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ABSTRACT. In this paper we study the space of functions in the unit
ball in C™ annihilated by the differential operators A, g, o, 8 € C,
given by

Aapg=(1- |21%) Z(‘Si,j — 2Z;)D;D; + aR+ BR — of
0,J
We obtain growth estimates and several equivalent characterizations

of those such functions having boundary values in H?(S™), in terms
of maximal and area functions.

1. Statement of the problems and results

1.1. Let B™ denote the unit ball in C™, S™ its boundary. In [Ge] Geller
introduced a family of differential operators,

Nag= 112> (61— 2%)DiD; + aR+ SR — o

,J

where D; = 0/0z;, and R is the radial derivative given by R = ) . z;D;. If
o =3 =0, Agp is the invariant laplacian or Bergman laplacian. It can be
shown that A, . is the laplacian with respect to the weighted Bergman metric,
with weight (1 — |2|?)® (see Section 2). The functions annihilated by Ao are
called invariantly harmonic or M-harmonic (see [Ru, Chapter 4 | for general
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properties of these functions). We will call (a, 8)-harmonic the functions u such
that Aq gu = 0.

With A, g there is associated a kernel
(1= [of2)+et?

Pap(2:€) = Cayp (1 — 20)ma(l — Ca)nte’

zeB" (e8S",

where
T(n+ a)l'(n+8)

Ca = .
77T (n+a + f)
If Re(n + a4+ B) > 0, and neither n + a nor n + § is zero or a negative

integer, P, g is an approximation of the identity, and if f is continuous on S",
the function P, g[f] defined on B™ by

Paslfl0) = [ Papl:0) 10 do ),
solves the Dirichlet problem for A, 3 with boundary values equal to f (see
Section 2.1).

The operators A, g appear in a natural way when we consider certain deriva-
tives of M-harmonic functions. It is proved in [Ge], (see also [ACa]), that
Aq pu = 0 implies A, g_1(Ru — fu) = 0 (in particular, radial derivatives of M-
harmonic functions are no longer M-harmonic). The operators A, 3 also appear
when computing the Laplace-Beltrami operator on forms.

n [Ge], Geller studied the space of functions in the Siegel upper half-plane
harmonic with respect to the corresponding invariant laplacian. He obtained
several characterizations of functions in such a space with boundary values in
the Hardy space HP(H"), p > 1, and some partial results for p < 1, where H”
is the Heisenberg group.

In this paper we will deal with analogous questions in the context of the unit
ball and for the laplacians A, g for «, 8 satistying Re(n + a + 8) > 0, n + a,
n + B not zero or negative integer.

We will deal with the following expressions, defined for a smooth function u
in B™:

(a) The radial maximal function

u™(¢) =sup{|f(r¢)[; 0 <r < 1}.

(b) The admissible mazimal function

M;[u](¢) = Mu](¢) = sup{|f(2)|; z € A5(O)}-

(c) The admissible area function

1/2
510 = { /. ||vBu<z>||;dA<z>} .
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Here, in (b) and (c), As(¢) is the admissible approach region given by

As(¢) = {z € B"; |1 — 2| < 6(1 — [2*)},

1

P = Ty

v (z),
dV denoting Lebesgue measure, and HVBUHB is the Bergman length of the
Bergman gradient, given in coordinates by

IVeulZ = (1 — |22 {Z|Du|2—’ZzzDu‘ +Z|Du|2 Zzz‘) }
7/6

The aim of this paper is to prove the (expected) result that for an (a, 3)-
harmonic function u, if one of the functions u™, Ms[u], S[u] belongs to Lp( ),
0 < p < +00, so do the other two, and that this fact is equivalent to u = P, g[f],
where f is in the atomic Hardy space HP(S™), as defined in [GaLa], which equal
Lr(S™) for p > 1.

There are certain serious technical difficulties in adapting the proofs of [GaLa]

r [Ge] (modelled after Fefferman-Stein fundamental paper [FeSt] for the eu-
clidean case) to the present situation. The same comment applies to Uchiyama’s
papers on HP-spaces. Our setting falls within the situation considered in [U],
general homogeneous spaces, but unfortunately the main result there on max-
imal characterization of HP-spaces does not apply in our case. There is also a
related paper of Arai [A] in which he obtains similar results to ours for certain
real coercive operators with respect to the Bergman metric of a general strictly
pseudoconvex domain. It can be proved that A, g is indeed coercive in this sense
exactly when Re (n+a+ ) > 0, but only Ag ¢ is covered by the results of Arai.

Instead we combine explicit formulae with results from the theory of tent
spaces, as developped in [CoMeSt]; strictly speaking, we use the analogue of
this theory for the ball or a general homogeneous space. We also use a version
of the T'(1)-theorem due to Christ and Journé [ChJo]. The proof is done in
Section 4. Other ingredients of the proof are the existence of developments
of (a, 8)-harmonic functions in terms of hypergeometric functions, mean-value
estimates (Section 2) and a couple of Green formulas for the laplacians A, g
(Section 3).

