and Z € 7. (38)
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By Lemma 5.40(iv), Tree(g) < Tree(f) and Tree(h) < Tree(f). Hence the result holds for
g and h. Let n € Z,

log(Tree(f,)) = log (Tree( Z gmhn_m>>

meZ

log( Z Tree(gm) Tree(hn,m))

meZ
gllg%{log Tree(gm) + log Tree(hp—m)}

log(Tree(g)) + log(Tree(h)) (39)
= log(Tree(g) Tree(h))
= log(Tree(gh))
— log(Tree(f)).

IN

Notice that there is only a finite number of m € Z such that g, hn—m # 0, the only possible
nonzero products are those with minsupp ¥(g) < m < n —minsupp ¥(h) (perhaps there does
not exist such m). So we can apply Lemma 5.40(v)-(vi).

Suppose that there exists n € Z such that log(Tree(f,)) = log(Tree(f)). By (39) there
exists mg € Z such that

log(Tree(gm,)) + log(Tree(hp—m,)) = log(Tree(g)) + log(Tree(h)).
Then the induction hypothesis and Lemma 5.40(iii) imply that
log(Tree(gm,)) = log(Tree(g)) and log(Tree(hpn—m,)) = log(Tree(h)).

By (38), Tree(gm,) > Tree(g) and Tree(hp_m,) > Tree(h). Thus, by the induction hypoth-
esis, Tree(gm,) = Tree(g), Tree(hp—m,) = Tree(h) and V(g9) = gm, = g, V(h) = hp—m, = h.
Hence U(f) = U(gh) = U(g)U(h) = gl my = fn = g = [.

In particular, if there exists n € Z such that Tree(f,,) = Tree(f), then f, = f.

If there does not exist n € Z such that Tree(f,) = Tree(f), by the foregoing,
log(Tree(f,)) #log(Tree(f)) for all n € Z. Now (39) implies that log(Tree(f,,)) < log(Tree(f)).
Therefore Tree(f,,) < Tree(f) for all n € Z.

CASE 3. Suppose that f € X.
First we prove the following. Suppose that ¢ = . ¢ = 3 eit! € Rat(V)((t;a)). If m > 2,

>1 >1
then ¢™ = Y (¢™); where
I>m
l=kpm—1 l=kp—1
l—kp—1  —km_o S

I—(m—1) —(m—2) —(m—3) —ko—1

= D> 2 X > Gk kd

km_1=1 km_o=1 ky_3=1 k=1 Z*Z kg

The proof is by induction on m.

-1
Ifm=2,(¢?), = k21 Ty Qi—F -
=
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Suppose that m > 2, and the result is valid for m — 1. Then,

l—(m—1)
m 1
Z qkm 1 l km 1 =
km—1=1
l=km—1 l=km_1
l=km—1 —km—2 -
I—(m—1) —(m—2) —(m—3) —ko—1
D SID DI DD DI R AT g
km—1=1 kpm_2=1  kp_3=1 k1=1 Z*Z kg
=1

as desired.
Because f € X, there exists g € N[UX] \ {0} such that f = ¢g* and ¥(g) # oo. Suppose

that U(g) = 3 g,. Notice that log?(Tree(f)) = log?(Tree(g*)) = Tree(g), by Lemma 5.40(ix).
nez
Since h(Tree(g)) < h(Tree(f)), Remark 5.14 implies that Tree(g) < Tree(f). Thus the result

holds for g. Also, log?(Tree(g,)) < Tree(g,) for all n € Z. Hence,
log?(Tree((—1)gn)) = log?(Tree(g,)) < Tree(g,) < Tree(g) for all n € Z. (40)
Let N be the least integer such that ®'(gn) # 0, then

V() =W(g") =) fr=>2_ gn(hgh)™ whereh= 3 (~1)gn,

reZ m>0 n>N-+1

and minsupp U(f) = —N.
If we set ¢ = hgj;, by the observation at the beginning of this case, (hgy)™ = > (¢™)i,

where
(@) = (-Dgisngi
and, if m > 2,

z—Z > Z )Gk rinde) - (D Gen g (-1)g et g%)
km—1km—2km—3 l+N—Zki
with
1< kq <l—kp-1—-—ky—1

k-3 <Il—kn1—kno— (m - 3)
ko <Il—Fkp_1— (m - 2)
k

Hence,

log?(Tree(f_n)) = log?(Tree(gk)) = Tree(gn) < Tree(g) = log?(Tree(f)). (41)
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Let [ > 1, by Lemma 5.40(vii)-(viii),

!
log2 (Tree( Z g}‘v(qm)l»
=1

m

log? (Tree(fi—n))

max{log? (Tree(gy)(¢™)1) | 1 < m < 1}
(g3)): log(Tree(~1)ggsn)) | 1 < k < 1}
2
(

max{Tree(gn),log”(Tree(gr+n)) | 1 < k <1} (42)

N
max{log?(Tree(gk

INE Il IA I

Tree(g) = log?(Tree(f)).

There are two cases for [ > 0:
(a) log®(Tree(fi—n)) < log®(Tree(f))
(b) log®(Tree(f;—n)) = log®(Tree(f))
In (a) log(Tree(fi_n)) < log(Tree(f)). So Tree(fi_y) < Tree(f),
In (b) by (40), (41) and (42), Tree(gn) = Tree(g). By the induction hypothesis,

U(g) =gy =g. Then ¥(f) =gy = f-n=f.
We can now prove Case 3.

Notice that Tree(f,) < Tree(f) if n < —N, because f, =0 for n < —N.
If there exists n € Z such that Tree(f,) = Tree(f), then

log?(Tree(f,)) = log®(Tree(f)).

So we are in case (b). Hence f = f_n.
Suppose that, for all n € Z, Tree(f,) # Tree(f). Then we are in case (a) for all n > —N.
Therefore Tree(f,) < Tree(f) for all n € Z. O

LEMMA 5.50. If f € Rat(V (t)) and
00 # W(f) = fn € Rat(V)((t; @),

neZ
then the following hold
(i) If W is a subgroup of V (t) such that f € Rat(W)U{0} and —1,t € W, then f, € Rat(W)
for each n € Z. In particular, if f, = ent™, then e, € Rat(W) U {0} for each n.
(ii) If f € Rat(V(t")) for some r € Z, then supp(f) C rZ; i.e. Y(f) € Rat(V)((t"; «)).

PRrROOF. First we introduce some notation that will be useful since both statements are
proved in the same way by induction on the complexity of f.
Rat (W) is the disjoint union of the subsets

=W, Zy=Xw, Zs=WiXy \(WUXw), Z;=NWiXw]\ (WiXy U{0})
If U, = V(t"), then Rat(U,) is the disjoint union of the subsets

Zy=U,, Zy=X, Z3=UX,\(UUX,;), Zy=N[UbX,]\ (UsX,U{0})
Case 1. If f € Z1, ¢(f) = f. Thus (i) and (ii) are satisfied.

CASE 2. If f € Zy, then f = ¢g* for some g € Z, U Z3 U Z;. Notice that 1(g) # oo and
Tree(g) < Tree(f). Thus the implications hold for g, that is, if 1)(g) = > gn, then g, satisfies
nez

the result for each n € Z. Let N be the least integer such that ®'(gy) # 0. Then
V() =D fa= ) anlhon)™

nez m>0
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where h = 3 (—1)gn. Note that the result holds for g3 because of the way g} is con-
n>N+1

structed. Now f,, is built up from {g%, (=1)gm | m = N+1,...,2N +n} using multiplication
and addition. Hence f,, satisfies the result for all n € Z.

CASE 3. If f € Z3, then f = g - h for some g,h € Z3 \ Z;. Hence 9(g) # oo # 9(h),
Tree(g) < Tree(f) and Tree(h) < Tree(f). If ¥(g9) = > gn and ¢(h) = > hy, then
nez

neZ
¥(f) = ¥(gh) = ¥(g)(h).

Thus f, = Y. gmhn—m for each n € Z, where only a finite number of g,,, h; are nonzero.
meEZ

Since the result holds for all such g,,, h;, it is also verified by any finite product and sum.
Therefore the result holds for for each f,, n € Z.

CAseE 4. If f € Z4, then either f = g+h with g, h € Rat(W) in case (i), or g, h € Rat(V ("))
in case (ii). In any case, Tree(g) < Tree(f), Tree(h) < Tree(f) and ¥(g) # oo # ¥ (h). Thus,
if we suppose that ¥(g) = . g, and ©¥(h) = > hy, then g,, h, satisfy the result for all

7/ €L

n

n € Z. For ¢(f) = (g + h) = ¥(g) + ¥(h), we get that f,, = g, + hy, for each n € Z. Hence
the result holds for f,, for each n € Z. g

“Hey Nikki you know everything
That there s to do

Here’s a gun take it home

Wait by the phone

We’ll send someone over

To bring you what you need
You’re a one man death machine
Make this city bleed”

Queensryche, Operation Mindcrime



CHAPTER 6

Proofs and Consequences

The objective of this chapter is to prove Hughes’ Theorems I and II and some of its conse-
quences. They first appeared in the papers by I. Hughes [Hug70] and [Hug72] respectively.
The proof of Hughes’ Theorem I we provide is a slight variation on the one given in [DHS04].

1. Hughes’ Theorem 1

Before proving Hughes” Theorem I 6.3, let us give a quick summary of what we have proved
until now. It will be useful in the proof of Theorem 6.2 and Hughes’ Theorem II 6.10.

Let k£ be a division ring. Let G be a locally indicable group. Let kG be a crossed product
group ring. Let A = {Ng}y be an atlas of G. Suppose that D; and Dy are A-Hughes-free
division rings of fractions of kG. Then D; U {oc0;} is a rational k*G-semiring, and we have
unique morphisms of rational k*G-semirings ®;: Rat(k*G) — D; U {o0;} for i = 1,2 by
Lemma 5.34.

Let H be a fixed nontrivial finitely generated subgroup of G. Then H equals an internal
semidirect product Ny x C with C infinite cyclic and Ny € A. Consider the morphism of
groups pg: k*H — k*H/k* = H from (24) in page 85. Let t € k*C be such that pg(t)
generates C. We have already seen in Remarks 5.4(a) that left conjugation by ¢ induces an
automorphism «; of D;(kNpg) for i = 1,2. Moreover D;(kH) is isomorphic to D;(kNg)(t; a)
for i = 1,2 by Remarks 5.4(b).

As in Section 6 of Chapter 5, call V- = k* Ny, a subgroup of D;(kNg)* such that —1 € V
and «a; (V) = V. Let V(t) denote the subset of D;(kNg)((¢; o)) consisting of the polynomials
whose support contains exactly one element and its nonzero coefficient is in V. Notice that
V(t) = k*H is a subgroup of k*G. Then the restriction of ®; to Rat(V (t)) can be seen as
the unique morphism of rational V (¢)-semirings ®;: Rat(V (¢t)) — D;(kNgu)((t; ;) U{oo} for
1 = 1,2 by Example 5.36. Thus, as in Step 4 of Section 6 of Chapter 5, we get the following
commutative diagram of morphisms of rational V (t)-semirings

Rat(V (£)) 2 Di(kNg)((t; ) U {ooi},

.

Rat(V)((£; a)) U {oo}

and the morphism of additive monoids ®,: Rat(V (t)) U {0} — D;(kNg)((t;;)) U {o0;} for
i=1,2.

Observe that the structure of rational V' (t)-semirings of Rat(V')((¢;«)) U {oo} could be
different for each i because the x-map of Rat(V)((¢;«)) U {oco} depends on @ for each i. If
w= Y qn € Rat(V)((¢t; ), P} is the key to construct w*. Since D;(kNy) is a division ring,

nez
Q;(w)* = oo, if and only if either ®/(g,) = oo; for some n € Z or ®)(g,) = 0 for all n € Z.
And Q;(w)* # oo; if and only if ®(g,) # oo for all n € Z and P}(g,) # 0 for some n € Z.

Therefore
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REMARK 6.1. If ®/(g,) = oo; for some n € Z, then w* = oo.
If ®/(gn) = Op, for all n € Z, then w* = oo.

Otherwise, if N is the first integer such that ®/(g,) # Op,, and z = > (—1)gy,, then
n>N+1
w* = Y gqy(zqy)™ as in (36) and (37). O
m>0

THEOREM 6.2. Let k be a division ring. Let G be a locally indicable group. Let A = {Ng}g be
an atlas of G. Consider a crossed product group ring kG. Suppose that kG has A-Hughes-free
division rings of fractions Dy and Do. Consider the natural structure of rational k™ G-semirings
of D;U{oo;} fori=1,2. Let ®;: Rat(k*G) — D; U{oo;} be the unique morphism of rational
k*G-semirings for i = 1,2. Let f € Rat(k*G). Then

(i) ®1(f) = oo1 if and only if ®2(f) = co2.
(i) @1(f) = Op, if and only if P2(f) = Op,.

PROOF. We proceed by induction on the complexity Tree(f) of f.
If fek*@G,ie. Tree(f) =17, then

q)l(f):f?éODUOOl and (I)Q(f) :f#ODwOOQ'

So the result holds.

Suppose that Tree(f) > 17, and the result holds for elements of Rat(k*G) of lesser
complexity than Tree(f).

By Lemma 5.42(v), f = pu, where u € k*G and p is a primitive element of Rat(k*G).
Since ®;,7 = 1,2, are morphisms of rational k£* G-semirings and Tree(p) = Tree(f), a proof of
the result for p implies that the result holds for f.

Consider source(p). It is a finitely generated subgroup of £* G such that p € Rat(source(p))
by Lemma 5.44.

Consider also the morphism of groups, pg: k*G — k*G/k* = G. Observe that if H < G,
then pq|, ., = pH. Set H = pg(source(p)), a finitely generated subgroup of G.

If H is trivial, then source(p) < k*. Therefore ®;: Rat(source(p)) — D;, i = 1,2, both
can be seen as the unique morphism of rational source(p)-semirings given by Lemma 5.34,
®: Rat(source(p)) — kU{oo}. Then the result holds since ®1|Rat(source(p)) = P2|Rat(source(p))-

Suppose that H is a nontrivial finitely generated subgroup of G. Then H = Ny x C where
C is infinite cyclic and Ny € A. Let t € k*C be such that p(t) generates C.

If we call V = k* Ny, proceeding as at the beginning of this section, we get the following
commutative diagram of rational V (t)-semirings for i = 1, 2:

Rat(V (1)) i Di(ENg)((t; a3)) U {00;}

N

Rat(V)((; a)) U {oo}

Claim 1: Wi(h) = Wy(h), for all h € Rat(V(t)) with Tree(h) < Tree(p). In particular,
Vi(p) = Pa(p)-

Obviously, for the elements h € V(t), U1(h) = VUa(h) = h.

Let h € Rat(V (t)), Tree(h) < Tree(p). Suppose that the claim is true for elements of lesser
complexity than Tree(h).

If h is a sum or a product of elements of Rat(V (t)), since U1 and Wy are morphisms

of rational V' (t)-semirings, and each of this elements is of lesser complexity than h, then
Uy (h) = Wa(h).
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If h = ¢* for some ¢ € Rat(V (t)), then Tree(q) < Tree(h) < Tree(p) by Remark 5.14.
Hence ¥1(q) = ¥2(q) = > gn. By Theorem 5.49, Tree(qy,) < Tree(q) < Tree(p). Thus, by the
nez

induction hypothesis,
&' (gn) = Op, if and only if ®)(g,) = Op,,
&) (qn) = oo1 if and only if (gy) = oo,

for each n € Z. This implies that Uyi(q)* = Wy(q)* by Remark 6.1, and therefore
Uy (h) = Wy(h). Hence Claim 1 is proved.

Claim 2: p ¢ Rat(V)(t).

Suppose that p € Rat(V)(t). In particular, p € Rat(V)(k*G). Then source(p) < V by
Lemma 5.47. Hence p(source(p)) = Ny # H, a contradiction. So Claim 2 is proved.

We go back to the proof of our result. By Claim 1, ¥1(p) = W¥a(p) = > p,. Because of
neEL

Claim 2 and Theorem 5.49, Tree(py,) < Tree(p) for all n € Z.
Now, by the induction hypothesis and because ®; = Q;V¥,;, i =1, 2,
®i(p) =0p, if and only if 1(V1(p)) =O0p,,
if and only if @ ( Op, for all n € Z,
if and only if ®5(p,) = 0p, for all n € Z,
if and only if Q2(V2(p)) = 0p,,
if and only if ®o(p) = 0p,.

Also,

||
8

®1(p) if and only if (¥ (p)) = ooy,
if and only if there exists ng € Z such that ®(p,,) = oo,
if and only if there exists ng € Z such that ®5(p,,) = co2,
if and only if Q9 (Uy(p)) = o009,

if and only if ®a(p) = c0g. O
Finally we can give Hughes’ Theorem I.

HUGHES” THEOREM I 6.3. Let k be a division ring. Let G be a locally indicable group. Let
A ={Npgty be an atlas of G. Let kG be a crossed product group ring. Suppose that Dy and
Dy are (A-)Hughes-free division rings of fractions of kG. Then there exists a unique ring
isomorphism 3: D1 — Ds such that 3 is the identity on kG.

PROOF. By Lemma 4.14, it is enough to define a morphism of rational k*G-semirings
B: Dy U {001} — Dy U{oo2}. Then fBjp, : D1 — Dy is the unique kG-ring isomorphism.
Because of Example 5.38, there exist morphisms of k£* G-rational semirings,
D, Rat(k:XG) — D; U {ooz} 1=1,2,

which are onto.

We want 8 to be a morphism of rational k*G-semirings. In this event 3®; would be a
morphism of k* G-semirings from Rat(k*G) into Da U {002}, and by Lemma 5.34 there exists
only one. So it has to coincide with ®5. Thus we have to define

B(®1(f)) = Ba(f) for all f € Rat(k*G). (43)
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First we show that [ is well-defined as in (43). We must show that for all f, g € Rat(k*G)
with ®1(f) = ®1(g), then ®5(f) = Pa(g).

Let f,g € Rat(k*G), such that ®1(f) = ®1(g).

If ®1(f) = oo1, then, by Theorem 6.2, ®o(f) = P2(g) = co2.

If ‘I)l(f) 75 o0,

O1(f + (=1)g) = 21(f) + (=1)@1(g) = 21(f) — P1(9) = Op;-
By Theorem 6.2, 0p, = ®2(f + (—1)g). Then

0p, = Po(f + (=1)g) = P2(f) + (=1)P2(g) = P2(f) — P2(9)

because @9 is a morphism of k*G-semirings. Hence ®o(f) and ®o(g) are different from oos,
and

Do(f) = P2(9),

as desired.
As (3 is well defined as in (43), it only remains to prove that certainly 3 is a morphism of
rational £*G-semirings. Let f,g € Rat(k*G), u,v € k*G,

B(@1(f) +P1(9) = B(R1(f+9)) = Po(f +9) = P2(f) + P2(9)
= B(®1(f)) + B(21(9)),

B(@1(f)P1(g)) = B(@1(fg)) = P2(fg) = Pa(f)P2(g)
= B(@1(/)B(®1(9));

B(@1(f)) = B(21(f7)) = P2(f7) = 2(f)" = B(P1(S))",
Budi(flv) = B(P1(ufv)) = P2(ufv) = uPa(f)v = ub(P1(f))v,
B(1) = B(@1(1) =2(1)=1. O

REMARKS 6.4. (a) Observe that if D; is a Hughes-free division ring of fractions, and Dy is an
A-Hughes-free division ring of fractions, then, since D is A-Hughes-free, D1 and Dy are
kG-isomorphic, and Ds is also a Hughes-free division ring of fractions. Therefore, if kG
is Hughes-free embeddable and we are given a concrete embedding of kG inside a division
ring D, it is enough to show that kG — D is an A-Hughes-free embedding for some atlas
A of G to ensure that kG — D is a Hughes-free embedding.

(b) Notice that if kG is Hughes-free embeddable, and we are given an embedding of kG inside
a division ring D such that kG < D is not Hughes-free, then (a) implies that there exists
a nontrivial finitely generated subgroup H of GG such that for each expression of H as an
internal semidirect product H = N x C with C infinite cyclic and ¢ € k*C such that
pm(t) generates C, the powers of t are D(kN)-linearly dependent.

(¢) The original proof of Theorem 6.3 in [Hug70] and the one in [DHS04| deal with concept
of Hughes-freeness instead of 4-Hughes-freeness. We do not know any example of an
A-Hughes-free division ring of fractions which is not Hughes-free, so both concepts could
be the same. On the other hand (b) does not seem to follow directly from the definition
of Hughes-freeness. (|

The following Corollary was already noted by I. Hughes in [Hug70|.

COROLLARY 6.5. Let k be a division ring. Let G be an orderable group. Consider a crossed
product group ring kG. Suppose that < and <’ are total orders on G such that (G, <) and
(G,<') are ordered groups. Consider the associated Mal’cev-Neumann series rings k((G, <))
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and k((G,<")). Then the division rings of fractions D and D" of kG inside k((G,<)) and
k((G, <)) respectively are kG-isomorphic.

ProOOF. By Examples 5.6(d), kG — D and kG — D’ are Hughes-free embeddings. Then
Hughes’ Theorem I 6.3 implies that D and D’ are kG-isomorphic division rings. O

The following shows that (A-)Hughes-freeness is a local property.

COROLLARY 6.6. Let k be a division ring. Let G be a locally indicable group. Consider a
crossed product group ring kG. The following hold:

(i) If kH is Hughes-free embeddable for each finitely generated subgroup H of G, then kG is
Hughes-free embeddable.
(ii) Let A={Ng}y be an atlas of G. If kH is Ag-Hughes-free embeddable for each finitely
generated subgroup H of G, then kG is A-Hughes-free embeddable.
Indeed if Dy is an (Ap-)Hughes-free division ring of fractions of kH, then D = h_r)n Dy is
HSngAG

an (A-)Hughes-free division ring of fractions of kG.

PROOF. For each finitely generated subgroup H of G, consider the (Ap-)Hughes-free
embedding kH — Dpy. If H < L, then we infer from Hughes’ Theorem I 6.3 that there exists
the following commutative diagram of morphisms of rings

kH“—— Dy
(\
!
y
kL~—— Dy,
Then, taking limits, we get that lim kH = kG — D = lim Dy is an (A-)Hughes-free
H<pg G H<pg G
embedding because for each finitely generated subgroup H of G, D(kH) = Dp. O

The next result is a slight variation on [DHS04, Corollary 7.3]. It probably was implicit
in the proof of [Hug70, Corollary].

Let G be a locally indicable group, and let k£ be a division ring. Consider a crossed
product group ring kG. Let I': kG — kG be an injective morphism of rings (respectively an
automorphism) such that I'(k) = k. Recall from Proposition 4.8 that the only units in kG are
the elements of k*G. So I'jpxg: kG — k™G is a group monomorphism (automorphism)

and I is of the form g — dyv(g) with dy € k* and v(g) € G. Since I'(k) = k, then I induces
the following monomorphism (automorphism) of G:

G2 EG/k* —— FXG/k* =G

g+ (5] — [1(9)] — 7(9)
which we call v. With this notation

LEMMA 6.7. Let A= {Ng}y be an atlas of G. If either
(i) kG has a Hughes-free division ring of fractions D, or
(ii) kG has an A-Hughes-free division ring of fractions D such that T'(kG) — D is
~v(A)-Hughes-free,
then I' can be uniquely extended to a monomorphism of D. If moreover I is an automorphism
of kG, then I" can be extended to an automorphism of D.
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Proor. By Hughes’ Theorem I 6.3, it is enough to show that I': kG — kG C D is an
(A-)Hughes-free embedding, since we already have that kG — D is (A-)Hughes-free.

Let H be a non-trivial finitely generated subgroup of G. Suppose that H = Ny x (t).
Then ~(H) is a finitely generated subgroup of G and v(H) = ~v(Ng) x (7y(t)). Suppose that
there are by, ...,b, € D(~v(Npg)) with

0=>" bl (1) = > bid’iwi for some d}; € k.
i=0 =0

Because of our hypothesis on D and the fact that b;d; € D(y(Ng)), then bid;i = 0 for
1=0,...,n, which implies that b; =0 for i =0, ..., n. U

Some examples of I" as in Lemma 6.7 are given by morphisms of k-rings and conjugation by
a trivial unit. This allows us to prove the A-Hughes-free generalization of [Hug70, Corollary].

COROLLARY 6.8. Let k be a division ring. Let G be a locally indicable group and N a normal
subgroup of G. Let R ={xg | f € G/N} be a complete set of representatives of the classes of
G/N such that 1 € R. Let A ={Lg}p be an atlas of N. Suppose that kN has a division ring
of fractions D such that kN — D is (ng:J:gl—)Hughes—free embeddable (for each x5 € R).
Then:

(i) kG embeds in a crossed product group ring D(G/N) in a natural way.
(ii) If moreover G/N is embeddable, then kG embeds in a division ring.

PRrROOF. (i) Recall from Lemma 4.7 that kG = (kN)(G/N). We construct a crossed
product group ring D(G/N) which extends (kN )(G/N). To this aim we need to define the
twisting 7 and the action &, and see that the product is associative. We make reference to the
proof of Lemma 4.7.

In order to get an extension of (kN)(G/N), the twisting 7 has to be the same as the one
given in the proof of Lemma 4.7.

By Remarks 4.3(c), for every 8 € G/N, 6(5) € Aut(kN) is left conjugation by Zg.
Lemma 6.7 and our hypothesis on D imply that (3) can be extended to a unique auto-
morphism &((3) of D. In this way we define 6: G/N — Aut(D), 5+ (5).

We prove that the product in D(G/N) is associative by showing that (a) and (b) in
Lemma 4.2 are satisfied.

D(G/N) verifies (a) because 7 = 7, (8)xy = 6(8) and 7 and & already satisfy (a) of
Lemma 4.2.

D(G/N) satisfies (b) because d(af)u(a, 3) and &(3)5(«) both are automorphism of D
which agree on kN since 6 (af)u(a, 3) = 6(5)d(a) and both are (A)-Hughes-free embeddings.

(ii) We have just embedded kG in the crossed product group ring D(G/N). Then, because
G/N is embeddable, we can embed D(G/N) in a division ring. O

2. Hughes’ Theorem 11

The following is a technical result on groups that will be useful in the course of the proof
of Hughes’ Theorem II 6.10.
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LEMMA 6.9. Let W be a group. Suppose that X,Y W with X finite cyclic, Y = (y) infinite
cyclic, W/ X infinite cyclic and WY = (2Y) cyclic of order p.

w
V50N
X\I/Y

Suppose that zP = y? with ¢ € N and (p,q) = d. Let r,m € Z be such that p = rd and q = md.
Let o, 3 € Z with rac+mB = 1. Set u = z28y* and v = z"y~™. Then

() W={(y,z [y, 2], ¥ =y
(ii) X < ) and has order d
(iil) z = u™v® and y = u"v™"
(iv) / = (u)
(v) W/XY has order r and XYY has order d

PROOF. First observe that W is generated by {y, z}. Secondly, X consists of all the ele-
ments of finite order in W and therefore X N'Y = 1. For a proof of the latter, notice that if
w € W is of finite order, then w € W/X has finite order. Thus w =1, i.e. w € X.

(i) These remarks imply that Y = XY/X < W/X. Moreover, since W/X is commutative,
we get that y* =7 € W/X, and y~'y* € X. Thus yz = 2y.

The foregoing implies that there exists an onto morphism of groups

w: <y,z | [y7z]’zp :yq> — W

In W, any relation is of the form 2% = y7 for some §,v € Z, because y and z commute. By the

definition of p, § = pe for some ¢ € Z. Thus 2° = (2P)° = (y?)° = 37, and vy = ge. Therefore ¢
is an isomorphism.

(ii) Consider the morphism of groups n: W — C, where C'is infinite cyclic, given by y — ¢”
and z — ¢”. Clearly X C kern. An element n = 27y° € kern if and only if mvy + é6r = 0, if
and only if n = (2"y™™)¢ = v° for some ¢ € Z because (r,m) = 1. Since v has finite order,
v? = 1, we get that kern = X = (v). In the isomorphism X = XY/Y < W/Y, v is sent to the
element v = 2"y~™ = 2" € XY/Y which has order d. Hence v has order d.

(iii) It is straightforward.

(iv) From (iii) we infer that u and v generate W. Hence W/X = (u) because v € X and
n(u) = c.

(v) For W/Y has order p, ¥ =~ X and |[W/Y| = |%||¥\ = |%|d, we obtain that
[W/Y|=r. O

HucHES’ THEOREM 11 6.10. Suppose that G is a locally indicable group with a normal subgroup
L such that G/L is locally indicable. If both L and G/L are Hughes-free embeddable, then G
is Hughes-free embeddable.

PRrOOF. Let k be a division ring and kG a crossed product group ring. Since L is
Hughes-free embeddable, kL has a Hughes-free division ring of fractions. Let D be the
Hughes-free division ring of fractions of kL. By Corollary 6.8(i), kG = kL(G/L) embeds
in D(G/L) in a natural way. Moreover, since G/L is also Hughes-free embeddable, D(G/L)
has a Hughes-free division ring of fractions E. Therefore we have the embedding of kG inside
the division ring F

kG — D(G/L) — E.
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We will show that this embedding is Hughes-free.

Consider the morphisms of groups from (24) in page 85 that will be used throughout the
proof
ra/ D*(G/L)
c/b 2 A\

DX

defined by pg(az) =z and pg /1 (dz) = 2, and observe that if H < G, then (pg)|,, = pu-

Let H be a nontrivial finitely generated subgroup of G. Suppose that H = N x C is an
expression of H as an internal semidirect product with C' infinite cyclic. Let ¢t € k*C be such

that pp(t) generates C. Suppose that i d;it' = 0, where d; € E(kN) for all i. We have to

=N

XGPS G/ =G, kG =k L(G/L) C D*(G/L) =G/L,

show that d_,, =--- =d,, = 0.

Endow E(kH)U{oco} with the structure of rational £* H-semiring of Example 1.43(d). Let
®: Rat(k*H) — E(kH) U {co} be the morphism of rational k*H-semirings and
®': Rat(k*H)U{0} — E(kH)U{oo} be the morphism of additive monoids from Lemma 5.34.
Let f € Rat(k* H) defined by

n
f=> 5t (44)
i=—n
with f; € Rat(k*N) U {0} for each i. By Example 5.38, to prove the result it is enough to
show that for each f asin (44) then
n
O(f) = Z d'(f)t' = 0, implies that ®'(f;) = 0 for each i. (45)
1=—n
We proceed by induction on the complexity Tree(f) of f. The result is clear if there exists
only one f; # 0. This implies that the result holds for Tree(f) = 17 and Tree(f) = 17 + 17.
In the former case, f = f;,t’° € k*H. In the latter case, f = hit™ + hot™ with h; € kXN,
and ®(f) =0 if and only if ny = ng and hy = —hs. Thus f = (hy + ho)t™.
Suppose that the result holds for elements of lesser complexity than Tree(f), and that
there exists more than one f; # 0.
By Lemma 5.42(v), f = pu with p a primitive element of Rat(k*H) and v € k* H. Thus
n ) n .
pu=f= ) fit"ifandonlyif p= }_ fit'u=1.

1=—n =N

Suppose that =1 = vt™ with v € kXN, then t'vt—* € kXN for each i and

n n
p= Y fitht™= Y fit'otTt"™
1=—n i=—n
Again by Lemma 5.42(v), f; = pjw; with p; a primitive element of Rat(k*N) and w; € k* N
for each i. Hence p = Y. pywtot ™. Put v; = w;t'vt~* for each i. Then, relabeling the

1=—n
n .
indexes if necessary, we can suppose that p = > p;v;t* with v; € k*N.
i=—n
By Case 1 of Definition 5.43, source(p) is the finitely generated subgroup of k* H generated
by ol Uio}(source(pi) U{wv;t'}), and since there are at least two summands and hence one t' # 1,
i|p;
pa (source(p)) i
pa (source(p))NN
If we choose z € source(p) such that the class of pg(z) generates

s a nontrivial cyclic subgroup of the infinite cyclic group H/N.

pa (source(p))
pc(qsource(p))ﬁN » then

vit! = y;2' where y; € source(p) N k* N. Notice that l; # I; provided i # j because pg(t)
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generates H/N. Moreover, p;y; € Rat(k*N’) and pg(source(p)) = N’ x (pa(z)) where
N’ = pg(source(p)) N N.

Hence p = . p;yi2Y, and Tree(p) = Tree(f) by Lemma 5.40(ii). Moreover, ®(p) = 0 if
i=—n
and only if ®(f) =0, and ®'(f;) = 0 if and only if ®'(p;y;) = 0.
By the foregoing, we may assume that H = source(p), H = N x C with C infinite cyclic,
n .
t € k*C with pg(t) that generates C, and p = Y. fit" where f; € Rat(k*N) U {0}.
i1=—n
Note that % is cyclic generated by the class of pg(t). If H is not contained in L, then,
since G/L is locally indicable, % is indicable and % = % b % where % is infinite cyclic
for some subgroups B and K of G. The proof is divided in four cases, one for each of the
following possibilities
(1) H <L,
(2) H ¢ L and £ is infinite cyclic,
(3) H{ L, % is finite cyclic and LH # BN,
(4) H ¢ L, L s finite cyclic and LH = BN.

» LN
CASE 1. H is a subgroup of L. Then kH is contained in kL and D, the Hughes-free
division ring of fractions of kL. Therefore, if ®(f) = 0, then ®'(f_,,) =--- = ®'(f,) = 0.

CaSE 2. H ¢ L and £ is infinite cyclic. If we set Cp, = (pg(t)L) = {(pc/L(t)) < G/L,
then £ = £V 5 C; . Notice that O, is infinite cyclic, t € D*Cy, and that ®'(f;) € BE(DEN),
the division ring of fractions of DZY inside E. Therefore ®'(f_,,) = -+ = ®/(f,) = 0 because
D% — F is Hughes-free.

Case3. HZ L, % is finite cyclic and LH # BN. Suppose that the group % generated
by the class of pg(t) is finite with p elements. Set A= BN LN, W = £ and Y = £X. Thus
LH

- = W/Y has p elements and is generated by the class of pg(t). Now

LN _LNB NB _LH
Y="4=7p ~p=p M
Hence Y is a subgroup of an infinite cyclic group. Notice that Y is not trivial. Otherwise
A = LN and LN < B. Then % — % would be an onto morphism of groups and % an
infinite cyclic group, a contradiction. Therefore Y is an infinite cyclic group generated by the

class of some h € N. Set X = B/A < % = W. Since X = % < %, X is finite cyclic.

Then XY = %% = %. So we have the following diagram as in Lemma 6.9

w =24
| r
00 p
/Y:Bf]lv\
— ~
X =B/A Y =LY

Suppose that pg(t)? = h? mod A. Put (p,q) = d and p = rd, ¢ = md. Let o, § be such that
ar + fm = 1. Set v’ = pg(t)’h®, v = pg(t)"h~*. Then, by Lemma 6.9,
m,_ .o

a) pa(t) =u"v* mod A,
b) h=u"v™% mod A,
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¢) X is generated by the class of v and v =1 mod A,
d) B equals the subgroup generated by {v, A},

e) % = % is infinite cyclic generated by the class of o/,
f) ¥% = L8 has order r > 1 (otherwise LH = BN).

Then £ = B 5 (W/L) by e). Let u € k*H C D*£H be such that pru (u) = u'L.
L
For each i € {—n,...,n} we have that i = ;7 + j with 0 < j < r. Then

n r—1 r—1
p=Y fitt = | Y " |¥ =3 gt
i=—n J=0 \{ili=l;r+5} Jj=0
where we set gj = ) fithr.
{ili=t;r+3} .

If there exists j such that p = g;t/ (i.e. all i such that f; is nonzero belong to the
set {i|i=1lr+j}), then pt=9 = g;. Thus source(g;) = source(p). On the other hand,
g;j € Rat(k*N(t")). Therefore, by Lemma 5.47, source(p) C k* N (t") and

H = pg(source(p)) = N x (pa(t")),

a contradiction. Thus Tree(g;) < Tree(p) for each j by Corollary 5.40(iii).

Notice that pg(t%") € BN because % has order r. Hence g; € Rat(k*BN). Moreover,
since XY = % and Y is generated by the class of h € N, we get that BN is generated
by B U {h}. Since h = «/"v™? and v € B, then BN is generated by B U {u""}. Therefore
g; € Rat(k*BN) = Rat(k* B(u")) C Rat(D* 2 (u")) for each j € {0,dotsc,r — 1}.

