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The thermodynamic implications of the first deviations with respect to the classical hydrodynamic behavior in high-frequency, short-wavelength phenomena are examined. The constitutive equaformalism taking into account spatial intions arising from an extended irreversible-thermodynamic
homogeneities in the space of state variables are compared with those used in generalized hydrodynamics. The so-called exponential model for the memory function of the transverse-velocity
correlation function is derived under the assumptions of extended irreversible thermodynamics only.
Furthermore, it is also shown how more complicated memory functions can be derived. The results
are carefully analyzed and compared with some microscopic derivations.

I.

II. EXTENDED IRREVERSIBLE THERMODYNAMICS

INTRODUCTION

The classical theory of linear irreversible thermoydnamframework to the
ics (LIT) provides a thermodynamic
classical linear constitutive equations of hydrodynamics,
namely, the Fourier and Newton-Stokes laws. The ability
to perform experiments (light and neutron scattering) or
in hydrodynamic
systems in a
computer simulations
regime has motivated a
high-frequency, short-wavelength
very strong theoretical interest in providing a theoretical
framework for the description of such experiments. This
theoretical interest has been focused on the generalization
of constitutive equations to the high-frequency, shortwavelength regime. As we have pointed out recently, ' in
contrast with the classical linear situation, such an effort
has no thermodynamic
counterpart, because the classical
LIT is only valid in the limit of very short frequencies
and very long wavelengths.
The aim of this paper is to
point out a formalism able to explore the thermodynamic
implications and consequences of the first deviations of
the constitutive equations with respect to the classical
ones at high frequencies and moderately long wavelengths
and to predict some restrictions which are in fact observed
in known experimental situations. Furthermore, this forintermalism is capable of furnishing a thermodynamic
pretation of what is presently referred to as generalized
hydrodynamics in at least a certain approximation.
This thermodynamic
complement to the generalized
constitutive laws is not restricted to linear problems, but is
able to deal with nonlinear ones. It provides an extension
of LIT and gives an insight to its limits of validity and
it covers some
Furthermore,
possible generalizations.
range of an unexplored gap which in our opinion is of interest, because it provides a macroscopic, i.e., modelindependent, understanding of some physical phenomena,
which often are analyzed by means of microscopic models
or of ad hoc mathematical assumptions.
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The starting point of the extended irreversible thermodynamics (EIT) is the assumption that a regular and continuous function g exists, playing the role of a.generalized
entropy and which depends on a specific set of nonconserved or fast variables, in addition to the ordinary conserved densities. In the case of an incompressible, insulating simple fluid we shall assume that the set of nonconand an unspeciserved quantities are the stress tensor
fied third-order tensor which shall be denoted by

P

g=g(e, P, H)

9':

(2. 1)

.

The rationale behind the motivation for including the
tensor H in Eq. (2. 1) will become clear in a moment. It
will suffice here to say that in this way spatial inhomogeneities in the space of state variables are included.
The extension of the local equilibrium assumption arising from Eq. (2. 1) to lowest order in the nonconserved
variables is given by '

T dg
dt

= de
dt

+UCXP:

dt

+Ups' '

dt

(2.2)

where a and y are coefficients that depend on U and e
only, and the double and triple dots in the second and
third terms indicate double and triple contraction of the
corresponding tensors, respectively. Here, U =p
The aim of EIT is to now provide a complete set of differential equations which govern the evolution in time of
the new variables appearing in Eq. (2. 1) in terms of a set
of coefficients (equations of state), which may be determined from experiment or from a microscopic model.
Thus we have now to supplement the energy conservation
equation

de

p dt
2502

= —P:(grad u)',
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(2.3)
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(')' denoting the symmetric traceless part of the corresponding quantity and u the hydrodynamic velocity, with
equations for the other variables.
For this purpose we introduce a second assumption,
namely, that g satisfies a balance-type equation

—
p dt +div J&
—

o,

—

(2.4)

where Jz is the most general vector which may be constructed in the space of state variables and o. is an undetermined scalar. When the subspace spanned by the
nonconserved variables reduces to the void space, q —
+s,
the ordinary specific entropy, and both Jz and cr must
reduce to the entropy flux and entropy production, respectively, of linear irreversible thermodynamics.
And it is
only under such conditions that. one can strictly require
that o. O.
Accordingly, we may now write for Jz the expression

)