1.2. The following notations and facts will be used. First, there is a “radial-
tangential” expression for A, g obtained in [Ge| that will be often used:
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(1.1) Anpg= (112 {ZLP ((1 — |22 )RR — Lo + nT_l(R+ R))
+ aR+ BR—aB},

where

and £0 = _%(Zi<j EijLZ‘j + Lijiij).
We denote by (u,v)p the inner product
(u0)m(2) = (1= |22) (D205 — 232ty ).
(2%

Note that ||Vu|3 = (Du, Du)g + (D, Dii)g. A computation shows that

1 _ _
[Vsulg = (=121 =5 § (1= ) (Rul? + |Rul?) + Y |Lijul? + 7 [Lijul® ¢ |

| 2|2 oy oy
1<J 1<

which exhibits the usual non-isotropic behaviour of this gradient.
A number of hypergeometric functions will appear throughout. We use the
classical notation F'(a,b, c; z) to denote

~Ta+k)T(+k) T(c) 2*

Flabes) =) “Fg T0) et i

c#0,—1,-2,.... We refer to [Er| for the theory of these functions.

Finally B(z, ) will denote, for z € S™, the non-isotropic ball in S™ given by
{¢eS™;[1-2(] <d},and B(z,0) = {w € B"; |1 — zw| < § } is the admissible
tent over B(z,d). Here and throughout the paper we use (7} to denote the usual
hermitian inner product. The notation rB™ will stand for the closed ball of
radious r.

2. Some preliminary results

2.1. Our first step will be to prove that any function v such that A, gu =0
has a series expansion in homogeneous polynomials. We denote by H(p, q) the
space of homogeneous harmonic polynomials of bidegree (p, q).

Theorem 2.1 Let o, 3 € C, and let u be a C? function in B™ satisfying
Ay pu = 0. Then
u(r¢) = Z Fp7q(7"2)up7q(7“oa

p,q
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where F, ,(x) is the hypergeometric function given by

F,q.(z) =F(p—B,q—a; p+q+n; x),

Upq € H(p,q), and where the series converges uniformly and absolutely on com-
pact sets in B™.

Proof. For each 0 < r < 1 the L?-decomposition in harmonic polynomials of
u(r¢) (see [Ru, page 256]) gives that

W)=Y / K pq(C7) u(rn) dor (1),

p,q

where K,,(¢,n) = Kpq(C7) is the orthogonal projection of L?(S™) onto H(p, q).
Next, let ¢ € S™ and p, ¢ € Z* be fixed, and for A € D, let

560 = [ Fpulcmulin) do(a).

Since Ay gu = 0, the “radial-tangential” expression of A, g (see (1.2)) gives
that

2 262f< (n—1) af{ ‘af{
(2.1) A= PPAP S5+ </\+)\a)\>

I (axZe 1 6308 — papye
/n 4(C7) Lou(An) do(n)
=/ Lo Ky (C7) u(An) do(n)

= / pa(Cn) u(An) do(n) = cpqfe(N),

where in the second equality we have used that £ is a self-adjoint operator and
in the previous to the last identity, that LoH(p,q) = cpeH (p,q), with ¢py =
pg+ (n—1)(p+q)/2 (see [ABr, page 138]).

Since for 0 < r < 1, 0 < 6 < 2m, fe(re?®) = €/P=Df-(r), the function
fc(N)/(APA9) is radial. Hence there exists g(z) defined on 0 < z < 1 such that
fe(A) = APX9g(|A|?). Expressing in terms of g and its derivatives, and writing
x = |A]?, we obtain

(1 —2)a?g" (@) +z[(1—2)(p+q+1)+ (n— 1)+ (a + B)z] ¢’ () +

<pq n ?(p +q) — cpg — x(pg — ap — Bg + aﬂ)) g(z) = 0.
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Now, inserting the definition of c,; in the equation above, we deduce that g
satisfies the hypergeometric equation

(2.2) (I -z)zg"(x) +((p+q+n)—z(p+qg+1—-a—p3)d ()
—(p—PB)(g—a)g(z) =0.

As a consequence of Frobenius’ Theorem, every solution of this equation is a
linear combination of two functions g;(x), g2(z), whose behaviour at = 0 is
respectively like 1 and 21779~ (when n = 1 and p = ¢ = 0,2 "P~9"" must
be replaced by Inz). Since clearly g(x) is bounded near zero while g, is not, we
conclude that g is a multiple of g; (x), which is known to be the hypergeometric
function F(p—f8,¢—a,p+ q+ n; z). Hence,

g(x) = Cpe(Q) F(p—B , g—a; p+q+n; x),

for some constant Cpq(¢). Therefore,
Fe(N) = Cog(QONAF(p= , q=a5 p+q +n; [AP).