Now we proceed as at the beginning of Section 1. Consider E (D%), the division ring of
fractions of DX inside E. Consider the skew Laurent series ring E(D2)((u; a)) where « is
given by left conjugation by u. We can suppose that E(D%) is contained in E(D%)((u; a)).
Then D*LE = (D*Z)(u) can be identified with the series with exactly one element in its
support whose nonzero coefficient is in DX% We can construct the following commutative

diagram of morphisms of rational D* Lfl -semirings

P

Rat(D* 2 (u) E(DE)((usa)) U {oc}
x /
Rat(D* 7)((u; ) U {0}

Notice that kH < D% — E(D%) and k*H — (k:XL)% — DX%. Therefore
E(kH) — E(DZZL) and Rat(k* H) — Rat((D*£)(u)). So we can consider the commutative
diagram of rational k* H-semirings

Rat(k™ H)
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By Lemma 5.50(ii), ¥(g;) = h; is a series in u”. By a), we may suppose that t/ = b;u™ where
r—1 .

bj € k*B for each j. Then W(f) = 3 h;bju™ . Recall that ®(f) = 0 implies Q(¥(f)) = 0.
§=0

Now since r and m are coprime and 0 < j < r — 1, then Q(h;) = 0 for each j. Therefore
O(g;) = QU¥(g;)) = Q(hj) = 0 for each j. Now, since Tree(g;) < Tree(p), the induction
hypothesis implies that ®(f;) = 0 for each i € {—n,...,n}.

CaSE 4. H ¢ L, ¥ is finite cyclic and LH = NB.

We can suppose that pg(t) € B. Otherwise, if p(t) = h'b with b’ € N, we choose h € k* N
such that pg(ht) = b and we work with ¢ = ht instead of ¢. Notice that H = N X {(pg(t'))
and Lemma 5.3(b).

Recall that % = % X % for some subgroups B and K of GG such that % is infinite cyclic.
Hence N is not contained in B. Let u € k*N < DX% = DX¥ be such that pg/r(u)
generates K/L.

Consider £ (D%), the division ring of fractions of D% inside E. Consider the skew
Laurent series ring E(DZ)((u;a)), where « is defined by left conjugation by the element
u. Then DX% = DX%@) can be identified with the series with exactly one element in its
support and whose nonzero coefficient is in DX%. And as we made at the beginning of
Section 1, we can construct the following diagram of morphisms of rational D* %—semirings

P

Rat(D* £ (u)) E(DF)((u; @) U {oc}

x/

Rat(D* f)((u; @) U {oo}

Note that kH — D(X2) and k*H — D*2(u). Thus E(kH) — E(DXL) — E(D2)((u; a))
and Rat(k*H) — Rat(D* %<u>) So we get the following commutative diagram of morphisms
of rational k* H-semirings

Rat(D* 7)((u: a)) U {oo}

If p e Rat(DX%)(u>, since u € k*N, Lemma 5.47 implies that source(p) < DX%. Observe
that the only elements of k* H inside D* % are contained in k* B. Hence
B

B
source(p) < (k™ H) ﬁDXz < I{:XLZ =k*B.

Then source(p) = H < B and % < B/L, a contradiction. Therefore, by Theorem 5.49,
U(p) = > gm is a series with Tree(g,,) < Tree(p), where g, = e, u™.

meZ
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Now we compute ¥(p) in another way. Suppose that ¥(f;) = > gim if fi # 0. Since
meZ
fi € Rat(k*N) and —1,u € k*N, Lemma 5.50(i) implies that g;, € Rat(k*N) where

_ m
Jim = EimU .

Then

3

Up) = Y (D gim)t

i=—n  mEZ

( Z eimum)ti

i=—n mEeEZ

I
M=

n

= Z (Z eimumtiufm>um

i=—n meZ

n .
Notice that > epmu™t'u™"™ € Rat(D* %) for each m because ¢t € k*B. Hence

=N

n n n
9m = Z Gimt'u”" = Z Gimt'u” "t = Z GimWimt",

i=—n i=—n i=—n

where wi,, = t'u~"t"% € kXN because u € k*N. Then g;nwi, € Rat(k*N).

Note that ®(p) = 0 if and only if Q(¥(f)) = 0, if and only if > ®'(g,) = 0, if and only
meZ
if ®'(g,,,) = 0 for each m.

n 4
Now, for each m € Z, 9(g,) = 0 implies that @’( > gimwimtz) = (0. Since
1=—n

Tree(gm) < Tree(p), then ®'(gimwim) = 0 for each i and m by the induction hypothesis.
This implies that ®'(g;,) = 0 for each m and i because w;,, € k* N. Therefore

(fi) = QU(fi) = Q( > gim) =Y ¥(gim)=0. O
mEZ meZ
REMARK 6.11. Let G and L be as in Hughes’ Theorem II 6.10. Let k be a division ring and
kG a crossed product group ring. In the proof of Theorem 6.10 we see how the Hughes-free
division ring of fractions E of kG is. If D is the Hughes-free division ring of fractions of kL,
then F is the Hughes-free division ring of fractions of D%. O

We now present some consequences of Hughes’ Theorem II. They are closure properties
for Hughes-free embeddability in the same vein as the results of Section 1 of Chapter 2 are
closure properties for local indicability.

The following consequence of Hughes’ Theorem II 6.10 was already noted in [Hug72] for
poly-orderable groups.

COROLLARY 6.12. Suppose that (G) <7 is a subnormal series of a group G with Hughes-free
embeddable factors. Then G is Hughes-free embeddable. In particular, if (G~)y<r is a subnor-
mal series with orderable factors, then G is Hughes-free embeddable.

Proor. We show that for every ordinal v < 7, G is Hughes-free embeddable.
If v =1, G, is Hughes-free embeddable by hypothesis.
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Let v > 1. Suppose that the result holds for all ordinals p < ~. If v = p + 1 for some
ordinal p, then G is the extension of the Hughes-free embeddable groups G, and G, /G,. By
Hughes’ Theorem II 6.10 G is Hughes-free embeddable.

Suppose that v is a limit ordinal. Let k be a division ring and kG, a crossed product group
ring. Each finitely generated subgroup H of G, is contained in some G, with p < ~. Thus
kH is Hughes-free embeddable. Now we infer from Corollary 6.6(i) that kG is Hughes-free
embeddable. Since k and kH were arbitrary, we obtain that G is Hughes-free embeddable.

Let k be a division ring and kG any crossed product group ring. Let D¢, be the
Hughes-free division ring of fractions of kG,. Observe that if v < 4, then Do, — Dg;
by Hughes” Theorem I 6.3. Then D = lim D¢, is a Hughes-free division ring of fractions for

YT

kG. g

Recall from Theorem 2.33 that a locally indicable group has a subnormal system with
torsion-free abelian factors. The groups G with a subnormal series with torsion-free abelian
factors are Hughes-free embeddable by Examples 5.6(b). Any crossed product group ring kG
with k£ a division ring is then an Ore domain by Corollary 4.11.

Recall that a free group is Hughes-free embeddable because it is orderable, see Corol-
lary 2.24 and Examples 5.6(d). A free group G on a set X has a subnormal system with
torsion-free abelian factors, the lower central series

G2GWo2GWo...0{1} = G",

n>0

where G = [G,G] and GY) =[G, G™)], see for example [MKS76, Section 5.7]. But,
provided | X| > 2, G has no subnormal series with torsion-free abelian factors because kG is
neither a right nor a left Ore domain by Proposition 4.13. Thus Corollary 6.12 gives a lot of
new examples of Hughes-free embeddable groups.

COROLLARY 6.13. Let {G;}icr, G and H be Hughes-free embeddable groups. Then

(i) 11 G; is Hughes-free embeddable.
el

(i 69 G; is Hughes-free embeddable.

i)
(iii) GzH is Hughes-free embeddable.
(iv) X G; is Hughes-free embeddable.

(v) = ZeIG is Hughes-free embeddable.

Proor. All are consequences of Corollary 6.12.

(i) As in Corollary 2.7(i), '];[I G, has a subnormal series (H,) <, such that H,,,/H, = G,
where G is isomorphic to some Gj,.

(ii) Same proof as (i), see Corollary 2.7(ii).

(iii) G H is the extension of [[ Gp by H, where G, = G.

heH
(iv) By Corollary 2.9(&), % G; is the extension of a free group K by the group [] G;.
i€l
(v) By Corollary 2.9(b), x5 ’el G is the extension of a free group K by the group G. O

COROLLARY 6.14. Let (G(—),A) be a graph of groups and G = w(G(—), A, Ag) its fundamental
group. Suppose that the G(v) can be embedded in a group L by morphisms f,: G(v) — L
that can be extended to f: G — L. If the image of f is Hughes-free embeddable, then G is
Hughes-free embeddable.
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PRrOOF. It was shown in the proof of Proposition 2.8 that G is the extension of a free
group by the image of f. (|

Observe that in the last and the next corollaries, we cannot say “such that L is Hughes-free
embeddable” as in Proposition 2.8, because a subgroup H of a Hughes-free embeddable group
L need not be Hughes-free embeddable since any crossed product group ring structure kH
perhaps cannot be extended to kL.

COROLLARY 6.15. Let {G;}ier be a family of groups. Suppose that a group H is embedded in

each G;. Suppose that there exist a group L and embeddings G; <fi> L that agree on H. Suppose
that the image of the extension of the f;’s, f: *Z§I G; — L, is Hughes-free embeddable. Then
*fIGi is Hughes-free embeddable.

PROOF. It was shown in the proof of Corollary 2.9(i) that xi5/G; is the extension of a free
group by the image of f. O

EXAMPLE 6.16. The group I' with presentation
I=(X,T|TXTX ' =XTX'T) = (X,T | TXTX T XT'Xx"1=1)
is Hughes-free embeddable.

PROOF. As we saw in Examples 2.10, I' is locally indicable. We proved that by writ-
ing I" as an extension of a fundamental group N of a graph of groups by an infinite cyclic
group. Moreover N is Hughes-free embeddable because we gave an onto morphism of groups
f: N — F, where F was a torsion-free abelian group (and hence Hughes-free embeddable by
Examples 5.6), such that the restriction to every vertex group was injective. O

REMARK 6.17. Not all Hughes-free embeddings kG — D invert all full matrices. Indeed there
exist Hughes-free embeddable groups G such that a crossed product group ring kG is not a
Sylvester domain.

PROOF. As we saw in Examples 2.10, G = (a,b | a> = b3) is locally indicable and equals

G = AéB where A = (a), B = (b), C = (c) are infinite cyclic groups and C — A, ¢ — a?,

C < B, ¢+ b%. Moreover, let D = (d) be another infinite cyclic group and consider the em-
beddings fi: A — D,a+ d> and fo: B — D,b s d?. Since any subgroup of C is Hughes-free
embeddable, we infer from Corollary 6.15 that G is Hughes-free embeddable. The group ring
k[G] has a nonfree finitely generated projective module [Dun72]. Then any embedding of the
group ring k[G] in a division ring does not invert all full matrices by Remark 3.28. U

2.1. Around Lewin’s proof. Let GG be a free group. Let k be a division ring and kG any
crossed product group ring. As we said in Section 5.2, the universal division ring of fractions
U of kG coincides with the division ring of fractions of kG inside k((G, <)) for any total order
< on G such that (G, <) is an ordered group. It was proved by J. Lewin [Lew74], who showed
first that U(kH) was the universal division ring of fractions of kH for any subgroup H of G.
Then he used this fact to prove that the embedding kG — U is Hughes-free, and then Hughes’
Theorem I to show that U coincides with the division ring of fractions of kG inside k((G, <)).
We will generalize this in Proposition 6.21.

Motivated by these results we give the following definitions.

DEFINITIONS 6.18. Let GG be a locally indicable group.

(a) Let k be a division ring and kG a crossed product group ring. We say that kG is a Lewin
crossed product group ring if it satisfies the following properties
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(i) For each finitely generated subgroup H of G, kH has a universal division ring of
fractions Upg.

(ii) If H; < Hy are finitely generated subgroups of G, then Uy, embeds in Uy, in a
natural way, that is, the following diagram of morphisms of rings is commutative

kH,“— kH,

!

U, ~——Upn,

(b) We say that G is a Lewin group provided that kG is a Lewin crossed product group ring
for each division ring k and each crossed product group ring kG. O

EXAMPLES 6.19. (a) Free groups and locally free groups are Lewin groups by Corollary 4.38.
(b) If G is a poly-{infinite cyclic} group and k a field, then the group ring k[G] is a Lewin
crossed product group ring. It was shown in [Pas82, Theorem 2.7| that k[G] has as
universal division ring of fractions its Ore division ring of fractions. Since each finitely
generated subgroup H of G is again poly-{infinite cyclic} the result follows. Moreover, by
the foregoing, if G has a subnormal series {G,}52, with infinite cyclic factors, then the
group ring k[G] is a Lewin crossed product group ring for any field k. More generally, if for
every nontrivial finitely generated subgroup H of G the group ring k[H]| is poly-{infinite
cyclic}, then the group ring k[G] is a Lewin crossed product group ring. O

The following result is due to W. Dicks.

PROPOSITION 6.20. Let G be a locally indicable group. Let k be a division ring. Suppose that
kG is a Lewin crossed product group ring. Then kL has a universal division ring of fractions
Uy for every subgroup L < G. Moreover, Uy, is the division ring of fractions of kL inside Ug.

PRrROOF. Suppose that L < G. For each pair of finitely generated subgroups Hi, Hy < L
such that H; < Hs, we have

kH“—— kH,
Up,~——Up,
Then Uy = lim Uy is a division ring. Observe that Uy embeds in Uy, for each finitely
H<pg L
generated subgroup H of L. Also kL — Up, because kL = lim kH, and Uy, is a division

H<gg L
ring of fractions of kL since for each d € Uy, there exists a ﬁnitelyg generated subgroup H of L
such that d € Uy.

Let f: kL — D be a morphism of rings with D a division ring. Suppose that the image of
a matrix A by f becomes invertible over D. Then there exists a finitely generated subgroup
H of L such that the entries of A are in kH. Now if we consider f,, : kH — D, since fA
is invertible over D, then A is invertible over Uy because Uy is the universal division ring
of fractions of kH. Thus A is invertible over U;. Hence Uy, is the universal division ring of
fractions of kL.

If L <@, then Ug = h_n)l Ug. Since Uy, = h_n>1 Uy, we get that Uy, — Ug by the

H<pg G H<pg L
universal property of the direct limit and the fact that Uy, is a division ring. O

As we have seen in Proposition 6.20 for L = G, if kG is a Lewin crossed product group
ring, then we can glue together all the universal division rings of fractions Uy for each finitely
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generated subgroup H of G. In general, let G be a locally indicable group. For each finitely
generated subgroup H of G, we consider the minimal prime matrix ideals that determine
division rings of fractions Upg. If we try to glue together one Uy for each H as in the Lewin
group case, then only one minimal prime matrix ideal can be used for that. Moreover, if such
embedding exists, then it is Hughes-free. This is done generalizing Lewin’s proof of [Lew74,
Proposition 6]:

PROPOSITION 6.21. Let k be a division ring. Let G be a locally indicable group. Let kG be a
crossed product group rTing with a division Ting of fractions U. Suppose that for each finitely
generated subgroup H of G, the prime matriz ideal associated with U(kH) is a minimal prime
matriz ideal. Then

(i) kG — U is Hughes-free and therefore any two such U are isomorphic and the minimal
prime matrix ideals are the same for each finitely generated subgroup H of G.
(ii) If kG has a universal division ring of fractions V, then U and V are kG-isomorphic.
(iii) If kG is a Lewin crossed product group ring, then kG — Ug is Hughes-free where Ug is
the universal division ring of fractions of kG.

PROOF. (i) Let H be a nontrivial finitely generated subgroup of G. Express H as an
internal semidirect product H = N x C' with C infinite cyclic. If t € k*C such that pg(t)
generates C, then kH = kN[t,t~1;al.

We claim that left conjugation by ¢ induces an automorphism of U(kN) which extends
«. Indeed left conjugation by ¢ and by ¢! induce automorphisms of Qo(kN,U) = kN.
Suppose that left conjugation by ¢ and ¢t~! induce automorphisms of Q,(kN,U) for n > 0.
Let f € Qn(kN,U) \ {0}. Then

tf T = ()T T = (T )T € Quaa (BN, U) \ {0}
This implies that left conjugation by ¢ and ¢! induce ring endomorphisms of Q,1(kN,U).
Notice that the composition of these morphisms is the identity. Hence left conjugation

by t induces an automorphism of @Q,+1(kN,U). Therefore it induces an automorphism of

U(kN) = U Qn(kN,U) which extends « as claimed. We call the extension of a again a.
n>0

Consider the skew polynomial ring P = U(kN)[z,x~1; a]. Notice that kH < P and there
exists a morphism of rings g: P — U(kH) C U which is the identity on U(kN) and sends
x +— t. Therefore g is the identity on kH.

P is a principal ideal domain. Hence it is a fir by Examples 3.37. The Ore division ring
of fractions of P is its universal division ring of fractions D, and every full matrix over P is
invertible over D. Notice that U(kH) is an epic P-field. Therefore there exists a specialization
h: D — U(kH).

kH P D

s
s

g Ve
\l/h

U(kH)

Notice that D is an epic kH-field. Then, since the prime matrix ideal of U (kH ) is minimal,
we get that h is in fact an isomorphism by Theorem 3.32. Therefore the powers of ¢t are
U(kN)-linearly independent since the powers of z are U(kN)-linearly independent. Hence
kG — U is Hughes-free.

(ii) Suppose that V' is the universal division ring of fractions of kG. First observe that for
each finitely generated subgroup H of GG, any matrix that becomes invertible over U(kH ), then
it also becomes invertible over V' by Theorem 3.32. Now each matrix that becomes invertible
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over V also becomes invertible over U because it can be seen as a matrix over U(kH) for some
finitely generated subgroup H of G, and the minimality of the prime matrix ideal associated
with U(kH).

(iii) If kG is a Lewin crossed product group ring, then the prime matrix ideal of Ug(kH)
is the least one for each finitely generated subgroup H of G by definition of Lewin crossed
product group ring. Now apply (i). O

This result generalizes [Lew74, Proposition 6] because there it is proved that the embed-
ding of the (Lewin) crossed product group ring kH with H a free group inside its universal
division ring of fractions is Hughes-free.

Observe that Proposition 6.21 also generalizes the Ore situation. That is, let k be a
division ring and G a locally indicable group such that a crossed product group ring kG is left
(right) Ore. Let U be the left (right) Ore division ring of fractions of kG. By Proposition 4.9,
for each finitely generated subgroup H of G, kH is a left Ore domain. The prime matrix ideal
associated with U(kH) = Q' (kH) is minimal. If kG has a universal division ring of fractions
it has to be U by the universal property of Ore localization. Also kG — U is Hughes-free by
Examples 5.6(a).

REMARKS 6.22. (a) Let G be a locally indicable group and k a division ring. Suppose that a
crossed product group ring kG is a Lewin crossed product group ring. If G is an orderable
group and < is a total order on G such that (G, <) is an ordered group, then the universal
division ring of fractions of kG given by Proposition 6.20 is the division ring of fractions
of kG inside the Mal’cev-Neumann series ring k((G, <)) associated with kG. This follows
from Proposition 6.21, Examples 5.6(d) and Hughes’ Theorem I 6.3.

(b) Lewin groups are Hughes-free embeddable groups by Proposition 6.21. O

PROPOSITION 6.23. Suppose that a group G has a subnormal series (G~ )~y<r whose factors are
Lewin groups. Let k be a division ring and kG a crossed product group ring. Let D be the
Hughes-free division ring of fractions of kG. If there exists another division ring of fractions
E of kG such that there exists a specialization 8: E — D, then E and D are kG-isomorphic.
In particular, if kG has o universal division ring of fractions, then it coincides with D.

Proor. We prove that E(kG.) is kG-isomorphic to D(kG.) via 0 for v < 7 by induction
on 7.

If v = 0, then Gy is a Lewin group. Since D(kG)) is the universal division ring of fractions
of kGg, by Propositions 6.20-6.21, the result follows by Lemma 3.35. Suppose that the result
holds for all ordinals 3 smaller than . If v = 3+ 1, then notice that by Remark 6.11, D(kG)

Gy

is the Hughes-free division ring of fractions of (D(ng))G—B . Hence D(G5) is the universal

division ring of fractions of kG, by Propositions 6.20-6.21. So if we consider the subring of
E generated by E(kGg) and G, again Lemma 3.35 implies the desired result. If 7 is a limit
ordinal, taking limits we get the isomorphism of kG -rings

D(ka) = h_n>1 D(ng) = li_n}E(k:Gg) = E(ka). O
B<y B<y

Again Proposition 6.23 generalizes the Ore situation, in which the factors are infinite cyclic
groups, and the result by J. Lewin because he proved the result for the subnormal series 1 <1G
with G a free group.

All these results can probably be strengthened. For example something that generalizes
this

REMARK 6.24. Let G be a locally indicable group, k a division ring and kG a crossed product
group ring. If G has a subnormal series 1 < H < G such that kH is a left (right) Ore and
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G/H is a Lewin group, then there exists a specialization from the Hughes-free division ring
of fractions D of kG to any division ring of fractions E of kG.

PROOF. Observe that D is the universal division ring of fractions of D(kH )% by Re-
mark 6.11, Propositions 6.20-6.21(iii). Notice that since kG < FE, then the universal property
of Ore localization implies that there is an embedding D(kH) — E extending kH — E. Hence
there is an embedding D(kH )% — FE. Now there exists a specialization of D(kH )%—rings
(which is of kG-rings) from D to E. O

2.2. Hughes-free coproduct of division rings. Let k be a division ring. Suppose that
{D;}icr is a family of k-division rings. In general it is not known how 2Di, the division ring

coproduct of {D;}ecr, looks like because it is constructed via generators and relations. With
the aim of shedding new light to this problem we want to define a coproduct of division rings
provided that, for each i € I, D; is the Hughes-free division ring of fractions of some crossed
product group ring kG; of some Hughes-free embeddable group G; over k. We prove that
these two notions of coproduct coincide in some cases.

So let {G; }ier be a family of Hughes-free embeddable groups. Let kG; be a crossed product
group ring and D; the Hughes-free division ring of fractions of kG; for each .

LEMMA 6.25. zk‘G’i 1§ a crossed product group ring k(‘*z G;) of X G; over k.
i€ 1€

PROOF. For eachi € I, define T; = {z € kG; | x € G;\{1}}. Then {1} UT; is a k-basis for

kG;. Set T = AUITi. By Theorem 3.42(i), szi has a basis B consisting of all the monomials
1€

r = Ty Ty, where n > 0, x;; € T;; and G;,_, # G;;. Moreover, for each z € B, we
obtain an automorphism of k defined by r*®) =z, - 7 r(T5;) "' --- (z7,)~". And for each
x,y € B, with y = 75, ---75,., an element 7(z,y) € k*. If z;, and y;, are in different factors
then zy € B and 7(z,y) = 1. If z;, and y;, are in the same factor, then zy is a k*-multiple of
Ty Ty TinUjy Yz~ Ui € B-

The foregoing proves the lemma, but in fact we can give the explicit form of the twisting
and the action:

For each i € I there is defined a twisting and an action

Ti: Gl XGZ'—>]€><, ag;: Gl—>Aut(k:)
Any element of '*I G can be uniquely expressed as x = x;, - - x;, where n > 0, z;;, € G;; and
1€

ijo1 # tj. Let x = x4 -2, and y = y;, - - y5,, € x G;. We define the twisting

" i€
1 if in 75 Yj,

el (x4, , 1) in—1 )00 @) g = gy

7: (x Gy) X (‘*IGi) —k as 7(z,y)= {
e
The action o: X, G; — Aut(k) as o(x;, -+ x;,) = 04, (xi,,) -+ - 04, (x4,) (recall that in this case
1€
the composition is from left to right, i.e. oy, (x;,) acts first. O
DEFINITION 6.26. We define the Hughes-free coproduct of {D;};cr as the Hughes-free division
ring of fractions D of k(:l G;). O

PROPOSITION 6.27. Let k be a division ring. Let {G;}icr be a family of Hughes-free embeddable
groups. Consider a crossed product group ring kG; for each i € I. Suppose that D; is the
Hughes-free division ring of fractions of kG; for each i € I. Let D be the Hughes-free coproduct
of {D;}ier. The following hold:

(i) D is faithful, i.e. D; — D.
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(ii) D is separating, i.e. D; N Dj =k for i # j, provided that either
(a) Gy is an orderable group for each i, or
(b) kG; is an Ore domain for each i € I.

(iii) Suppose that G; has a subnormal series {Giy}y<s, with Lewin factors for each i € I.
Then D coincides with zDi.

(iv) If G; is a Lewin orderable group for each i € I, and (‘*I G;, <) is an ordered group, then
1€
zDi is the division ring of fractions of k(‘*l G;) inside k‘((*I Gi,<)). In particular, if G;
i€ 1€
s a locally free group for each i € I, and (.*I G, <) is an ordered group, then zDi is the
1€

division ring of fractions of k(;kz G;) inside k((zl Gi, <)).

PROOF. (i) Notice that the embedding kG; — k<-*1 G;) — D is Hughes-free. Therefore
1€

D(kG;) = D; as desired.

(ii) (a) * G; is an orderable group by Proposition 2.23. Fix an order < on * G; such

1€ S
that (:I G, <) is an ordered group. Then the restriction of < to G; makes (G;, <) an ordered
group. Thus D; is the division ring of fractions of kG; inside k((G;, <)) by Example 5.6(d),
and D is the division ring of fractions of k(_*l G;) inside k((*I Gi,<)). Moreover, for each
(S 1€

it € I, the image of D; in D is the set of series v such that suppy C G;. Therefore D;ND; =k
for i # j.

(b) Suppose that there exists € D; N D; C D. Then x can be expressed as a;s; Land as
sj_laj for some a;,s; € kG; and aj,s; € kG;. So we get that sja; = a;s;. Express a;,s; and
aj, sj in the k-basis {Z | v € G;} of kG; and {y | y € G} of kG respectively. Then, expressing
the products in the corresponding k-basis of z kG;, we realize that a; = o and s; = (8 for some
a,f € k.

(iii) Notice that, since D is faithful by (i), we have a morphism of rings f: x D; — D

S
which extends the inclusions D; <— D. Observe that zDi is a division ring of fractions of
k(‘*l G;) because zDi — zDi by the definition of the coproduct 2D¢. From that we obtain
1€
the following commutative diagram of morphisms of rings

c/D

- \

D; D;
z z(—>2 i

f

Since <]:€>Di is the universal division ring of fractions of z D;, then f induces a * D;-specialization
which is also a k(fekz G)-specialization.

On the other hand, recall from Corollary 2.9(a) that X G, is an extension of a free group
by [] Gi. Thus G has a subnormal series with Lewin factors by the proof of Corollary 2.7(1),
an(ietlhe fact that G; has a subnormal series with Lewin factors for each ¢ € I. Now apply
Proposition 6.23 to get the k:(z;kl G;)-isomorphism.

(iv) Observe that k:(_*l G;) — k:((*l G;, <)) is Hughes-free. Hence D is the division ring
S 1€
of fractions of k(;k] G;) inside k((zl Gi,<)) by Example 5.6(d) and Hughes’ Theorem I 6.3.
Now apply (iii).
For the second part notice that a locally free group is a Lewin group by Corollary 4.37. U
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This result should be compared with the result by P.M. Cohn that states: Let Ay, Ay be
semifirs with a common division ring k. Then

U(A1 zA2> - U(A1 zU(Az)) = U<U(A1) x U(A2))

where U(R) denotes the universal division ring of fractions of the semifir R.

For example, when A1 = kG1 and Ay = kG4 are crossed product group rings where G
and G9 are locally free groups, then Proposition 6.27 coincides with the result of P.M. Cohn.
On the other hand, let G = (a,b | a> = b*). Then G is a Hughes-free embeddable group,
G has a subnormal series with Lewin factors, and the group ring k[G] is not a semifir by
Remark 6.17 and its proof. Denote by H(R) the Hughes-free division ring of fractions of a
ring R. If Ay = Ay = k|G|, the Hughes-free coproduct of A; :Ag is defined and coincides with

H(A1) zH(Ag) = U(H(A1) z’H(Ag)) by Proposition 6.27(iii). Then we could write
H(Arx Az) = H(H(A1) # H(A2))-
So in this way it generalizes the result by P.M. Cohn, since U(4;) is not defined.

3. Some other Hughes-freeness conditions

Here we present open problems which are inspired on Hughes’ Theorem I 6.3.

3.1. The following problems were raised by P.A. Linnell in [Lin06, Section 4].
Motivated by Hughes’ Theorem I 6.3, P.A. Linnell extends the definition of Hughes-freeness
to a more general situation.

DEFINITION 6.28. Given a morphism of rings A — B, we denote by Rp(A) the rational closure
of A in B. Let k be a division ring, let G be a group, let kG be a crossed product group
ring, and let @ be a ring containing kG such that Rg(kG) = @, and every element of @ is
either a zero-divisor or invertible. In this situation we say that @) is strongly Hughes-free if
whenever N < H < G, hy,...,h, € H are in distinct cosets of N and ¢1,...,¢, € Rg(kN),
then q1hy + -+ quhy, = 0 implies ¢; = 0 for all ¢ (i.e. the h; are linearly independent over
Rq(EN)). O

It would be interesting to extend Hughes’ Theorem I 6.3 to more general groups. With
this aim he states

PROBLEM 6.29. Let k be a division ring, let G be a group, let kG be a crossed product group
ring, and let @ be a ring containing kG such that Rg(kG) = @, and every element of @
is either a zero-divisor or invertible. Suppose that P and @ are strongly Hughes-free rings
for kG. Does there exists an isomorphism P — @ which is the identity on kG? [Lin06,
Problem 4.7] O

When G is a locally indicable group and @ is a division ring of fractions for kG, then @ is
strongly Hughes-free implies that @) is a Hughes-free division ring of fractions of £G. So now
arises the following problem

PROBLEM 6.30. Let G be a locally indicable group, let k be a division ring, let kG be a crossed
product group ring, and let @ be a division ring of fractions for kG that is Hughes-free. Is @
strongly Hughes-free? [Lin06, Problem 4.8] O

The answer to Problem 6.30 is yes in the cases when G is an orderable group [Lin06] or
kG is a left or right Ore domain. So it would seem likely that the answer is always yes.
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3.2. Let k be a field. Let L be an arbitrary Lie algebra over k and ¢(L) be its universal

—~

enveloping algebra. P.M. Cohn proved that ¢(L) can be embedded in a division ring D(L) (for

—

example see [Coh95, Theorem 2.6.6]). The division ring of fractions of ¢(L) inside D(L) will
be denoted by D(L).
It is known that if H is a free Lie algebra on X over k, then its universal enveloping algebra

¢(H) is k(X). Consider D(H). A.L Lichtman proved in [Lic00, Theorem 1] that the division
ring D(H) is isomorphic to the universal division ring of fractions of k(X).

Furthermore, let H; be a subalgebra of H and consider D(H1). Then A(H;), the division
ring of fractions of ¢(H;) inside D(H), is isomorphic to D(H;). Moreover, every basis of ¢(H)
over ¢(H1) remains linearly independent over A(H;) [Lic00, Corollary 3].

These results should be compared with J. Lewin’s result 4.37. Then A.I. Lichtman [Lic00,
Section 8| conjectures an analogue of Hughes’” Theorem I 6.3. First he gives a notion similar
to Hughes-free embeddings.

DEFINITION 6.31. Let L be a Lie algebra over a field k. An embedding of ¢(L) in a division
ring F is Lichtman-free if for every subalgebra L; of L a basis of ¢(L) over e¢(L;) remains
linearly independent over the subdivision ring of E generated by ¢(L;). O

Then he conjectures the existence of an analogue of Hughes’ Theorem 1 6.3

PrROBLEM 6.32. If L is a Lie algebra such that every finitely generated subalgebra of it does
not coincide with its commutator ideal, then every two Lichtman-free embeddings of ¢(L) are
isomorphic. O

A positive answer to this problem would show that if H is a free Lie algebra, then any
Lichtman-free embedding of ¢(H) would give the division ring D(H). And this should be seen
as the analogue of J. Lewin’s result [Lew74, Theorem 1] (see also Section 2.1 in this chapter)
who showed that any Hughes-free enbedding of the crossed product free group k-ring kH gives
the universal division ring of fractions of kH.

“Slowly I return to the familiar,
Spiralling in constant flux
What have I created?”

Nevermore, 42147
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CHAPTER 7

Inversion height

All the results in this chapter can be found in the joint work with D. Herbera [HS07]
except Section 7 and otherwise stated.

1. Basic definitions and properties
We begin this section fixing some notions that will be used throughout.

DEFINITIONS 7.1. Suppose that R is a domain embedded in a division ring E. Recall from
Definition 3.15 that we defined inductively:
Qo(R,E) = R, and, for n > 0,

_ subring of E _1 X .
Qn+1(R, E) = generated by {r,s7'|r,s € Qu(R,E), s#0}. Then D = nL:JO Qn(R, E) is the
division ring of fractions of R inside F.

(a) We define hg(R), the inversion height of R (inside E), as oo if there is no n € N such that
Qn(R, E) is a division ring. Otherwise,

hg(R) = min{n | Q,(R, E) is a division ring}.

(b) An element x € D is said to have inversion height 0 if x € R, while z is said to have
inversion height n > 1 if v € Qn(R, E) \ Qn-1(R, E). O

We present the most trivial examples one can think of when dealing with inversion height.
In the following sections we provide some more.

EXAMPLES 7.2. (a) R is a division ring if and only if hg(R) = 0 for any division ring E
containing R if and only if hg(R) = 0 for a division ring E containing R.

(b) If R is aleft (right) Ore domain, but not a division ring, then the universal property of the
Ore localization implies that E(R) = Q\(R) (respectively E(R) = Q% (R)). Thus every

element of E(R) is of the form s~'r (rs~!) for some 7,5 € R. Therefore hg(R) = 1 for
any division ring F containing R. U

The converse of Examples 7.2(b) is not true. If R has an embedding in a division ring of
inversion height one, then it does not need to satisfy any kind of Ore condition. J.L. Fisher
[Fis71] gave an example of an embedding of the free algebra k(z,y) inside a division ring
of inversion height one. Also there are embeddings of inversion height different from zero
or one. Again J.L. Fisher presented an example of an embedding of the free algebra k(z,y)
inside a division ring of inversion height two in [Fis71]. One of our main aims is to show that
embeddings of the free algebra of inversion height one and two exist for a free algebra on an
arbitrary set with at least two elements, generalizing the ones given by J.L. Fisher. In fact
our proofs follow his patterns. We do it in Section 3 and Section 4 respectively.

There are also embeddings of infinite inversion height, see Section 7.

Now we give some easy but important remarks that will be used throughout this chapter
sometimes without any reference.
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REMARKS 7.3. In the notation of Definitions 7.1, the following statements hold:

(a) If hg(R) = n < oo, then D = Q,,(R, E) for m > n because hg(R) is the first natural n
such that D = Q,(R, E).

(b) hg(R) depends on the embedding R — E considered. Hence we will talk about the
inversion height of the embedding R — E.

(c) The inversion height of an element = € D is the minimal number of successive inversions
required to express the element = (from elements of R) as defined in [GR97]. The same
concept is called level complezity in [DGHO3].

(d) If S is another subring of E such that R C S, then Q,(R, FE) C Q,(S, FE), and the division
ring of fractions of R inside F is contained in the division ring of fractions of S inside F.

(e) If F' is a division ring that contains F, then Q,(R, E) = Q,(R, F) and hg(R) = hp(R).

(f) Let t1: R < Dy and t2: R < Dj be two division rings of fractions of R. If D; is isomorphic
to Do as division rings of fractions, i.e. there exists a ring isomorphism ¢: Dy — Ds such
that t2p = ¢1, then hp, (R) = hp,(R). Moreover p(Qn(R,D1)) = Qn(R,D2) for all
n € N. g

We illustrate the definitions and remarks with the following beautiful result that will be
useful later because it is a source for the construction of other examples of a fixed inversion
height from a given one. More concretely, we prove that given an embedding of the free
algebra on a finite number of generators of inversion height m, with 1 < m < oo, there exists
an embedding of the same inversion height m of the free algebra on an infinite countable
number of generators. It is a slight generalization of [HS07, Proposition 2.3].