J„P=P:W,

(2.5)

where f3 is a function of all scalar invariants in the space
of state variables. However, since we shall be interested
here in a very specific system, we shall approximate these
equations regarding them as functions of e and U only.
Computing the divergence of this quantity and making
use of Eqs. (2.2) and (2.4), one readily arrives at the following expression for o., namely,

'
a = — ~:(grad u)'+ ~

—
T1

—
g:
T

~

~

dP
dt

y g.
+—
T
~

+/3P div&+/3H gradP

dt

o. may be computed in an entirely independent way by noticing that, being a scalar, it has to be
the most general scalar that one can construct in the space
of variables. Thus

(2.7)

where X and Y are the most general tensors of order two
and three, respectively, which can be constructed with
and H. Hence

P

X=@)oP+p))(P.P)'+p)2(H:H)',
Y=Pzo+ .

(2.8a)

(2.8b)

Here, all the p's are, in principle, functions of all scalar
invariants in the space of state variables, but consistent
with the assumption introduced in Eq. (2.5), we shall take
them to be functions of e only. In this sense, /3 and the
p's are to be regarded as local equations of state.
Substitution of Eqs. (2.8) into Eq. (2.7) and comparison
of the resulting equation with Eq. (2.6) leads to the
desired result, namely, the time evolution equations for
the nonconserved quantities. Indeed, keeping the lowestorder terms in X and W we get that

dP

Z"

dt

a

dW

T

dt

y

—
(grad u)'+ p~o
T
—P g

radar

+/l 2o N

—P divP',

of

P and
7]

H,

—

respectively, as

P to&
A

p

T2

T/3

)

(2. 10)

y

the set of equations (2.9) may be conveniently
the form of

dt

—

p)oT

( grad

dH = —
y, grad++
dt

where

y~

rewritten in

u)'+ P —y, div N,

a,

(2. 11a)
(2. 11b)

—P/p~o and yq —P/p2o. Furthermore,
—0 one must recover the well-known
~&

N =0 and

when

constitutive equations of ordinary hydrodynamics,
which implies that (p~oT) '=2r/„where g, is the shear viscosity.
This condition determines the coefficient p~o. Notice that
within the approximation here considered, o. & 0 implies
that both p&0 and p2o have to be non-negative.
Emphasis should be placed on the fact that if r2, which
is in genera1 smaller than ~&, is set equal to zero, so that
y2% gr=adP, Eq. (2. 11a) reduces to
0

=2g, (grad u)'+P —l V
(2.6)

=X:P+ Y. H,

This set, together with Eq. (2.3), provides a complete set
of equations for our chosen state variables that may be
solved, in principle, provided that the coefficients a, P, y,
p~o, and p2O are known. By defining the relaxation times

dN

Furthermore,

cr
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P,

(2. 12)

—
where l2=y&y2 2Tr/, P /p—
zo plays the role of a length
describing the range of the spatial inhomogeneities in the
variable
and is a non-negative quantity. " Equation
(2. 12) has, as we shall show in Sec. III, a strong bearing on
the conceptualization
of generalized hydrodynamics.
It
has also been used to discuss ultrasonic absorption in metals and some aspects of phonon hydrodynamics.
Similarly, its analog for the case of a rigid heat conductor can
be applied to the study of ultrafast thermometry.
It is also important to stress that Eqs. (2. 11) are a
consequence of the structure pmposed for the space of
state variables of the system and the two postulates of extended irreversible thermodynamics
only. In this sense,
mathematical objects. However,
they are unquestionable
if a physical interpretation is sought for H, then one has
to resort either to experiment or to a microscopic theory.
In the second case, a moment analysis of the singleparticle distribution function for a dilute gas obeying the
Boltzmann equation shows that H plays the role of the
"current" associated to the quantity
It is clear fmm
previous considerations
that this variable is entirely superfluous in the case of gases, but nevertheless it has been
found useful to generate a continuous-fraction
expansion
for the transport coefficients. ' This point will not be
pursued here.

P

P.

III. EIT AND GENERALIZED HYDRODYNAMICS
(2.9a)
(2.9b)

%'e shall now proceed to calculate the time correlation
function of transverse-velocity fluctuations around equilibrium from the relaxation equations derived in Sec. II. It
is important to point out that although this correlation
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function cannot be obtained from experiments, its calculation and analysis is worth pursuing since, on the one
hand, it has been extensively studied by computer simulations" and, on the other hand, it plays an essential role in
establishing the connection between EIT and generalized
hydrodynamics.
The transverse-velocity correlation function is defined
in general as

C(r, t;r', t') = (5uz(r, t) 5uz(r', t')

},

on the microscopic Mori-Zwanzig theory" ' which gives
an exact equation for the time evolution of a correlation
function in terms of a memory function, namely,

f

BJ (k, t)/Bt= — K(k, t t'—
)J (k, t')dt'.