This last expression, together with the definition of f; gives that for each fixed
0 < r < 1, the function G(¢) = f¢(r) is in H(p,q), and consequently, that there
exists upq € H(p, q) so that Cpq(¢) = upe(¢). Thus

u(z) =Y F(p—B,q-0; p+q+mn; [2*) upg(2).
p,q

Since w is regular, each term in the above expansion satisfies an adequate es-
timate on compact sets of B™ that assures the absolute and uniform convergence
of the series (see [St, Apendix C]). O

Let us look in detail at the solvability of the Dirichlet problem for A, g
Aypu=0, ueC(B"), u=¢p onS", peC(S").

Theorem 2.2 ([Ge]) The Dirichlet problem has a solution for all ¢ €
C(S™) if and only if Re(n+a+pB) >0 andn+a ¢ Z_,n+5 ¢ Z_. In
this case the solution is unique and is given by

(23) u(e) = [ (0 Passl2:0) do() = Paslel(2)

with

(1—[o)tots L(n+a)l'(n+ )

1zl —20)m 8 7 - DI+ a+ p)

Pa,ﬁ(z7 C) = Ca,p
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or, alternatively, by

(2.4) u(z) = Z Foa ()P 90pe(C), 2 =1¢,
D.q
if p= Zp,q Ppq 5 the expansion of ¢, with
_ B2
fpa(z) = %~

Proof. Suppose that the Dirichlet problem has a solution for all ¢ € C(S™).
Take ¢pq € H(p,q), ppg # 0 and let u be a solution of the Dirichlet problem.
By Theorem 1,

u(r¢) = Z Fp’q/(TQ)up’q’ (rQ),
p'q’
and hence
/n w(r¢)ppqg(C) do(() = F(p—B, q—a, p+ g+ 15 7%)(upq, Ppq)-

Since the left-hand side has limit ||¢p,]|3, it follows that
lim F(p—f3 , g—,p + q + n;r?)

exists and is not zero. From [Er| we know that if Re(c —a — b) < 0, the
hypergeometric function F'(a,b,c,z) has a limit at 1 only if a or b is a non-
positive integer. Taking p, g large enough it follows that we must have

Re(p+qg+n—(p—B) — (¢—a)) =Re(n+a+3) > 0.
In this case, the limit above is

IF'(p+q+n)ln+a+p)
Fn+q+a)l(n+p+p)

and this is non-zero for all p, ¢ if and only if n+ «, n+ 3 are not zero or negative
integers.
The proof of Theorem 2.1 shows that

Fynlr ) 1 Q) = | Koa(Clurn) o),

and letting » — 1 we see that Fp,(1)upq = ¢pq which shows unicity and estab-
lishes formula (2.4). To show formula (2.3) one can argue as follows. By direct
computation, one first shows that P, g[¢] is (a, 3)-harmonic. It is also clear that
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P, s[1] is radial, hence with the notations above it is a multiple of Fyo(|2|?).
Comparing the values at 0 we conclude that P, 5[1](z) = ca,gF00(]2]?). The
above choice of ¢, 3 makes P, g an approximation of the identity as |z| — 1,
and therefore P, g[¢] is the solution of the Dirichlet problem (see 3.3 for another
direct argument). O

A slight variant of the argument above shows that if Re(n + a + 8) < 0,
then, except for special values of a, 3, no “reasonable” function is annihilated
by A 8.

Proposition 2.3 Suppose Re (n + a + 3) < 0 and neither o nor 8 is a
non-negative integer; then u = 0 is the only u € C%(B) such that

(1) Aqpu=0, and
(ii) supo<,<y Jgu [u(rQ)[do(C) < +oo.

Proof. As before

u(r¢) = Z Ipa (r2)rp+qupq(o.

Multiplying by #,, and integrating, we get

Foa(r)rP | upg||3 = ‘/ u(r¢)upg () dU(C)’ S/ u(rC)| do(C) [|upglloo-
S’n. n
Under our assumptions on «, 3,

fpg(r?) = 0 asr — 1,

and hence |[up,|l2 = 0 for all p, g¢. O

We point out without giving the full details that if o or § is a non-negative
integer, then there are always bounded (# 0) solutions to A, gu = 0. For
example if o = 0, then any holomorphic function u is a solution to Aggu = 0.

We do not know whether the proposition still holds under the assumption

sup / lu(r¢)P do(¢) < +o0
0<r<1 n
for some p < 1.