PROPOSITION 7.4. Let k be a ring. Let Z = {z1,22,...} be an infinite countable set. Let
E be a division ring. Fiz r > 1, and consider the free k-ring k{(xg,z1,...,x,). Suppose
that k(xg,z1,...,2,) — E is an embedding of inversion height 1 < m < oo. Then there
exists an embedding k(Z) — E of inversion height m, and the division ring of fractions of
k{xo,x1,...,2,) and k(Z) inside E coincide.

Proor. If i € N\ {0}, then i can be uniquely expressed as
i=rn+j withn,jeNand1<j <. (46)
Consider the embedding

k<Z> — k<x07$17"'7$7‘> — B
Zj & XX

where each 7 is expressed as in (46).

We identify k(Z) with its image in k(zo,x1,...,Zy).

We show that Q1(k(zo,x1,...,2,), E) = Q1(k(Z), E). Then the result will follow by the
definition of inversion height.

By Remarks 7.3 (d), since k(Z) C k(zo, z1,...,2r), Q1(k(Z), E) CQ1(k{zo, z1,...,2r), E).

Note that 1= z1,...,T, = 2, T :zflzrﬂ € Q1(k(Z),E).Let p € k{xg,x1,...,2,) \ {0}.
Observe that

p=fot+xofi +- -+ x5 fn,
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where fo, f1,..., fn € k(Z). Hence
p! (fo+aofi + - +affa)"
= (5'31 r1 (fo+xoft +---+ atgfn))

-1

—1
a7t (xyfo+ xixofy + -+ -Tlngn)>

(x1fo+ z1w0f1 4 -+ + mngn)_l 71
= (Zlfo + zT+1f1 +-+ Zrn—i—lfn)_lzl

Therefore p~! € Q1(k(Z),E). So the generators of Qi(k{(zg,x1,...,2,), F) belong to
Q1(k(Z), E). Hence Q1(k{(xo,x1,...,z,), E) C Q1(k(Z), E). O

2. JF-embeddings

We want to find embeddings of the free k-ring on a set X in division rings. So we need
a way to recognize free k-rings inside rings. With this purpose we present the following two
results. The first one was proved by A.V. Jategaonkar in [Jat69]. The second one is a
generalization of the example given by A.V. Jategaonkar in his paper. We give the proofs for
the sake of completion. They are taken from [Lam99, Section 9C].

JATEGAONKAR’S LEMMA 7.5. Let X = {z;}icr be a subset of a ring R with | X| > 2. Let k be
a subring of R. Suppose that

(i) The elements of X are right linearly independent over R.
(ii) The elements of k commute with X, i.e. ax; = x;a for alli € I and a € k.

Then the subring of R generated by k and X is k(X), the free k-ring on X.

PROOF. Let Y = {y;}ier be a disjoint copy of X. Consider the free k-ring k(Y). Suppose
that the subring generated by k and X is not the free k-ring on X. Choose a nonconstant
polynomial f € k(Y) of least degree n such that the evaluation f(X) = 0. Express f in the
form f =a+ > y;9:(Y) where a € k and g;(Y) # 0 for only a finite number of i € I. Suppose

el
that g;, # 0. Let jo € I'\ {ig}. From 0 = f(X)x},, using (ii) we see that
0= f(X)xjo = Tig (gio (X)xj0> + Zjq (a + gjoxjo) + Z xigi(X)ij.
i€\ {i0.jo}
Thus g¢;,(X)zj, = 0 by (i). Now write g;, in the form g;; = b+ > y;hi(Y’) where b € k and
i€l
hi(Y) # 0 for only a finite number of i € I. Then we have
deggi, <n—1, degh; <n—2 foralliel, (47)
and as before
0= GigTjo = Lig (hio (X)‘Tjo) + xj, (b + hjo (X)xjo) + Z xihi(X)ij'
i€\ {io,jo}
Again by (i), hi (X)zj, = b+ hjo(X)zj, = hi(X)zj, = 0. Hence b + hj,(Y)y;, and h;(Y)y;,
with ¢ € I'\ {ip} are satisfied by X. Then, by the minimality of n and using (47), we get that
b=0 and h;(Y) =0 for all i € I, contradicting g;, # 0. U

LEMMA 7.6. Let a: K — K be an injective endomorphism of the ring K, and let R = K|x; .
If {ti}ier C K are right linearly independent over oK), then {t;x};cr C R are right linearly
independent over R.
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PROOF. Suppose that 3 (t;x)f; = 0, where f; € R are almost all 0. Write f; = 3 a;j27
i€l jEN
(aij S K) Then

0= Zti(]} Z aijacj = Z (Z tia(a,-j)> .’L‘j+1.

iel  jeN jEN \iel
Therefore, for each j, we have }° t;a(a;j) = 0, and so a(ai;) = 0 for all 7, 5. Since « is injective,
i€l
it follows that f; = > aijxj =0 forallie I O

jEN

As an example of the foregoing, and following the notation of Lemma 7.6, let K be a field,
a a non-onto morphism of rings, k a subfield of K with a(a) = afor alla € k and t € K\ «a(K).
Then 1 and ¢ are right linearly independent over a(K'). Thus the subring generated by k, x, tz is
the free k-algebra on {z,tx}. Notice that R = K|[x; o] is a left Ore domain by Proposition 3.19.
Hence, if Q = Qlcl(R), we obtain an embedding of the free k-algebra on two generators inside
Q. Such examples were considered by J.L. Fisher in [Fis71] to produce the embedding of the
free k-algebra on two generators inside a division ring of inversion height 2.

Motivated by these results we give the following definition that is very important for the
rest of the chapter. It singles out a class of embeddings of the free k-ring into a division
ring which gives an abstract setting to the situation considered by J.L. Fisher and allows to
generalize it to an arbitrary number of indeterminates. Moreover, it fixes the notation that
will be used throughout.

DEFINITION 7.7. Let K,k be division rings. Suppose that K has a fixed structure of k-ring.
Let a: K — K be a morphism of k-rings which is not onto. Consider the skew polynomial
ring K[z;a.
Let I be a set with [I| > 2. Let {¢;};,c;r € K. Suppose that
) The elements of {t;}icr are right linearly independent over a(K)
) For all a € k and i € I, at; = t;a
) There exists ig € I such that ¢;, is in the center of K
d) The subring T of K generated by k U {a”(titjol) | i€ I, n>0}is left Ore.

Set x; = t;z, i € I. By (a) and Lemma 7.6, the elements of X = {z;},c; C K[z;a] are
right linearly independent over K|[z;«]. Since « is a morphism of k-rings a(a) = a for all
a € k. Then, by (b), the elements of k¥ commute with the elements of X. Hence (i) and (ii)
of Jategaonkar’s Lemma 7.5 are satisfied. Therefore the subring generated by X and k is the
free k-ring on X, k(X).

Notice that the skew polynomial ring K[x;«| is a left Ore domain by Proposition 3.19.
Let Q = Q' (K[z;a]) be its left Ore division ring of fractions.

So as in [Jat69] we get an embedding of k£(X), the free k-ring on X, in a division ring

In this setting we say that k(X) — Q is a (K, k, o, I, {ti}ier, tiy)-JF-embedding. O

(a
(b
(c
(

As expected, JF stands for Jategaonkar and Fisher. Now we present some useful remarks
that also fix notation for the rest of this chapter.

REMARKS 7.8. In the notation of Definition 7.7, the following statements hold

(a) If K is a commutative field, conditions (b),(c) and (d) are superfluous. Since the set
kU {a”(titfol) | i € I, n > 0} is contained in K, T is clearly a (commutative) left (and
right) Ore domain.
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(b) In order to obtain an embedding of a free k-ring inside a division ring, only conditions (a),
(b) in Definition 7.7 are needed. Conditions (c), (d) are necessary to make computations
easier and obtain a bound for the inversion height of the embedding. So sometimes we will
talk about a (K, k, a, I, {t; }ier)-J-embedding to express that conditions (a), (b) in Defini-
tion 7.7 hold, but perhaps (c) and (d) do not. Clearly JF-embeddings are J-embeddings.

(c) Tt will be useful to consider @) as a subring of a Laurent power series division ring as follows.
Consider the power series ring K[[z;0]] = {3 aiz! | @) € K}. Let & = {1,z,22,...}. By

>0

Proposition 3.10, & is a left Ore set and the localization of K [[z;]] at &,

E=6"K[za]={z") az'|a €K, n=>0} (48)
=0
is a division ring. Therefore we get
kE(X)— K[z;a] — Q — FE.
So sometimes we will talk about the (K, k, o, I, {t; }ier, tiy)-JF-embedding k(X) — E. O

The next lemma yields in essence that all JF-embeddings can be supposed with ¢;, = 1,
which makes computations easier.

LEMMA 7.9. Suppose that k(X) — Q is a (K,k,o, I, {t;}icr, ti,)-JF-embedding. Let Z be
a disjoint copy of X. Then there exists a (K, k,a,I,{s; = tit;)l}iej,Sio = 1)-JF-embedding
k(Z) — @ and an isomorphism of k-rings, ¢: K|z;a] — K|[z; ], which induces the following
commutative diagram

!

K[z;a] -5 Klr;a]
L
Q — Q

In particular ho(k(Z)) = hg(k(X)).

ProOF. Consider the skew polynomial ring K'[2; a]. The elements of the set {s; = ;t; Nier
satisfy the conditions of Definition 7.7:

(a) the elements of {s;}icsr are right linearly independent over a(K) since t;, is in the
center of K; (b) forall a € k, i € I, as; = s;a; (¢) s;, = 1 is in the center of K; (d) the subring
generated by k U {a”(sis;Ol) = a"(tit;Ol) |i€ I, n>0}is T, and therefore it is left Ore.

Put z; = s;z for all i € I. Set Z = {z; | i € I}. Hence the subring generated by Z and k is
the free k-ring k(Z), and k(Z) — Q' (K[z;a]) is a (K, k,a, I, {s;}ier, 8iy = 1)-JF-embedding.
Notice that Q = Q',(K[z; a]). Because t;, is in the center of K, we can define the isomorphism
¢: K[z;a] — Klz;al, where p(a) = a for all a € K and ¢(z) = t;,x. Then ¢ induces the
following commutative diagram of morphisms of rings

kZ) = k(X)

l !
K[z;0] % Kl[z;q]
! N !

Q — Q

Observe that ¢(z;) = z; for all ¢ € I. Then, from the commutativity of the diagram, we infer
that ho(k(X)) = ho(k(Z)). O
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THEOREM 7.10. Let k(X) — Q be a (K, k, o, I,{t;}icr,ti,)-JF-embedding. Then hg(k(X)) is
at most two.

PRrROOF. First suppose that ¢;, = 1. Notice that 7' C K and a(7T) C T. Let ¢ € I and
n > 0, then
a(t;) = "tV = :c?oxixfonfl € @Q1(k(X),Q).
Therefore k(X) C T[z;a] C Q1(k(X),Q). Since T is a left Ore domain, by Proposition 3.19,
T[x; o] is a left Ore domain and

k(X) € Qu(Tlw;al) € Qa(k(X), Q). (49)
So Q2(k(X),Q) contains a division ring that contains k(X), but on the other hand
U Qn(k(X),E) is the smallest division ring inside E that contains k(X). Therefore

n=0

2(K(X), Q) = QL (Tesal) and ho(k(X)) < 2.

If t;, # 1, by Lemma 7.9, we get a (K, k,«, I,{s;}icr, iy = 1)-JF-embedding k(Z) — Q.
By the preceding case hg(k(Z)) < 2. Again by Lemma 7.9, ho(k(X)) = hg(k(Z)) < 2. O

So the inversion height of a JF-embedding is at most two, but do there exist embeddings
of inversion height one and two? The answer is yes. The next two sections are devoted to give
examples of JF-embeddings of k(X) of inversion height one and two respectively.

It is worth mentioning the following.

REMARK 7.11. Observe that condition (d) in Definition 7.7 has only been used in (49). If we
replace it with

(d’) The subring T of K generated by k U {oz"(titi_ol) | i € I, n >0} has inversion height n,
then Theorem 7.10 could have been stated as
Let E(X) — Q be a (K, k, o, I,{t;}icr, tiy)-JF-embedding. Then hgo(k(X)) is at most
n+ 1. Il

3. JF-embeddings of inversion height one

As stated before, in this section we provide examples of JF-embeddings of the free k-ring
kE(X) of inversion height one. Although the strategy for the construction of these embeddings
is the same when X is finite or not, the way of carry it through is not, so we have divided this
section in two subsections depending on whether X is finite or infinite.

3.1. The finite case. Let k be a division ring. Consider k[t], the polynomial ring with
coefficients in k& with its natural structure of k-ring. Fix n > 2. Let ay,: k[t] — k[t] be the
morphism of k-rings defined by t +— t". Observe that «, is injective.

Let K be the (left and right) Ore division ring of fractions of k[t]. By the universal property
of the Ore localization, a,, can be extended to a morphism of k-rings ay,: K — K.

Consider K[z; ). Notice that Q,, = QL (K[z; o)) = QL (k[t][x; o)) by Proposition 3.19.
Let I ={0,1,...,n—1}. Set tg = 1,t; = t,...,t,_1 = t" L. Define

n—1
xo=x, x1 =tx,..., xp_1 =t" "z, and X, = {zo, ..., Tp_1}.

It is not difficult to verify conditions (a)—(d) in Definition 7.7: (b) and (c) are clear, (d)
holds because T' = k[t], and (a) is satisfied because 1,...,t"~! are right linearly independent
over oy, (k[t]) = k[t"].

Hence we obtain a (K, k, o, I, {t;}7=4, 1)-JF-embedding k(X,,) — Q.

PROPOSITION 7.12. @y, is a division ring of fractions of k(X,,), and k(X,) — @y, has inversion
height 1.
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PROOF. Let M be the (free) monoid generated by X,,.

Step 1: Let r, s € N. There exists m € N such that (t"z*)z™ € M.

We prove it by induction on r.

Ifr=0,...,n—1, (t"2%)x = t"za® = z,af € M.

Consider t"x*, with r > n — 1. Suppose that for each 0 < b < r there exists m; € N such
that (t?2z1)2™ € M. By the division algorithm there exists 1 < b < r such that r = bn + 1
for some [ € {0,...,n —1}. Then

(t"z®) e = (t"z)x® = (" Ha)x® = (4P )2® = tlatbs® = ztbas.
Now, by induction hypothesis, there exists m; € N such that (tba:s)a;ml € M. Hence
(t" )™t = (") za™ = 2y (tPx®)a™ € M.

Step 2: Notice that if ("z%)z™ € M, then (t"z®)a? € M for all p > m. Therefore,
given a finite number of pairs (ry,s1),...,(r;, s;) € N, there exists an m € N such that
(t"izs)z™ € M for i = 1,...1. Thus, given polynomials p,q € k[t][x;a], there exists m € N
such that pz™, gz™ € k(X,,).

Step 3: Let h € Q,, then there exist p, ¢ € k[t][x; o] such that h = ¢~ 1p. By Step 2, there
exists m € N such that ¢z, pa™ € k(X). Thus,

g 'p = (g2 pa™)a ™ = ag(q™) " (pa™)xg™ € Qu(k(Xn), Qn). O

The following result did not appear in [HS07].

COROLLARY 7.13. Let k be a division ring. Let Z = {z1, z2,... } be an infinite countable set.

There ezist infinite non-isomorphic division rings of fractions D of k(Z) such that k(Z) — D
is of inversion height one.

PRrROOF. In Proposition 7.12 we have proved that the embedding
k(xo, .- 2n-1) = Qn = Qu(k[t][z; ),
where o, : k[t] — k[t] is a morphism of k-rings given by ¢ — ", has inversion height one for

each n > 2.
By Proposition 7.4, the embedding §,,: k(Z) — @Q,, defined by

k<Z> — k<$0a T1y--- 7~7;n71> — Qn,
2j > XXy
where i = (n — 1)s + j with 1 < j <n — 1, has inversion height one.
Observe that @, is the division ring of fractions of k(Z) for each n > 2 by Propositions 7.4
and 7.12. Thus it remains to prove that there does not exist a morphism of rings f: @, — Qn
for n # m making the following diagram commutative

Om Qm

@n

Fix n > m, and suppose that such an f exists. For f is a morphism of k(Z)-rings, then

f(6m(2i)) = f(6n(2;)) for all 4 > 1.
On the one hand, 0,,(z) = 120 = tzx = ta2, Sm(21) = to. Thus

6m(21) Yo (2m) = x0 = z, Om(21)0m (2m)  Lom(21) = ta(tx?®) Ltx = t.
On the other hand, 0, (z) = xm = "z, 6,(21) = tx. Thus

6n(21) Mo (2m) = 271N = a T, G ()00 (zm) o (21) = () e = £



148 Chapter 7. Inversion height

Hence f(z) = 2" 1z and f(t) = t " 22. In Q, 2t = t™x. Therefore f(xt) = f(t™x) in
Q. Now

xfltmf 1xt7m+2x

fxt) = f(x)f(t)

xfltmfl (t7m+2)nx2

Y

and

ft"z) = f(O)"f(z) = (" Pa) e

— (t—m+2 m_lt_m+2.%'.%'_1tm_1x

x)
= (P2,
Multiplying both expressions on the left by x we get
tm—lt(—m+2)nx2 _ x(t_m+2l‘)m_1tx.
Therefore we have an equality in K[z; ay,] where the polynomial on the left is of degree 2 in x
while the polynomial on the right is of degree at least 3 in x since m > 2, a contradiction. [J

REMARK 7.14. For all n > m > 2, consider the JF-embedding

k‘<$0,l’1, N ,.’L'm,1> — ]{2<$0,$1, e ,l’n,1> — Qn
defined by z; — x; for i = 0,...,m — 1. Since zg — x and x; — tz, then the division ring
of fractions of k(xg,x1,...,Tm—1) inside @, contains k,z and t. Thus @, is the division
ring of fractions of k(xg,x1,...,Zm—1). Moreover, if n’ > m, @, is not isomorphic to @, as
division rings of fractions of k(xg,x1,...,Zm—1) whenever n # n/, see for example [Lam99,
Theorem 9.2.7]. By Theorem 7.10, hg, (k(zo,z1,...,Zm—1)) < 2. On the other hand, it is not
known whether hg, (k(xo,z1,...,2m-1)) = 1. O

3.2. The infinite case. In the finite case, to construct the embedding of the free k-ring
on X, inside a division ring, we have used the ring k[t] and the morphism «: k[t] — klt]
defined by t — t". Then the powers of ¢ smaller than n determined the free k-ring inside
Q') (k[t][z; a]). Notice that the exponents of ¢ form an ordered semiring, the natural numbers.
We try following this pattern for the infinite case. If X is an infinite set of cardinality A, then
we have to construct an ordered semiring of exponents M), of at least A elements, then the
powers of ¢ smaller than t* will determine the free k-ring.

The semiring M) is built from an ordinal number, A*. But recall from Section 1.4 that
the usual sum and product of ordinal numbers are neither commutative nor cancellative, for
example 1 + w = w # w+ 1 and 2w = w # w-2. These would produce things like
totl =t 1Y = ¥ and t?t¥ # t“t?, which are not desirable for a set of exponents, moreover
t¥ would be a zero divisor. This difficulty is overcome with what are called natural sum and
natural product of ordinal numbers. Then we proceed to the construction of the semiring M)
and the proof of the main result.

We shall need some additional definitions and results on ordinal numbers which can be
found for example in [Sie58].

We begin with the following key result to define the natural sum and product of ordinals.
It is [Sie58, XIV.19 Theorem 2].

PROPOSITION 7.15. Every ordinal number A > 0 may be represented uniquely in the form
A =wMay + wag + - +wMa, (50)

where r and ay,...,a, are monzero natural numbers, while \y > --- > A\, is a decreasing
sequence of ordinal numbers. O
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DEFINITIONS 7.16. (a) Let A be an ordinal. Formula (50) is called the normal form of the
ordinal number A\. Sometimes we abuse notation and allow some a; to be zero.

(b) Let v and 8 be nonzero ordinal numbers. Abusing notation, with suitable re-labeling, the
normal forms for these ordinals can be written using the same strictly decreasing set of
exponents y; > yg > --- > 7. Thus

y=w"m; +wPmy+---+w"m, and =w"ny +w?no+---+wn,,

where n;, m; € N. Then the natural sum ® and natural product ® of v and § are defined
by

T T
Y B = W (m;+ny), YR8 =P W Fimn;.
i=1 ij=1
In addition we define 0y =~7®0 =+, and 0® v = v ® 0 = 0 for any ordinal number
- O

Thus, in order to form the natural sum and product of the ordinal numbers v and (3, we
sum and multiply their normal forms as if they were polynomials in the indeterminate w.
The proof of the next remark is straightforward from the definitions.

REMARKS 7.17. Let [3,7,6 be ordinal numbers. The operations & and ® satisfy:

(a) yop=pFdyand (0dy) DB =0 (yD[), i.e. @ is commutative and associative.
(b) If 6 ® =~ @ [, then § = v, i.e. @ is cancellative.

(c)y@f=0FRvand ({®7)RL =0 (y® ), i.e. ® is commutative and associative.

(d) f 6@ B =~ 3, with 8 # 0, then § = .

() 0@ (Y® L) =007®I®f, ie. the distributive law holds.

f)y®p=~v+pand y® B =~ if v and [ are finite ordinal numbers. O
DEFINITION 7.18. Every ordinal number A > 0 that is not a sum of two ordinal numbers smaller
than A is called a prime component. Thus if an ordinal number X is a prime component, then

there exists no decomposition A = 3 + ~, where 8 < X and v < A. O

For example, among finite ordinal numbers, only 1 is a prime component. The ordinal
number w is a prime component.
Now we give some useful properties of prime components.

REMARKS 7.19. (a) Let v > 0 be an ordinal number. Then -~y is a prime component if and
only if for every ordinal number € < v we have € + v = 7.

(b) Prime components are powers of the ordinal number w (whose exponents are ordinal
numbers) and conversely, powers of the ordinal number w are prime components.

(¢) Let A > 0 be a prime component. Let v, < A. Then y+ < A and v 5 < A.

PROOF. The proof of (a) and (b) can be found in [Sie58, XIV.6 Theorem 1] and [Sie58,
XIV.19 Theorem 1] respectively.

(c) Suppose that v + 5 > A. By Remarks 1.21, (y+ 08) + A > v+ 5 > A. By (a),
(Y+B8)+A=7+(B+A) =+ X= A Hence A > A, a contradiction.

If the normal forms of v, 3 are

y=w"'"m;+wPms+---+w™m, and f=w"ny +wPno+---+wn,,
T
then v @ 8 = > w(m; + n;). Since 7, 5 < A, then w? < A. Therefore v @ 3 < A. O
i=1

The following result is probably well-known since it is only an easy application of the
cardinal arithmetic, but has not been found in the literature.
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LEMMA 7.20. Let X\ be an infinite cardinal number. Then the following hold

(i) A is a prime component.
(ii) A = w*’ for some ordinal number 5.
(iii) The ordinal ¥ is a prime component with normal form W
ProOOF. (i) If A is not a prime component, then A = 3 + v with § < A and v < A. But
then || = 5] + |y| = max{|5]|, |y|} by Remark 1.27, which contradicts A is a cardinal number.
(ii) By Remarks 7.19(b), A = w” for some ordinal 7. Again by Remarks 7.19(b), we have
to show that ~ is a prime component. Suppose that ~ is not a prime component. Then there
exist nonzero ordinal numbers ¢, v such that v = ¢ + v with ¢, v < . Hence

Al = o] = [w™™] = o - 0| = | - "] = max{lw], "}

By Remarks 1.21, w® < w7 and w” < w7, thus we get a contradiction with the fact that A

is a cardinal number. S s
(iii) By Remarks 1.21, \* = (ww ) — W

form and Remarks 7.19(b), A\ is a prime component with normal form w*

o By the uniqueness of the normal

5+1
O

Now we are ready to present our semiring of exponents.
LEMMA 7.21. Let X\ be an infinite cardinal. Consider the set of ordinal numbers
My ={y [y <A}
Then the following hold:

(i) My is a commutative, cancellative and ordered monoid with respect to @.
(ii) My is a semigroup with respect to ®. Moreover, if v < [, then v @ v < v ® [ for all
nonzero v,7, 3 € M.

(iii) The map M)y 2, My, defined by v +— A ® 7y, is an injective morphism of monoids.

In particular M)y is a commutative semiring.

PROOF. Let «, 8 < A“. We may suppose that
’y:w71m1+...+w7rmr7 5:w71n1+,_,+w7rnr

where 1 > -+ > ~, and n;, m; € N. By Lemma 7.20(iii), A = w*’ for some ordinal number §.
(i) We already know that @ is associative and cancellative. By definition, 0&y = vH0 = v
for all v € M,. Since A\“ is a prime component by Lemma 7.20(iii), then Remarks 7.19(c)
implies that v & 8 < A¥. That is, v & B € M. Therefore M) is a commutative monoid.
To prove that M) is an ordered monoid, first notice that w” < w® for ordinal numbers
v < € by Remarks 1.21. Now Remarks 7.19(c) implies that w*'a; +- - -+w"*as < w* for ordinal
numbers € > v > -+ > vg > 0. Hence

v > B iff 3ig € {1,...,7} such that n; = my,...,mi,—1 = nj,—1 and m;, > n;,. (51)

From this it is not difficult to show that if § is an ordinal number, then v > 3 implies that
YEI>[FBI, i.e. My is an ordered monoid.

,

(ii) Consider vy ® 3 = @ w7 (m;n;). Notice that v; < w®*! for i = 1,...,r, because
ij=1

v, 0 < XY = w*" ™" Hence Vi Dy < Wt and w®% < W for all i,7 = 1,...,r. By

T
Remarks 7.19(c), @ w®% (m;n;) < A\“.
ij=1
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Let 0 # § = whvy + -+ + w¥v,. Now dy = @ w¥®% (v;m;) and 68 = @ w¥® (v;n;). If
1, 1,
Jo is such that mj, > n;, and m; = n; for 1 < jj< Jo, then vimj, > vinj, Jand vim; = vin;
for all other 4, j such that §; © v; > 61 @ v;,. Hence 6 ® v > 0 ® 3.
(iii) Observe that X is well defined by (ii) and that ) is injective by Remarks 7.17(d). By
definition A ® 0 = 0. Moreover, since the distributive laws are satisfied, A is a morphism of
monoids. O

Let A be an infinite cardinal. Let k& be a division ring. Consider the monoid k-ring
Ry = kM) expressed in multiplicative notation. Thus, as a set,

Ry={ait"+---+at" |reN, ay,...,ar €k, y1,...,7% < A“}

Given a,b € Ry, we can suppose that a = a1t + - -4+ agt?, b= b1t 4+ --- 4+ bst7s. Then the
sum and product are defined as
S S
a+b= Z(ai + b))t ab = Z aibt i,
i=1 ij=1

By Lemma 7.21(iii), A is an injective morphism of monoids. Hence ) induces the injective
morphism of k-rings a: Ry — R) defined by a(ait™ + -+ 4+ ast?*) = a N g s,

Note that Ry is an Ore domain by Lemma 4.12. Let K = Q(R)). Since « is injective, «
can be extended to K. Let a: K — K be its extension.

Consider now the skew polynomial ring K[z;a] and the set {t7},.n C K. Define
Q = QL (K[z;a]) = QY (Rx[r;a]). Then conditions (a)-(d) in Definition 7.7 are satisfied.
Indeed, expanding the normal forms of the ordinal numbers, it is not difficult to prove that
given ordinal numbers v;,7v9 < A and 1,82 < A, then A® 1 & 71 = A ® £2 @ o if and only
if y1 = 72 and €1 = e2. Hence the elements elements of {¢7},\ are right linearly independent
over a(Ry) and thus over a(K). Therefore (a) holds.

(b) for all y < XA and a € k, at” =t"a,

(c) for v =0, tY = 1, is in the center of K,

(d) the subring T of K generated by kU{a™(t?) | v < A, n > 0} is left Ore by Lemma 4.12.

Set x, = tVx, for all v < A. Let X = {x,},<x. By the foregoing, k(X)) — Q is a
(K, ko, A\ {t7} <, 1)-JF-embedding. Observe that [ X| = A.

THEOREM 7.22. Q is a division ring of fractions of k(X), and k(X) — Q has inversion height
1.

PROOF. This proof follows the same structure as the proof of Proposition 7.12. Let M be
the free monoid generated by X.

By Lemma 7.20, there exists an ordinal number § > 0 such that A = w*’ and \¥ = w*

We claim Step one: Let v be an ordinal number smaller than A* and let s € N. Then there
exists m € N such that (£7z%)z™ € M.

We can suppose that the normal form of ~ is

5+1

Y= w’ylml + e + w’VT‘mr + w’yr+1m,’n+1 + e + w’yT“f’dmr_"_d,

where wot! > Y>> Yy 2 Wl > Yrg1 > 0 > Yraqg > 0 and my,r,d € N If we define
£ = wvlml + PR _|_ w’yrmr and 7’] — w’Y’I‘+1mr+1 + P _|_ w’Y’P-&-me—"_d’ then

Yy=nde. (52)
Notice that n < W’ =\
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Fori=1,...,r, we can suppose that
v = wlis + WPl + - + WPl (53)
for some ordinal numbers § > 32 > --- > 3, > 0 and l;1,...,l; € N.

Note that [y; > --- > 1,1 because v > v > -+ > .
Call l11 the leading natural exponent of vv. To prove Step one we proceed by induction on
the leading natural exponent l1; of ~.

Ifl;; =0, then e =0, vy < w*’ =\, and 'z = x. Hence (t72%)x = (tx)2® = zy2® € M.
Suppose that {;; > 1. Fori=1,... 7,

v = Do ((.L)(s(lil —-1)+ W2l + o+ wﬁplip) . (54)
Define fori =1,...,r
v; :w6(li1 *1)+wﬂ2li2+"~+wﬁplip. (55)
Then v; = w® @ v; for i = 1,...,r. Therefore

§ S 8
e =w¥ @V1m1+,"+ww @wmr:ww ®(w1/1m1+”'+wwmr)‘

Call
v=w"my+- - +w"m,. (56)
Thenszw“’5®y:)\®u. Notice that 11 > vy > -+ > 1.
Hence

2%z = (x)a® = (t1%°x)2® = (" x)2® = tTut"a® = x,t"x’.

Now looking at (54), (55), (56), we see that we can apply induction hypothesis to the
leading natural exponent of v, l1; — 1. Hence there exists m € N such that (t"z°)z™ € M.

Thus (t72°%)z™ ! = (£72%)za™ = x,)(t"2°2™) € M.

Now the proof of the result follows with Step 2 and Step 3 as in Proposition 7.12. O

4. JF-embeddings of inversion height two

The following J-embedding appeared in [Jat69]. It also can be seen as a generalization of
the example given by J.L. Fisher in [Fis71] of an embedding of the free algebra k(z,y) inside
a division ring of inversion height 2. In fact his example is recovered when |J| = 1 in the
notation of the next discussion. The proofs that we provide are almost the same as the ones
given by J.L. Fisher.

Let J be a set with |J| > 1. Let k be a commutative field. Set K =k (tin, |i € J, n > 1),
the field of fractions of the commutative polynomial ring k[ti, | ¢ € J, n > 1] on the vari-
ables {tin}n>1. Let a: K — K be the monomorphism of k-rings given by «a(ti,) = tin41 for

any ¢ € J, ZSJZ 1. Consider the skew polynomial ring Klz;a], its left Ore division ring of
fractions @, and E the Laurent power series ring containing @ as in Remarks 7.8(c). The
elements of {1} U {t;1}ics are right linearly independent over a(K) since they are right lin-
early independent over a (k[ti, | i € J, n > 1]). Define z; = t;;z. From Remarks 7.8(a), we
infer that the k-algebra generated by X = {z} U {x;};cs is a free k-algebra, and we obtain a
(K, k,a, {1} U J, {1} U{t;}ics, 1)-JF-embedding k(X) — Q — E.

We intend to show that hg(k(X)) = 2. For that we need the following lemma that tells us
how are represented the elements of the free k-algebra k(X) inside E.
aey € k,

2
i1l ijj

LEMMA 7.23. If r € k(X), then v = 3 fjz?, where f; = Zawte” ot
§=0 €

e= (g, 6i,) €{0,1H, v = (i1,...,i;) € J7 and almost all ac, are zero.
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Proor. We show by induction that if m is a monomial of degree j on X, then

m=t;
degree.
If m has degree —oo or zero, the result is clear. If m has degree one, m = x or m = t;1x

for some ¢ € J. Hence the result holds true for degree one. Suppose that if m’ is a monomial

t a; . If this is proved, the result follows by gathering monomials of the same

on X of degree j > 1, then m' = tlll t ]xj Then, if m has degree j + 1, m = m/u where

ij+1 _ 450y ] 27 J+1 €ip 45t S Jj+1
uftz ST Thus m =t - t tl ST *t“l tl]]tlj+1]+1$ . O

PROPOSITION 7.24. hg(k(X)) = hg(k(X)) = 2, and Q is the division ring of fractions of
k(X) inside E.

Proor. We already know that hg(k(X)) = hg(k(X)) < 2 by Proposition 7.10 and Re-
marks 7.3(e).

The first assertion follows because k C Q1(k(X), Q) and t;,, = 2" ;227" € Q1(k(X), Q).
Hence k[ti, | i € J,n > 1][z;a] C Q1(k(X),Q), and thus Q = Q2(k(X), Q) since @ is the left
Ore division ring of fractions of k[ti, | ¢ € J,n > 1][z; ).

To show that hg(k(X)) = hg(k(X)) = 2 we need to prove that Q1(k(X),Q) is not a
division ring. Define

€ as~Ek almost all zero , jEN,
Z aE’Ytzlll z 7& 0 -
! i e=(eiy 58y )E{01H, y=(i1,....15) €T

and
M = {finite products of elements of S} .

Note that if s € S, the degree on t;; is at most one.

The set M is a multiplicative set of the commutative ring k[t;, | i € J, n > 1], so we
can localize at M. Call V = k[tiy, | ¢ € J, n > 1jp. Since a(S) C S, a(M) € M. Hence
a(V) C V. Thus

o0
U= {x"Zvlazl eE|vye V}
=0
is a subring of E.
Let r € k(X) \ {0} C E. We proceed to find an expression of r~! € E. By Lemma 7.23,

r= (i fjxj> z, f; € SU{0}, fo # 0. Now
=0
) o
rt =g Z b,
1=0

!
where by = fy ' € V, and if 1 > 1, b = —f;* 2 fsa®(b_s) € V. Therefore r~! € U and
s=1

Q1(k(X),E) CU.
On the other hand, t;» = z(taz)z 2 € Q1(k(X),E). Now Q1(k(X), E) is not a division
ring because t;; — t3 € Q1(k(X), E) for each i € J, but its inverse, (t;1 — t5)~! ¢ U for

(o]
each i € J. To prove this, suppose that (t; —t5)~! € U. Hence (t;; —t5)™! = 2™ Z vt

for some series in U. Then z"(t;; — t%) ™! Z vt and o™((t; — t5) )" Z vz, Thus

(titn+1) —t?(nﬂ))*lm" = UpZy,. Therefore (¢ z(n+1) Z(n+2)) Le V. Let f € k[tin | i 6 J, n>1]

and g € M be such that (t;;41) — t?(n+2))_1 = fg~!. Thus g = f(t i(n+1) — i(n+2)). For
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kltin | i € J, n > 1] is a unique factorization domain, and #;(, 1) — t?(n +9) Is irreducible in
ltin | i € J, n > 1], tinyr) — tf(n L)
g = g1 gm, where g1,...,gm € S, then (t;;41) — t?(n+2)) | g; for some | € {1,...,m}, but
this is a contradiction because deg; . (g) = 1. 0

is a prime element in k[t;, | i € J, n > 1]. Hence, if

Now we present the analogous result to Corollary 7.13 which does not appear in [HSOT7].

COROLLARY 7.25. Let k be a field. Let Z = {z1,22,...} be an infinite countable set. There
exist infinite non-isomorphic division rings of fractions D of k(Z) such that k(Z) — D 1is of
inversion height two.

PRrROOF. First we fix the notation. Let p > 2. Set K, =k (tin |t € {1,...,p—1}, n>1),
the field of fractions of the polynomial ring k[t | ¢ € {1,...,p—1}, n > 1] on the commuting
variables {ty, | ¢ € {1,...,p — 1}, n > 1}. Let a: K, — K, be the monomorphism of
k-rings given by a,(tin) = tint1 for ¢ € {1,...,p — 1} and n > 1. Consider K,[z; ]|, and
its left Ore division ring of fractions @,. Then we obtain the JF-embedding of k-algebras
k(xo,x1,...,2p—1) — Qp, where z¢ — x and z; — t;jz for 1 <i <p—1.