It should be remarked that the memory kernel K(k, t) has
a well-defined and unique expression in terms of projection operators. It can also be shown that K(k, t) may be
written in the form

(3.1)

(u—
z(r, t) }

(3.2)

is the fluctuation in the transverse-velocity
component
and the angular brackets denote an equilibrium average.
If the simple fluid under consideration is also isotropic it
will exhibit spatial and temporal invariance properties and
C(r, t;r', t') may then be written as

C(r, t;r', t')=C( r —r' ~;t

—

t') .

~

(3.3)

Moreover, for the purpose of general discussion and actual calculation it is convenient to use the spatial Fourier
transform of C(r, t), which is usually defined by"'

Jz(k, t) =

f dr C(r, t)e'"'= (5uj ~(0).

5uzq(t)

A. The restricted case

}.

(3.4)

The equation satisfied by J~(k, t) may be obtained from
the linearized equation of motion

pBu/Bt

= —divP'

(3.5)

together with the linearized Eq. (2. 12) and definition (3.4).
This leads to

r)d

Jj /dt +(1+1 k )BJq/Bt+vk J~=0,

(3.6)

where v= g, p
is the kinematic viscosity and the parameters ~~, l have been defined in Sec. II as

r1

~( +Bio)

1

2T 7

1

/920

the general time-reversal invariance properties of any
equilibrium autocorrelation function. ' By taking the Laplace transform in time, Eq. (3.6) may be rewritten as
'
k

s+(1+1

s

+ (1+1 k

)r,

)r&

's+ vk

(3.8a)

8

Jz (k, t) = Jz (k, O)e

2R

',

R'=

k
71

a
4

s+(1+1'k')r,

(3. 11)

'

vk

1+l k

exp

(3.12)

This equation shows that the relaxation
memory function

r(k)=r, (1+1 k

time for the

(3.13)

)

is k dependent and is also related to the relaxation time ~~
for the stress tensor
Incidentally, we remark that
from Eq. (2. 12) the relaxation equation for the fluctuations of
in k space is given by

P.

P

= —I+l

d 5+g/dt

k

5Pg

(3.14)

which shows that the relaxation time for the decay of
these fluctuations is precisely the same as that of the
memory function K(k, t).
The memory kernel K'(k, t) must satisfy certain restrictions, the so-called sum rules. The second sum rule implies that"

K'(k, t=0) =p
where

6

'6 (k),

(3.15)

(k) is the high-frequency

lim lim

cos(Rt )+

—1

v7 )

of

k~0
sin(Rt

)

(3.8b)

with

a=(1+1'k')r,

K '(k, s) =

Also, consistency with hydrodynamics

or taking the inverse transform

"~

"'

(3.7)

'

The initial value Jz(k, O) is given by the equipartition
theorem whereas JI (k, O), the initial condition for the
time derivative of Jj(k, t), vanishes identically owing to

Jz(k, s)
Jz (k, O)

(3.10)

which is usually down in generalized hydrodynamics.
In this case the function K'(k, t) is called the shear viscosity function or memory function for the transverseTherefore, the generalized shear
velocity correlation.
viscosity coefficient is identified with K (k, s), where the
tilde indicates the Laplace transform in time of K'(k, t).
Usually the memory function is modeled mathematically. However, in our case this is unnecessary since by taking the Laplace transform in time of Eq. (3.9) and comparing with Eq. (3.8) we explicitly find that

K(k, t) =

0

v.2 ——

t),

K(k, t) =k'K'(k,

where

5uj (r, t) = u(jr, t)

(3.9)

(3.8c)

The present analysis may be compared with that based

+0
s—

shear modulus.
requires that

K '(k, s ) = v .