When Re(n + o+ 3) > 0 and either n + a or n + § is zero or a negative
integer, the proof of Theorem 2.2 shows that for the Dirichlet problems to have
a solution it is necessary that the boundary data ¢ have zero components in
certain of the H(p,q).
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Proposition 2.4 Let u be (a, 3)-harmonic, and assume Re (n+a+3) > 0
Then:

(1) u = Py g[f] for some f € LP(S™), 1 < p < +oo if and only if

(2.5) sup /n lu(r¢)|P do(¢) < +o0.

0<r<1
In this case, u has admissible limit f a.e. and M[u] € LP(S™).

(if) w = Py glp] for some measure p if and only if

(2.6) sup /n lu(r¢)| do(¢) < +oo.

0<r<1

In this case, u has admissible limit du/do a.e. Moreover, if M[u] € L'(S™),
then du is absolutely continuous.

Proof. If w = P, g[f], obviously by Hélder’s inequality

@D P < [ 1Pl (o)

1—¢Z| n+R£a+Reﬁ »
s [ 1 oo O 2(0),

and then (2.5) follows from [Ru, Proposmon 1.4.10]. In the other direction, the
fact that the LP-norms are uniformly bounded gives that there exists ¢ € LP(S™)
and a sequence 7, — 1 such that u(r,,{) — ¢({), as m — 400 weakly in LP(S™).
In particular, for each z € B” fixed, by Theorem 2.1,

Poplel(z) = lim Pa,p(2, Qu(rm() do(C)

m——+00 sn

= S bR [ Paalenum(©) o0

m—+oo

= lim Z Foq (P2 1B F g (12]?) tpg (2)

m——+oo
= prq |Z| Upq(2) = u(2).
p,q

From the explicit formula for P, g one easily obtains, as in the classical case,
that M[u] is dominated by the Hardy-Littlewood maximal function of f. This
implies that M[u] € LP(S™), and the existence of admissible limits is proved in
the standard way.

The first part of (ii) is proved similarly. If M[u] € L!'(S™), then the con-
vergence of u, is dominated, hence its weak limit du is absolutely continu-
ous. O
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2.2. In this section we study sub-mean value properties of the functions
annihilated by A, g with no restrictions on a, 3. We begin with some similar
to those found by Geller. For each z € B"™ we denote E(z) the Bergman ball of
radious 5 centered at z, i.e. E(z) = ¢,(3B"), where ¢, is the automorphism of

2
the ball that maps 2 to 0, and such that ¢? = Id (see [Ru, pg 297]).

Lemma 2.5 There exists C = C(a, 3) such that if A, gu =0, then

C
W/E(z) [u(w)|dV (w).

u(2)] <

Proof. Using Theorem 2.1 (see also [Ge, Theorem 1.1]), foreach 7, 0 <r < 1
Foo(r2)ul0) = [ u(r)dor(c).

Hence, if ¥ () is a C* function supported in [0, %] and conveniently normalized,

u(0) = [ u(@u(icP) ir©).

It is proved in [ACa] that for each z € B, the function h2"? - (uo @), where
REA(() = (1 — 20)*(1 — 2¢)?, is also annihilated by A, 5. Applying the above
to it, we get

u(z) = /nh?’ﬁ(wz(w))U(W)iﬁ(lwz(W)|2)d)\(W)~
Given that

(1 — 121 = |wf?)
|1 — 2|2

(728 (w)|2 =1-
and the fact that |1 — 2@| ~ (1 — |2]) ~ (1 — |w|) when |¢.(w)| < 3, the relation
is easily seen to hold. O

The following geometrical lemma will be needed:

Lemma 2.6 Let 0 <r < p <1, w € B"” with |w| =71 and let § = p— .
Then
0, (0B™) C pB".

Proof. Tt is enough to show that for any ¢ € B™, |¢| < §, and z = ¢,((),

then 1 — p? <1 — |2]%. But (see [Ru, Thm. 2.2.2.])

(1 —[w)(A —[¢*)
11— w(]?

(1-r*)(1 6%
(1+70)2

1—[2? =1~ |pu(Q) = >
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And it is easy to check that if 0 < § = p — r, the above is bounded from below
by 1 — p?. |

The next lemma in the classical case is well known and due to Hardy-
Littlewood (see also [FeSt]).

Lemma 2.7 Let 0 < p < +00. There exists C = C(a, 8,p,n) > 0, so that
if Aqpu =0, then

fu(z)|P < ﬁ [E v ()

Proof. Since the case p =1 is just Lemma 2.5, and p > 1 follows from this
one by Holder’s inequality, we just need to deal with the case 0 < p < 1. It is
then enough to show that there exists C' > 0 so that

|p<c/Bn w)|P dV (w),

since the general situation follows applying it to h"® - (uo ¢.). This will be
deduced once we show the following statement:

There exists C > 0 so that for all u satisfying Aqapu = 0 and
Jaj2yme lu(w) [P dV (w) <1, we have

lu(0)] < C.