We have proved in Proposition 7.24 that it has inversion height two for each p > 2.

By Proposition 7.4, the embedding d,: k(Z) — @Q,, defined by

k<Z> — k(xg,xl, . ,a:p_1> s Qp?
Zj = .17,:118
where j = (p —1)s + 4 with 1 <14 < p — 1, has inversion height two.

Observe that @), is the division ring of fractions of k(Z) for each p > 2 by Propositions 7.4

and 7.24.

Thus it remains to prove that there does not exist a morphism of rings f: @, — Q4 for
p # g making the following diagram commutative

5, _ @p

Fix ¢ > p, and suppose that such an f exists. For f is a morphism of k(Z)-rings, then
f(Sp(25)) = 04(z;) for all j > 1.

On the one hand, we have that 6,(21) = ti12, 6p(2p) = t122, 5;;(21)71(51,(2],) .
5p(21)5p(zp)_15p(21) = t11$a:—2tf11t11$ =111, dp(z2p—1) = 5p(22(p_1)+1) _ x1$3 -~

and

51)(2'1)517(312)_1510(21) = 5p(z2p—1)(517(21)_1517(21?))_3 = 5p(z2p—1)(5p(zp)_15p(zl))3-
Thus 8,(21) = 0p(22p—1)(6p(2p) "10,(21))? in Q. Therefore

dq(21) = 511(2210—1)(511(219)71511(21))2 (57)
holds in @4 because f is a morphism of k(Z)-rings.

On the other hand, 6,(21) = tii@ and d¢(2p) = tpix. If 2p — 1 < ¢, then d4(20p—1) =
tp—112. If 2p — 1 > g, write 2p — 1 = I(¢ — 1) +i with 1 <4 < ¢ — 1, and then 04(22,-1) =
xixf) = tixa:l.

We now show that (57) does not hold in Q.
Suppose that 2p — 1 < ¢, then (57) implies that

tn:lj' = t(zp_l)lx((tplx)_ltna:)Q = t(zp_l)la:(m_lt;ftnxx_ltglltux) = t(gp_l)ltglltnt;lltul',
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a contradiction.
Suppose that 2p — 1 > ¢, then (57) implies that

tiir = ti$$l((tp1x)_1t11m)2 = t;xzt (x~ t tnxx t tnx) =t;x tpltnx

Hence t112 equals tixlt?)lt%lm, a polynomial of degree at least two on z in K[z; ], a contra-
diction. ]

5. The group ring point of view

Let X be a set and F' the free group on X. Let k be a division ring. In general, given an
embedding k(X) < Q where Q is a division ring, there does not exist an embedding k[F] — Q
extending ¢. In fact not even the group generated by X inside Q* is isomorphic to F'. For some
examples see the JF-embeddings below. In this section we will briefly study the structure of
the group G generated by X inside Q*, and some situations in which kG embeds in Q). Then
we go on to see how G looks like in our examples of JF-embeddings in the foregoing sections.

In this section we consider (K, k,«,I,{t;}icr,ti; = 1)-JF-embeddings k(X) — @, and,
from now on, we assume that the elements in {a"(t;)}icr are in the center of K. The free
n>0

group on {z;};es is not contained in @Q because, if i # ig, the commutativity of {a"(t;)}er
n>0

implies that

$?CL'_2 = (tixtix):n_Q = tia(t;) = alt)t; = (mtix_l)tixx_l = zxix 2t
that is,
a:?acml = xioxixi_o%i. (58)
Notice that (58) also holds if ¢;, # 1 by Lemma 7.9.
Let G be the subgroup of @ \ {0} generated by {x;}icsr. By definition z; = ¢;z, hence, in

our situation, z;, = x; therefore

G = ({witier) = (x, {ti}ier) < Q\ {0}.

Set N = ({z"t;z~ }nEZ> < G. The map Q — @ given by left conjugation by x is clearly

icl
an automorphism of (). Moreover, it coincides with o on K We call this extension again «. So
a: Q — Q, alq) = xqx~! for all ¢ € Q. Therefore x™t;z~" = a"(t;) for every n € Z. Moreover,

if n >0, Oén(ti) € K.

LEMMA 7.26. The following statements hold:

(i) N is an abelian group, and it is the normal subgroup of G generated by {t;}icr.
(ii) The elements x"t;x~™ are transcendental over k for eachn € Z, i € I\{ip}. In particular,
they are torsion-free.
(iii) G/N is the infinite cyclic group generated by Nx.
(iv) G =N x (x).

PrOOF. (i) To show that N is abelian, it is enough to show that the generators com-
mute. Now note that the commutativity of the product of elements in {a"(¢;)};c; implies the
n>0

commutativity of the product of elements in {a™(¢;)};cr. The rest of the statement is clear.
A

(ii) Let p(z) € k[z] \ {0} be such that p(oz”(ti)gez 0 for some n € Z, i € I. Since
a™(a™(t;)) = x™a™(t;)z™™ is a root of p(z) for each m € N, we obtain that there exist
my < ma € N such that a7 (t;) = a27"(¢;). This implies that ™2™ (¢;) = t;, a contra-
diction because t; € a(K) since {t;};er are right linearly independent over a(K) and i # ij.
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(iii) Since zt; = a(t;)z for any i € I, G/N is generated by Nz. Suppose that there exists
n > 1 such that 2™ € N. Let i € T\ {ip}. By (i), a(a®1(t;)) = a"(t;) = 2"tz = t;, a
contradiction.

(iv) We know that N<G and that G/N is infinite cyclic generated by Nx. Hence G = N (x).
We prove that N N (x) = {1}. Let r,ny,...,n;,my,...,my € Z, iy,...,4 € I, such that

gl = ™Mt M e Let no = min{ny, ..., n;}. Then
ol =T = M T T L T T — @M () oM T () € K.
Therefore r = 0, and " = 1. O

PROPOSITION 7.27. Suppose that the evaluation homomorphism
ev: a(K)[z |i e I\ {io}] — Q,
where z; — t;, and a +— a for all a € a(K) is injective. The following statements hold:

(i) N is a torsion-free abelian group.
(ii) The group rings k[N] and k[G] = k[N][z,z~';a] are contained in Q.
(iii) k[G] is a two-sided Ore domain with the division ring of fractions of k(X) inside Q as
Ore division ring of fractions. In particular hg(k[G]) = 1.

PRrOOF. (i) We already know that NV is an abelian group by Lemma 7.26(i). Suppose that
there exist s > 1, and integers n; < no < --- < m; such that
&i Cipi1 & Eiriy\®
(am L AL (o ot )) -1,

where ¢;,, = £1. Then
€i Cir1\ S _ —&; —€i, 0 \° _ —& - \°
(tilil N .tini ) - (am " (tim v "tir22 : )> <a”l nl(tiu ! "'tirll : )> € a(K).

If €, =--- =&, , =1, there is a contradiction. If &;,, =--- =¢;, , = —1, we invert the
left and right hand side of the equality to get a contradiction. If some ¢;,, are 1 and some —1,
we move the negative to the right hand side to obtain a contradiction.

(ii) Suppose that

diny + -+ dpnpm =0, (59)
where n; € N, n; # ns, if | # s and d; € k.
Only a finite number of ¢; appear in the expression of n;. Call them ¢;,,...,¢;.. We may
suppose that
np= o () ) L=, (60)
We prove that d; = - - - = d,,, = 0 by induction on m.

If m = 1, the result follows because @ is a domain.
Suppose that the result holds for m — 1 > 1. Conjugating by a suitable power of x, using
that the elements in {a™(¢;)} e are in the center of K and reordering the summands, we may
n>0

suppose that 0 <7 <7 < -+ <7y, 0 <y <rgp < -o- <.

If (71, Stiy1,-- -5 86,1) is the same for all [, then we can factor out a”l(tzill ---tfff”)
from (59). Since n; # ng, if | # s, we go on this way until we find jy such that not all
(T4 Stivjo» - - - » Slirj,) are equal. So we can suppose that the (1, s;1, ..., 5,1) are not equal
for all I in (60).

If ri1 =ro1 =+ =71, since @ and o' are injective, we could express (59) as

dit; " (@) + o+ dpty T aam) = 0,

2 ir
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where «(a;) € N. Multiplying by a certain product of ¢;’s so that everything is in the image
of ev, putting together all the resulting (ssi,1,...,s4,1) which are equal, applying that ev is
injective and the induction hypothesis we get the result.
Hence suppose that there exists [y such that 711 =ro1 = =111 <751 < ... < Tt
We claim that 0 # dyny+- - -+dj,—1n,—1 ¢ "' (K). Suppose that there exists by € K \ {0}
such that

ding + -+ djg—1ny—1 = a"ol(bp)
aml(ts1i11 . ~tf:irl)aﬁl+1(b1) NI

(51

o™ (tin*“ll .. t:joilirl)anl—"l(bio,l).

Hence, tflull e tf:”la(bl)—k- : -+tfi°71i11 - ~tfrlofl"la(bio_l)—a”ol_m (bp) = 0, a contradiction
with the injectivity of ew.

Now, since dj,ny, +- - -+dmnm € a0 (K), the claim implies that dyni+- - -+dj,—1m;,—1 =0
and dj,ny, + - - - + dmnm = 0. By the induction hypothesis, it follows that k[/N] C Q.

Observe that given any element ¢ in the subring of @ generated by k[N] and {z,27'},
conjugating by a suitable power r of x, we get that z"qz™" € Klz;a]. This shows that
k[G] = k[N][z,x~1;a] is contained in Q.

(iii) Since N is torsion free abelian by (i), then k[N] is a two-sided Ore domain. Hence
k[G] = k[N][z,x~1; a] is a two-sided Ore domain by Proposition 3.19. The universal property
of the Ore localization implies that the Ore division ring of fractions of k[G] is contained in Q.
By the construction of X and G, it is clear that the division ring of fractions of k£(X) inside
@ is the same as the division ring of fractions of k[G]. O

Notice that the group ring k[/N] is not always contained in the division ring of fractions of
E(X).

EXAMPLE 7.28. Let k be a field. Let K = k(t) be the field of fractions of the polynomial ring
k[t]. Let a: K — K be given by t + t? + t. Then a(K) = k(t? + t), the field of fractions of
k[t? +t] C k[t]. Notice that k[t?> +t] C k[t] is an integral extension and that k[t? + ¢] = k[t].
Therefore k[t? +t] is integrally closed in its field of fractions. We claim that t" ¢ a(K) for all
n > 1. Suppose that t" € a(K) = k(t? + t) for some n > 1. Since t" is integral over k[t* + ¢]
and k[t? +t] is integrally closed, our assumption on " implies that t" € k[t? + t]. Hence there
exist ag,...,am, € k, with a,, # 0, such that

"= am(E + )"+ + a1 (B + 1) + ap.

But this is not possible because the foregoing equality forces t2™ = t", and if 0 < j < m is
the least one such that a; # 0, then there exists a monomial on tJ. So the claim is proved.
Consider now the (K, k, o, I = {1,2},{1,t},1)-JF-embedding. This gives the free k-algebra
on two generators inside K[z;a] generated by x and tx. In this situation
N = ({a"tx "} nez) = ({"(t)}nez). Note that t is algebraic over a(K) for ¢ is a root of
the polynomial 22 + z — (2 +t) over the polynomial ring a(K)[z]. Therefore the ring k[N] is
not contained in @ because t?,t, 2tz ™' = a(t) € N and 2+t — (xtz~') = 0, so these elements
are not k-linear independent inside Q. U

5.1. The examples revisited. Observe that our examples of JF-embeddings in Sec-
tions 3 and 4 satisfy that the elements in the set {a"(¢;)}icr are in the center of K. So we
n>0

can specialize the previous results to these examples.

(a) Consider the (K, k,a, {1} U J, {1} U {t;1}ics, 1)-JF-embedding of Section 4. Consider the
group G generated by {@i}ie(1yus- G = {@ilieqyus) = (o} U{zitics) < @\ {0}. Note that
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the evaluation map
ev: k(tin |1 € J, n>2)[z|1€J — Q,
z; +— ti1, a +— a for all a € k, is injective. Therefore N is torsion free abelian by Proposi-

tion 7.27(i). Furthermore, N is the free abelian group on {tin }n>1 U {2"tj127 " }n<o since any
i€J icJ
relation among the generators imply a relation among the t;,’s. If we relabel 2"t;127", n <0,
as tint1, we get that N is the free abelian group on {tin}tnez . And G = N x (z), where x
e
acts as xty, = tint12 for all n € Z, i € J. That is,

G = (x,tm,i c J,TL ez ’ tm+1 = .%'tm.l‘_l, tmt]’m = tjmtm>.

Again Proposition 7.27 implies that k[N] and k[G] = k[N][z,2~!;a] embed in @, and
that, together with Proposition 7.24, @ is the Ore division ring of fractions of k[G]. Hence
ho(KIG) = 1.

(b) Consider the (K = k(t),k,,{0,1,...,n — 1}, {t; 7=}, 1)-JF-embedding of Section 3.1.
Then G = (zg = z,21,...,2p-1) = (z,t) C Q\ {0}, and N = (2™tz~"™ | m € Z). Consider
Z[1] as a group with multiplicative notation, i.e. Z[1] = {y"' | q,1 € Z}.

The proof of the following result is analogous to the one of Proposition 7.32.

PROPOSITION 7.29. The following statements hold:
(i) If z € N, there exist l,m € Z such that z = x™t'z~™.

(ii) The map Z[%] — N, y”lq — zlt9z7! is an isomorphism of groups.

(iii) G = [ | x C, where C = (x) is the infinite cyclic group and zyl =y g,

(iv) k[N] embeds in Q.

(v) k[G] = k[N][z,2" ;0] — Q, and Q is the division ring of fractions of k[G)]. O

(c) Let A be an infinite cardinal. Consider the monoid M) of Section 3.2.
The following is the general construction of the universal group of a monoid specialized to
the monoid M.

DEFINITION 7.30. Define the equivalence relation ~ of pairs (v, 9), (g,n) € M) x M)

(7,0) ~ (e,m) iff 3 p € My suchthat y&ndpu=ec®95 P p. (61)
Since (M, ®) is cancellative, (61) is equivalent to
Y@&n=c®é. (62)

We denote by v © § the equivalence class of (v, d).
Let H) denote the set of equivalence classes, i.e. Hy ={y© | (v,d) € M) x My}. The
set Hy can be endowed with a group structure via the binary operation
(yedeon=nHoe)e(@an),

for all (v,9), (e,n) € My x M. The zero element of Hy is 060 =y & v for any v € M. The
opposite of v & § is § © . Moreover, My — H) via v+— 76 0.
The group H) is called the universal group of the monoid M. U

The group H) can be turned into an ordered ring (see Definition 2.22) as follows

LEMMA 7.31. The group H) can be endowed with an ordered ring structure via the binary
operation

ved)EenN=rRcddxn) So(lRecdyYRn)
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for all v © 6,e ©n € Hy. In particular, Hy is a (commutative) domain and (Hy,®) is an
ordered group with positive cone P ={y & |~y > d}.

PRrROOF. First we prove that the product is well defined. Observe that ® is commutative.
Suppose that v,7/,0,0",e,n € My and y&d ="' & € Hy. Then

(vedhR(EoN)=YRcedIxN O (RedYRN)
(Yoed)oEon=neeodeno(@oeay an).

Both expressions are the same if and only if
TRePIRNDI ®edYRN=70c0i@N®IRcdY®,

if and only if
(o) @ed (DY) n=(" ®6)Recd (§ ®v) @7,

where we have used that the natural sum and product of ordinals satisfy the distributive law.
This last equality holds because the equality of classes imply that v @ ¢ = 4" & 6. Now the
product is well defined, indeed if ¢’,7’ € M and ¢’ © 1’ = ¢ ©n, applying twice what we have
just proved, we get

(ved@Eon=@od)eon=0n"ed e o)

as desired.

The associative and the distributive laws follow straightforward from the definition and
the fact that they hold in M.

Clearly the identity element is 1 © 0 because (16 0) ® (y© ) =y ® ¢ for all 7,6 € M.
Therefore H) is a ring.

Let P = {y©4d | v > ¢}. To prove that Hy is an ordered ring we have to show that the
next three properties hold

P&PCP, PU(@GP)=H\{060,, PgPCP

Let yo& d,e ©n € P. Consider (Yo d)® (cen) =(yde)c(6@n). Then v > 6 and € > 7
because they are elements from P. Since M) is an ordered monoid by Lemma 7.21, we obtain
that vy @ e > § @ n, i.e. the sum of elements in P is in P.

Observe that ©P = {¢ ©n | € < n}. Note that the zero element correspond exactly to the
classes v © v with v € M. Now P and P’ have no intersection because if v & 0 € P, then
v > §' for all representatives ' © &’ of the class v & 4.

Now we show that P® P C P. To do this we need to take a closer look at how the elements
in M) look like. Let v,d,e,m € M) such that v © d,e ©n € P. We may express the normal
form of these ordinal numbers with the same set of exponents. Thus suppose that

Y= w'ylml"’_' : '+w7Tm7"’ 0= W%nl'f" : '+W%n’ra €= w%pl"’_’ : "HU%PT, n= WWIQ1+' : ‘"H*U’YTQT

where 1 > .-+ > ~, are ordinal numbers and m;,n;,p;,¢; € N for all ¢ € {1,...,7}. Since
v > § and € > 7, there exist ig, jo € {1,...,7r} such that

mi, > n;, and m; = n; for all i < g, Pjo > ¢, and p; = g; for all i < jo. (63)
Now (y8d)®(con) = (y®e®d®n) O (d®@e®dy®n). If we prove that yRe®I®n > dQe®dyRn

we are done. So we make the computations

T T
Toe@don= P W (mip; +nig;), S@edyn= P W (nip; + mig;).
i,j=1 i,j=1
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We claim that the coefficient of wY0®%o in v ® ¢ @ § ® n is greater than the coefficient of
W00 in § ® e @y ®n and that the coefficients of W"®% in YRe®I®nand IR e B YR 7
are the same for all 4, j such that wYi®% > @Yoo,

Observe that m;p; + niq; > nip; + myq; if and only if (m; — n;)(p; — ¢;) > 0. In this
expression, for i, jo we get that (m;, —ni,)(pj,—qj,) > 0 by (63). For any different pair ¢, j such
that v; ©7v; > vi, © V5o, either m; = n; or p; = ¢; by (63), and thus m;p; +niq; = nip; +m,q;.
This proves our claim and that H) is an ordered ring.

Every ordered ring, and in particular H), is a domain. The proof is as follows. Let
v66,e0n € Hy\{060}. Then there exist signs @ or © such that y& 4§ or ©(yS6), and eSn
or ©(e6n) belong to P. Notice that (y&d)®(¢©n) = 0if and only if (&(y86))®(©(e6n)) =0
if and only if (©(y© )@ (con) =(y0 ) @ (©(c©n)) = 0.

So we may suppose that v © § and € © n are in P, and thus their product is not zero
because P ® P C P, as desired. O

Consider the multiplicative subset of Hy

(

S={L,AMA@A=2 .. A® - @A =", 1

We can localize H) at S to obtain

0
S_lH)\:{’y)\gn"}/,5€M)\, TLGN}.

We will express the elements of S~'Hy as A\*"(y © ) with n € Z. Notice that when n > 0,
N (ye8) =" 00)®(yed),andif n <0, \2"(yod) = ;@Q‘L .

Consider the (K = Qél(R,\),k,a,A, {t"},<x,1)-JF-embedding of Section 3.2. Then
G = {zyhan) = {2,071 <n) < QN {0} and N = ({a™t727™ | m € Z, v < A}).

PRrROPOSITION 7.32. The following statements hold:

(i) There is an injective morphism of groups Hy — Q* defined by v© § — (t9)~1¢7.
(ii) We will denote (t°)~'7 by Y90, If € N, there exist m € Z, v © & € Hy such that
z = gm0 pm,
(iii) The map ¢: STVHy — N, A" (y © ) s a™79%2™™ s an isomorphism of abelian
groups.
(iv) Consider ST1Hy as a group with multiplicative notation i.e.

STUHy = {7 09 | n ez, 4,6 € My}

Then G = S~'Hy x C, where C = (z) is the infinite cyclic group and a:y>‘®m(765) =

®m+1
y)\ (v690) 4.

(v) k[N] embeds in Q.

(vi) k[G] = k[N][z,27 ;0] — Q, and Q is the division ring of fractions of k[G)].
PRrROOF. (i) Straightforward.
(ii) Let n1 < ng € Z, 71 © 91, 72 © 62 € Hy. Then

xmtwefslx—m$n2t72952$—m — xn1t71651t>\®n2_n1 (72952)$—n2+n2—m
M t(’Yl @A®™2 ™M ®72)6(61 @A®™2 T ®52)x*n1 )
Observe that the elements of N are finite products of elements of the form z™#7©0z=™

and their inverses. Thus the foregoing observation proves the result since N is abelian by
Lemma 7.26.
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(iii) The map v is well defined. Let n > m € Z, y©4, 4/©d', with A2" (yo68) = A" (y/24").
YA (e d) = 2

— xml,nfmtﬁ/e(Sl,mfnxfm
(n—m)
= xmt>‘® ®('Y@6):E_m

ISl
MY S0 pmm

= v\ (Y e d)).
The map v is a morphism,

YA (o s @A (con) = AW (yod) @ (on))
= gmp® T (e8)@ (o) ymm
n—mt'y@(sx—n—&-m

= 2™z Ul P

_ xnt'yeéx—nxmtsenl_—m
= (A (2 0)p (X" (e o).

The morphism ¢ is injective because 1 = p(A\®" (y © 6)) = 2™z ~™. Hence t79° = 1.
Therefore v = 6§ and \2" (y© §) = 0.

The morphism % is onto by (ii).

(iv) By (iii) and Lemma 7.26(iv).

(v) Suppose that

a g™ T g g PO — )

with z™itO% =" oL gMi$%9% =™ Let m = min{my, ..., m,}. Then

aﬂ:—m—&-mlt%951$—m1+m oo o MO0 pmmetm (.

Since —m + m; > 0, then \®™""

m

® (v ©6;) € M), for all i, and

a1t>\®m1_m®(71651) NI art/\®mr_m®(%66r) = 0.

Thus there are i # j such that A*™ " ®(1,06;) = )\®mjim®(’yj@5j), unlessa; =---=a, = 0.
This implies that A¥™ @ (v; ©6;) = A*"7 ® (y; © 6;).

(vi) Note that given ¢ that belongs to the subring of @ generated by k[N] and {z,z~'},
there exists 7 € N such that z"gz™" € K[z;a]. This shows that the powers of z are
k[N]-linearly independent. O

m

6. JFL-embeddings

In this section we use J-embeddings to obtain embeddings of the free group algebra of
inversion height at most two. The techniques displayed to get these embeddings are from
the paper by A.L. Lichtman [Lic84]. We also use the Magnus-Fox embedding of Section 9 in
Chapter 1.

We begin with a result implicit in the proof of [Lic84, Proposition 4].

LEMMA 7.33. Let R be a valuation ring with valuation v: R — N U {oo}. Consider the com-
pletion R with respect to v. Then R is again a valuation ring with valuation also denoted by
v. Let k be a subring of R such that U op = 0. Let X C R. Suppose that k and X generate a
free k-ring k(X) inside R. If there exists m > 1 with

1<wv(x)<m forallxelX, (64)

then k(X)) — R.
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ProoOF. Certainly R is a valuation ring by Lemma 1.51. For each n > 1, set
I, = {z € R|v(z) >n}, a sequence of ideals of R, and .J,, = k(X) N I,., a sequence of ideals
of k(X). Observe that the completion of R with respect to j;, that is, with respect to v, is
again R by Lemma 1.51. Hence the completion of k(X) with respect to {Jp,}n>1 is contained
in R. By (64), (X)" C J,,. On the other hand, since Uy g0y = 0, we have that J, C (X). Hence
JInm € (X)" for all n > 1. Therefore, k((X)), the completion of k£(X) with respect to (X)", and

o~

the completion of k(X) with respect to {J,, }n>1 are isomorphic. Therefore k((X)) C R. O
The next Corollary is [Lic84, Proposition 4].

COROLLARY 7.34. Let R be a valuation ring with valuation v: R — N U {cc}. Consider the
completion R with respect to v. Then R is again a valuation ring with valuation also denoted
by v. Let k be a subdivision ring of R. Let X C R. Suppose that k and X generate a free
k-ring k(X) inside R. Suppose that

1 <w(z) foralxelX. (65)
Then k and Y = {1 4+ z}.ecx generate a free group k-ring on Y inside R.

PRrOOF. Notice that v}, . = 0 by Remarks 1.49(b). Let Z be a finite subset of X. By
Lemma 7.33,

k(Z) < k((Z)) — R.
By Proposition 1.60, we get that the subring of R generated by k and {1+2,(1+2) " }es
is the free group k-ring on {1 + z, (1 + z) 11 cz. Since this can be done for any finite subset

Z of X, we obtain that the subring of R generated by k and {1+ z, (1 4+ z)'},ex is the free
group k-ring. (|

From these results we are ready to prove how to obtain an embedding of the free group
k-ring inside a division ring from a J-embedding. We proceed as in [Lic84, Corollary 1].

LEMMA 7.35. Suppose that we have a (K, k, o, I,{t;}icr)-J-embedding k(X) — K|z;a] — Q.
Let H be the free group on {h;}icr. Then there exist embeddings of k-rings

(i) k(X)) — Kl[z;a]], defined by x; — x; = t;x.

(ii) k[H] — @, defined by h; — 1+ z;.

PROOF. Recall from Examples 1.50 that K[z;a] is a valuation ring with valuation given

n>0
I, = (x)" is K[[z;a]]. So we have k(X) — K]|[z;]] and v(z;) = 1. Then, by Lemma 7.33,
E((X)) — K][[x; a]]. By Corollary 7.34, we get the embedding of k-rings k[H] — K[[z;a]] — E
defined by h; +— 14;. Notice that Q = Q(K[z; a]) is contained in E by the universal property
of Ore localization. Moreover, k[H] is contained in @ because 1+ z; € @ for all i € I. O

v (Z anx"> = min{n | a, # 0}. Notice that the completion of K|z;«| with respect to

DEFINITION 7.36. Suppose that k(X) — Q is a (K, k,«, I, {t;}icr)-J-embedding (respectively
a (K, k,a,I,{t;}icr,ti,)-JF-embedding). Consider the free group on {h;};c;r. The embedding
k[H] — @ given in Lemma 7.35 will be called a (K, k, o, I, {t; }ie1)-JL-embedding (respectively
(K, k,a, I, {t;}ic1,tiy)-JFL-embedding). O

Note that JL stands for Jategaonkar Lichtman and JFL for Jategaonkar Fisher and Licht-
man.

REMARKS 7.37. Consider a (K, k,«, I, {t;}icr, ti,)-JF-embedding k(X) — @ and the induced
JFL-embedding k[H| — Q. Then the following hold
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(a) k(X) and k[H| have the same division ring of fractions inside @ (and E).
(b) ho(k[H]) <hg(k(X)) < 2.

PRrROOF. (a) Let D be the division ring of fractions of k(X) inside Q. Clearly k(X)) C k[H]
because z; = (1 + ;) — 1. Since 1 +a; € D for all i € I, (1 + ;)" € D and k[H] C D.
Therefore k(X) C k[H] C D. This implies that the division ring of fractions of k[H| inside @
is contained in D. Now the result follows by Remarks 7.3(d).

(b) Follows by (a), Remarks 7.3(d) and Proposition 7.10 O

Now it is not difficult to give JL-embeddings of inversion height one.

PROPOSITION 7.38. Let k(X) — Q be a (K,k,a,I,{t;i}icr,ti,)-JF-embedding of inversion
height one. Consider the induced (K, k, o, I, {t;}icr,tiy)-JFL-embedding k[H] — Q. Then
ho(k[H]) = 1. In particular, for each JF-embedding of Section 3, we get a JFL-embedding of
inversion height one.

PrOOF. Follows from Remarks 7.37(b), and the fact that k[H] is not a division ring. O

We now show that there are examples of embeddings of the free group algebra of inversion
height 2.

PROPOSITION 7.39. Consider the (K, k, o, {1} U J, {1} U {ti1}ics, 1)-JFL-embedding obtained
from the (K, k,a,{1} U J, {1} U {ti1 }ics, 1)-JF-embedding of Section 4 in this chapter. Then
hp(k[H]) = 2.

PROOF. Define §g = k, and for n > 1,

&i inn
S, = {Z ety § ot £ 0

E?’y

ac €k almost all zero , e=(g;y,-.-,€i,, ) €{0,1}7,
Y=(i1y0ersin) €T" '

o0
Let W = { > apz™ | a, € Sp U {0}} We claim that W is a subring of E. Clearly W
n=0

oo (e.@)
is an additive subgroup of E. Let b = ) bya™, ¢ = > cpa™ € W. For each | € N, we have

n=0 n=0
€iq1 €1 . Cippql+l €inn
b =3 bieyt; g --~till’ , and if n > I, ¢,y = ch—lsvtmll cetgmt, then
ey ey
en)=Yc £ gEinn Then be = ioj b al(cp—y) ) 2™ € W, and the claim
n—1l) — = n—ley i+l inn * - o\ 4 n—l )
n= =

is proved.
Now we show that k[H] C W. First observe that 1 +x; = 1 + t;;x € W for all i € J, and
1+zeW.

(1 + tilfb)_l = Z(—till‘)n = Z(—l)ntﬂ et € WL
n=0 n=0
(I+z)" = Y (-z)"eW.
n=0

Therefore k[H], the k-algebra generated by {1+z;, (14+a;)"' i€ JIU{l+x, (1+x)7 '},
is contained in W.

Let p = ( § anx”> zt € W\ {0} with ag # 0. Then
n=0

o
p_l = :L'_l Z bnxna
n=0
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where by = aal € V,and, if n > 1, b, = —aal > ajal(b,—j) € V. Therefore p~! € U.
=1

J
This shows that Qi(k[H],E) C U. By Remarks 7.37, the ring Q2(k[H], E) is the division
ring of fractions of k[H] inside Q. As in the proof of Proposition 7.24, (t;; — t%)~! belongs
to the division ring of fractions of k[H] (or k(X)) inside @, but (t;; — t%)~1 ¢ U. Therefore

(tin — t3) "' ¢ Qu(k[H], E). O

We can also state a result for the group ring that looks like Corollaries 7.13 and 7.25. It
does not appear in [HSO07].

COROLLARY 7.40. Let k be a field. Let {h;}i>1 be an infinite countable set and H the free
group on {hi}i>1. Then there exist infinite non-isomorphic division rings of fractions D of
kE[H] such that k[H] — D is of inversion height one and inversion height two.

ProoOF. Fix a natural p > 2. Let Z = {z1,22,...} be an infinite countable set. In
Corollaries 7.13 and 7.25 we proved that the embedding 6,: k(Z) — @, — E of k-algebras
defined by z; — xjz, where i = (p — 1)s +j with 1 < j < p — 1, is of inversion height
one or two depending on whether we are talking about the embedding of Corollary 7.13 or
Corollary 7.25 respectively. Moreover ), is not isomorphic to @), as division rings of fractions
of k(Z) if p # q.

In the case of inversion height one observe that v(z;) = v(zjzf) = v(t/zx®) > 1 for all
i > 1. In the case of inversion height two note that v(z;) = v(z;z§) = v(tjizz®) > 1 for
all ¢ > 1, where v is the usual valuation defined on K{[z;a,]] € E in both cases. Hence,
by Corollary 7.34, we obtain that k[H] — K[[z;p]] C E, where h; — 1+ z;. Moreover
kE[H] — @, € E because 1+ z; € @, for each i > 1. Thus both k[H] and k(Z) have Q,
as division ring of fractions. Notice that @), and @, are not isomorphic as division rings of
fractions of k[H] if p # ¢, because if they were, then they would be isomorphic as division
rings of fractions of k(Z) since h; — 1 = z;.

Now in the case of Corollary 7.13, k[H] — @), is of inversion height one by Proposition 7.4
and Remarks 7.3(d) since k(Z) C k[H].

In the case of Corollary 7.25, observe that h; — 1 + tir12°t! and then

o0 o0

(1 + ti1x8+1)71 = Z(_tileJrl)n = Z(_l)ntilti(erQ) .. ti(nfl)(s+1)+1$n(s+l) cW.
n=0 n=0
Thus k[H] C W. Then the same proof of Proposition 7.39 shows that k[H] — @), is of inversion
height two. (|

7. Embeddings of infinite inversion height: A solution to a conjecture by B.H.
Neumann

Let X be a set with | X |[> 2, H the free group on X and k a field. Choose a total order on
H such that (H, <) is an ordered group. Consider the Mal’cev Neumann series ring k((H, <))
associated with the group ring k[H|. B.H. Neumann conjectured in [Neu49a, p. 215] that

(N) the inversion height of the embedding k[H| — k((H, <)) is infinite.

Related to this conjecture, C. Reutenauer proved in [Reu96, Theorem 2.1] that this
conjecture holds when X is infinite (see below for more details). As far as we know the
conjecture has not been proved in the finite case, although it was expected to be true [Reu96,
Section 5.2]. This section is devoted to confirm this conjecture when X is a finite set with at
least two elements.

We begin with some definitions.
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DEFINITIONS 7.41. Let k be a ring and X a set. Let A be an n x n matrix with entries over

the free k-ring k(X).

(a) Let 4,4,p,q € {1,...,n}. By AY we denote the matrix obtained from A by deleting the
i-th row and the j-th column. By 7’;{, we mean the row vector obtained from the p-th row
of A deleting the j-th entry. And by sf] we denote the column vector obtained from the
g-th column of A by deleting the i-th entry.

(b) The matrix A = (z;;) is said to be a generic matriz (over k(X)) if the x;;’s are distinct
variables in X. 0

Following the works by I. Gelfand, V. Retakh et al, for example [GGRWO05, Section 1.2],
we have the following

LEMMA 7.42. Let k be a division ring, X a non-empty set and H the free group on X.
Choose a total order on H such that (H,<) is an ordered group. Let E = k((H,<)) be
the Mal’cev-Neumann series ring associated with k[H]. Consider the embedding

The following statements hold

(i) Any generic matriz (over k(X)) is invertible over E.
(ii) Let B = (ypq) be the inverse of an n x n generic matric A = (z;;). Then

L -1
Yji = (ffij - T?(A”)fls}) :
and the inversion height of y;; with respect to k(X) — E is at mostn for any1 <i,j <n.

PROOF. (i) Observe that a generic matrix is full. Indeed, let A = (x;;) be an n x n generic
matrix. Consider the morphism of k-rings ¢: k(X) — k defined by x;; — 1 and z — 0 for all
x € X\ {z11,-..,Znn}. Then the image of A by ¢ is the identity n X n matrix over k£ which
is clearly full. Hence the image of A is invertible in E by Theorem 4.36.

(ii) Let A be an n x n generic matrix. First we see how y,, looks like. If n = 1, it is clear
A’;" s

that y1; = 27;'. If n > 2, decompose A as < ) and consider the formulas

Ty, | Tnn

i = (4 —rmapisn)
—1
Yio = —(A") s (wnn — (A" sT)
—1,.n nn n..—1..n -1
Yor = —xnnrn(A —sn:):,mrn)
Yoo = (wnn — (A" s7)

Note that they all make sense in E. For example, A" is an (n—1) x (n—1) generic matrix
and thus invertible by (i). The element r”(A™)~!s" is a series whose support is contained

in the subgroup generated by X \ {2, }. Therefore z,, — r?(A™)~!s" is non-zero and thus
invertible. A similar reasoning shows that A™ — r"z~1s" is not zero.
. . A | sn Yin | Yio . S
It is not difficult to prove that the product - is the identity
Ty ‘ Tnn Y‘21 ‘ }/22

Y1 | Yio
Yo1 | Yoo

Consider the (7, j)-th entry of A. Let P be the permutation (of rows) matrix such that
moves the i-th row to the n-th row and the p-th row to the (p —1)-th row for i < p < n. Let Q

matrix, and thus ( ) is the inverse of A.