"'

(3.16)

This last condition is obv&ously satisfied by Eq. (3. 11) and
implies that v is k independent.
On the other hand, from
Eqs. (3.12) and (3.15) we find

p

'6

(k)=vr~ '

(3. 17)

Eq. (3.7) r& ——2arl,

and since by
conclude that

in this

is independent

case the high-frequency

of k, we
shear
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modulus must be k independent as well. Furthermore,
G (0)g, ' is identified with the Maxwell
the ratio rz ——
relaxation time of the usual viscoelastic theory. '6
At this point it is worth emphasizing that the result expressed by Eq. (3.12) is precisely the exponential model
which is introduced in generalized hydrodynamics for the
memory function and which allows shear-wave propagation.
However, we stress that in our development it
arises naturally from the postulates of EIT and the only
restrictions are rz —
0 and that the P and pi0 phenomenological coefficients of Eq. (2.9) are spatially independent.
Recently Alley and Alder' have studied, by computer
simulations, the generalized shear viscosity coefficient
g, (k, s ) in a fiuid of hard spheres. They have shown that
the zero-frequency and small-k molecular-dynamics
data
may be fitted with an expression of the form

"

g, (k, O)=(1+a k

)

'g, (0, 0),

s

=1

and

Ji'(k, O) = —
K(k, O)Jg(k, O) .

K(k, s)=-

lim k
p 'g, (k, O) = s~0

Jj.(k 0)

cs. "'7

general case

We now consider the more general case in which re&0
and where the relaxation of the system is described by the
set of equations (2. 11). By explicit algebraic manipulations one can eliminate H from Eqs. (2. 11a) and (2.11b)
and combine the resulting expression with Eq. (3.5). Introducing the transverse velocity uz and making use of
the definition (3.4) one arrives at the time evolution equation for Jz ( k, t ), namely,

(k)

E =C(k)/k

(k)=8(k)+

(3.25a)

J|'(k, O) —
—,A

(k) .

(3.25b)

By taking the inverse Laplace transform

of Eq. (3.24) we

Ji

k, O

get

Jj"(k, O)

K(k, t) = —

Jj (k, O)

cosD(k)t

Ji(k,
Ek,Ji'(k,
2

X»nD(k)«

O)

——,' A(k)

O)

"""".
(3.26)

Note that K(k, O) = —
Ji (k, O)/Ji(k, O), which is precisely
condition (3.23). Now, the second sum rule, Eq. (3.15),
fixes the initial value K(k, O) as

K(k), 0)=(k /p)G
B. The

[s+ —,A(k)] +D

(3.20)

which has the same structure as Eq. (3.18). As mentioned
in Sec. II, / describes the ran e of the spatial inhomogeneities in the stress tensor, and therefore has essentially the same physical interpretation as a. It should be
emphasized that Eq. (3.20), which was obtained systematically from the postulates of EIT, is one of the central results of what is usually called generalized hydrodynam-

(k, O)]Ek

where we have defined

D

K(k, s) =v(1+l~kz)

Ji (k, O) s —[Jl (k, O)/Ji

(3.24)

—1
+12

where a'i2 ———, (o i+os) is the average diameter of the test
particle and a bath particle. In this sense, a incorporates
the effects of spatial inhomogeneities
into the hydrodynamical description.
Now, from Eqs. (3.10) and (3.11) it follows that

(3.23)

Following the same procedure leading to Eq. (3.8) and
initial conditaking into account the above-mentioned
tions, we find that

(3.18)

where a is an adjustable parameter with the dimensions of
length. A physical interpretation for this parameter is obtained by consideririg a test particle of varying size immersed in the fluid. In this context, a turns out to be a
measure of the deviation from the Stokes friction law:

+d agi+Stok

Notice that if r2 is set equal to zero in this expression, Eq.
(3.21) reduces to (2. 12). As mentioned earlier, it should be
stressed that the initial conditions associated with Eq.
(3.21) are not arbitrary. Rather, they are stipulated by the
Mori-Zwanzig theory itself and the general time-reversal
invariance properties that an arbitrary autocorrelation
function should satisfy. ' One finds that Jj (k, O) is determined from the equipartition theorem, that Jz(k, O)=0

(k) .

(3.27)

In contrast to what we have found in Sec. III A, the highOn the
frequency shear modulus is now k dependent.
other hand, consistency with hydrodynamics is immediately verified since from Eqs. (3.16) and (3.24) it follows
that

v= 1/2Tppi0

(3.28)

which is precisely the expression for pi0 obtained in Sec.
II, namely, pi0 —(2g, T)

IV. COMPARISON WITH MICROSCOPIC THEORIES
where we have used the abbreviations

A(k) =(7 ]+72)/7 /72,

B(k)=(1+l k
C(k)=vk /rir2.

vr2k )/7

i12—

(3.22a)

(3.22b)
(3.22c)