Let u be a function such that A, gu = 0 and f1/2 g [u(w)PdV(w) < 1

Observe that we also may assume that |u(0)| > 1, otherwise there is nothing to
prove. Arguing similarly to the proof of Lemma 2.5, we deduce that for each
0<o<i

2

C
) < o [ Juw)|avw)

Next, for 2 € B™ we apply the estimate above to h3*% - (u o ¢,), and we get

< B (w)| [u w w
W@ < g [ ) ue(w)|aV ()
C
< g [ lule )] drw)

=
= — u(w)| dA(w).
5 ] P 8A)
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Now suppose 0 < 7 < p < % and let 2 = r{. The estimate above with

2
6 = p—r and Lemma 2.6 give

c

C
2n /an ‘U(w)l d)\(w) < m /(1/2)]371 |u(w)| dV(w>7

lu(r¢)| < -r>

since p < %
Let m(r) = sup,|<, [u(z)|. Then we have that

Cm(p)'~? sl P V() — SO
el < T [t av(w) = TG,

where we have used that the LP-norm is bounded by 1. Hence,
m(r) < Cm(p)'P(p — )",
provided 0 <r < p < % Taking logarithms and integrating, we obtain
1/2 d 1/2 d 1/2 d
/ logm(r)—r <C+(1 —p)/ logm(p)—r —2n/ log(p—r)—r
1/4 r 1/4 r 1/4 r
Next, choosing p = 29~ r®, where 0 < a < 1, we deduce
1/2 d 1— 1/2 d
/ logm(r) & <C+ U=r / logm(r)—r7
1/4 r a 1/4 r
and, if a also satisfies 1 — (1 — p)/a > 0, that
1/2 d
/ logm(r) T <e
1/4 r

Finally m(0) = |u(0)| < m(3) < C. O

\
SN

As a consequence of Lemma 2.7, we obtain two results on the growth of the
functions v annihilated by A, g.

Lemma 2.8 Let o, f € C, 0 < p < 400 and u (o, B)-harmonic. Suppose

sup / JurOIP do(¢) < +oo.

0<r<1
Then
C

lu(2)] < (EEEG
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Proof. For z € B", E(z) C {w; e(1—|z|?) < 1—|w|?> < 1(1—2[)?}. Applying
Lemma 2.7, we deduce

C
| — / fu(w)|? dV (w)
(1= 2" S
< / / u(rO)P do(¢) v dr
T (A= 2P S ez <1 e (1= 22} s
< _C
S T 0

Lemma 2.9 Let a, f € C, 0 < p < +o0 and u («, 3)-harmonic. Suppose
that S[u] € LP(S™). Then

ClISTulllp

lu(z)] < (EERE

+ [u(0)]-

Proof. 1t is easy to check that if A, gu = 0, then for each 1 <14 < mn,

ou ou
Ay g1— =ANy_153— =0.
o lazi a-1.6 0z; 0

Applying Lemma 2.7 to each partial derivative, we get

2 N w(w)|? w
Vu(z)]* < G /E(Z) [Vu(w)|? dV (w)
¢ 2\1—n wlw 2 w
S TR Ju O T V)
C

e u2
< (1_|Z‘2)2S[ 1°(0),

for all ¢ € X(z) ={¢ € S™; E(2) C D(¢)}. Note that in the last inequality we
use that (1 — |w|?)?|Vu|? < ||Vsul3.
Thus if ¢ € X (z), then

(1 = 2P Vu(2)])" < CS[ul(¢)"-

Since o(X(z)) ~ (1 — |2|)", integrating the estimate above, we have

(1= )P Vu(z)? < C ” )S[U](C)” do(¢) < CI|STulll}-

In particular, for 0 <r < 1 and ¢ € S™,

ou
‘E(TO‘ < C||S[u]||p(1 = r)™/P+L,
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which implies that
ClIS[ulllp

lu(rQ)] < m

+ [u(0)]. =

2.3. Now we will show that when p < 1, and the LP-norms are uniformly
bounded, then u has also boundary values in the sense of distributions. We will
need the following technical lemma:

Lemma 2.10 Let F € C*([3,1]), and h € CY([3,1]) satisfying Reh(1) >
—1. Suppose that

(1—z)F"(z) + h(z)F'(z) = O(1 — )4,
as x — 1. Then:

() IfA>1, F(z) = O(1 — z)~A4+L,
(i) If0 < A < 1, then lim,_,1 F(x) exists and is finite.

Proof. If we define

w(x) = exp/ wdt,
1/217t

then the equation gives that
(uF")' (2) = O (1 —2)~ " tu(z)).