166 Chapter 7. Inversion height

be the permutation (of columns) matrix such that moves the j-th column to the n-th column

b
Lt

At .
and the g-th column to the (¢ — 1)-th column for j < ¢ < n. Therefore PAQ = ( > )
Lij

S N\ —1
By the foregoing, the (n,n)-th entry of Q= tA=1P~! is (acij — rJ»(A”)*lsﬂ . Therefore the

-1
(4,i)-th entry of B= A1 =Q(Q'A~'P 1P is ((EU - J(AS)LY J)
We prove by induction on n that the inversion height of y;; is at most n. For n = 1, the

result is clear, B = 27!, Suppose that n > 2, and the result holds for n — 1, i.e. the entries
of the inverse of an (n — 1) x (n — 1) generic matrix are of inversion height at most n — 1. We

1
have just proved that y;; = (:UU rf (AU)~1s ) . Our induction hypothesis implies that the

inversion height of x;; — rf (AY)~ 1) is at most n — 1. Thus the inversion height of y;; is at
most n. O

The following notion was introduced by I. Gelfand and V. Retakh in [GR91] [GR92]
[GR93]. Usually it is used in a more general context, see for example [GGRWO05].

DEFINITION 7.43. Let k be a division ring, X a set and H the free group on X. Consider the
free k-ring k(X). Let A = (z;;) be an n X n generic matrix over k(X). For i,j € {1,...,n}
the (i, j)-th quasideterminant |A|;; of A is the element of k((H, <)) defined by the formula

|Alij = xij — 1] (AY) ']
Thus, |A|;; is the inverse of the (j,7)-th entry of the inverse of A by Lemma 7.42. O

Observe that the definition of the (7, j)-th quasideterminant does not depend on the total
order < chosen such that (H,<) is an ordered group. Indeed if <’ is such an order and
E' = k((H,<")), then there exists an isomorphism of k[H]-rings (in particular of k(X )-rings)
¢: E(k[H]) — E'(k[H]) by Corollary 6.5 or Corollary 4.41. Therefore the image by ¢ of | Al;;
defined in E is |A|;; defined in E'.

Let X be a finite set, H the free group on X and k a field. Let < be a total order on H such
that (H, <) is an ordered group. Consider the Mal’cev-Neumann series ring £ = k((H, <))
associated with the group ring k[H]|. It was conjectured by I. Gelfand and V. Retakh

(GR) Let A be an n x n generic matrix over k(X). The inversion height of |A|;; with respect
to k(X) — Eisn—1 for each i,j € {1,...,n}.
The matrix A% is an (n — 1) x (n — 1) generic matrix. Hence Lemma 7.42 implies that
the inversion height of |A|;; is at most n — 1. Furthermore C. Reutenauer proved in [Reu96,
Theorem 2.1] that (GR) holds. More concretely, he showed that in the notation of (GR)

THEOREM 7.44. Fach entry of the inverse of the n X n generic matriz A is of inversion height
n with respect to k(X) — FE. O

Note that Theorem 7.44 implies (GR). Otherwise it would contradict Theorem 7.44 since
the inversion height of |Al;; is at most n — 1 and the (j,7)-th entry of A" is [A[}; L

Now it is not difficult to prove, as we said at the beginning of this sectlon that C.
Reutenauer’s result implies (N) when X is an infinite set.

REMARK 7.45. Let X be an infinite set, H the free group on X and k a field. Choose a total
order on H such that (H, <) is an ordered group. Consider the Mal’cev-Neumann series ring
= k((H, <)) associated with the group ring k[H|. Then the inversion height of k(X) — FE
and k[H] — E is infinite. Indeed, if A,, is an n X n generic matrix, then the inversion height
of the entries of A;! is n with respect to k(X) < E and n — 1 with respect to k[H] — E.
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PROOF. The result is a consequence of the following claim. Let f be an element in
E(k(X)), the division ring of fractions of k(X) inside E, of inversion height < m with respect
to k(X) — E. Then there exists a finite subset Y of X such that f € E(k(Y)), and the
inversion height of f with respect to k(Y) — E is < m. For m = 0 the claim is clear. So
suppose that the claim is true for m — 1 > 0. Since f € Q. (k(X),E), f is a finite sum of
elements of the form fi--- f; where either f; € Q,,—1(k(X), E) or f; is the inverse of some

T
nonzero element in Q,—1(k(X), E). Hence, if f = > fi;--- fi,j, the induction hypothesis
j=1

implies that there exist Yij,...,Y); such that f;; € E(k(Y;;)) and the inversion height of f;;
with respect to k(Y;;) — E is < m. Let Y = U Yij. Then f € E(k(Y)), and the inversion

height of f with respect to k(Y) — E is <m because Qm(k(Yi;), E) € Qm(k(Y), E). So the
claim is proved.

Since X is an infinite set, there exist n xn generic matrices A,, for each natural n > 1. The
entries of the inverse of A,, are of inversion height n with respect to k(Y) < FE for any finite
subset Y of X that contains the entries of A,, by Theorem 7.44, and the fact that E(k(Y)) is
the division ring of fractions of k(Y") inside k((Hy, <)) where Hy is the free (sub)group on Y.
Hence our claim implies that the inversion height of the entries of the inverse of A, is exactly
n with respect to k(X) — E. Hence, there exist elements of inversion height n with respect
to k(X) — FE for each n. Thus k(X) < FE is of infinite inversion height.

Now note that k[H] C Q1 (k(X), F) C Q1(k[H], E). Thus

for all n > 1. This implies that the inversion height of the entries of A, ! is either n or n — 1
with respect to k[H| — E. We prove by induction on n that it is at most n — 1.

For n = 1, it is clear that if # € X, then 271 € H C k[H], and thus it is of inversion height
n —1 = 0. Suppose that n > 2 and the inversion height of the entries on an (n — 1) x (n — 1)
generic matrix is at most n — 2 with respect to k[H| — FE. Consider an n X n generic matrix

S N\ —1
Ay, = (z5). Then the (j,i)-th entry of A, is (mij —r] (Aﬁf)_ls;) , which is of inversion
height at most n — 1 with respect to k[H] — E because of the induction hypothesis applied
o (A¥)~L, O

After these well-known results we proceed to prepare the proof of (N) when X is a finite
set of cardinality at least two. We begin with the following important result that will allow
us to reduce our problem to the case of Theorem 7.44.

THEOREM 7.46. Let R be a domain with a division ring of fractions D. Let (L,<) be an
ordered group. Consider a crossed product group ring RL that can be extended to DL. Let

E = D((L,<)) be the associated Mal’cev-Neumann series ring. Thus E is a division ring and
RL — E. Then

Qn(RL,E)C S, = {Z a,;T € E | ay € Qn(R,D)} (66)
el

for each n € N. Moreover, if f € D is of inversion height n (with respect to R <— D), then

f € E is of inversion height n (with respect to RL — E). Therefore hg(RL) > hp(R).

PROOF. First we claim that for each x € L, n € Nand a € Q,(R, D), zaz~! € Q.(R, D).
We proceed to prove this by induction on n. The claim is clear for n = 0 because

zaz ' = a’® € R = Qy(R, D).
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Suppose that the result holds for n > 0. Let a € @Q,,(R, D) \ {0}. Then
za 'z = (zaz 1)t € Qui1 (R, D)\ {0}.

Now the claim follows from the fact that Q,,+1(R, D) is the subring of D generated by the set
{a,b7' | a,b € Qn(R, D), b+ 0}.

Clearly (66) holds for n = 0 because Qo(RL, E) = RL C Sy. So suppose that (66) holds
for n > 0, and we prove (66) for n + 1. Let f € Q.(RL,E) with f # 0. Suppose that

f= > a,z with a; € Q,(R, D). Let xp = w(f) = min{z € L | z € supp f} € L. Then, from
zeL
Corollary 4.20,

f_l = Z (a:poj())_l(g(axoj())_l)ma
m2>0

1 o1 1 -1
2o = To gy ToTg € Spy1, and thus

g(az, o)™t € Spy1. Now observe that S,41 is aring, indeed if p = - by, ¢ = 3 22 € Sp1,
yeL z€eL

where g = az,To — f € Sp. Note that (az,Zo)” ! = ;Tco_la_

then p+¢q € 8,41 and

pq = Z ( Z byyczle(y,z)> T € Sny1

€L \yz=x
Thus (g(az,Zo) 1)™ € Sy for each m € N. Now recall that the series Y (g(az,Zo)~1)™ is
m>0

defined in D((L, <)) by Theorem 4.19(iv). Thus, for each x € L, the set

{meN |z esupp ((9(az,z0)")™)}
is finite. Hence, for each x € L, the coeficient of # in Y (g(az,Zo) 1)™ is an element of

m>0
Qui1(R, D), ie. Y (g(az,®0)~ )™ € Sys1. Therefore

m>0

f_1 = (a:roi'O)_l Z (g(azofO)_l)m € 5n+1-
m>0
As before, it is not difficult to prove that (66) holds for n+1 by the definition of Q,+1(RL, F),
and the fact that S,41 is a ring.

If R is a division ring, the remaining part is clear. So suppose that R is not a division
ring. Fix n € N such that there exists f € Qn1+1(R, D) \ Qn(R, D). Since R C RL, note that
f€Qni1(R,D) C Qn+1(RL, E). On the other hand, observe that two series > b, %,y ¢, = € E,
where a,, b, € D for all x € L, are equal if and only if b, = a, for all z € L. Therefore f ¢ S,
and thus f ¢ Q,(RL, E) as desired. O

Recall that if R is a ring and a an automorphism of R, then R[z,r7!;a] is a crossed

product group ring with associated Mal’cev-Neumann series ring the skew Laurent series ring
R((z;«)). Thus from Theorem 7.46 we obtain

COROLLARY 7.47. Let R be a ring and o an automorphism of R. Suppose that R has a division
ring of fractions D and that o extends to an automorphism of D. So that R[x,x~';a] embeds
in the division ring Q = Q'(D[z,z7;a]). If f € D is of inversion height n (with respect
to R < D) then f is of inversion height n (with respect to R[x,x~';a] — Q). Therefore
ho(Rlz, a3 a]) > hp(R). O

In case that « is not necessarily a ring automorphism we can prove an analogous result as
the previous corollary proceeding as in the proof of Theorem 7.46. More concretely
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COROLLARY 7.48. Let R be a domain, and a: R — R be a ring monomorphism. Suppose that
R has a division ring of fractions D, that a extends to D and that

0(Qn+1(R, D)\ Qu(R, D)) € Qus1(R, D)\ Qu(R. D) (67)

for all n € N. Observe that R[xz;«] embeds in the division ring Q = Qq(Dlz;«)). If f € D is
of inversion height n (with respect to R — D), then f is of inversion height n (with respect
to Rlx;a] — Q). Therefore hg(R[z;a]) > hp(R).

PRrROOF. It is not difficult to realize that for each a € Q, (R, D), a(a) € Qn(R, D).

By the universal property of the Ore localization and Proposition 3.10, we can see @)
embedded in the division ring

oo
E:{xTZamxm]amED,TEO}.

m=0

As before, we prove that

Qn(R[z;0],Q) C Sy = {x‘“ i amz™ | am € Qn(R,D), r > o}.

m=0

For n = 0, it is clear since Qo(R[z; ], Q) = R[x;a] C Sp. Let n > 0 and
f=a" Z amz™ € Qn(R[z;a], Q) \ {0}
r=0

o0 o0
Let mop = min{m | a,, # 0}. Then f = z™" (Z am0+lxl) ™. Set h = Y @z’ and
=0 =0

g = amyx™® — h. Thus
o0
B =3 (mg@™) " (g(ame@™) )™ € S,
m=0
Then f~! = 7™0h~ 12" € S,,;1. From this and the definition of Q,1(R[z;a],Q), it follows
that Qn+1(R[$; Oé], Q) c SnJrl.
If R is a division ring, the remaining part is clear. So suppose that R is not a division ring.

Fix n € Nsuch that there exists f € Qn+1(R, D)\Qn(R, D). If f € S, then there exists a series
(o] o
7" Y ama™, with r > 0 and a,, € Qn(R, D) for all m € N, such that f =z7" > apa™.
m=0 m=0

[e.°] (o0}

Hence 2" f = > apaz™ and o (f)x" = > apma™. Therefore o' (f) = a, € Qn(R, D), a
m=0 m=0

contradiction with (67). Thus, f ¢ S, as desired. O

Note that if a is an automorphism then (67) in the foregoing corollary holds. Hence we
obtain the following useful result.

COROLLARY 7.49. Let R be a domain and o: R — R be a ring isomorphism. Suppose that R
has a division ring of fractions D and that o extends to D. Observe that R|x; ] embeds in the
division ring Q = Qq(D[x;a]). If f € D is of inversion height n (with respect to R — D) then
f is of inversion height n (with respect to Rlx; o] — Q). Therefore hg(R[z;a]) > hp(R). O

PRrROOF. This result follows from Corollary 7.48 once we show that (67) holds. This can
be proved by induction on n. Suppose that « induces an automorphism of @, (R, D). Since
a(f~Y = a(f)~t and a H(f71) = (aI(f))! for each f € Q,(R, D)\ {0}, a induces an
automorphism of Q,+1(R, D). Since a(Qn(R, D)) = Qn(R, D), (67) holds. Now notice that
a induces an automorphism of Qu(R, D) = R. O
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Before giving Theorem 7.53, we need to introduce a standard result on free groups that
can be found, for example, in [Kur60, Section 36].

DEFINITIONS 7.50. Let H be a free group on a set X and N a subgroup of H.

(a) A transversal of N in H is a representative from each right coset Nh of N in H. We will
denote the representative of Nh by Nh.

(b) A Schreier transversal of N in H is a transversal S such that whenever h = zi' --- 250 € S
is a reduced word (where z; € X and ¢; = +1), then every initial segment z{* - - - z7', | < m,
also is in S. g

THEOREM 7.51. Let H be a free group on the set X, and N be a subgroup of H. If the set
S={Nhe Nh|he H} is a Schreier transversal of N in H, then the set

Y = {(Nh)y(Nhy)"' #1|y € X, Nh e S}
is a basis for N, that is, N is the free group on the set Y. ]

EXAMPLE 7.52. Let H be the free group on a set X with at least two elements. Let C' = (c)
be the infinite cyclic group. Let z € X. Consider the morphism of groups ¢: H — C given
by z +— cand y — 1 for all y € X \ {z}. Let N = kerp. Note that for each h € H there
exists n € Z such that Nh = Nz™. Hence S = {z" | n € Z} is a Schreier transversal of
N in H. The representative for Na™y = Nz™yx~™a™ = Nz in S is ™. Hence the set
{z"yx™ |y € X \ {z}, n € Z} is a basis for N by Theorem 7.51. O

Now we are ready to prove the desired result on the conjecture (N).

THEOREM 7.53. Let k be a field, X a finite set with at least two elements and H the free
group on X. Choose a total order on H such that (H,<) is an ordered group. Consider the
Mal’cev-Neumann series ring E = k((H, <)) associated with the group ring k[H|. Then the
inversion height of tx: k(X) — E and vp: k[H| — E is infinite. Moreover, if x and y are
different elements in X, then the entries of the inverse of the matriz

zryr ! x2yxr—? " yx~"
n+1 —n—1
x x
Ay = Y
xn2—n+1y$—n2+n—1 :Enny—n?

are of inversion height n with respect to tx and of inversion height n — 1 with respect to vy.

PrOOF. Let x € X. By Example 7.52, H is the extension of the free group N on the
infinite set Z = {z"yz™" | y € X \ {z}, n € Z} by the infinite cyclic group L generated by
x. Then k[H] can be seen as a crossed product group ring (k[N])L by Lemma 4.7. Taking a
closer look at k[H| = k[N]L, for example as in the proof of Lemma 4.7, one sees that in fact
k[H] = k[N][z,z~1; a] where « is left conjugation by =, i.e. a(f) =xfz~! for all f € k[N].

Now we prove that « can be extended to an automorphism of E(k[N]). It can be seen as a
consequence of Hughes’ Theorem I, but we show it in a more elementary way. First notice that
left conjugation by = and z~! induce automorphisms of E(k[H]) because = € E(k[H]). We
show by induction on n that left conjugation by x extends to an automorphism of @, (k[N], E)
for each n € N using an argument that we have already used. For n = 0 it is clear because
Qo(k[N], E) = k[N]. Suppose that n > 0, and that left conjugation by = and ! induce
automorphisms of Q,(k[N],E). Let f € Qn(k[N],E)\ {0}. Then zf lz~! = (zfz~1)!
and 27! fx = (x71 fz)~! belong to Q,+1(k[N], E) \ {0}. Hence left conjugation by = and z~*
induce endomorphisms of Q,+1(k[H]|, E), and their composition in any order is the identity.
Thus left conjugation by z induces an automorphism of Q,,+1(k[H]|, E). Hence left conjugation
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by z induces an automorphism of E(k[N]) = U Qn(k[N], E) as desired. Call again « this
n>0
extension. -

Note that the powers of x are E(k[N])-linearly independent because the series of E(k[N])
have their support contained in N, and niz" = nox™ for ni,ne € N and r1,ro € Z if and
only if ny = ng and r; = r9. Hence E(K[N])[x,z7!;a] is contained in E(k[H]). Also «
induces an automorphism of k(Z) and clearly E(k(Z)) = E(k[N]). Hence k(Z)[z;«a] and
E(k{Z))[z;a] are contained in E(k[H]). Both E(k[N])[z,z~!;a] and E(k(Z))[z;a] have the
same Ore division ring of fractions, both embed in the division ring F(k[H]), and both have
E(k[H]) as Ore division ring of fractions because both contain k(X).

Note that the entries of A,, are in k[N]. Therefore the entries of its inverse are in E(k[N]).
Now Corollary 7.47 implies that the inversion height of the entries of the inverse of A, with
respect to k[N] — E(k[N]) and with respect to k[H] — E(k[H]) are the same. By Re-
mark 7.45, the inversion height of the entries of the inverse of A, is n — 1 with respect to
kE[N] < E(k[N]). Therefore the entries of the inverse of A,, have inversion height n — 1 with
respect to tg. Hence ¢y is of infinite inversion height.

Notice that k[H] C Q1 (k(X), E) C Q1(k[H], E). Hence

for all n > 1. Thus the inversion height of the entries of the inverse of A,, with respect to tx
is m or n — 1 and the inversion height of ¢x is infinite.

Finally we prove that the inversion height of the entries of the inverse of A, is at least n
with respect to ¢tx.

Note that the entries of A,, are in k(Z) . Therefore the entries of its inverse are in E(k(Z)).
Now Corollary 7.49 implies that the inversion height of the entries of the inverse of A, with
respect to k(Z) — E(k(Z)) and with respect to k(Z)[x;a| — E(k(Z)[r;a]) are the same.
By Remark 7.45, the inversion height of the entries of the inverse of A, is n with respect to
k(Z) — E(k(Z)). Hence it is also n with respect to k(Z)[z;a] — E(k(Z)[x;q]).

Since k(X) C k(Z)[x; o] C Q1(k(X), E), then

Qn-1(k(X), E) € Qu-1(k(Z)[x; 0], E) € Qu(k(X), E) € Qu(k(Z)[x; o], E)

for all n > 1. Thus the inversion height of the entries of the inverse of A, is at least n with
respect to tx, as desired. O

REMARK 7.54. Let X be a set of cardinality at least 2, H the free group on X and < a
total order on H such that (H, <) is an ordered group. Consider a crossed product group ring
kH, its polynomial ring k(X ) and the associated Mal’cev-Neumann series ring E = k((H, <)).
Consider the embeddings k(X) — E and kH — E. It is reasonable to think that k(X) — E is
of infinite inversion height. Moreover, if Theorem 7.44 is true for the polynomial algebra k(X)
of the crossed product group ring kH, then the conjecture (N) would also hold for crossed
product group rings since the proof of Theorem 7.53 is valid for any crossed product group
ring kH. O

Now we show that Theorem 7.46 is in fact a theorem for groups with a subnormal series
with orderable factors.

THEOREM 7.55. Let k be a division ring. Let G be a group with a subnormal series (G~)y<r
with orderable factors. Consider a crossed product group ring kG and the embedding kG — D
where D is the Hughes-free division ring of fractions of kG. Let f € kG, for some ordinal
number v < 1. Then the inversion height of f with respect to kG — D 1is the inversion height
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of f with respect to kG, — D(kG.). In particular, if k is a field and either G~ or any factor
G+1/G~ is a non-commutative free group, then hp(kG) = oo.

PRrOOF. First observe that D(kG.) is the Hughes-free division ring of fractions of kG, for
each ordinal number v < 7.

Fix an ordinal number v < 7 and f € D(kG,). We prove by induction that the inversion
height of f with respect to kG5 — D(kGs) is exactly the inversion height of f with respect
to kG, — D(kG,) for all v < < 7.

For § = v the result is clear. Suppose that the result holds for kGs with § > ~. By
Lemma 4.7, kG511 = kG Gggl. Since kG511 — D(kGsyq) is a Hughes-free embedding, and
D(kGy) is the Hughes-free division ring of fractions of kG5, then D(kGsy1) is the Hughes-free
division ring of fractions of D(k:G(g)Gé—;l by Remark 6.11. Fix an order < on Gs41/Gs such
that (Gs11/Gs, <) is an ordered group. Therefore D(kGsy1) can be seen as the division

ring of fractions of D(k:G(;)Gggl inside D(sz(g)((Gggl ,<)) by Examples 5.6(d) and Hughes’
Theorem I 6.3. Now Theorem 7.46 implies that the inversion height of f with respect to
kG541 — D(kGsy1) equals the inversion height of f with respect to kGs — D(kGs). Suppose
now that J is a limit ordinal number < 7, and that we have proved the result for all ordinals
v < n < 4. Notice that the inversion height of f with respect to kG5 — D(kGs) is smaller
or equal than with respect to kG, — D(kG)) for any v < 7 by Remarks 7.3(d). As in the
proof of Remark 7.45, it can be proved that there exists a finitely generated subgroup L of
G5 such that the inversion height of f with respect to kGs — D(kGs) equals the inversion
height of f with respect kL — D(kL). Let v < n < ¢ be such that L is contained in G,,.
The inversion height of f with respect to kG, — D(kG,) equals the inversion height of f
with respect to kG, — D(kG,) by induction hypothesis, and it is smaller or equal than the
inversion height of f with respect to kL < D(kL). Thus we have equality. Therefore the
inversion height of f with respect to kG, — D(kG,) equals the inversion height of f with
respect to kGs — D(kGj).

For the second part observe that the foregoing and Theorem 7.53 imply the result when
some G, is a non-commutative free group. If some factor G,41/G, is a non-commutative free
group, observe that we have proved

G +1 G +1
kG- 41 — D(kG.) va < D(kGray) — D(kGW)((g—W, <))
By Theorem 7.53, D(kGW)Gg;jl s D(kGW)((G&j1 ,<)) is of infinite inversion height. Then
kGy4+1 — D(kG,41) is of infinite inversion height by Remarks 7.3(d). O

From the first part of Theorem 7.55 we also obtain another proof of Theorem 7.46.

COROLLARY 7.56. Let k be a field, X a finite set with at least two elements and H the free
group on X. Choose a total order on H such that (H,<) is an ordered group. Consider the
Mal’cev-Neumann series ring E = k((H, <)) associated with the group ring k[H|. Then the
inversion height of vir: k[H] — E is infinite.

PRrOOF. Consider any non-trivial normal subgrup N of H such that H/N is a non-trivial
orderable group. It is known that if H/N is of infinite order, then N is (free and) not finitely
generated [Mas91, Exercise 8.3]. For example, we can take N = [H, H], the commutator
subgroup. Then H/N is the free abelian group on X. The embedding k[H] — E is Hughes-free
by Examples 5.6. The group H has a subnormal series 1 << N << H with orderable factors.
By Remark 7.45, k[N] — E(k[N]) is of infinite inversion height. Therefore k[H] — E is of
infinite inversion height by the first part of Theorem 7.55. 0
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REMARK 7.57. The advantage of the normal subgroup /N in the proof of Theorem 7.53 is that
we can avoid Hughes’ Theorem II, and it also allows us to show elements of exactly inversion
height n with respect to k(X) < FE. This last thing is not so immediate from the choice of
other normal subgroups N, for example N = [H, H]. O

COROLLARY 7.58. Let k be a division ring, I a set of cardinality at least two and {G;}ier
a family of non-trivial orderable groups. Let < be a total order on * G; such that (zl Gi, <

) is an ordered group. Consider a crossed product group ring k(‘*l G;) and the embedding
(S

k‘(;k} Gi) — E = k((il G, <)) in its associated Mal’cev-Neumann series ring. Then
hE(k:(iZI Gi)) = .

PRrOOF. First notice that * G; is orderable by Proposition 2.23. By Corollary 2.9(a),
1€
* G, is the extension of a free group K by the group [[ G;. The same arguments of [Hig40,
1€ iEI
Appendix] prove that K is a free group on an infinite set, or also by [Mas91, Exercise 8.3].
Indeed, if we fix a total order < on I, then K is the free group on the non-trivial elements of
the set

{[gilgiz “Gips Gira " Gia) | 9y € Gy i1 <M < --- < € I}-
Therefore hE(k(i;kI Gi)) = oo by Remark 7.45 and Theorem 7.46.
Another proof follows from Theorem 7.55. The embedding k(fekz G;) — FE is Hughes-free
by Examples 5.6(d). By Corollary 2.9(a), X G, is the extension of a free group K and ZE[I G;.
Moreover K is not commutative. In fact if iy # iy € I, g1 # h1 € Gy, g2 # ha € G;,, then
1 glgggflggl and 1 # hlhghflhgl are elements of K and glgggflggl #* hthhflhgl. d

Until now, the embedding of the free k-algebra k(X) inside its universal field of fractions
is the only embedding of infinite inversion height we have seen. One might think that infinite
inversion height could determine this embedding, but as the following two results show this is
not true.

COROLLARY 7.59. Let k be a field and Z = {z1,z9,...} be an infinite countable set. Then
k(Z), the free k-algebra on Z, has infinite non-isomorphic division rings of fractions D for
which k(Z) < D is of infinite inversion height.

Proor. For each r > 1, let X, = {x9,x1,...,2,}, H, the free group on X,, <, a to-
tal order on H, such that (H,,<,) is an ordered group, and D, the division ring of frac-
tions of k(X,) and k[H,] inside k((H,,<;)). In the proof of Proposition 7.4 we gave em-
beddings k(Z) — k(X,) — D, such that D, is the division ring of fractions of k(Z) and
hp, (k{(Z)) = hp, (k(X),) = oo for each > 1 by Theorem 7.53.

Now we show that D, is not isomorphic to D, as division rings of fractions of k(Z) for
different even naturals r,r’. Note that if D, is isomorphic to D,., then the image a full matrix
over D, is full over D,..

For each even r consider the matrix A, = (Z} 277}) over k(Z). The image of A, in D, is

the matrix
1 X170 _ [ T (1 IEO)
T2 T2X T2 ’
T1 Tp41

and thus it is not full. But the image of A, in D,/ for even r’ > r is the full matrix (g3 «/13 ).
Hence D, is not isomorphic to D, as division rings of fractions of k(Z) for different even
naturals r,r’, and k(Z) < D, is of infinite inversion height. O
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COROLLARY 7.60. Let k be a field. For each finite set X with |X| > 2, there exist infinite
non-isomorphic diwvision rings of fractions D of k(X) such that hp(k(X)) = oc.

PRrROOF. Let r > 1 be a natural number. Consider the group

TXTX IT-1x7-1X-1=1
TX2TX 27— 1X27-1X—2=1 \

I, = <X7T -
TX™TX rT-1XrT-1Xx-"=1

Proceeding as in Examples 2.10(b), I'; is isomorphic to the group

02Ty 'Te=1, XT1 X '=Tp

oIy T, XToX =Ty >
, (68)

I = <X,T0,T1,...Tr

TOTTTO_HI'TT_lzl, XTp 1 X—1=T,

where the isomorphism I’ — T is given by X — X, T — Ty, and the inverse I, — T,
by X — X, T; —» X'TX™" i=0,...,7. Another way of looking at I',. is as the semidirect
product of the group

TiTiv2=T;42T;

N, = <TZ-, 1€Z
T r=Ti4rT;

T;Ti1=T; 1 T; >

and the infinite cyclic group C' = (X) where X acts on N, as T; + Tjyq, ie. XT;X ' =Tiyq.
The isomorphism I';, — N, x C'is given by X — X, T — T with inverse N, x C' — I',. defined
by X — X, T, — X'TX ™", i€ Z. Observe that N, is the fundamental group of the graph of
groups

G(e)

G Glir1) Gt
[ ] [ ]
where G(i) is the free abelian group in {7}, Ti11,...,Tiyr} and G(e;) the free abelian group

in {Tj41,...,Ti+,} for each i € Z. Also N, can be seen as
s G(Z — 1) *G(ez‘—l) G(Z) *G(ei) G(Z + 1) *G(ei+1) s (69)
Consider the morphism of groups N, — A, = (T, 13, ..., Tr), where A, is the free abelian
group on {75, 17, ..., Tr}, defined by T; +— Tj if i = n(r + 1) + j for some j,n € Z, 0 < j <r.
Then N is locally indicable by Proposition 2.8. Moreover, it can be deduced from the proof
of that result that N, is the extension of a free group L,, which is the kernel of the morphism
N, — A,, by the free abelian group A,. Note that L, is not cyclic because the elements
TOTT+1T61TT;11 and T2T+2T37+3T2112T3;i3 belong to L,, but they do not commute as can be
deduced from (69). Observe that I', has a subnormal series

1< L.<a N, <l

with L,, ', /N, = C and N, /L, = A, orderable groups. By Corollary 6.12, k[I';] is Hughes-free
embeddable. Let E, be the Hughes-free division ring of fractions of k[I';]. By Theorem 7.55,
b, (KILY)) = oo,

Consider the JF-embedding of Section 3.1 defined by the following data. Let K = k(¢),
the field of fractions of the polynomial ring k[t]. Let ay42: K — K be the morphism of
k-rings defined by t — t"2. Let Q42 = QL (K[z;py2]). Let I={0,...,7 +1}. Set to =1,
th=t,...tpyy =t"tand xg =, 11 =tz,..., 141 = "2, Set Xoyo = {x0,..., 2,41} In
this way we obtain a (K, k, a,49,1, {ti}giol, 1)-JF-embedding k(X,12) — Q4.

Observe that there exists a morphism of groups I', — QTXJr2 defined by X +— x, T — t,
or better, in the notation of (68), X — z, Ty — t,..., T, — t,+1. Hence, if we set Xy = X,
X, = ToX, ..., X,y1 = T, X, then {Xo, X1,...,X,+1} generate a free monoid inside T7.
Therefore the group ring k[I',] contains the free k-algebra k(Xo, ..., X,11), and clearly also
the free k-algebra k(Xo,..., X, ). Moreover, F, is a division ring of fractions of k(Xo, ..., X;)
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because T' = Ty = XlXo_l, X = X belong to the division ring of fractions of k(Xo, ..., X,) in-
side E,. Then, since k(Xy, ..., X,) C k[I';], we get that hg_(k(Xo,..., X,)) > hg, (k[[}]) = cc.
For each 7 > r, consider the embedding k(Xy, ..., X,) — k(Xo,...,X) — k[[v]. Again
E,/ is the division ring of fractions of k(Xo,...,X,) because T" = X1X0_1 and Xo = X.
Hence hg , (k(Xo,..., X)) = oo for each 1 <7 < 1’ because k(Xo, ..., X,) C k(Xo,..., Xp).
Note that, for » < 7/ < r”, E,. is not isomorphic to E,~ as division rings of fractions of

kE(Xo, ..., X,) because such isomorphism would imply that k[I',+] is isomorphic to k[I',~] as
k(Xo, ..., X, )-rings, which is impossible since I';» is not isomorphic to I',» via a morphism
which sends X — X and T — T. O

Note that Corollary 7.59 could also be deduced from Corollary 7.60 using Proposition 7.4.

In Section 6, we have given embeddings of the free group k-ring k[H]| inside division rings.
One question arises, are they Hughes-free embeddings? At first sight, by equality (58), it seems
that they are not because, roughly speaking, there is “too much commutativity”. The follow-
ing result confirms this first impression. So we can give many examples of non-Hughes-free
embeddings of the free group algebra. The first example of a non-Hughes-free embedding was
given in [Lew74, Section V], we give an infinite family of such examples, some more than in
[HSO07, Proposition 8.4].

COROLLARY 7.61. Let k be a field. Let H be the free group on a set X of at least two elements.
Suppose that the free group ring k[H] has a division ring of fractions D such that k[H] — D
is of finite inversion height. Then k[H] — D is not a Hughes-free embedding. In particular,
all JFL-embeddings of k[H]| are not Hughes-free.

PROOF. Let < be a total order on H such that (H, <) is an ordered group. Consider
the associated Mal’cev-Neumann series ring E = k((H,<)). We know that k[H] — FE is a
Hughes-free embedding by Examples 5.6(d). By Remark 7.45, k[H] < E is of infinite inversion
height. Recall that inversion height is preserved by isomorphisms of division ring of fractions
by Remark 7.3(f). Then, since k[H] — D is of finite inversion height, k[H] — D is not a
Hughes-free division ring of fractions of k[H] by Hughes’ Theorem I 6.3. O
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CHAPTER 8
Tilting modules arising from ring epimorphisms

In this chapter we generalize the classical construction of the tilting Z-module Q ® Q/Z,
see Example 8.4, and study the properties of the tilting modules constructed in this way. The
main results of this chapter are from a joint work with L. Angeleri Hiigel [AHS08]. We inform
the reader that the homological tools of Section 5 in Chapter 1 will be used throughout.

1. Basics on tilting modules

In this section we present a few of the basics on tilting modules. We intend to give proofs
of most of the elementary results that will be needed later as well as to give some flavor of the
techniques displayed when dealing with tilting modules. We also state some deep results on
the relations between tilting classes and definable classes that will be helpful in the following
sections. For a much more detailed exposition of the subjects in this section see [GT06].

We begin by setting the notation.

NoTATION 8.1. Let R be a ring. Let M be a right R-module.

(a) By Mod- R we denote the category of right R-modules, and by R-Mod the category of
left R-modules.

(b) Let £ be a class of right R-modules, by £+ we mean

Lt ={M € Mod- R | Exth(L, M) =0 for all L € L}.

If £ ={L} we will write L instead of {L}+.

(c) We denote by Add M the class of all modules isomorphic to direct summands of arbitrary
direct sums of copies of M, i.e. N € Add M iff there exist a set I and right R-modules B
and C such that M) = B@ C and N = B.

(d) Dually, we denote by Prod M the class of all modules isomorphic to direct summands of
arbitrary direct products of copies of M, i.e. N € Prod M iff there exist a set I and right
R-modules B, C such that M = B& C and N = B.

(e) We denote by Gen M the class of right R-modules generated by M, that is, the right
R-modules which are epimorphic images of arbitrary direct sums of copies of M.

(f) We denote by Pres M the class of all M-presented right R-modules, that is, the right
R-modules N such that there exist sets I, J and an exact sequence M) — M) — N — 0.
Notice that Pres M C Gen M. O

We give now some remarks that will be used throughout.

REMARKS 8.2. Let R be a ring.

(a) Let £ be a class of right R-modules with pd L < 1 for all L € £, then £ is closed under
images. Indeed, if 0 - X — Y — Z — 0 is an exact sequence with Y € £+, then,
applying Homp(L, ), we obtain the exact sequence

0 =Exth(L,Y) — Exth(L,Z) — Ext}(L,X) =0
for each L € L.
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(b) Hom(R, M) = M as right R-modules via the map f — f(1). O
Now we proceed to give the definitions of some of the key concepts of this chapter.

DEFINITIONS 8.3. Let R be a ring.

(a) A right R-module T is said to be a tilting module if it satisfies
(T1) pdT < 1.
(T2) Exth(T,70) = 0 for each set I.
(T3) There exists an exact sequence

0O—-R—-Ty—T1—0

where Ty, T) € AddT.

(b) A class C of right R-modules is a tilting class if there exists a tilting right R-module T
such that C = T,

(c) Two tilting right R-modules T" and 1" are said to be equivalent if T+ = T"+.

(d) Let M be a right R-module and C a class of right R-modules closed under isomorphic
images. A morphism f € Homp(M,C) with C € C is a C-preenvelope of M provided the
morphism of abelian groups Hompg(f, C"): Homg(C,C") — Hompg (M, C") is surjective for
each C’ € C, that is, for each morphism f’: M — C’ there is a morphism g: C' — C’ such
that the following diagram is commutative.

ML>C’

[
\ g
I y

C/

(e) A C-preenvelope f € Homp(M,C) is a C-envelope of M provided that f is left minimal,
that is, every g € Endg(C) such that f = gf is an automorphism.