There have been various attempts to derive the equafrom microscopic
tions of generalized hydrodynamics
models using several of the well-known techniques of
statistical mechanics. In all of these atnonequilibrium
transtempts, the wave-vector- and frequency-dependent
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port matrix has been formally expressed in terms of quantities depending on the dynamics of the underlying Xbody problem, thus making the explicit evaluation of its
relevant elements considerably difficult. So far as we
know, such a computation has never been carried out in
terms of the molecular parameters and a given intermolecular potential for any system. The few calculations which
have been performed to the stage where comparison with
the experimental or computer results is feasible have relied upon the use of ad Iioc models for the relevant
dynamical quantities. Our main objective in this section
will be to emphasize the fact that at least one of these
models, the exponential memory function, which has been
successfully used to account for the experimental data in
Auids" corresponds
argonlike
precisely to the one
described by Eq. (3. 12). In other less obvious cases, we
shall content ourselves with a more qualitative comparison between the results of Sec. IIIA and those obtained
from first principles.
The first efforts to derive frequency- and wavenumber-dependent
transport coefficients with the idea of
explaining the behavior of the correlation functions obtained by inelastic neutron scattering and computer simulations were based in linear-response theory. '
For the
specific case of the time correlation function of the transverse velocity for a simple monatomic fluid, the formal
expression generated by the theory was subsequently studied by a phenornenological approach selecting models that
would satisfy all the pertinent sum rules and the lowfrequency and small-wave-number
limit as required by
classical linearized hydrodynamics.
The results of this
approach, both for the spectral density of the correlation
function as well as for its form in k, t space, are identical
in structure to Eqs. (3.8a) and (3.8b) consistent with the
fact that an exponential function mimics the corresponding memory function [cf. Eqs. (3.8) and (3.3) of Ref. (18),
and Eqs. (3.5.4) and (6.2.20) of Ref. (11)]. Since they have
been used to explain the computer data for an argonlike
fluid, we can use the corresponding numerical results to
give estimates of our two undetermined parameters ri and
l. In fact, comparison of Eq. (3.8a) of this paper and Eq.
(3.8) of Ref. (18) leads to

'

"'

0 (k)=(co, (k))—

(4. 1)

4r, (k)

whence

(co, (k)) =p

k

'G„(k)=vi,

'

—2

r,2 (k)
where ~, =~, (0) =~i —
6 '7),

+(kuo)

(4.3)

is also consistent with our
Ignoring the k term in Eq. (4.3) we also see that

results.

2l /~i

—2kii T/m =I

/4a r), ,
where use has been made of Eq. (3.7) so that
l

=2(2g, kii T/rn )'~ =70 g sec

(4 4)

(4.5)

al.

for argon at 85 K. Independently, from Eq. (4.4) and us' sec (see Ref. 18) one
ing for ~& the value of 0. 26 X 10
finds
that
a =6)&10
cmsec g ' and thus
I -4&& 10
cm. Thus, the correlation length of the spatial inhomogeneities in the stress tensor is of the same order of magnitude of the parameter a in the Alley and
Alder calculation'
for rigid spheres, where for o--10
cm turns out to be of the order of magnitude of 10 cm.
These results may be considered as a strong support for

"

~

~

the thermodynamical basis of generalized hydrodynamics,
at least within the approximations of Sec. IIIA and for
argonlike fluids.
The other calculations based upon linear-response
theory' lead to equations similar to Eq. (3.6) without the
terms in the first time derivative of Jz and with a more
complicated k dependence in the coefficient associated
with J&. Since the results are merely formal, no further
comparison is feasible at this point.
Another microscopic model of special interest in dealtransing with frequency- and wave-number-dependent
port coefficients within a framework of ideas more closely
related to EIT is the analysis of correlation functions
based on the generalized Langevin-equation
development
of Mori and Zwanzig.
Contrary to the calculations
mentioned above, where only conserved variables are examined, the treatment includes also the dissipative fluxes
as independent variables. In this way, a connection is established with EIT. Formal expressions for the spectral
density of the transverse current correlations are obtained
in which the influence of the fast variables is manifested,
and essentially Eq. (3.6) is obtained with a factor co, (k) instead of vk in the coefficient of Ji [see Eq. (4.53a) of
Ref. 20]. Yet in the comparison of the results for the case
of the longitudinal current correlations with the computer
data of Rahman some ad hoc simplifications are required.
These lead to the Maxwell-Cattaneo —
type equations for
the fluxes, meaning that the essential part of the corresponding memory function will be an exponential, which
once more is the essential result of our macroscopic
analysis.
that Zubarev and
Finally, it is worth mentioning
Tischenko
have used a dynamic generalization of the
Ornstein-Zernike theory to derive linearized hydrodynamical equations which are nonlocal in space and time.
These authors start from the relaxation functions or transport kernels W „(r,t) defined by