It is also easy to show that u(z) behaves exactly as (1 — )~ "1, Indeed,

(1—2)"Pu(z) = exp <h(1) log(1 — z) + /1j2 1h(—_t)t dt)

and since h € C!([%,1]), the limit as z — 1 of the integral in the right hand side
exists, and we obtain the desired conclussion.
Integrating and using the estimate above , we deduce that

|M(5U) F/(JI)‘ -0 ([jQ(l _ t)—A—l—REh(l) dt) .

From this estimate the conclusion of the lemma easily follows. O
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Proposition 2.11 Assume u is (o, 3)-harmonic, Re (n + a+ ) > 0, and
that for some p < 1

sup / JurOIP do(¢) < +oo.

0<r<1
Then there exists a distribution ¢ satisfying:

(i) lim,—1 u(r¢) = ¢, in the sense of distributions,
(i) w= Puglé].

Proof. Let N = (R+R)/2, T =i(R—R)/2, then T is tangential, TN = NT

and R =N +iT, R = N —:iT. The expression in radial-tangential derivatives
of the laplacian A, 5 gives that the operator (1/(1 — |2|?))A, s takes the form

LN @t prn-nny LI

(2.8) FE
— Lo+i(a—B)T —ap.

Now suppose that A, gu =0 and ¢ € C*°(S™). Define

F(r) = [ ulrg) 9(0)do(0).

Formula (2.8) together with the fact that Nu(r() = (3r(9/0r))u(r¢), gives that

2
i(1 —r?) (L‘—) F(r)+ (a+pB+n-— 1)%7"F/('1") + aBF(z)

where

X = {12T2T2£0+i(aﬁ)T}

is a tangential derivative. Thus, writing ¥y = X*p € C*°(S™), with X* the
adjoint operator, we have

(=) (rF' () + 2" (2)) + 2 (a+ 8+ n— 1)rF'(z) + afF(z)
= [ w0 w(0)do(0).

Iterating the process above, and if

d? 1—7? d
L:(l—rz)m—k(%—!—2((}4—!—6—!—71—1)7")%4—046,
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we deduce that for each k =1,2,..., there exists ¢ € C*(S™) so that
(LF) () = [ urOpn(O)do(c).

Since

sup / JurOIP do(¢) < +oo.

0<r<1

Lemma 2.8 gives that there exists A > 0 so that u(r¢) = O(1 — r)~4. Then we

have
LFF(r) =0(1—r)~4,

and applying Lemma 2.10 that
LFIF(r) = O(1 — r) =411,

Iterating the process we deduce that lim,_,; F(r) exists.
Part (ii) follows similarly. O

3. Green’s Formula for A, g

3.1. The first result concerns a Green’s formula for our laplacians.

Theorem 3.12 Let u, v € C3(B"), r < 1. Then
71_7,271—2 _
(3.1) 1) (1 —r2)y-o-f-ntl / (uRv — v Ru) (r¢) do ()
n—1)!

= [ 18000(2u) = Ao pul)ol2)} (1= 1) dA(a).

n

Proof. We first deal with the case @« = 0. The proof will be based in the following
formula (15* Green identity)

2n—2

7(7;’”_ - r) Ao /Tsn v Rudo (C)

= /Bn (Dv, Du)g (1 — |z|2)_ﬂ d\(z) +/ v(2)Ap,pu(z)(1 — \2\2)_’8 d\(z).

B”

(3.2)

Note that this says that Ag g is essentially 00*, where the adjoint 9* is taken
with respect the Bergman metric weighted by the factor (1—|z|?)~?. To simplify
notations we use

p=(1—12P), wi=dz \dz Adz, w= )\ dz Adz; = (20)"dV (2).
jAi j=1
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We apply Stokes’ Theorem to the form vp—#—" Dy Diuw;:

= - / p P "RuRvw — n/ p P ""vRuw
rBm™

rB"™

- (,6’+n)/ p P 7" Rz w 7/ pfﬂ*nvZZisziDjuw.
rBm™ rBm™

2%

Subtracting, we get

/B (Dv,Du)g p P tw+ /B p P A puvw

n n
= (17r2)*B*"/ vRuZziwivaDiuwi.
TS i=1 i=1

If z = r{, a computation shows that

2w)™
_7,,277,71 ( 7TZ) Ci do.

wilz) = (n—1)!

Then

n B 2 \n

E Ziw; = —TZ"Ruﬂ do,
, (n—1)!
i=1

and we obtain (3.2).