(f) Let U be a set of R consisting of non-zero-divisors of R. Let M be a right R-module.
We say that M is U-divisible if for each y € M and v € U there exists € M such that
y = zv, i.e. “y is divisible by v”. If R is a domain, we say that M is divisible in case M
is ®U-divisible for U = R\ {0}. O

Now we present the example of tilting module that we want to generalize.
ExAMPLE 8.4. Consider the Z-module T'= Q & Q/Z. Then T is a tilting Z-module.

PROOF. The ring Z is hereditary, i.e. pd M < 1 for all M € Mod-Z. Thus pd(T) < 1,
that is, (T1) is satisfied.

It is known that if R is a principal ideal domain, then the classes of injective and divisible
modules coincide, see for example [Lam99, Corollary 3.17’]. In our case R = Z is certainly a
principal ideal domain, and the Z-modules Q and Q/Z are clearly divisible. Also the direct
sum of divisible modules is divisible. Hence T is divisible, and thus injective, for each set
I. Therefore Exth(T, M) = 0 for any set I, and (T2) is satisfied.

The condition (T3) is verified because

0-Z5Q5Q/Z—0 (70)

is an exact sequence with Z, Q/Z € AddT.
Now we compute the tilting class 7. Clearly the class of divisible (=injective) Z-modules
is contained in 7. On the other hand, if M € T, then Ext}(Q, M) = Ext}(Q/Z, M) = 0



1. Basics on tilting modules 181

by the properties of Ext%(_, _) with respect to direct sums in the first component. Thus,
applying Hom(_, M) to (70), we obtain the exact sequence

0 — Homg(Q/Z, M) = Homz(Q, M) > Homy(Z, M) — ExtL(Q/Z, M) = 0.

Let r € Z\ {0} and m € M. Consider the map f,, € Homg(Z, M) defined by f(1) = m. By
the exactness of the sequence above, there exists g € Homy(Q, M) such that gt = f,,,. Then
m = fm(1) = gu(1) = g(1) = g(£) = g(1)r. Therefore M is divisible, as desired.

Observe that the foregoing argument also shows that GenT = Gen @ is the class T of
divisible Z-modules. 0

REMARK 8.5. Observe that Z «— Q is a ring epimorphism, pd;(Q) < 1 and Tor?(Q,Q) =0
because Q is a flat Z-module. Also the tilting class is described in terms of divisibility. O

The following example shows that preenvelopes generalize the concept of injective hulls.

ExXAaMPLE 8.6. Let R be a ring and C the class of injective right R-modules. Then every right
R-module has a C-envelope.

Proor. Let M be a right R-module and ¢: M — FE its injective hull. Then ¢ is a
C-envelope. First note that if E’ is another injective right R-module, then

Hompg(t, E'): Homg(E, E') — Homg(M, E')

is surjective. Thus ¢ is a preenvelope. Let g € Endg(E) such that go = . Then kerg = 0,
otherwise ker g N ¢(M) # 0 because ¢(M) is essential in E, a contradiction with gt = ¢. Hence
g is injective. Now im ¢ is an injective module which is a submodule of E. Thus it is a direct
summand of E. Then g(E) = E because (M) C g(FE) is essential in E. Therefore g is an
isomorphism. O

Now we present an important result by P. Eklof and J. Trlifaj [ETO01]. It can be found
in [GTO06, Theorem 3.2.1] from where we have taken the proof. But first we need to give the
following definitions.

DEFINITIONS 8.7. (a) Let {7, },<x be a transfinite sequence of ordinal numbers of length .
We say that it is an increasing sequence if -y, <, when v < i < k. In this case we define
v = lim 5, = sup{y, | v <k}

(b) An infinite cardinal number ¢ is said to be a regular cardinal number if there does not
exist an increasing transfinite sequence of ordinal numbers {7, }, <, of length x < ¢ and
0= lll_I}I}i ~y. For example, the ordinal number w is a regular cardinal. It is known that for

each cardinal number - there exists a regular cardinal § such that v < 4. Indeed for each
ordinal number 7, the cardinal number XN, is a regular cardinal such that v < 8,1, see
for example [Jec03, Corollary 5.3]. O

THEOREM 8.8. Let R be a ring and M a right R-module. Let S be a set of modules. Then
there is a short exact sequence

0—-M<—B—B/M—0

where B € S+ and B/M is S-filtered. In particular, M — B is an S*-preenvelope of M with
B/M € +(S1).
If moreover pd X < n for all X € S, then pd B/M < n.

PROOF. For each X € § fix a presentation
0Py Fx -X—0 (71)
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with Fx a free right R-module.
Given a right R-module Y, Hompg(_,Y") applied to (71) induces the exact sequence

Homp(ax,Y)
=

0 — Hompg(X,Y) — Homp(Fx,Y) Homp(Px,Y) —
— BExth(X,Y) — Exth(Fx,Y) =0
Therefore Y € S* if and only if

Hom(Fx,Y) Homplox ¥ Homp(Px,Y) isonto for all X € S. (72)

Let 0 be an infinite regular cardinal such that each X € S is generated by a set of
cardinality strictly smaller than .
To construct B we need to build a continuous chain of right R-modules (B, | 7 < ¢) such
that
(i) Bo= M.
(ii) By+1/B, is isomorphic to a direct sum of modules in S for each v < §. More precisely,
By /By = @ Xlmatrxon,

(ili) B =lim B, Where v < 6. Therefore B/M is S-filtered.

(iv) B sat1sﬁes (72),i.e. B € S*.
(v) If there exists n € N such that pd X < n for all X € S, then pd(B/M) < n.

Define By = M. Suppose that we have constructed B, for v < ¢, then B4 is built as
follows. For each X € S, let ax  denote a disjoint copy of Hompg(Px, B,) and consider the
diagram

(ax )

a Da a
0 &P T @ (73)
XeS XeS
in
B,
where ¢, is given by ¢, (p(x ) = f(p) for each pix sy € D P)((ax’”)7 ie. pxy has all its
XeSs

components zero but for the one corresponding to f € Hompg(Px, By) which is p € Px. Thus
¢ restricted to the (X, f) component with f € Hompg(Px, B,) equals f.
Let B,41 be the pushout module obtained from the pushout diagram of (73)

(ax,y)
0— @ P @ (74
XeS XeS
@wi lgv
B, il By
Since @ag?X’”) is injective, then B, &, B41 is too. For coker(@aggx’”)) >~ @ XOxq) we

XeS
get the isomorphism of right R-modules B.11/B, = @ X(@x+). Thus (ii) follows.
XeS

If B < 4 is a limit ordinal, we set Bg = lim B,.
sy

v<B
Define B = lim B,. By the foregoing, (iii) is satisfied.
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Now we prove that B satisfies (72). To do that, we will show that for each Z € S and
f € Homp(Pz, B), there exists h € Hompg(Fz, B) such that hay = f

PZ%FZ

Fix Z € S and f € Hompg(Pyz, B). Since Py is generated by a set of cardinality < §, there
exists v < ¢ such that f(Pz) C B,. So we may think of f as a morphism f: Pz — B,41. Let
£(z,f~) be the natural identification of Fz with the (Z, f) direct summand of X@S F)((ax‘”), and

€(2,f,y) the natural identification of Pz with the (Z, f) direct summand of X@S P)((a %) Notice

that (@ag?xﬁ))e(zjm = €(z,f~)z- Consider a diagram as in (74). Then
= ty0€z,7) = 97(@042?&7))
as desired. Thus (iv) is satisfied.

Suppose that there exists n € N such that pd X < n for all X € S. To prove (v),
let By = B,/By = B,/M for all v < 6. Thus By = 0. Notice that pd(5y) = 0 < n and
Byi1/B, Bé:}]/fo &~ B.11/B,. Thus pd(B,4+1/By) < n for all ¥ > 1, because of (ii). Hence
pd(B/M) < n because of Auslander-Lemma 1.30.

If Z € S*, then Exth(B/M,Z) = 0 by Eklof Lemma 1.29 since B/M is S-filtered and
S C H(81). Thus B/M € +(S1). Now the exactness of

Hompg(B, Z) — Hompg(M, Z) — Exty(B/M,Z) = 0,

€Z,f7) = GvE(Z,f7) %>

for all Z € St implies that M < B is an S*-preenvelope. O

COROLLARY 8.9. Let R be a ring. If T is a right R-module, then every right R-module M has
a T+ -preenvelope M — B such that B/M € -(T+). Moreover, if ExtL(T, 7)) = 0 for any
set I, then B/M is a direct sum of copies of T'.

PROOF. The first part follows directly from Theorem 8.8 for S = {T'}.

By Theorem 8.8, we know that B/M is {T'}-filtered. Let (N, | v < 6) be a {T'}-filtration
of B/M. The module Ny = 0 is an (empty) direct sum of copies of 7. Suppose now that NNV,
is a direct sum of copies of T', then N, 1 is too because the exact sequence

0— Ny, — Nyy1 — Nyp1/Ny — 0

splits since Nyy1/N, =T and EXt}%(N»y+1/ny, N,) =0 by hypothesis. Thus N,1; is a direct

sum of copies of T'. Suppose now that § is a limit ordinal number, and that the result holds

true for all ordinal numbers smaller than 5. Then Ng = Ug N, is a direct sum of copies of
<

T. Therefore B/M = U6 N, is a direct sum of copies of T'. g
v<

Now we present an important characterization of tilting modules from [CT95, Proposi-
tion 1.3]. The proof is from [GT06, Lemma 6.1.12].

PROPOSITION 8.10. Let R be a ring and T a right R-module. The following hold true

(i) If GenT =T+, then GenT = PresT.
(ii) T is a tilting module if and only if GenT = T+,
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PROOF. (i) By definition PresT' C GenT. Let M € GenT. Then we can give the following
presentation of M

0 — K — TMHomr(TM) 2 pr (75)

where ¢ is the morphism of right R-modules such that ¢ restricted to the component
f € Hompg(T, M) equals f, and K = ker ¢. Applying Hompg(7, ) to (75) we obtain

0 — Hompg(T, K) — Hompg(T, T(HomR(T’M))) hiad Homp(T, M) —
— Exth(T, K) — Exth(T, THomr(TM)y _,

Since THomr(T:M)) = GenT, then Exth(T, THomr(T.M))y — (. Now observe that ¢, is
onto. Indeed, for each f € Hompg(T, M), if ¢y denotes the natural inclusion of T' inside
the f component of THomr(T.M)) " then ©«(tf) = @ty = f. Hence Exth(T,K) = 0, that is,
K € T+ = GenT, as desired.

(ii) Suppose that T is a tilting module. By (T2), T) € T for each set I. By (T1) and
Remarks 8.2(a), T is closed under images. Hence GenT C T,

On the other hand, let M € T+. Applying Hompg(—, M) to the exact sequence given by
(T3)

0—-R5Ty—T1 —0
with Ty, Th € Add T, we obtain
-+ — Hompg(Tp, M) — Hompg(R, M) — Exth(Ty, M) — - --

Notice that Ty @ T{ = T) for some set I and right R-module T}. Then Exth(T}, M) = 0
because Exth(TW, M) = @ Exth(T, M) = 0. Hence Homp(Ty, M) — Homg(R, M) in onto.
I

Thus, for each f € Hompg(R, M), there exists ¢ € Hompg(Ty, M) such that go = f. By
Remarks 8.2(b), Hompg(R, M) = M via f — f(1). Hence there exists ¢ € Hompg(7p, M) such
that g(¢(1)) = m for each m € M, ie. M € GenTy C GenT.

Conversely, suppose now that GenT = T=. Let N € Mod- R and consider the exact
sequence 0 - N — F — FE/N — 0 with E an injective right R-module. Applying Hompg(T, _)
to this sequence we get

-+ — Exth(T, E/N) — Ext%(T,N) — Ext4(T, E) — -

Since E is injective, then Ext%(T,E) = 0 and E € T+ = GenT. Thus E/N € GenT = T+
and Exth(T, E/N) = 0. Therefore Ext%(T, N) = 0. As N was arbitrary, we have just proved
that pd T < 1, that is, (T1) is satisfied.

Obviously (T2) is satisfied because T) € GenT = T for each set I.

By Corollary 8.9, with M = R, there exist right R-modules Ty and T} such that Ty € T+,
T € L(TL), T is a direct sum of copies of T', and 0 — R — Ty — 17 — 0 is an exact sequence.
In particular, 77 € AddT. Observe that Ty € +(T) because R and T} belong to +(T+). By
(i), To € T+ = GenT = PresT. Let 0 — X — T) — Ty — 0 be a presentation of Ty with
X € GenT =T and J a set. It splits because Exth(Tp, X) = 0. Therefore Ty € Add T, and
(T3) is satisfied. O

COROLLARY 8.11. Let T and T' be two tilting right R-modules. Then T is equivalent to T" if
and only if AddT = AddT".

PRrROOF. If AddT = AddT’, then T € AddT’ C GenT’ and T’ € AddT C GenT. This
and Proposition 8.10(ii) imply that T = GenT = GenT’ = T'~.
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Conversely, suppose that T+ = T'*. Let X € AddT’ C GenT’ = GenT = PresT by
Proposition 8.10. Then X has a presentation

0-K—->TD X -0 (76)

with K € GenT = GenT’ = T+, then (76) splits because Exth (X, K) = 0. Hence X € AddT.
By symmetry, AddT’ = AddT. O

DEFINITIONS 8.12. Let R be a ring.

(a) A tilting right R-module T is said to be of finite type provided that there is a set S of
finitely presented right R-modules of projective dimension at most one such that T+ = S+.
(b) A tilting class T is of finite type if T is equivalent to a tilting module T" of finite type.
(c) A class C of right R-modules is called definable if
(i) C is closed under products, i.e. for any set I, if L; € C for all ¢ € I, then [] L; € C.
el
(ii) C is closed under direct limits, i.e. for any direct system {L;, fj; | ¢ < j € I}, if
L;eCforalliel, then limL; € C.
(iii) C is closed under pure submodules, i.e. if L; is a pure submodule of Ly € C, then
L1 eC. O

The following result is due to S. Bazzoni.

PROPOSITION 8.13. Let R be a ring, and let S be a set of finitely presented right R-modules of
projective dimension at most one. Then there exists a tilting right R-module T with T+ = S*.

PROOF. For each X € S fix a projective presentation
0—-Px B Fyx - X -0 (77)

with F'x a finitely generated free right R-module and Px a finitely generated projective right
R-module.

Proceeding as in the proof of Theorem 8.8 with M = R, since all modules in S are finitely
generated, then the regular cardinal § can be supposed to be w. Hence we obtain a module B
with a continuous chain of submodules {B), },cn satisfying

(i) Bo = R.
(ii) Bp+1/By isomorphic to a direct sum of modules in S for each n € N. More precisely,

Bpy1/B, = @ XHomr(Px.Bn)),
Xes
(iii) B = lim B,. Therefore B/R is S-filtered.

)
(iv) B e St
v) B/R € *+(Sh).
(vi) pd(B/R) <1 because pd X <1 for all X € S.
Our tilting module will be T'= B & B/R. From

0—-R—B—B/R—0 (78)

we clearly have B, B/R € AddT. Hence (T3) is satisfied. Now we prove that 7" verifies (T1)
and (T2).
(T1) Let K be any right R-module. Applying Hom(_, K) to (78) we obtain
- — 0= Exth(R, K) — Ext%(B/R, K) — Ext}(B, K) — Ext%(R, K) = 0.
So to check that pd(T") < 1, it is enough to see that pd(B/R) < 1. But it has already been
proved in (vi).
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(T2) Since B € S* by (iv), Remarks 8.2(a) shows that B/R € S*. Therefore T € S* by
the properties of Ext}z(_, _) with respect to direct products on the second component.
Let I be a set. Since Exth(T,70) = Exth(B,T") @ Exth(B/R,TW), applying
Hompg(_,T™") to (78), we get that Exth(T, 7)) = 0 if and only if ExtL(B/R,T")) = 0.
Denote B, /R by B,, for each n € N, and let ax ,, denote a disjoint copy of Hompg(Px, By,).
By (i), Bpy1/Bn = @ X(@xn) if n € N. Therefore Exth(By, 7)) = 0 and
XeS

Exth(Bat1/Ba, TW) = Exthy( @ X@x) 70y = T (] (P Exth(X.1))) =0,
XeS XeS axn I

because T € S*, and the fact that Exth(X, 7)) = @ Exth(X,T) by Lemma 1.31 because
I

X is finitely presented of projective dimension at most one. Thus Exth(B/R,TU)) = 0 by
Eklof-Lemma 1.29.

It only remains to check that 7+ = S+. Again, applying Hompg(_, 7)) to (78), we get
that Z € T+ if and only if Z € (B/R)*. If Z € S*, then Z € (B/R)* because of (iii) and
Eklof-Lemma 1.29. Hence St C T+.

We have already seen that 7 € S*. Now St is closed under direct sums by Lemma 1.31
because S consists of finitely presented modules of projective dimension at most one. Note
that S+ is closed under images by Remarks 8.2(a). Thus GenT = T+ C S+. g

Proposition 8.13 is very useful because it tells us that many classes are tilting classes. On
the other hand, the tilting module constructed is somehow unmanageable, and not very useful
when trying to give a classification of tilting modules over some ring R.

REMARK 8.14. Let R be a ring. Let C be a class of right R-modules such that for each X € C
there exists a projective resolution

=P, > P —>F—->X—-0

with Py, Py, P, finitely generated projective right R-modules. Then C* is a definable class. In
particular, if C is a set of finitely presented modules of projective dimension at most one, then
Ct is definable.

PROOF. The class C* is closed under products because [] ExthL(M, B;) = Exth(M, [ B;)
el il
holds in general for any set I, and M, B; € Mod- R, i € I.
The class C* is closed under direct limits because Exth(X,lim N;) 2 lim ExtL (X, N;) for

any direct system {(N;, fi;) | ¢ < j € I} of right R-modules and X € C by Lemma 1.31.
Let 0 — A — B — C — 0 be a pure exact sequence of right R-modules such that B € C*.
If X € C, applying Hompg(X, _), we get
0 — Homp(X, A) — Homp (X, B) — Homg(X,C) —
— BExth(X, A) — Exth(X, B) = 0.
On the other hand, since X is finitely presented, Homp(X, B) — Hompg (X, C) is onto by
Lemma 1.33. Therefore Ext}(X, A) = 0. Thus C* is closed under pure submodules. O

Let R be a ring. Let T be a tilting right R-module. The class T is closed under
direct products by the properties of Ext}g(_, _). Observe that T’ L is closed under direct sums
because T+ = GenT by Proposition 8.10. Hence T is closed under direct limits because for
any direct system {L;, fj; | @ < j € I} there exists an onto morphism @ L; — lim L; and

i€l -
T+ is closed under images by Remarks 8.2(a). Furthermore we have the following result from
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[BHO8, Theorem 2.6] (or see also [GT06, Chapter 5]) whose proof is far from the scope of
this dissertation. It also gives the converse of Proposition 8.13.

THEOREM 8.15. Let R be a ring. Then any tilting class is definable and of finite type. g

As noted in Section 2 of [BHO8], a combination of Ziegler’s result [Zie84, Theorem 6.9]
and the Keisler-Shelah Theorem (cf. [Kei61] and [She71]) implies that two definable classes
are the same if and only if they contain the same indecomposable pure injective modules.
Hence we obtain [BHO8, Corollary 2.7]:

COROLLARY 8.16. Let R be a ring. Let C and C' be two tilting classes of right R-modules.
Then C = C' if and only if they contain the same indecomposable pure-injective modules. [

Notice that Corollary 8.16 makes easier to work with tilting classes because of Lemma 1.34.

2. Ring epimorphisms

DEFINITION 8.17. Let R,S be two rings and A\: R — S a morphism of rings. A is a ring
epimorphism if, for every pair of morphism of rings d;: S — S’, i = 1,2, the condition
01 A = b2\, implies that 1 = do. O

ExaMmpPLES 8.18. Let R be a ring.

(a) Let X be a class of morphisms between finitely generated projective right R-modules, then
A: R — Ry, the universal localization of R at ¥, is a ring epimorphism.

(b) Let & be a left denominator set of R. Then R — &~ R is a ring epimorphism.

(¢) Let A: R — D be a morphism of rings such that D is a division ring of fractions of im A,
then X is a ring epimorphism.

PROOF. (a) Suppose that 6: Ry — S is a morphism of rings. Then
a®prls =a®r 1R, gy 1g,

for every a € 3. Now a ®p 1p,, is invertible. Hence o @ 1g is invertible, and 4 is the only
possible morphism of rings extending A by the universal property of Ry.

(b) Follows from (a) because the left Ore localization &~! R is the universal localization of
R at the morphisms of right R-modules R — R, r — sr, for all s € &, by Examples 3.48(a).

(c) Let 01,02: D — S be morphisms of rings. Recall that Q,,4+1(im A, D) is the subring of
D generated by the subring @Q,(im A, D) and the inverses of its nonzero elements. Hence if §;
agrees with d3 in d € Q,(im A\, D) \ {0}, then 61(d~!) = §1(d)~ = 62(d)~! = da(d~!). Hence
if 41 coincides with d2 on im A = Q(im A, D), then they agree on D = |J Q,(im A, D). O

n>0

Observe that if A: R — S is a morphism of rings, then every right (left) S-module is a
right (left) R-module “by restriction of scalars”, and every morphism of right (left) S-modules
is a morphism of right (left) R-modules. When A is a ring epimorphism we can say more
about this. For example [Ste75, Chapter XI, Proposition 1.2]:

LEMMA 8.19. Let \: R — S be a morphism of rings. The following are equivalent:

(i) A is a ring epimorphism.

(ii) Mod- S is a full subcategory of Mod- R.

(iii) S®r S — S, given by s1 ® sy +— s182, is an isomorphism of S-bimodules. O
REMARKS 8.20. Let A\: R — S be a ring epimorphism.

(a) Given two right S-modules M, N and a morphism of right R-modules f: M — N, then f
is a morphism of right S-modules by Lemma 8.19(ii).
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(b) The map S — S ®g S defined by s — s ® 1 is the inverse of the isomorphism given in
Lemma 8.19(iii).
(c) Let M be a right S-module, and N a left S-module. Then

M®RN§M®SS®RS®SN§M®SS®SN§M®SN
by Lemma 8.19(iii). O

We will deal with ring epimorphisms A\: R — S such that Torfi(S, S) = 0. This condition
has been characterized by A.l. Schofield [Sch85, Theorem 4.8] as follows:

THEOREM 8.21. Let A: R — S be a ring epimorphism. The following statements are equivalent
(i) Torf(s,S) = 0.
(ii) Torf (M, N) = Tor{ (M, N) for all M € Mod- S and N € S-Mod.
(iil) Exth(M, N) = Exti(M, N) for all M, N € Mod- S.
(iv) Exth(M,N) = ExtL(M, N) for all M, N € S-Mod. O
We want to characterize the S-modules among the R-modules, the following notion from
[GL91] will be useful for our discussion.

DEFINITION 8.22. If S is a class of right R-modules, the (right) perpendicular category to S
is defined to be the full subcategory Xs of Mod- R consisting of all modules A satisfying the
following two conditions:

(a) Homp(S,A) =0 for all S € S.
(b) Exth(S,A) =0 forall S € S.
If S = {S} we will write X instead of Xfgy. O

The following result is proved in [GL91, Proposition 4.12] but in a less general context.

THEOREM 8.23. Let \: R — S be an injective ring epimorphism with Torf(S,S) = 0. Then
the following are equivalent for M € Mod- R.

(i) M € Mod- S.
(i) Extp(S/R, M) = Hompg(S/R,M) =0, i.e. M € Xg/p.
PRrROOF. Applying Homp(—, M) to the exact sequence 0 - R — S — S/R — 0, we get
the exact sequence
0 — Hompg(S/R, M) — Hompg(S, M) - Homp(R, M) —
— Exth(S/R, M) — Exth(S, M)
(i) = (ii): If M € Mod- S, then Exth(S, M) = Ext}(S, M) = 0 by Theorem 8.21. Moreover,
the composition of maps M = Homg(S, M) = Homp(S, M) - Homp(R, M) = M is the
identity on M, and + is an isomorphism. Hence Exth(S/R, M) = Hompg(S/R, M) = 0.
(ii) = (i): Assume that Exth(S/R, M) = Hompg(S/R, M) = 0. Then ~ is an isomorphism,
and Hompg(S, M) L Hompg(R, M) = M, f — fir = f(1), endows M with a structure of right

S-module. (|
REMARK 8.24. As a consequence of the last proof, we see that for a right R-module M, the
only possible structure as right S-module is the one given by Hompg/(S, M). O

As we have seen in Examples 8.18, if R is a ring, then A: R — Ry, the universal localization
of R at a class of morphisms between finitely generated projective right R-modules, provides
examples of ring epimorphisms. Now we want to show that Torf!(Ryx, Rx) = 0 [BDTS,
Section 5]. For that we proceed as in [Sch85, Theorem 4.7]. We begin with a lemma that will
also be useful later.
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LEMMA 8.25. Let R be a ring, and let ¥ be a class of morphisms between finitely generated
projective right R-modules. A left R-module X is a left Ry-module if and only if a ® 1x is an
isomorphism for each o € X.

PROOF. Suppose that X is an Ry-module. Let a: P — ) be a morphism from 3. Then
a ® 1x is the composition of the following isomorphisms

a®lpy, ®1x
—

PrX = P®pr Ry Qp, X Q ®r Ry Qpy, X =2 Q ®r X.

Thus a ® 1x is an isomorphism.

Conversely, suppose that a®1x is an isomorphism for each o € 3. Consider the canonical
morphism of rings given by the structure of left R-module of X, n: R — Endz(X). Let
a: P — @ be any morphism from ¥. Let F, F and A be matrices over R that represent P, Q)
and « respectively. Then, since a ® 1x is an isomorphism, then A € Endz(X) induces the
isomorphism of abelian groups

EX”%ER"@)RX%P@RXQ% QRAr X =ZFR"r X =2 FX™.
Hence there exists a unique matrix B € M, x,,(Endz(X)) such that BA = FE, AB = F and
EBF = B. By Remark 3.51, there exists a unique morphism of rings 77: Ry, — Endz(X) such
that nA = n. Then 77 endows X with a structure of left Ry-modules. U

LEMMA 8.26. Let R be a ring and % a class of morphisms between finitely generated left
R-modules. Let \: R — Ry be the universal localization of R at . Let L, N be two right
Rs-modules. Then Exth(M,N) = Ext}%E (M, N).

PRrROOF. Consider a right R-module X which is an extension (as R-module) of M by N.
Thus there exists an exact sequence of right R-modules)0 - N — X — M — 0. Let a: P — @
be any morphism from . Applying P ®r — and Q) ® g —, we obtain the commutative diagram
with exact rows

0—=PIrN—PQRQrX —>PQRrM—0

ia@lN la@lx J{a@lM

0—>QAIRN —=QIRX —=QIrRM ——0

By Lemma 8.25, a ® 1y and o ® 1,7 are isomorphisms. Thus a ® 1x is an isomorphism for
all @ € ¥. Again by Lemma 8.25, X is a left Ry-module. O

Now, by Lemma 8.26 and Theorem 8.21, we can state our desired result.

THEOREM 8.27. Let R be a ring and X a class of morphisms between finitely generated pro-
jective right R-modules. Let A\: R — Ry be the universal localization of R at . Then
Torf¥(Rs, Rs) = 0. O

From this result, as it is done in [Sch85, Theorem 4.9], we obtain [BD78, Theorem 5.3]:

THEOREM 8.28. Let R be a ring and X3 a class of morphisms between finitely generated pro-
jective right R-modules. Let \: R — Ry, be the universal localization of R at . If R is right
hereditary, then Ry, is right hereditary.

PROOF. In general, a ring S is right hereditary if and only if Ext4(M, _) is a right exact
functor for all M € Mod-S. By Theorems 8.21 and 8.27, Ext}%Z(M, N) = ExtL(M, N) for
all M, N € Mod- Rsx. Now Ry is right hereditary because Exth(M, _) is right exact for all
M € Mod- R. Il
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3. Tilting modules arising from ring epimorphisms

We will now study tilting modules, like Q@ Q/Z (see Example 8.4), constructed from injec-
tive ring epimorphisms. We start out with a generalization of some results from [AHHTO5,
Section 6], which in turn generalized part of [Mat73, Chapter 1]. In [AHHTO5] it is
considered the ring epimorphism R — S = & 'R where & is a left Ore set consisting of
non-zero-divisors of the (not necessarily commutative) ring R, while in [Mat73] S is the full
quotient ring (i.e. S = G 'R and & the set consisting of all non-zero-divisors of R) of the
commutative ring R.

The following two technical lemmas generalize [AHHTO05, Lemma 6.2] and [Mat73,
Lemma 1.8], respectively. They are proved in the same way as the original ones.

LEMMA 8.29. Let \: R — S be a morphism of rings, and let M be a right R-module. The
image of the morphism Hompg(S, M) — M, f+— f(1) coincides with the trace

trs(M) =) _{f(S) | f € Homp(S, M)}
of S in M.
Proor. Notice that Hompg(S, M) is a right S-module. Now m € trg(M) if and only if
there exist sq,...,s, € 5, and f1,..., f, € Hompg(S, M) such that
m = fi(s1) + -+ falsn) = (fisi+ - + fasa)(1).
Hence m = ¢(1) for g = fis1 + -+ + fnsn, € Homp(S, N). O

LEMMA 8.30. Let A\: R — S be a morphism of rings. Then the following statements are
equivalent

(i) trg(M/trg(M)) = 0 for all M € Mod- R, that is, Hompg (S, M/trg(M)) = 0 for all
M € Mod- R.
(ii) Gen Sg is closed under extensions.

PRrROOF. (i) = (ii): Let 0 - A — B — B/A — 0 be an exact sequence of right
R-modules with A, B/A € Gen Sg. Since A is contained in trg(B), we get the surjective mor-
phism of right R-modules B/A — B/trg(B). Hence B/trg(B) € Gen Sg, but by hypothesis
Homp(S, B/ trg(B)) = 0. Therefore B/ trg(B) =0 and B = trg(B) € Gen Sg.

(ii) = (i): Suppose that trg(M/trg(M)) # 0 for a right R-module M. Then there exists a
submodule X of M such that X contains trg(M), X/trg(M) # 0 and X/ trs(M) € Gen Sg.
Consider the exact sequence 0 — trg(M) — X — X/trg(M) — 0. By hypothesis,
X € Gen Sg, which implies that X = trg(M), a contradiction. O

In the following result, (ii) is the generalization of [AHHTO05, Lemma 6.1] and it is proved
in the same way. And (i) could be stated in a more general way, but we prove it in our context.

LEMMA 8.31. Let A\: R — S be an injective ring epimorphism with Torf(S, S) = 0. Denote by
Xs the perpendicular category to Sg. Then

(i) For every injective right R-module N,
Exth(S, Homg(S/R, N)) = Homp(Torl(S, S/R), N) = 0.
(ii) Hompg(S/R, M) € Xs for any right R-module M.
PROOF. From the exact sequence of R-bimodules

0—-R—S—S/R—0, (79)
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since Np is injective, we get the exact sequence of right R-modules
0 — Homp(S/R, N) — Hompg(S, N) — Homp(R, N) — 0.
Applying Hompg(S, ) we obtain
0 — Hompg(S,Hompg(S/R, N)) — Hompg(S, Hompg(S, N)) — Hompg(S, Homg(R, N)) — (80)
— BExth(S,Homg(S/R, N)) — Exth(S, Homg(S, N)) = 0.

Notice that Exth(S, Homp(S, N)) = Ext§(S, Homg(S, N)) = 0 because Homp(S, N) is a
right S-module and Theorem 8.21.
Applying S ®pr — to (79), we get the exact sequence of R-bimodules

0 = Torf’(S,5) — Torf(S,S/R) - S®@r R — S®r S — S @r S/R — 0. (81)
Now, from the natural isomorphisms S ®r S = S = S ®r R in Lemma 8.19(iii), we see that
Torf'(S,S/R) = S ®r S/R = 0. (82)

In particular, Hompg(Torf(S, S/R), N) = 0.
By the injectivity of N,
0 — Hompg(S ®r S/R, N)—»Hompg(S ®r S, N) — Homg(S ®r R, N) — (83)
— Hompg(Torf¥(S,S/R),N) — 0

Notice that by the Hom-tensor adjunction the first three elements in (80) are naturally
isomorphic to the first three elements in (83). Hence

Ext} (S, Homg(S/R, N)) & Hompg(Tor{'(S, S/R),N) = 0,
and (i) is proved.
To prove (ii), denote by E(M) the injective hull of M. Applying the functor Hompg(S/R, )
to the exact sequence 0 — M — E(M) — E(M)/M — 0 we obtain
0 — Hompg(S/R, M) — Homg(S/R, E(M)) % Homg(S/R, E(M)/M). (84)
For any right R-module M the Hom-tensor adjunction gives that
Hompg(S,Homp(S/R, M)) = Hompg(S ®r S/R, M).
Then, by (82), we get that
Hompg(S,Homp(S/R, M)) = 0, for any right R-module M. (85)
Hence Homp(S/R, N) € Xs provided N is injective.
Applying Hompg(S, —) to (84) we obtain the exact sequence
0 — Hompg(S,Hompg(S/R, M)) — Hompg(S, Homg(S/R, E(M))) — Hompg(S,ima) —
— Exth(S,Homg(S/R, M)) — Exth(S, Homg(S/R, E(M))).
By (i), Exth(S,Homg(S/R, E(M))) = 0. And (85) implies that Homg(S,ima) = 0 be-
cause ima < Homp(S/R, E(M)/M).
Therefore Hompg(S, Hompg(S/R, M)) = Exth(S, Homp(S/R, M)) = 0, as desired. O
Now it is time to give the generalization of [AHHTO05, Proposition 1.3].

THEOREM 8.32. Let R be a ring. Let \: R — S be an injective ring epimorphism with
Tor{%(S, S) = 0. Denote by Xg the perpendicular category to Sr. The following conditions are
equivalent.

(i) pd(Sgr) < 1.

(ii) Xg is closed under cokernels of monomorphisms.
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(iil) Extk(S/R, M) belongs to Xs for any right R-module M.

(iv) (S/R)* = Gen Sk.

(v) T=S@S/R is a tilting right R-module.

(vi) pd((S/R)r) < 1.

Moreover, under (i)-(vi), Hompg(S, M/trg(M)) = 0 for any right R-module M.

PRrROOF. (i) = (ii): Let 0 = L — M — N — 0 be an exact sequence with L, M € Xgs.
Applying Hompg(S, ) we obtain the exact sequence

— Homp(S, M) — Hompg(S, N) — Exth(S, L) — Exth(S, M) — Exth(S, N) — Ext%(S, L)

Now, Hompg(S, M) = Exth(S, L) = Extk(S, M) = 0 because L, M € X, and Ext%(S, N) =0
because of (i). Therefore Hompg (S, N) = ExtL(S, N) = 0.

(ii) = (iii): Let M be any right R-module. Denote by E(M) the injective hull of M. Applying
the functor Hompg(S/R, —) to the exact sequence 0 — M — E(M) — E(M)/M — 0 we get

0 — Homp(S/R, M) — Homp(S/R, E(M)) 2 Homp(S/R, E(M)/M) —
— BExth(S/R, M) — Exth(S/R, E(M)) = 0.

By (ii) and Lemma 8.31(ii) applied to 0 —Homp(S/R, M) —Hompg(S/R, E(M))—imf — Q
we obtain that im § € Xs. Repeating the argument with

0 — im 3 — Hompg(S/R, E(M)/M) — ExtL(S/R, M) — 0,

we see that Exth(S/R, M) € Xs.
(iii)= (iv): Let M be a right R-module. Applying Homp(_, Mg) to the exact sequence
0—R—S— S/R— 0 we obtain

0 — Homg(S/R, M) — Hompg(S, M) % Hompg(R, M) —
— BExth(S/R, M) — Exth(S, M) — ExtL(R, M) = 0.

The natural isomorphism Hompg(R,M) — M, defined by f +— f(1), gives a map
a: Homp(S, M) — M whose image is the trace of S in M by Lemma 8.29. Hence M € Gen Sg
if and only if « is surjective. If M € (S/R)*, then clearly « is surjective and M € Gen Sg.
Conversely, suppose that « is surjective. Then Exth(S/R, M) = Extk(S, M), so Exth(S, M)
belongs to Xg by (iii). But Extk(S, M) is a right S-module, and the only right S-module which
belongs to Xg is the zero module. Hence Exth(S, M) = ExtL(S/R, M) =0, and M € (S/R)*.
(iv) = (v): Observe that T+ = (S/R)*. Then, by (iv), GenTgr = Gen Sg = (S/R)* = T+,
and so T is a tilting right R-module by Proposition 8.10(ii).
(v) = (vi): If Tg is a tilting right R-module, then pd T < 1, which clearly implies that
pd((S/R)g) < 1 by the properties of Exti(_,_) with respect to direct sums in the first
component.
(vi) = (i) follows from the exact sequence 0 — R — S — S/R — 0 and the long exact
sequence induced by Hompg(_, M) for any right R-module M.