„(r

(4.2)

which is precisely Eq. (3. 17). Furthermore,

1+12k & }2
——(
2

eI;

r', t

t')— —

"

''(J (r—
=B(t t')e
, t), J„(r', t')},
B(t)=1 for t &0 and B(t)=0 for t (0 and

(4.6)

where
e is a
small parameter whose limit @~0+ is taken after the
thermodynamic limit has been performed. Here,

(J

(r, t), J„(r', t'))

=

I

1

d

(J

(r, t)[p'J„(r', t')p

'

(J„( '))]),

(4.7)
where Jo denotes heat flux, Ji momentum flux, and po
the grand canonical function. Due to space isotropy, the
Fourier transforms of the kernels W „can be represented
as

—
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Wpp(k, to) =k

L pp(k, co),

Wp](k, co) =ik Lp)(k, co),
(4.8)

W, () =ik~L )p(k 'to)
W, )~(lt, to)=k~kpL))(k, to)+(5~pk k~kp)L2z(k, co),
where L«(k, to) are scalar functions depending only on
the magnitude of k but not on its direction.
In order to be consistent with Fourier and NewtonlongStokes laws, one obtains in the low-frequency,
wavelength limit,

Lpp(k, co)=A, , Lpi(k, to)= L, p(

k,

to)=0,
(4.9)

L()(

k,

to)=(g +3 g, ), L2p(k, to)=ri,

with k, g, and g, being, respectively, thermal conductivity, bulk viscosity, and shear viscosity. The relaxation
time ~ and the correlation length l may be written then in
terms of the moments of the correlation functions.
Indeed, if one defines

L„„Iq, s j =

f dt f dr

~

r ~t'L„„(r,t)
i

(4. 10)

one obtains

L„„=L„„IO,Oj,
l =LppI2, 0j/6Lp2IO,

~, =L2z I 0, 1 j

Oj,

(4. 1 1)

a» I0, 0j .

These expressions given the transport coefficients, the relaxation times, and the correlation lengths in terms of the
moments of the correlation functions, which are the quantities usually studied in microscopic theories. Equations
(4.9) are the usual Kubo formulas, and the expressions for
of those formulas to
~~ and l constitute a generalization
second-order coefficients, some of which have been used
in this paper.
When localized about a fixed point in space, Zubarev
and Tischenko's equations lead to differential equations
for the conserved variables which are of the hyperbolic
kind, thus implying that a Maxwell-Cattaneo equation of
the linear type for a nonconserved variable, Eq. (2. 10c),
has been used in its derivation. The paper does show that
in some special limits their formalism is adequate to treat
effects such as the anomalous skin effect in solids.
U. CONCLUDING REMARKS
Several of the points raised in this paper deserve some
additional comments stressing their physical content. The
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linearized equations of motion for the state variables obtained in Sec. III were shown to give rise in a particular
case to the results of generalized hydrodynamics as it is
handled at present, consistent with experimental and computer results.
For the more general case dealt with superficially in
Sec. IIIB, we are still unable to evaluate its full physical
meaning. In general, linear differential equations of the
type handled here will give rise to exponential or modulatIn the case of Eq.
ed exponential memory functions.
(3.21) we know that it will yield a sum of exponentials but
their detailed form and the underlying hydrodynamics are
still far from being clear. Hopefully their clarification
will be able to cast some light on the nature of linear
non-Markovian processes.
It should also be emphasized that the above comments
apply to the case studied here, transverse-velocity correlations. Although there are strong indications that they will
also be valid in other similar problems such as longitudinal velocity correlations, self-diffusion, and others, these
systems wait to be solved explicitly.
In any case, the microscopic theories that have been
developed have the necessary ingredients to provide for
the foundations of generalized hydrodynamics, but so far
no method has explicitly shown how to compute
frequency- and wave-number-dependent
transport coefficients. Extended irreversible thermodynamics, with all its
limitations, seems to provide a good method for establishing the basis behind the use of explicit memory functions
in performing such computations.
Finally, it is worth stressing that the more interesting
case of longitudinal velocity correlations, which would allow comparison with neutron scattering and other real experimental results, and nonlinear cases are still to be considered. Yet, the ensuing mathematical difficulties are
not easy to surmount, but we hope that something can be
said about their inclusion in the near future.
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