Applying (3.2) to the pair (v,u) and A 3, instead of (u,v) and Ag g, and

conjugating, we get the result for « = 0. The general case will follow once we
prove that

/ (VAq U — ulg o) p~ > P d\ = / (VA s gt — Ul oip0v) p~ P d.
rBn B

Indeed, the difference of these expressions equals
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« /Bn (R(uv) — R(uv)) p~* P d,

which is obviously zero because R — R is tangential. |

3.2. From now on we will suppose that Re(n+a+8) >0, n+a ¢ Z_,
n+ 3 ¢ Z_. Next we introduce, following [Gr], the fundamental solution for
Aq g, i.e., the function G, g(z) playing the role of the Green’s function in the
classical potential theory. We look for a radial function G, 5(2) = ga.5(|2]?),
which is (a, §)-harmonic away from zero. This means that g, s must satisfy
Equation (2.2) for p = ¢ = 0:

(3.3) z(l —z)h"(z) + [n — (—a— B+ 1)z]h'(z) — aBh(z) = 0,
O0<z <l

Of course, one solution of this equation is Fyo(z), the hypergeometric function
with parameters —a, —03, n. Now [Er, pg. 105-106], a second independent
solution is

h(z) = (1 —2)" " PE(n+8 , nta , nta+p+1; 1 —z).
It is well known that, if n > 1,

F(n+g8, nta, ntat+f+1; z)
= 1-2)' "FB+1,a+1,ntat+B+1; ).

This shows that F(n+3 , n+a , nta+0+1; z) is equivalent to

P(n+a+pB+1)I(n—1)
Fn+a)l(n+p8)

(1—z)t "

when z — 1;if n =1,

PO, o o042 1) = (o 12 ) flo)
with I 5+2)
a+ 0+
(1) = Tla+I(B+1)

Let go,3 = da,gh, with a constant d, g to be determined, i.e.,

Gap(2) = dap(l— |2)" TP F(n+8 , nta , nta+p+1; 1 —|2[%).
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By well-known properties of hypergeometric functions, it is easy to see that
RGas(2) = —das(n+a+ B)|2*(1 = [2)" P F(nt8, nta, ntatf; 1— [2%).

Since F(n+08, nta ,nta+p; z) = (1 —2)"F(a, 8, nta+ps; x), and

T'(n)C(n+ a+ )

Fla, B ,nta+g8; 1) = Tt )Tt )’

RG,, 5(z) behaves like

L()'(n+a+f)

T(n + aT(n T 5) as |z| = 0.

—dap(n+a+ B)z>7?"

Let u € C?(B"). Obviously Theorem 3.12 implies, for 0 < e < r < 1,

7;;’;;! (1= | RG5O = Goplr€) RsrC)}y dr(0)
- 7;;8_271; (1- 52)70476771«%1

[ {8 RGa5(:) ~ Gap(cQ) Ru(c)} do(()

= o BapuE)Gas( L~ ) A,
rBn\eB"

Choosing

J _ I'n+a)l'(n+p)
nf = alTn+a+B+1)’

the limit as € — 0 of the second term is exactly —u(0) and the limit as r — 1 of
the first is

s [ ul€)do(©),

(recall that in Theorem 2.2 we have seen that

o P(n+a)T'(n+0)
7T T(m)0(n+a + f)

).
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Thus, the following holds for u € C?(B"):
Ba) w0 = s [ ulQ)do(0)
+ | Bapu(z)Gap(2)(1 = [21%) "7 dA(2).

B"

When this is applied to h®? - (u o ¢,) the following Riesz-type decomposition
formula is obtained for u € C2(B™) after some computation

35) u2) = [ u(Q)Pas(s)do(()

+ - Ay pu(w)Gy p(z,w)(1 — Zw)¥(1 — z@)ﬂ(l - |w|2)_o‘_ﬁ dA\(w),

with Go. (2, w) = g s(Jp2(W)|?) = Ga.p(p:(w)). This amounts to

(A p)w(Ga,p(z,w)(1 — Zw)*(1 - ZU_’)B) =0,
Pa,ﬁ(Z, C) = h_)nll(]' - r)liniaiﬁRgGa,ﬁ(’Z, C)

In case a = B = 0, this last formula says that Py is the Bergman normal
derivative of Gg . This is another way of finding P, g.

Strictly speaking, formula (3.5) has only been obtained for v € C2(B™), but
it can be seen to hold under more general conditions. For instance, it holds if
u € C%(B™)NC(B"™) and

dV(w)
Aq gu(w < +0o0
| euwi=2

This can be seen as follows: Fix r < 1 and apply the same argument as before
with v(2) = Ga.(2) — ga,5(r?). After letting e — 0, one obtains

u(0) = caﬂr%F(n—i—ﬁ , nta,nta+s; 1— 7‘2)/ u(r¢) do(Q)

n

- / Aa,pu(2) {Ga,p(2) = ga,s(r*)}(L — [2*) 7277} dA(2)
rBn

= aBgas(r?) / u(2)(1 — 22177 d(2).

rBn

By dominated convergence one gets (3.4), hence (3.5), making r — 1.
In case a3 = 0, there is a simple explicit integral formula for g, g. Namely,
solving (3.3) leads to

—_1\ i _ \n+B-1
ga”g(x):—(n 1)/ (1-1 dt, a=0.