To prove the last assertion of the Theorem, notice that Gen Sg is closed under extensions
by (iv). Now apply Lemma 8.30. O

REMARKS 8.33. Suppose that A\: R — S is a morphism of rings as in Theorem 8.32.

(1) When R is a commutative ring, and S is the full ring of quotients of R, the objects of
the perpendicular category Xg are precisely the R-modules that Matlis called cotorsion
in [Mat73].

(2) When S = G~ R, where & is a left Ore set consisting of non-zero-divisors of R, the objects
in Xg are called &-cotorsion in [AHHTO5].
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(3) In many cases, for example if R is a hereditary ring, S @ S/R is a two-sided tilting
R-module. g

EXAMPLES 8.34. Let R be a ring.
(a) Denote by QI .. (R)r the mazimal right ring of quotients of R, see e.g. [Ste75, p. 200].

max

Assume that pd(Qh.<(R)r) < 1 and that one of the following conditions is satisfied:

max

(i) R is a right non-singular ring such that every finitely generated non-singular right
R-module can be embedded in a free module, or

(il) Qrax(R) is right Kasch (for example, this holds true whenever

T ax(R) is semisim-

m)ax max
ple).
Then Q. (R) ® Qrax(R)/R is a tilting right R-module. This follows combining The-

orem 8.32 with [Ste75, Chapter XII, Theorem 7.1] in case (a), or with [Ste75, Chap-
ter XI, Proposition 5.3] in case (b).
(b) By [Ste75, Chapter XI, Theorem 4.1], there exist a ring @}, (R) and a ring epimorphism
¢: R — Qf(R) such that
(i) ¢ is an injective ring epimorphism and Qi (R) is flat as a left R-module.
(ii) For every injective epimorphism of rings v: R — T such that gT is flat, there is a
unique morphism of rings 6: 7' — Q. (R) such that éy = .
If pd(Qit(R)r) < 1, then we infer from Theorem 8.32 that Qi (R) ® Qi.(R)/R is a
tilting right R-module.

(c) Let & be a left Ore set of R consisting of non-zero-divisors. Then R — &~ 1R is a ring
epimorphism by Examples 8.18(b), and Torf(&~'R,& 'R) = 0 because G~ 'R is a flat
right R-module. Therefore, if pd(&~'Rg) < 1, then G 'R @® G 'R/R is a tilting right
R-module by Theorem 8.32.

(d) Let X be a class of morphisms between finitely generated projective right R-modules such
that the universal localization A\: R — Ry is an embedding and pd(Rx)r < 1. Then
Rx, ® Ry /R is a tilting right R-module by Examples 8.18(a) and Theorems 8.27 and 8.32.

(e) Until now all the examples we have provided in (a), (b) and (c) are such that Sg is a flat
right R-module. This is not always the case. For example (see also [Nee07, Example 0.2]),
let X be a nonempty set. Let G be the free group on X. Let k be a field. Consider the free
algebra R = k(X), and the free group algebra kG with the natural embedding k(X) — kG
which sends = — x for every x € X. Then T'x = kG ® kG/k(X) is a tilting right (and left)
R-module. In fact, if ¥ = {ay | # € X} where ay: k(X) — k(X) is defined by p — zp,
then kG can be regarded as the universal localization of R at X. Since k(X)) is hereditary,
pd(kGp(xy) < 1, so Tx is a tilting right (left) R-module by (d). Finally, observe that kG
is not a flat right (left) k(X)-module if | X| > 2 . Indeed, let  # y € X. Consider the
unique embedding of left (right) k(X )-modules such that

KX) @ k(X) > k(X)

L) — oz

(0,1) — Y
Consider 16 ® a: kG @ kG — kG. Then (z=1,0) and (0,5 ') have the same image 1.
Thus 1xg ® a (@ ® 1kg) is not injective. O

REMARK 8.35. We said at the beginning of this chapter that we wanted to construct tilting
modules in the same way as we did with the Z-module Q & Q/Z in Example 8.4. So given a
ring R with a division ring of fractions D, one could think of forming a tilting right R-module
D @ D/R. If R happens to be a hereditary ring, certainly R < D is a ring epimorphism by
Examples 8.18(c) and pd Dg < 1. On the other hand, Torf(D, D) # 0 in general. Now we
show this.
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Let X be the set of matrices over R that become invertible over D. Then Ry is a local ring
and, if J is its Jacobson radical, Ryx;/J = D by Theorem 3.26. So we have the exact sequence
of right R-modules (and of Ry-modules by Remarks 8.20(a))

0—J5 Ry 5 D—0.
Then the functor _ ® g D induces the exact sequence
Torf!(Ry;, D) — Torf(D,D) — J@r D — Ry ®@g D — D ®@r D — 0.

Observe that R — Ry is a ring epimorphism with Torf'(Ry, Ry) = 0 by Examples 8.18(a)
and Theorem 8.27. Thus Tor’(Ry, D) = Tori™(Rg, D) = 0 by Theorem 8.21. Applying
repeatedly Remarks 8.20(c) we obtain
D®rD= l)@R2 D= RE/J®RE RE/J = RE/J
RE@RDgRE@)RE DngRE/J.
J®rD=J®p, D= J®p, Ry/J=J/J?
Hence 7 ® 1p is an isomorphism, and Torf*(D, D) = 0 if and only if .J/.J? = 0.

It is known that, if S is a ring with Jacobson radical I and P a nonzero projective
right S-module, then PI ¢ P (see for example [LamO01, Theorem 24.7]). Now, since Ry
is hereditary by Theorem 8.28, then J is a projective right (and left) Ry-module. Thus
J? £ J, provided J # 0.

And J = 0 if and only if ¥ is the complement of a minimal prime matrix ideal, because of
the following result [Coh95, Theorem 4.6.14]: Let R be a weakly semihereditary ring. Then
there are natural bijections between the set of minimal prime matrix ideals over R and the
universal localizations (at matrices) that are division rings.

Hence, for R = k(X), R has a universal division ring of fractions, thus a unique minimal
prime matrix ideal. Hence Torf(D, D) # 0 for all division rings of fractions D of R which are
not its universal division ring of fractions. |

Tilting modules that arise from injective ring epimorphisms as in Theorem 8.32 can be
characterized as we do in [AHSO08]:

THEOREM 8.36. Let R be a ring and T be a tilting right R-module. The following statements
are equivalent.
(i) There is an injective ring epimorphism X : R — S such that Tor?(S,8) = 0 and S®S/R
1$ a tilting module equivalent to T.
(ii) There is an evact sequence 0 — R % Ty — Ty — 0 such that Ty, Ty € AddT and
HOIIlR(Tl,To) =0.
Moreover, under these conditions, a : R — Ty is a T+-envelope of R, and X\ : R — S is a ring
epimorphism with Torf(S,S) = 0 for all i > 1. O

This result allows us to show that there are tilting modules that do not arise from ring
epimorphisms as in Theorem 8.32.

EXAMPLES 8.37. (a) Let R be a hereditary (indecomposable) artin algebra of infinite repre-
sentation type. Denote by p the preprojective component of R (see Section 6). There is
a countably infinitely generated tilting right R-module generating p=*, called the Lukas
tilting module, and denoted by L, cf. [Luk91, KTO05|. It has the property that there
are non-zero morphisms between any two non-zero modules from Add L, see [Luk91,
Theorem 6.1(b)] and [Luk93, Lemma 3.3(a)]. So, there cannot be an exact sequence
0— R% Ly — Ly — 0 such that Lo, L; € Add L and Hompg(L1, Ly) = 0, and therefore
L does not arise from a ring epimorphism as above by Theorem 8.36.
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(b) Let R be a Priifer domain which is not a Matlis domain, that is, the quotient field @ of
R has projective dimension > 1 over R. Then R has no divisible envelope, see [GT06,
Corollary 6.3.18]. So, the Fuchs tilting module 0, which is a tilting module generating
the class of all divisible modules [GT06, Example 5.1.2], is another example of a tilting
module that does not arise from a ring epimorphism as above by Theorem 8.36. (|

4. Tilting modules arising from universal localization

Our main example of epimorphism of rings is given by universal localization. As we have
seen in Examples 8.34(d), if A\: R — Ry is injective and pd(Rx)r < 1, then Ry @ Ry /R is a
tilting right R-module. In this section we investigate in more detail this example. But first
we begin with some definitions.

Lemma 3.53 is useful to define universal localizations Ry in terms of the cokernels of the
morphisms between finitely generated projective modules of the class 3 when the cokernels
are like follows.

DEFINITIONS 8.38. Let R be a ring.

(a) Let U be a right (left) R-module. We say that U is a bound right (left) R-module if U is
finitely presented, pd U = 1 and Hompg(U, R) = 0. In other words, U is a bound right (left)
R-module if and only if U is the cokernel of some morphism «: P — @ with P,Q € Pgr
(rP) such that « and a* are injective.

(b) If U is a bound right R-module with projective presentation 0 — P % Q — U — 0

with P,Q € Pgr, then we have an exact sequence 0 — Q* % P* - cokera* — 0, and
coker o* is the Auslander-Bridger transpose of U denoted by TrU = coker o, see for
example [ARS95]. In our situation TrUU = Exth(U, R). Observe that by the duality
between finitely generated projective right R-modules and finitely generated projective
left R-modules, U is a bound right R-module if and only if Tr U is a bound left R-module.
For a class U of bound right R-modules we denote Trtd = {TrU | U € U}.

(¢) Let U be a class of bound right R-modules. For each U € U, consider a morphism oy
between finitely generated projective right R-modules such that

0-PXE¥Q—-U—=0 (86)

is exact. We will denote by Ry the universal localization of R at ¥ = {ay | U € U}.
In fact, Ry does not depend on the chosen class Y by Lemma 3.53, and we will also call
it the universal localization of R at U. Observe that Ry = Rryyy by Remarks 3.47. By
abuse of notation, we will write ay € U for any morphism ay; between finitely generated
projective right R-modules as in (86) with U € U.

(d) Let U be a class of bound right R-modules. A right R-module N is said to be U -torsion-free
if Homg(U, N) = 0 for all U € U, and N is said to be U-divisible if Exth (U, N) = 0 for
all U e U. O

REMARKS 8.39. Let R be a ring.

(a) Observe that bound right R-modules are isomorphic to cokernels of morphisms between
finitely generated projective right R-modules. We may even suppose that the projectives
are free (but the morphisms need not be injective). Hence, given a class V of bound right
R-modules, there exists a set of bound right R-modules ¢/ such that &+ = V+. That is,
we may suppose that V is a set when dealing with the class V',

(b) Suppose that R is a semihereditary ring with a faithful rank function p, see Section 4 in
Chapter 3. Then the p-torsion and the p-simple right R-modules are examples of bound
right R-modules. O
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The following results intend to explain why the classes U of bound right R-modules are the
best candidates to construct tilting right R-modules from universal localization of the form
Ry & Ry /R. We begin with a lemma whose proof is taken from [Nee07, Proposition 2.2].

LEMMA 8.40. Let R be a ring and 3 a class of morphisms between finitely generated projective
right R-modules such that the universal localization of R at X, \: R — Ry, is injective. Then
every morphism a: P — @Q in X is injective.

PRrROOF. First note that for each projective right R-module P, the map tp: P — P ®g Ry,
defined by p — p ® 1, is injective because A\: R — Ry is injective and Pp flat.

Secondly, the morphism a ® 1g,: P ®r Ry — @ ®pr Ry is an isomorphism for each
a: P— @ in X.

Now the commutativity of the diagram

P = Q

\LLP lLQ
Oé®1R

P®r Ry —= Q ®g Ry

shows that « is injective for each o € ¥ by the foregoing observations. (|

The converse of Lemma 8.40 is not true even in not so bad situations, see Theorem 3.57.
Now we give a definition of torsion submodule useful for finitely presented modules over a
semihereditary ring.

DEFINITION 8.41. Let R be a ring and M a right R-module. We define
TM ={xe M| f(z)=0forall fe M}
Observe that TM is a submodule of M. Then we can define PM = M/TM. O

REMARKS 8.42. Let R be a ring and M a right R-module.

(a) TM is the kernel of the canonical map «(M): M — (M*)* which sends x € M to the
morphism H,: M* — R defined by f +— f(z).

(b) TPM = 0, and given the natural projection 7: M — PM, then Hompg(_, R) induces an
isomorphism 7*: (PM)* — M* of left R-modules. To prove these assertions observe that
7 (PM)* — M* is injective by the properties of Hompg(—, R). Now, if f € M*, then
TM C ker f. Thus f factorizes through M/TM, which proves that 7* is onto. If z € M
such that z € TPM, then x € PM because 7* is surjective. Hence z = 0. O

The proof of the next result is from [Liic97, Theorem 1.2.3].

LEMMA 8.43. Let R be a semihereditary ring and M a finitely presented right R-module. Then
M is isomorphic to the direct sum of the projective right R-module PM and of the bound right
R-module TM.

Proor. Consider a presentation R™ % R" — M — 0 of M. From it we obtain the
exact sequence 0 — M* — (R")* & (R™)*. Since R is semihereditary, and (R™)* is a
projective left R-module, then the finitely generated submodule im ¢* of (R™)* is a projective
left R-module. Then the exact sequence 0 — M* — (R™)* £ im ¢* — 0 splits, and thus M*
is a direct summand of (R™)*. Hence M* is a finitely generated projective left R-module.

By Remarks 8.42(b), (PM)* = M*. The right R-module (M*)* = ((PM)*)* is a finitely
generated projective right R-module. By Remarks 8.42(a), the kernel of the canonical map
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(PM): PM — ((PM)*)* is TPM, which is zero by Remarks 8.42(b). Thus PM is iso-
morphic to a finitely generated submodule of ((PM)*)*. Therefore PM is a finitely gen-
erated projective right R-module because R is semihereditary. Hence the exact sequence
0—TM — ML PM — 0 splits. Thus M = TM & PM and TM is finitely presented.
Moreover, applying Hompg(_, R) to it, we get the exact sequence

0— (PM)* S M* — (TM)* — ExtL(PM,R) = 0.
Therefore (TM)* = 0, and TM is a bound right R-module. O
REMARKS 8.44. Let R be a ring.

(a) Let X be a class of morphisms between finitely generated projective right R-modules. If
we want the universal localization A: R — Ry to be injective, Lemma 8.40 implies that
a: P — @ has to be injective for each o € 3. Moreover, since Ry = Ry, the morphism
between finitely generated projective left R-modules a®: Q* — P* must be injective for
each a € 3. Therefore coker @ is a bound right R-module for each o € 3.

(b) By Theorem 8.15, for each tilting right R-module T', there exists a set V of finitely pre-
sented right R-modules of projective dimension at most one such that 7+ = V. If R is
a semihereditary ring, then we can suppose that V is a set of bound right R-modules by
Lemma 8.43. Then the tilting class is expressed in terms of V-divisibility. O

Let us disgress to show that our definitions of U-torsion-freeness and U-divisibility gen-
eralize the classical notion of torsion-freeness and divisibility over right (left) Ore sets of
non-zero-divisors.

LEMMA 8.45. Let R be a ring, U a right Ore subset of R consisting of non-zero-divisors, and
M a right R-module. Let V = {R/vR | v € U}. Then

(i) R/vR is a bound right R-module with Tr(R/vR) = R/Rv for each v € 0.

(ii) M is B-torsion-free if and only if M is V-torsion-free

(iii) M is U-divisible if and only if M is V-divisible

(iv) RO~! = Ry = Rpyy.

v) M is a right RO~ -module if and only if M is B-torsion-free and B-divisible.

(vi) Let N be a left R-module. Then N is a left RO ~'-module if and only if N is B-torsion-free
and B-divisible.

Analogous results can be stated if U is a left Ore subset of R consisting of non-zero-divisors

and M is a left R-module.

PROOF. (i) Let v € V. Then R/vR has a presentation 0 — R bR R/vR — 0 where
l,: R — R is defined by x — vz and [} is the morphism r,: R =2 R* — R = R* defined by
x +— xv. Clearly [} is injective because U consists of non-zero-divisors and coker [, = R/Rv.

(ii) It follows by the characterization of 79 (M) given in Lemma 3.12.

(iii) Observe that M is U-divisible if and only if the morphism of abelian groups M — M,
defined by m — muv, is surjective for each v € 0. Consider the presentation

0—-R%R—R/WR—0
where [,(z) = vax. Applying Hompg(_, M) to it we obtain the exact sequence
0 — Homp(R/vR, M) — Homp(R, M) — Homg(R, M) — Exth(R/vR, M) — 0.  (87)

Note that M = Homp(R, M) — Hompg(R, M) = M is defined by m +— muv, and thus it is
surjective if and only if ExtL(R/vR, M) = 0.
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(iv) Consider the canonical morphisms of rings :: R — RU~! and A\: R — Ry. For each
v e Y, let l,: R — R be defined as in (i). Clearly I, ® 1gg-1 is an isomorphism. Thus there
exists a unique morphism of rings 7: Ry — RYU~! such that « = z\. Now observe that, since
ly®1g,, is invertible, L, : Ry — Ry defined by x — vz is an isomorphism of right Ry-modules.
Therefore v is invertible. The universal property of the Ore localization implies that there
exists a unique morphism of rings A\: RU~! — R) such that A = .. It follows from the
universal properties of RU~! and Ry that both compositions of 7 and A are the identity.

(v) M is an R~ '-module iff there exists a morphism of rings RU~! — Endz(M) extend-
ing the morphism of rings R — Endz(M) given by the structure of right R-module of M.
Such an extension exists iff the image of v in Endz (M) is invertible for each v € U iff the map
M — M, m — mu, is bijective for each v € 2. This last condition is equivalent to say that
M is U-torsion-free and U-divisible by (87).

(vi) It is proved as (v). O

Now suppose that R is a semihereditary ring and M a finitely presented right R-module.
As we have seen in Lemma 8.43, M = PM ® TM. Let W be the class of all bounded right
R-modules. Then, as TM is a bound right R-module and PM is a projective right R-module,
M is W-torsion-free if and only if TM = 0. Moreover, TM coincides with the trace submodule
of the class W. If moreover the subset U of R consisting of all non-zero-divisors is a right Ore
subset, then clearly 7y (M) € TM. Both coincide for all finitely presented right R-modules
M if and only if every finitely presented torsion-free right R-module can be embedded in a
free module (or equivalently is projective). For example, this happens when R is a two-sided
order in a semisimple ring Q (i.e. U is a two sided Ore subset and R~ is a semisimple ring),
see [Jat86, Theorem 2.2.15].

By definition, the perpendicular category Ay, of a class of bound modules i/ consists of
the U-torsion-free and U-divisible modules. It can also be interpreted as the category of
modules over the universal localization of R at U, as noted by W. Crawley-Boevey [CB91,
Property 2.5] in a slightly less general situation. Observe that the next result also generalizes
Lemma 8.45(v) and (vi).

PROPOSITION 8.46. Let R be a ring. Let U be a class of bound right R-modules. The following
statements are equivalent for M € Mod- R.
(i) M € Mod- Ry,.
(i) 1m ®g of; is invertible for all morphisms oy € U.
(iii) Tork(M,TrU) = M @ TrU = 0 for every right R-module U € U.
(iv) Hompg(U, M) = ExtR(U, M) = 0 for every right R-module U € U.

PRrROOF. The implication (i) < (ii) follows from the fact that Ry = Ry and the left
version of Lemma 8.25.
(ii) < (iii) < (iv): Take ay € U. Consider the exact sequences

0-PHQ—-U—0
0—-Q* YU P - TrU — 0.

Applying M ®p — to the second one and Homp(_, M) to the first one, we get the following
commutative diagram with exact rows

X
1 ®Rrag;

0> Torf'(M, TrU) — M @ Q* ——= M ®p P* — M @ TrU - 0 (88)

/ /

0 — Hompg(U, M) — Hompg(Q, M) -~ Hompg (P, M) -~ Exth(U, M) - 0
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where the vertical arrows are isomorphisms by Lemma 1.9. Hence 1)/ ® gaj; is an isomorphism
iff Torh(M, TrU) = M @ TrU = 0 iff Homg(U, M) = ExthL(U, M) = 0. O

REMARK 8.47. Let R be a ring. Let U be a class of bound right R-modules. Then the class
U+ of U-divisible modules is a tilting class. Moreover

Ut = {M e Mod-R | M @ TrU =0 for all U € U}.

PRrROOF. For the first statement, notice that we can suppose that U is a set by Re-
mark 8.39(a). Then apply Proposition 8.13. For the second part notice that the commutative
diagram of (88) holds for any U € U and any right R-module M. Then Exth(U, M) = 0 if
and only if M @ TrU = 0. 4

A candidate for the tilting class U+ given by a class U of bounded right R-modules is
Ry @& Ry/R. When X\ : R — Ry is injective and pd(Ry)r < 1, we have a tilting right
R-module Ry @ Ry//R by Example 8.34(d). In general, however, its tilting class Gen Ry, does
not coincide with the tilting class ", as we will see in Example 8.79. The next result describes
the case when Gen Ry = U~.

THEOREM 8.48. Let R be a ring. Let U be a class of bound right R-modules. Let further
A R — S be an injective ring epimorphism with Tor{%(S, S) =0 and pdSgr < 1. The
following statements are equivalent:

(i) GenSr =U*.

(ii) The map \: R — S is a U*-(pre)envelope.

(iii) Sg € UL, and every (pure-injective) module M € U belongs to (S/R)* .
In particular, conditions (i)-(iil) hold true if Sgr € U+ and S/R is a direct limit of U-filtered
right R-modules.

PROOF. We already know by Theorem 8.32 that T'= S @& S/R is a tilting right R-module
with Gen Ty = Gen Sg = (S/R)*.
(i) = (ii): If M € U+ = Gen Sg, then ExtL(S/R, M) = 0 because clearly S/R € Gen Sg.

Therefore, applying Hompg(_, M) to the exact sequence 0 — R 2SS /R — 0, we get that
Homp(\, M) is surjective. So, A : R — S is a U~*-preenvelope. Suppose now that g € Endg(S)
satisfies A = gA. Since Mod- S is a full subcategory of Mod- R by Lemma 8.19(ii), g € Endg(S).
Now, since g(1) = 1, we get that g is the identity and therefore an isomorphism. So A is even
a Ut-envelope.
(ii) = (i): By the definition of a preenvelope, we have that Sg belongs to 2. Since U consists
of finitely presented modules, Lemma 1.31 implies that direct sums of copies of S are in Y.
Now it follows that Gen Sgr C U* because U~ is closed under images by Remark 8.2.

For the reverse inclusion, note that Sg is a generator of 4+ by [AHTTO1, Lemma 1.1].
Indeed, if M € U+, then, for each m € M, the morphism of right R-modules R — M defined
by 1 — m factors through A. Therefore there exists an onto morphism of right R-modules

b S— M.
meM

(i) = (iii) follows from (S/R)* = Gen Sk and the remark at the beginning of the proof.
(iii) = (i): We deduce as above that Gen Sgr C U*. To prove equality, first observe that U+
is a tilting class by Remark 8.39(a) and Proposition 8.13. So both classes are tilting classes.
By Corollary 8.16, Gen Sk and U coincide if and only if they contain the same pure-injective
right R-modules. The latter holds true by (iii).

We now prove the last statement. Suppose that Sk € U+ and S/R = @Ni where all V;

are U-filtered right R-modules. By condition (iii), it is enough to show that every pure-injective
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module M € U* belongs to (S/R)*. Now, for such module M, Lemma 1.34 implies that
Extp(S/R, M) = Extp(lim N;, M) 2 lim Extp(Nj, M).

Since Nj is U-filtered for any i € I, Exth(N;, M) = 0 by Eklof-Lemma 1.29. Therefore
Exth(S/R, M) = 0. O

COROLLARY 8.49. Let R be a ring. Let U be a class of bound right R-modules. Suppose
that R embeds in Ry, and pd(Ry)r < 1. Assume further that Ry /R is a direct limit
of U-filtered right R-modules. Then Ty = Ry @© Ry/R is a tilting right R-module with
GenTu = Gen(Ru)R = UL.

PROOF. Notice that Ry € UL because Ry is a right Ry-module, see Proposition 8.46. So
the statement follows immediately from Examples 8.18(a), Theorems 8.27 and 8.48. O

Recall from Section 4 of Chapter 3 that if R is a hereditary ring with a faithful rank
function p, then the universal localization A: R — R, of R at p has a fairly well understood
behavior. It produces a source of examples of tilting modules from universal localization
satisfying the hypothesis of Corollary 8.49 thanks to the following result. It was stated in
[Sch86], and there it was noted that it follows from the proof of [Sch85, Theorem 12.6].

THEOREM 8.50. Let R be a hereditary ring with a faithful rank function p such that R, is
a simple artinian ring. Let U be a class of p-simple modules. The following statements hold
true:

(i) As a right R-module, Ry/R is a directed union of finitely presented modules N; such that
each N; is a finite extension of modules from U.

(ii) As a left R-module, Ry/R is a directed union of finitely presented modules M; such that
each M; is a finite extension of modules of the form TrU with U € U. O

Now we give our result on tilting modules.

COROLLARY 8.51. Let R be a hereditary ring with a faithful rank function p. The following
statements hold true.
(i) If V is a class of p-torsion right R-modules, then Ty = Ry @ Ry /R is a tilting right
R-module.
(ii) Suppose that R, is simple artinian. If U consists of p-simple modules, then

Ty = Ry ® Ry/R

is a tilting right R-module with tilting class Ty = U™, and it is also a tilting left R-module
with tilting class r Ty ~ = (TrUd)*.

PrROOF. Since p is faithful, then R — Ry is an embedding for any class of p-torsion
modules by Theorem 3.56.

(i) It follows from Examples 8.34(d).

(ii) By (i), Ty is a tilting right R-module and a tilting left R-module. Now Theorem 8.50
implies that Ry /R is a directed union of finitely presented right (left) R-modules N; such that
each N; is a finite extension of modules from U (Trif). Therefore Corollary 8.49 implies the
result. O

Many rings satisfy the conditions in Corollary 8.51(ii). By Theorem 3.58, every hereditary
ring R with a faithful rank function p taking values on the integers is such that R, is a division
ring. Firs are one example of this kind. If R is a fir, projectives are free of unique rank, thus
the only possible rank function sends [R"] — n, so it is faithful, and certainly takes values
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on the integers. Recall that hereditary local rings, crossed product group rings kG of a free
group G over a division ring k£ and free algebras are examples of firs.

Suppose now that R is a hereditary ring embeddable in a division ring D. Then we can
define a correspondence on the class of finitely generated projectives as pP = dimp (P ®gr D).
Clearly P = P’ implies that pP = pP’. Also pR = 1, and, since P = P; @ P, implies
Pi®rD =P, ®rD® P, ®gr D, we see that p(P1 D PQ) = p(Pl) + p(PQ). Thus p is a rank
function with values on the integers. The sequence 0 — R — D is exact, and tensoring with
a projective right R-module P, we obtain the exact sequence 0 — P — P ®p D which shows
that P ®@g D # 0, and therefore p is faithful. Again, by Theorem 3.58, R, is a division ring
(maybe different from D).

Some other examples of rings satisfying the conditions of Corollary 8.51(ii) are tame hered-
itary algebras (see Section 6) and hereditary noetherian prime rings, in particular maximal
classical orders and Dedekind prime rings (see Section 5).

The following lemma will be useful in giving some other applications of Corollary 8.49.

LEMMA 8.52. Let A: R — S be a ring epimorphism. Let V be a class of bound right R-modules
such that S € V. If Gen Sg coincides with the class of V-divisible modules, then pd Sp < 1.
In particular, if \: R — Ry is the universal localization of R at V', and Gen(Ry)gr coincides
with the class of V-divisible modules, then pd(Ry)r < 1.

ProOF. Remark 8.39(a) implies that we can suppose that V is a set.

By Theorem 8.8, with M = R and S = V, we get a V' -preenvelope R — B of R with
pd(B/R)gr < 1. Thus, for each N € V* and n € N, there exists a morphism ¢,,: B — N such
that ¢, (1) = n which is an extension of the morphism of right R-modules R — N defined
by 1 — n. In particular, there exists a morphism of right R-modules ¢: B — S such that
o(l) =1.

By hypothesis, there exists a set I and an onto morphism of right R-modules 7: S () - B.
Therefore there exists a morphism of right R-modules ¢n: SO — S with 1 € imyn. Now
©n is a morphism of right S-modules by Remarks 8.20(a). Thus ¢n is onto and it splits. So
there exists ¥: S — SU) such that ¢ = 1g. Hence ¢ is an epimorphism and it splits. Then
Sg is a direct summand of Bg, a module of projective dimension at most one. Indeed, Bgr
is an extension of two modules, R and B/R, of projective dimension < 1. This implies that
pdSr < 1.

For the last part recall that A\: R — Ry is a ring epimorphism by Examples 8.18(a), and
that Ry € V* by Proposition 8.46(iv) because clearly Ry is an Ry-module. O

The proof of the last result is an extension of the one given in the last paragraph of
[AHHTO5, Proposition 6.4]. There S is the localization U~'R of R at a left Ore set of
non-zero-divisors U and the role of B is played by the so called Fuchs tilting module relative
to U. With Lemma 8.52 in mind we can state the following generalization of [AHHTO5,
Proposition 6.4]. They proved it assuming that either R is commutative or U~ R is countably
generated as a right R-module.

COROLLARY 8.53. Let R be a ring. Let i be a left Ore set of non-zero-divisors of R. Then
pd(U'RR) < 1 if and only if Gen(U~'RR) coincides with the class of U-divisible right
R-modules. In this case Ty = U'R @ U™ 'R/R is a tilting right R-module whose tilting
class coincides with the class of M-divisible right R-modules.

PROOF. Suppose that pd(U~'Rp) < 1. Since 4 consists of non-zero-divisors, R embeds in
U7LR. Setting U = {R/uR | u € U}, we know by the left version of Lemma 8.45(i) and (iv)
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that U is a set of bound right R-modules and Ry = {41 R. On the other hand, given u, v € 4,
there exist z € U, w € R, such that wu = zv. Then

uw'R+v 'R C (2v) 'R = (wu)"'R.

Hence every finitely generated right submodule of 4~ R is contained in « 'R for some u € il.
Therefore 4~*R/R = lim u~'R/R. Moreover, notice that for every u € {, u"*R/R = R/uR,

ucth
thus, U4~1R/R is a direct limit of the U-filtered modules u~!R/R. Then we obtain that

Ty = U 'R®UIR/R is a tilting right R-module and Gen(Ty)r = Gen(U™'R)gr = U+ by
Corollary 8.49.
The proof of the other implication is Lemma 8.52 with V =/ and S = Y~ 'R. O

Observe that Corollary 8.53 cannot be generalized to universal localization because of
Example 8.79.

REMARK 8.54. If {f is a two-sided Ore set of non-zero-divisors, then pd(gU~'R) < 1 if and
only if Gen(gt~!R) coincides with the class of {-divisible left R-modules. In fact, in this case
U™'R = RU~! = Ry, and we can apply the left version of Corollary 8.49 on pRU™!.

However, if 4 is just a left Ore set of non-zero-divisors of R, and pd(pty~'R) < 1, then
Ty = 4 'ROU ' R/R is a tilting left R-module by Theorem 8.32, but we cannot compute Tj
as we do not know whether {71 R/R can be written as a direct limit of { R/Ru | u € U}-filtered
left R-modules.

Stronger results will be obtained in Theorem 8.68 under the assumption that R is a
hereditary noetherian prime ring. O

COROLLARY 8.55. Let R be a commutative valuation domain with field of fractions Q. Suppose
that pd(Ry)r < 1 for each prime ideal p of R (equivalently, suppose that Ry is countably
generated as an R-module for every prime ideal p of R). Then the set

T=A{T, = R, ® Ry/R | p € Spec(R)}
is a representative set up to equivalence of the class of all tilting right R-modules.

PRrROOF. For each prime ideal p of R, let 4, = R\ p. By Corollary 8.53 we know that
T, = R, @ Ry /R is a tilting R-module and T, pJ- equals the class of Uy-divisible R-modules.

It is known that the set of Fuchs tilting modules {dy, | p € Spec(R)} is a representative
set up to equivalence of the class of all tilting R-modules, and 531} is the class of Uy-divisible
R-modules [GT06, Theorem 6.2.21].

The assumption that pd(Ry)r < 1 for each prime ideal p of R is satisfied if and only if R, is
countably generated as an R-module for every prime ideal p of R. In fact, if R is a commutative
local ring and U is a multiplicative subset of non-zero-divisors, then pd Ril}bl < 1if and only if
Rill_%l is a countably generated R-module [AHHTO5, Page 531]. In the particular case when
R is a valuation domain see [FS85, Theorem IV.3.1]. O

Now we show that Theorem 8.48 can help to compute tilting classes.

ExaMPLE 8.56. Let X be a nonempty set. Let G be the free group on X. Let k be a field.
Consider the free algebra R = k(X) and the free group algebra kG with the natural embed-
ding k(X) — kG which sends x — =z for every x € X. We saw in Examples 8.34(d) that
Tx = kG ® kG/k(X) is a tilting right R-module. Let X = {k(X)/zk(X) | z € X}, a set
of bound right R-modules. Notice that kG = Ry. We proceed to show that T )% =Xt by
verifying condition (ii) in Theorem 8.48.
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Let M € X+. We have to show that for every k(X) 4, M, there exists f: kG — M
extending f. We will define f on the elements of G, and then extend it by linearity.
Every element g € G can be uniquely expressed as a word of the form

g=af' - xi" where z; € X, e; = £1 and x; # 41 if €, = —ej41. (89)

We proceed by induction on the length of g. If » = 0, that is, g = 1, then we define f(1) as
f(l) Let r + 1 > 0, and suppose that we have defined f(g) for all g € G of length < r. Let g
be a word of length 7 + 1, suppose that g = ' --- z,7' = ha;}' as in (89).

For every x € X, applying Homy, X>(_, M) to the exact sequence

0— k(X)) B EX) - k(X)/zk(X) =0
we get
0 — Homy,xy (k(X) /xk(X), M)—Homy x)(k(X), M) — Homy,x)(k(X), M) —
— Bty x (k(X) Jak(X), M) = 0.

This implies that for every m € M and z € X there exists an n € M such that m = nz. So
fix n € M such that nz,41 = f(h). Then

A fWar iferp =1
flg) = { n if e,01 = —1.
Hence k(X) — kG is an X1-preenvelope, and Ty = Gen kG = X.

Analogously, it can be proved that Tx is also a tilting left R-module with tilting class
rTx = {k(X)/k(X)z |z € X} g

Now we intend to give a remark relating tilting modules and its dual concept, cotilting
modules. For that we first give the definition of cotilting modules and state without proof a
particular situation of [AHHTO06, Theorem 2.2].

DEFINITION 8.57. Let R be a ring.

(a) A left R-module C is a cotilting module provided it satisfies
(C1) C is of injective dimension at most one.
(C2) ExtL(CT,C) =0 for each i > 1 and all sets I.
(C3) There exists an exact sequence 0 — C; — Cy — W — 0 where W is an injective

cogenerator of R-Mod and C1,C5 € Prod C.

(b) A class of left R-modules F is a cotilting class if there exists a cotilting left R-module C
such that F = 1O, i.e. F = {M € Mod- R | ExtL(M,C) = 0}.

(c) A cotilting class F = +C is of cofinite type provided that there exists a set S of finitely
copresented modules of injective dimension at most one such that ~C = +S. 0

THEOREM 8.58. Let R be a ring. There exists a bijective correspondence between the tilting
classes in Mod- R and cotilting classes of cofinite type in R-Mod. If ST is a tilting class, with
S a set of finitely presented right R-modules of projective dimension at most one, then the
corresponding cotilting class in R-Mod is ST = {gX | Torf(Y,X) =0 for all Y € S}. O

The following result should be compared with [AHHTO05, Remark 5.8], there this result
is stated for the left Ore situation, i.e.: there exists a left Ore set U consisting of nonzero
divisors of R such that &Y = {R/vR | v € V}.

PROPOSITION 8.59. Let R be a ring. Let U be a class of bound right R-modules, and consider
the class Trd = {TrU | U € U}. Then the class U of U-divisible modules is a tilting class.
Moreover, the class of TrU-torsion-free modules is a cotilting class of left R-modules. More
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precisely, it is the cotilting class of cofinite type that corresponds to U under the bijective
correspondence from Theorem 8.58.

PROOF. The first statement follows from Remark 8.47. For the second statement, recall
that the correspondence in Theorem 8.58 sends the tilting class U to the cotilting class
UT = {gX | Torf(U, X) =0 for allU € U}.

fUecelU,and 0 - P35 @Q — U — 0 is a projective presentation of U with P and Q
finitely presented, we obtain the exact sequences 0 — Q* — P* — TrU — 0, and

0— Toal(U,X) — P®X —-QX —U®X —0

0 — Homp(TrU, X) — Homp(P*, X) — Homp(Q*, X) — Exth(TrU, X) — 0.
Since P ®p X = Hompg(P*,X) and Q ®r X = Hompg(Q*, X) are naturally isomorphic
by Lemma 1.9, we get Tor®(U, X) = Hompg(TrU, X). Therefore X € UT if and only if
Hompg(TrU, X) =0 for all U € U, that is, X is TrU-torsion free. O

5. Noetherian prime rings

Throughout this section R will be a right order in a semisimple ring A. Recall that this
means that the subset U consisting of all non-zero-divisors is a right Ore set and that the
right Ore localization of R at %0 is A (see Definition 3.7). We remind the reader that pA is
a flat left R-module and that a right R-module M is a torsion right R-module if and only if
M ®pr A =0 by Proposition 3.14.

We begin this section giving an easy result that will be useful. Notice that the proof works
for any ring R which embeds in a semisimple ring A.

LEMMA 8.60. Let R be a right order in a semisimple ring A. Let n be the length of A as a
right A-module. Then the correspondence u: Ko(R) — %Z defined by

u(P) = length(P ®@p A4)

n

s a faithful rank function.

PROOF. Let P, P’,Q be finitely generated projective right R-modules.
Clearly, if P = P’, then P ®@r A =2 P' ®@r A and u(P) = u(P’). Also, the fact that
(PEQ)@r A2 PRrA®Q®g A implies that
length((P ® Q) ®r Aa) = length((P®pr Aa) ® (Q ®r Aa))
= length(P ®pr A4) + length(Q ®r Aa).
Hence u(P & Q) = u(P) + u(Q). Now Ay = R ®p A gives that u(R) = 1. Therefore u is a
rank function.

Observe that 0 — R — A is exact, and 0 — P — P ®p A is again exact because P is
projective. Thus, if P # 0, then u(P) # 0. O

DEFINITION 8.61. Let R be a right order in a semisimple ring A. The faithful rank function
u of Lemma 5 is called the normalized uniform dimension of R. U

Recall the following result which can be found, for example, in [Jat86, Corollary 2.2.12].

LEMMA 8.62. Let R be a right order in a simple artinian ring. If there exists a simple
torsion-free right R-module, then R itself is a simple artinian ring. (|

What follows is the trivial generalization of the foregoing Lemma to the semisimple situ-
ation.
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LEMMA 8.63. Let R be a right order in a semisimple ring A. If there exists a simple torsion-free
right R-module, then there exists a primitive central idempotent e of A such that eRe is a
sitmple artinian ring.

PROOF. Suppose that M is a simple torsion-free right R-module. It is known that there
exists a right ideal I of R such that M and I have isomorphic essential submodules, see for
example [Jat86, Proposition 2.2.11]. Hence, since M is simple, M embeds in R. So we can
suppose that M is a right ideal of R. There exists a primitive central idempotent e of A
such that Me % 0. Then Me =2 M as right R-modules, and Me is a simple torsion-free right
eRe-module. Notice that eRe is a right order in the simple artinian ring eAe. Thus eRe is
simple artinian by Lemma 8.62. O

The following is stated for hereditary noetherian prime rings in [CB91, Section 3].

PROPOSITION 8.64. Let R be a semihereditary right order in a semisimple ring A. Let u be
the normalized uniform dimension of R. Suppose that there is no primitive central idempotent
e of A such that eRe is simple artinian. Then
(i) The class of finitely presented torsion right R-modules coincides with the class of u-torsion
right R-modules.
(i1) The class of finitely presented simple right R-modules coincides with the class of u-simple
right R-modules.
(iii) A equals R, the universal localization of R at u.

PROOF. (i) Given a finitely presented torsion right R-module Vi (hence pd Vi = 1) with
finite projective presentation 0 — P % Q — V — 0, applying _ ®pr A, we get

0—>P®RAQ@>AQ®RA—>V®RAZO.

Hence u(P) = u(Q) = u(), and V is a u-torsion module. Conversely, if V' is a u-torsion mod-
ule, then V is a finitely presented right R-module with pdVg =1.Let 0 = P 5 Q —V — 0
be a presentation of V' with P and @ finitely generated projective right R-modules. Notice
that length(P ®p Aa) = length(Q ®r A4). Hence a® 14 is an isomorphism and V ®r A = 0.
Thus V is a torsion right R-module.

(ii) Let U be a finitely presented simple right R-module with finite projective presentation
0— P35 Q — U — 0. Since U is simple, and there is no primitive central idempotent e of
A such that eRe is simple artinian, Lemma 8.63 implies that U is a torsion right R-module,
and therefore u-torsion with pd Ug = 1 by (i). Now suppose that

P Q

PG

P
with u(P") = u(P) = u(Q) = u(«). Hence length(Q ®r A4) = length(P' ®pr A4). Since a® 14
is surjective, we get that v ® 14 is an isomorphism. Hence we have the commutative diagram

P,®RAE>Q®RA
f i
P! Q

Y

where the vertical arrows are injective. Hence «y is injective. Clearly ( is injective. Now, since

U = Q/P is simple, we get that § or « is an isomorphism. This shows that U is u-simple.
On the other hand, if U is a wu-torsion module which is not a simple module, then it

contains a finitely generated submodule 0 # V' < U. Suppose that 0 — P LQ—-U—=0is
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a projective presentation of U with P and @ finitely generated. Then there exists a finitely
generated submodule 0 # P’ < @ such that P'/P = V. Since R is semihereditary, P’ is a
projective right R-module. Now « factors through P’ in the following way
P——Q
N
Pl
and U cannot be a u-simple module since u(P) = u(Q) = u(P’).

(iii) If 0 - P % Q — W — 0 is an exact sequence with W torsion and P,Q finitely
generated projective right R-modules, then a ® 14: P®r A — @ ®pr A is an isomorphism.
Therefore condition (a) in Definition 3.46 is satisfied.

Let b: R — B be a morphism of rings such that a®1p is invertible for every full morphism
P 2 Q. By (i), a is full if and only if coker a is torsion. If s is a non-zero-divisor of R, then
R/sR is torsion. Therefore the map as: R — R, defined by r +— sr, is a full morphism
and as; ® 1p is invertible. Hence b(s) is invertible in B. By the universal property of Ore
localization, there exists a unique morphism of rings ¢: A — B such that 1|, = b. Thus
condition (b) in Definition 3.46 is satisfied. O

The following result is [ER70, Theorem 1.3] in the semisimple situation. We prove it
using the theory of rank functions.

THEOREM 8.65. Let R be a hereditary noetherian semiprime ring which is a right order in the
semisimple ring A. Suppose that there is no primitive central idempotent e of A such that eRe
is simple artinian. Let J C I be right ideals of R. Then I/J is an artinian right R-module if
and only if J is an essential submodule of I.

PRrROOF. We use the following known fact, see for example [Jat86, Proposition 2.2.2]: If
R is a right order in a semisimple ring, then a submodule N of a torsion-free right R-module
M is essential in M if and only if M/N is torsion.

Suppose that I/J is artinian. Then it has finite length, that is, it is a finite extension
of simple right R-modules, and hence torsion right R-modules by Lemma 8.63. Thus I/J is
torsion.

On the other hand, suppose that .J is an essential submodule of I. By the remark at the
beginning of the proof, I/J is a finitely presented torsion right R-module. By Theorem 3.55,
it follows that I/.J has finite length. O

Now we concentrate on the noetherian prime situation where best results are obtained.

NoOTATION 8.66. Let R be a hereditary noetherian prime ring. From now on let U, be a set
of representatives of all isomorphism classes of finitely presented simple right R-modules. Let
Vr be a set of representatives of all isomorphism classes of finitely presented torsion right
R-modules. Let finally D, = {R/sR | s a non-zero-divisor of R}. In the same way we define
U, v, Dy. O

First we give [CB91, Remark 3.3].

PROPOSITION 8.67. Let R be a hereditary noetherian prime ring which is an order in the
simple artinian ring A. If S is a subring of A, then there exists a unique subset Us of U, (or
U;) such that S = Ry, the universal localization of R at Us.

PrOOF. We show that the inclusion R — S is a ring epimorphism. Observe that A is a
flat left and right R-module. Indeed, since S is an R-submodule of A and R is hereditary (in
particular its weak dimension is at most one), then S is also a flat right and left R-module.
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Consider the following commutative diagram whose columns are injective morphisms and its
rows are exact sequences, where the first two rows are obtained from 0 — S — A — A/S — 0
tensoring by — ®p S and A ®g _ respectively

0—>S®rS—=A@pS — (A/S) @S —=0

|

0—=ARrS—AQrA——= ARr(A/S) —=0

|

0 S A A/S 0

They imply that S®p S embeds in A ®r A and in A by Lemma 8.19. Moreover the image
of S®r S in Ais S. Thus R — S is a ring epimorphism by Lemma 8.19.

Then Theorem 3.60 shows that S is the universal localization of R at some set of u-torsion
right R-modules. Now Theorem 3.59 implies the result because it asserts that the universal
localizations of R at sets of full morphisms embedding in R, are in bijective correspondence
with collections of stable association classes of atomic full morphisms . (|

Now we come to the main result of this section.

THEOREM 8.68. Let R be a hereditary noetherian prime ring which is not simple artinian. Let
AR be the simple artinian quotient ring of R. Then

(i) T = A® A/R is a tilting right R-module with T+ = U+ = V- = D;-.
(ii) T = A® A/R is a tilting left R-module with T+ = U~ = V- = Dit.
(iii) For any overring R < S < A there exists a unique subset Us of U, (respectively, of Uj)
such that S ® S/R is a tilting right (left) R-module with tilting class Uz .
(iv) For any right Ore subset S of R consisting of non-zero-divisors, let

Us = {U €U, | for each v € U there exists s € S with vs =0}
— {U el |Usp RS =0},

Then RS~ is the universal localization of R at Us. Moreover, Ts = R&™' & R6™1/R
s a tilting right R-module with tilting class T, és' = Mé‘, and Tg is a tilting left R-module
with tilting class Te = {R/Rs | s € &} ={TrU | U € Us}*.

(v) For any (two-sided) Ore subset & of R consisting of non-zero-divisors, let Us be as
in (iv). Then Ts = RS~ @ R&™Y/R is a tilting right R-module with tilting class
Ts ={R/sR|s€ G} =Ug.

PRrROOF. (i) By Proposition 8.64 and Theorem 8.50, A/R is a directed union of modules
N; where each N; is a finite extension of simple right R-modules. This can also be proved in
a more classical way as we proceed to see. In the proof of Corollary 8.53 we showed that A is
the directed union of the right R-modules v"'!R/R = R/vR where v is a non-zero-divisor of
R. Now the right R-module R/vR is a torsion right R-module. Then R/vR is of finite length
and so a finite extension of simple right R-modules by Theorem 8.65.

So we can apply Corollary 8.49 to obtain that T is a tilting right R-module with tilting class
T+ = U+. Moreover, U+ = Vi- since every element in V, is a finite extension of elements in U,
by Theorem 3.55. Again in a more classical way, if M € V,., M is finitely generated and torsion.
Let m1,...,m, be a set of generators for M. For each m; there exists a non-zero-divisor v;
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such that R/v;R — m;R is an onto morphism of right R-modules. Thus @ R/v;R — M is
i=1

n
surjective. By Theorem 8.65, @ R/v;R is of finite length, thus M is of finite length.
i=1

On the other hand, by Corollary 8.53, the tilting class of A @ A/R = T is D;- because A
is the left Ore localization of R at the subset of R consisting on all non-zero-divisors of R.

(ii) is proven with symmetric arguments.

(iii) By Proposition 8.67, S is the universal localization of R at a unique subset Ug of U,
(U;). Now, because of Proposition 8.64(ii) and (iii), we can apply Corollary 8.51(ii).

(iv) Ts is a tilting left R-module with T2 = {R/Rs | s € &}+ by (the right version of)
Corollary 8.53. Suppose that we have proved that R&~! is the universal localization of R at
Us. By Proposition 8.64, we can apply Corollary 8.51(ii) to obtain the desired results.

We now prove that RS~! is the universal localization of R at Ug. The argument is very
similar to the one of [CB91, Lemma 3.4].

First of all, notice that pR&™! is flat, and for every U € Us, U ®g R&~! = 0. Hence, if
0— P 3 Q — U — 0is a projective presentation of U with P and Q finitely generated, then
a ® lgg-1 is invertible. Hence condition (a) in Definition 3.46 is satisfied.

Let B be a ring with a morphism of rings b: R — B such that for every U € Ug and
any finite projective presentation 0 — P % @Q — U — 0, a ®p 1 becomes invertible. Let
s € 6. Consider R/sR. Since & is right Ore, by Theorem 8.65, R/sR has finite length,
and therefore it has a finite filtration of simple right R-modules. Recall that & consists of
non-zero-divisors. Hence R/sR = s~ R/R. Since & is a right Ore set, for every s !r € s7!R,
there exist t € &, x € R such that s~'r = xt~!. Therefore, for every z € R/sR there exists
t € & with zt = 0. This implies that all the composition factors of R/sR are in Us.

For each s € &, define the morphism ds: R — R, given by r — sr. By the foregoing,
ds ® 1p is invertible for every s € &. Notice that d; ® 1p can be regarded as the morphism
B — B defined by x +— b(s)z. Thus b(s) is invertible for all s € &. By the universal property of
Ore localization there exists a morphism of rings v: R&~! — B making the following diagram
commutative

R

N RG&™!
e
b gL

Therefore condition (ii) in Definition 3.46 is satisfied.
For (v) apply the left and the right versions of (iv). O

REMARK 8.69. Suppose that we are under the notation of Theorem 8.68(iii) and (iv). In
[Goo74] it is shown that there is a bijection between the collection of overrings R < § < A
and the collections Y of isomorphism classes of simple right R-modules. In this correspondence,
S is the overring such that W®pr S = 0 for all W € J and no other simple right R-module. On
the other hand, we have proved in Proposition 8.67 that all overrings R < S < A are universal
localizations of R at some set Ug of isomorphism classes of simple right R-modules. Moreover,
it is proved in [Sch86, Theorem 10] (in a more general context) that W ®p Ry, = 0 for
all W € Us and no other simple right R-module. Therefore, Us = {W e U, | W @ S = 0}
in Theorem 8.68(iii). From this we also obtain another proof of the fact stated in Theo-
rem 8.68(iv), that R&~! = Ry . O

Before stating the next results on tilting modules we recall the following definitions.

DEFINITIONS 8.70. (a) A right R-module M is faithful if the ideal
ann(M) ={re R|mr =20 forallme M} =0.
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The right R-module M is unfaithful if it is not a faithful module.

(b) Let Z be a commutative noetherian domain with quotient field K, and let @ be a
central simple K-algebra. A Z-order in @ is a Z-subalgebra R of @, finitely generated as
Z-module and such that R contains a K-basis of (). A hereditary order R is a hereditary ring
R which is a Z-order in some central simple K-algebra ), where Z is some Dedekind domain
with quotient field K # Z. The hereditary order R is a maximal order if it is not properly
contained in any other Z-order in Q. O

For the proof of the following result we will use some unexplained results about noetherian
prime rings. Most of them, with the terminology we use, can be found in the survey [Lev00].
Full proofs of these results can be found in the references given there.

THEOREM 8.71. Let R be a hereditary noetherian prime ring which is not simple artinian.
Let U, be a set of representatives of all isomorphism classes of all simple right R-modules.
Suppose that there are no simple faithful right R-modules, and that Ext}z(Ul, Us) =0 for any
two non-isomorphic simple right R-modules Uy, Us. Then

T={Tw=Rw®Rw/R|W CU}

is a representative set up to equivalence of the class of all tilting right R-modules.

In particular, the statement holds true when R is a mazximal order or a hereditary local
noetherian prime ring which is not a simple artinian ring (for example a not necessarily
commutative discrete valuation domain).

PROOF. For the first part we follow the terminology of [Lev00]. If M is a finitely generated
right R-module, then M = PM @& TM by Lemma 8.43. It is known, see for example [Jat86,
Theorem 2.2.15], that any finitely generated torsion-free right R-module is embeddable in a
finitely generated free right R-module. Therefore, provided that 4l is the subset of R consisting
of all non-zero-divisors of R, TM = Ty M. Moreover, 7 M is of finite length, see for example
the proof of Theorem 8.68(iii). Furthermore, 7gM has a decomposition TyM = V; & Vo where
V1 is a (finite) direct sum of uniserial modules whose composition factors are all unfaithful,
and V5 is a direct sum of modules whose composition factors belong to so-called faithful towers
[Kuz72, Theorem 2.19] or [KL95, Theorem 4.6]. Since we are assuming that there are no
faithful simple right R-modules, V5 = 0.

So M+ = (W1 @ --- @ W,)* where W; are indecomposable finitely generated uniserial
modules. Since Ext}%(U, U’) = 0 for any two non-isomorphic simple right R-modules U, U’, we
obtain that all composition factors of W; are isomorphic to the same simple right R-module
U;. Hence Wi+ = U;. Therefore M+ = Ui- N --- N U;. So for every set of finitely generated
right R-modules V, there exists a subset W of U, such that V1 = W+,

It was proved in [GW79] that if U is an unfaithful simple right R-module there exists
a unique V € U, such that Exth(V,U) # 0. So in our situation, Exth(U,U) # 0 and
Exth(U’,U) = 0 for nonisomorphic simple right R-modules U, U’. Hence given a subset W of
U, the class W+ is uniquely determined by the elements of W because (U, \ W) C W+ and
for each W € W, W ¢ W,

From Remarks 8.44(b), Proposition 8.64 and Corollary 8.51(ii) we infer that T is a repre-
sentative set up to equivalence of the class of all tilting right R-modules.

Let R be a maximal order. Observe first that every right ideal which contains a
non-zero-divisor is an  essential submodule of R  because the set of
non-zero-divisors is a right Ore set. By Lemma 8.62, for every maximal right ideal m of
R, R/m is a torsion right R-module. Hence there exists a non-zero-divisor s € R such that
1s = 0, i.e. s € m. Thus m is essential in Rr. Since R is finitely generated as a module
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over the commutative ring Z, then R is right bounded, i.e. every essential right ideal of R
contains a two sided ideal which is essential as a right ideal [GW89, Proposition 8.1]. Hence
m contains a nonzero two-sided ideal. Therefore ann(R/m) # 0, that is, R/m is unfaithful.

If R is a hereditary order, there exists a bijection between U, and the set of the nonzero
prime ideals of R, Spec(R). The correspondence sends a simple right R-module M in U, to
the (unique, because R/p is simple artinian) simple R/p-module.

Let p and q be two prime ideals of R with corresponding simple right R-modules M,
and M. We say that q ~ p if Extp(My, M,) # 0. The connected components of the
graph constructed from the set of prime ideals of R and the relation ~» are called cliques.
The clique that contains p is denoted by Cl(p). It is known that in a hereditary order
Cllp) ={q|qgnNnZ =pn Z}, see GW89, Theorem 11.20].

In a maximal order R there is a bijection between Spec(R) and Spec(Z) given by p — pNZ,
see [Rei75, Theorem 22.4].

Therefore, if R is a maximal order, and U,V € U,, Extk(U, V) if and only if U = V.

If R is a hereditary local noetherian prime ring which is not a simple artinian ring, there is
only one simple right R-module up to isomorphism, and it is unfaithful since it is isomorphic
to the quotient of R by its maximal ideal. (|

We now recover the classification of tilting modules over Dedekind domains obtained in
[BETO05, Theorem 5.3].
COROLLARY 8.72. Let R be a Dedekind domain.
(i) Let M be a subset of max-spec(R). Consider the multiplicative subset & = R\ Ump of R
pe

and the set of simple R-modules Us = {R/m | m ¢ EUmp} (if M =0, then & = R\ {0}).
p

Then RS~ is the universal localization of R at Us, and Ts = RG™! @ RGfl/R 15 a
tilting R-module with T4 =Ug = {R/sR | s € G}+.

(ii) Let P be a subset of max-spec(R). Consider the set of simple R-modules
Up ={R/m|[meP}. Then Ty = Ry, ® Ruy,/R is a tilting right R-module with
Tq% = Z/{q%. Therefore the set

T = {Tp | B € max-spec(R)}
s a representative set up to equivalence of the class of all tilting R-modules.

PROOF. (i) Recall that a Dedekind domain is a commutative noetherian prime ring which
is not simple artinian. Now notice that

Us ={R/m|m ¢ eUzmp} ={R/m | for every v € R/m there is s € & with vs = 0}.
p

Then apply Theorem 8.68(v).

(ii) By Proposition 8.64 and Corollary 8.51(ii), we obtain that T is a tilting module with
Ty = Uss.

For the second statement, we prove that R satisfies the conditions of Theorem 8.71.

All simple R-modules are unfaithful because they are isomorphic to the quotient of R by
a maximal ideal.

Let now M be an extension of the non-isomorphic simple R-modules R/p and R/q with
p and q nonzero prime ideals of R. Obviously pg C ann(M). On the other hand, the ideal
ann(M) annihilates R/p and R/q. Thus ann(M) C p N q = pg. Therefore ann(M) = pg. The
ideals p and q are comaximal. Thus 1 = p + ¢ for some p € p and ¢ € q. Hence, for each
m € M, m = mp+ mq. Moreover, if m € Mp N Mgq, then

m=m(p+q) =mp+mqg e Mqp+ Mpq = 0.
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Therefore M = Mp@® Mq. Note that Mp and Mq are nonzero, otherwise pq & ann(M ). Now,
since M is the extension of Mp, Mq and, on the other hand, of the simple R-modules R/p,
R/q, then R/p = Mq and R/q = Mp. O

Let us make the following remark that will be useful in the proof of Remark 8.74.

REMARK 8.73. Let R be a commutative ring and A\: R — S a ring epimorphism. Then S is a
commutative ring.

PrOOF. For each t € S, consider the morphisms of rings d;: .S — Mjy(S) and
it 5 — My(S) defined by &1(s) = (§9) and da(s) = (19)(39) (12) = (1% 2) for
all s € S. If t = A(r) for some r € R, observe that d;\ = dor A by the commutativity of R, and
d1 = 09 because A is a ring epimorphism. Hence, A\(r) commutes with every element of S. As
r was an arbitrary element of R, we obtain that A(r)s = sA(r) for any r € R and s € S. Now
01X = d9¢ A for any t € S. Therefore, since A is a ring epimorphism, d; = dot, and ts — st =0
for any s,t € S, that is, S is a commutative ring. O

REMARK 8.74. There exist Dedekind domains R for which the set of all tilting right R-modules
of R cannot be expressed neither in terms of Ore localization nor of matrix localization. In
particular there exists a universal localization which is neither an Ore nor a matrix localization.

ProoOF. We first note that given a multiplicative set & of R there exists a subset
9 C Spec(R) such that if & = R\ Uﬂq, then RS~ = R&'™!. Indeed, for each v € R
q€

such that & NwvR = (), consider a maximal ideal q, among the ideals I with v € I and
S NI =10. Then g, is known to be a prime ideal. Now the set & = R\ Uq, is such that
v

S C &'. On the other hand, if z € &, there exists r € R such that zr € &. Hence z is
invertible in R&~!. Therefore R&~! = RS’

It is known that there exist Dedekind domains with subsets 9t of Spec(R) such that there
exist primes p € Spec(R) with p C U om, and p ¢ I, see for example [Sal04, Example 4.14].

Consider such example R with field of fractions D. Let Y = {R/m | m ¢ I}.

Suppose that there exists a multiplicative subset & of R such that R&~! = Ry,. By the
remark at the beginning of the proof, we may suppose that & is the complement of the union
of the prime ideals in Q C Spec(R), i.e. & = R\ é{; g. Then RS~ is the universal localization

q

of Rat V={R/n|n g gﬂq} by Corollary 8.72(i). Since R&~! = Ry = Ry, then Y = V
q

because of Proposition 8.67. On the other hand, p € U, but p ¢ V, a contradiction. Therefore
there does not exists such an Ore set G.

Suppose now that there exists a set of matrices ¥ such that its universal localization
A: R — Ry produces the tilting R-module Ry, ® Ry /R. Let H € . We need that R-embeds
in Ry, so M = coker H has to be a bound R-module by Remarks 8.44. It has presentation

0—-R" 2 R M —o0. If we tensor it by _®r D, we get 0 — D™ A&l pn M®rD —0
because gD is flat. Then m < n because M ®pg 1p is injective. If we apply the same
reasoning to Tr M, we get that m = n. But then Ry is the localization of R at the Ore
set & = {sg, ---sm, | n € N, H; € ¥, sy, = det H;}. Indeed, by Remark 8.73, Ry is a
commutative ring. Since every H € X is invertible over Ry, we get that det H is invertible
in Ry, for each H € . So there exists a unique morphism of R-rings R&~! — Rys. On the
other hand, any H € ¥ is invertible over R&~! because R&~! is commutative and det H is
invertible in R&~!. Hence there exists a unique morphism of R-rings Ry, — R&~!. Now both
compositions are the identity by the universal properties of Ry and Rél. 0
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6. Tame hereditary algebras

Let R be a ring. Let Go(R) be the abelian group which has as generators the set of
isomorphism classes [M] of finitely presented right R-modules and as relations the expressions
[A] + [C] — [B] for each exact sequence 0 — A — B — C — 0 of finitely presented right
R-modules A, B,C. It is known that if R is a hereditary ring, then Go(R) = Ky(R) via the
map [M] — [Q] — [P] where 0 - P — Q — M — 0 is a presentation of M with P and
@ finitely generated projective right R-modules. From now on we will identify Go(R) with
Ky(R) in case R is a hereditary ring.

We say that a ring R is connected if R has no nontrivial central idempotents.

An artin algebra is an algebra over a commutative artinian ring k which, in addition, is a
finitely generated k-module.

Let R be a connected hereditary artin k-algebra. Hence R is finitely generated as a module
by its center. Then R is a Pl-ring and the center of R is a field by [RS74, Theorem 4].

From now on we will suppose that R is a connected hereditary artin algebra and k is the
center of R.

We denote by mod- R (respectively R-mod) the full subcategory of Mod- R (R-Mod)
consisting of the finitely generated right (left) R-modules. And by modp- R we mean the full
subcategory of mod- R consisting of the modules without nonzero projective summands. By
modz- R the full subcategory of mod- R consisting of the modules without nonzero injective
summands.

If there is only a finite number of indecomposable objects up to isomorphisms in mod- R,
then R is said to be of finite representation type. We say that R is of infinite representation
type if it is not of finite representation type.

Let D: mod- R — R-mod be the duality defined by M +— Homy(M, k). It is known
that the correspondence 7 = D Tr: modp- R — modz- R, M + 7M = D(ExtL(M, R)) is an
equivalence of categories with inverse 7= = TrD: modz-R — modp- R defined by
N + 77N = Ext(DM, R). The correspondence 7 is called the A R-translation of R [ARS95].

Recall the Auslander-Reiten formulae [ARS95]: Let X € modp- R, Y € Mod- R, then

Homp(Y,7X) = DExth(X,Y), DHompg(X,Y) = Exth(Y, 7X). (90)

Any hereditary artin algebra R has associated a valued quiver TI'g, called the
Auslander-Reiten quiver of R. Before giving how it is constructed we need some definitions.

DEFINITIONS 8.75. Let R be a hereditary artin algebra.

(a) A morphism or right R-modules g: B — C' in mod- R is called right almost split if

(i) g is not a split epimorphism, and

(ii) if h: X — C is a morphism in mod- R that is not a split epimorphism, then h factors
g

C
N
X
(b) g: B — C'is called minimal right almost split if it is almost split and whenever X = B in

the foregoing diagram, then f is an isomorphism.
(¢) The definition of a (minimal) left almost split map is dual.

through g, i.e. B

(d) An exact sequence in 0 — A L, B % ¢ — 0mod- Ris called almost split if f is left almost
split and ¢ is right almost split.
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(e) A morphism h: B — C between indecomposable R-modules B, C' is said to be irreducible
if A is not an isomorphism, and in any commutative diagram

N4

either «/ is a split monomorphism or (3 is a split epimorphism. O

B

Now the construction of I'g is as follows. The vertices of I'r are in one to one correspon-
dence with the isomorphism classes of finitely generated indecomposable right R-modules M

and are denoted by [M]. There is an arrow [M] @b [N] if and only if there is an irreducible
map M — N. The value (a,b) of the arrow is given since there exist unique a,b > 0 such
that there is a minimal right almost split morphism M(® @& X — N where M is not a direct
summand of X, and a minimal left almost split morphism M — N® &Y where N is not a
direct summand of Y. For details see [ARS95].

The component p of I'p containing the isomorphism classes of all finitely generated in-
decomposable projective modules is called the preprojective component, and consists of the
isomorphism classes of the indecomposable right R-modules M such that there exists a non-
negative integer n such that 7" M is a projective module. The component q of I'p containing
the isomorphism classes of all finitely generated indecomposable injective modules is called the
preinjective component, and consists of the isomorphism classes of the indecomposable right
R-modules M such that there exists a nonnegative integer n such that (77)"M is an injective
module. Any other component is said to be a reqular component.

Let M be a nonzero finitely generated indecomposable right R-module. If [M] € p, we say
that M is a preprojective module. If [M] € q, we say that M is a preinjective module. If [M]
is in a regular component, we say that M is a reqular module. Notice that if M is a regular
module then M € modp- R and M € modz- R. A simple reqgular module is a regular module
of minimal length inside the component they belong to.

It is known how the regular components of I'p look like. Recall the following result
[ARS95, Chapter VIII, Theorem 4.15]:

THEOREM 8.76. Let R be a hereditary artin algebra of infinite representation type, and let R
be a regular component of I'r. The following hold.

(i) Let S be a simple regqular module with [S] € R. Then there exists an infinite chain of

irreducible monomorphisms S = S[1] EiN S[2] 52 -+ S[n] In L with [S[i]] € R.
(ii) For eachn € Z and i > 1, there is an almost split sequence

0 — 7" M8 — 7" TSl + 1) @ m"S[i — 1] — "S[i] — 0,

where S[0] = 0.

(iii) The set {T"S[i] | n € Z, i > 1} constitutes a complete set of representatives of indecom-
posable modules in R up to isomorphism.

(iv) If h: 7°S[i + 1] — 7~1S[i] is any irreducible morphism, then ker h = 7" S[1].

(v) If 7™S[i] = S[i] for some n € Z and © > 1, then T"S[j] = S[j] for all j > 1. O

Hence the valuation (a,b) of any arrow equals (1,1), and a regular component has the
following form
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753 3

a 75[2]/ \S[
e 7

) S

S[3]

2] =52
T_S N

There is the possibility that 7S = S for some n > 1. Then 7"S[i] = S[é] for all 7, and we

obtain what is called a stable tube. If such an n exists, the smallest one is called the width of
the stable tube.

Notice that every finitely presented (=generated) right R-module M has finite dimension
over k. It is known that Ko(R) is the free abelian group with basis the (finite number of)
isomorphism classes of simple right R-modules {Si,...,5,}. Then we can define on Ky(R)
the bilinear form Bgr: Ko(R) x Ko(R) — Z given by

Br([M], [N]) = dimy, Hompg (M, N) — dimy, ExtL(M, N).

In this way we can define the quadratic form x,: Q ®z Ko(R) — Q induced by Bpg. It is
known that R is of finite representation type if and only if x,, is positive definite [ARS95].

A tame hereditary algebra R is a connected hereditary artinian algebra which is of finite
dimension over its center £ and whose quadratic form Y, is positive semidefinite but not
positive definite.

If R is a tame hereditary algebra, the Q-subspace N < Q ®z Ky(R) formed by the rad-
ical vectors of Bp is one-dimensional and can be generated by a vector v with coordinates
(v1,...,v,) € N"in the basis {[S1], ..., [Sy]} with at least one component v; = 1, see [Rin84].
Hence x,(v) = 0 and any other w such that x,(w) = 0 is a Q-multiple of v. Then, following
[CB91, Section 4], we define the faithful rank function dg: Ko(R) — Q given by

_ BR([M]7U)

Or([M]) = Br(RLv)’

which is called the normalized defect for R.

The preprojective, preinjective and regular modules are determined numerically. More
concretely, let X be a finitely generated indecomposable right R-module. Then X is prepro-
jective if and only if Or([X]) > 0, X is preinjective if and only if Or([X]) < 0 and X is regular
if and only if 9r([X]) = 0. Moreover, the indecomposable Or-torsion modules coincide with
the regular modules and the dr-simple modules with the simple regular modules.

The following key result for us is [CB91, Lemma 4.4].

THEOREM 8.77. Let R be a tame hereditary algebra. Then Ry, is a simple artinian ring. [

THEOREM 8.78. Let R be a tame hereditary algebra. Then, for every set U of isomorphism
classes of simple regular right (left) R-modules, the right (left) R-module Ty = Ry @ Ry /R is
a tilting right R-module such that Tﬁ =U+t.
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ProoOF. By Theorem 8.77, Ry, is simple artinian. Then, by Theorem 8.50, Ry//R is a
directed union of finitely presented modules N;, Ry//R = .UI N;, such that N; is a finite filtra-
1€

tion of elements of U. Since Jp is faithful, R embeds in Ry;. Hence we can apply Theorem 8.49
to obtain the desired result. OJ

Finally we are ready to give the promised example of a tilting module T of the form
T = Ry ® Ry// R, constructed from the universal localization of R at a class U of bound right
R-modules, such that T+ # U+,

EXAMPLE 8.79. Let R be a tame hereditary algebra over the field k with a stable tube t,, of
width at least 3. Let S be a simple regular module such that [S] € t,,. Consider 7.5, 775, S[2]
and 7.5[2].

The Or-torsion module S[2] (7.5[2]) is an extension of the Jr-simple modules S and 775
(7S and S) by Theorem 8.76. Hence we can suppose that S[2], 75[2] have finite projective
presentations

0—P%5Q —7S2] =0
O—>P2£>Q2—>S[2]—>O

where a and (8 are full morphisms such that o = dv, 8 = €6 and ~, 9, are full atomic
morphisms with cokery = 7.5, coker § = S and cokere = 77 5. Indeed, given the commutative
diagrams,

0 0
P, P
o B
QR —=S—0 Q) —=75—0

0 0 0 0
P ——P; P, —— P,
v of 8 s’
& ’
0 K| ——= Q) S 0 0 Ky 5= Q) 78 0
0 ) 752 S 0 0 S S[2] 78S 0
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Observe that §7 and d5 are presentations of the same module S. Therefore they are sta-
bly associated by Lemma 3.53. So there exist projective modules W and Z such that
Ki®oWX2P,® Z,and Q) ® W = Ky @ Z and the following diagrams are commutative

PloW —P oW PioZ —PioZz

Now put P, = P{®&W, Q1 = Q' ®@W, P, = Py® Z and Q2 = Q5 ® Z to obtain the desired
result.

Let V = {5[2], TS[Q]} and U = {S, TS, 7'7;9}. Then RV = R{a,ﬁ} = R{%&E} = Ru.
Therefore Ty = Ry @ Ry/R is a tilting right R-module with T 1} = U+ which is different from
VL. To prove this, using the AR-formula we have

Exth(S[2],S) = DHompg(S,75[2]) =0,

because if f: S — S[2] is not zero, since S is Jr-simple (i.e. simple in the category of
regular modules) and 7.5 is not isomorphic to it, then composing f with the projection
78[2] — 785[2]/7S, gives that 7.5 — 75[2] is a split monomorphism, a contradiction. Also

Exth(rS[2],S) = DHomg(S,725[2]) =0,
because S is not a factor of the series with d-simple factors of 725[2]. Hence S € V. But
Exth(r~S,S) = DHomg(S, 77~ S) = DHomg(S, S) # 0,
that is, S ¢ U*. O

“It’s just the beginning
The beginning, not the end”

Europe, Just the beginning
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