" tn




Generalized M -harmonic Functions in the Unit Ball 123

3.3. We now choose
v(z) = (1= [2[)Teth

in Theorem 12. Then Ru(z) = —(n + a + 3)|z]3(1 — |2|?)"*+#~1 and a com-
putation shows that

Ao pv(2) = —(n+a)(n+ B)(1 — |z)2)vHethtl,

(Note in passing that this gives an example related to Theorem 2.2: if n + « or
n + (3 is zero then v is a non-zero solution to A, gu = 0, which is zero on the
boundary.)

Fixr, 0 < r < 1. Applying (3.1) above with v replaced by v—v(r), we obtain

et Do [ ) do0)

(1 _ T2)n+a+,8

= [ Awrames e ST  w@ave

1—p2\"roth dV(z)
A, 1-(—" 4z
g ept) { (1 = |z|2) P

From this it follows that, if u € C(B™) and

[ 18nmua L < oc,

1= |z[?
say, then
(3.6) an / u(Q)do(Q) = (n+a)n+ ) / u(z)dv(z)
+ o Aa,gu(z)%.

4. Characterizations of H? spaces

4.1. In this paragraph we will prove a Fefferman-Stein type characterization
of the HP spaces on S™ in terms of their («,)-harmonic extensions. Here,
of course, we understand by HP? the atomic HP-space of Garnett and Latter
( [GaLa]) for p <1 and LP(S™) for 1 < p < +00. We recall that «, 3 are always
assumed to satisfy Re(n+a+08) >0andn+a,n+ 08¢ Z_.

Theorem 4.13 Let u be (a, 8)-harmonic in B™. The following are equiv-
alent for p > 1:
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(i) There exists f € HP(S™) such that u = P, g[f].
(it) The admissible mazimal function M[u] € LP(S™).
(iii) The radial mazimal function u™ € LP(S™).

(iv) The area function S|u] € LP(S™).

First note that the equivalence of (i), (iii) and (iii) for p > 1 follows inmedi-
ately from Proposition 2.4.

The equivalence of (ii) and (iii) for p = 1 is very much alike the corresponding
real variable result in [FeSt]. Indeed, with Lemma 2.7 we can follow the same ar-
gument there to show that M[u]'/? is pointwise dominated by the (non-isotropic)
Hardy-Littlewood maximal function of (u*t)'/2.

4.2. We start proving the equivalence between (i) and (ii) for p = 1. In case
a = 3 =0 this is proved in [GaLa]. We have not been able to carry over their
proof for general «, 8. In fact we do not know for which Poisson-type kernels
this maximal characterization of HP(S™) holds. There is a result of Uchiyama
[U] in this direction, which holds in spaces of homogeneous type. However, the
kernels P, g do not satisfy all assumptions of Uchiyama’s theorem. Instead we
will use the theory of tent spaces. Assume first that M[u] € L'(S™), we know
from Proposition 2.4 that u = P, g[f] for some f € L'(S™). We must show that
f € HY(S™). First we assume that f is smooth and we will prove the a priori
estimate

[f |z < ClIM[ulf]1-
The idea is to show that ||M [P0 f]|l1 < C||M[u]|l1 and apply the Garnett and

Latter result. For this we consider the Riesz decomposition of u (formula (3.5))

u(z) = Poo[f](2) + - Ao ou(w)Goo(2,w) dA(w).

For this to make sense we must discuss the convergence of the last integral.
Since Aqy gu = 0, we have that

Agou(w) = (1 — |w| {a,@’u — aRu(w) — 6Ru(w)} ,
and therefore we must have

/n |Ru(w)|dV (w) < 400,

and similarly for R. This is acomplished if f is sufficiently smooth, as shown by
next lemma.

Lemma 4.14 If f is of class C' on S™, then u = P, g[f] satisfies
[Ru(2)], [Ru(2)] = O(1 — |2])*",
with ¢ = min(3,Re (n + o + B)).
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Proof. Write

Ruz) = [ RPup(z QLA — FO)} do(Q)+ FOR: [ Pas(z)do(C),
z=rn.

The first term is bounded by

/ dU(C) — O(l _ |Z|)_1/2.
S

BTV

The other integral is P, g[1] = cagF (—a, =3, n; |2]?) and its radial derivative
is copF(1—a , 1-B , n+1, |2|?), which has growth (1 — |z|?)Re(ntatf)—1 jf
Re (n+a+3) < 1,log(1—|z|?) if Re (n+a+3) = 1 or bounded if Re (n+a+3) >
1. O

The lemma implies the integrability of Ru, Ru, and hence

u(z) = Po,olf](2)
= - {aBu(w) — aRu(w) — BRu(w)} Goo(z,w)(1 = |w|?)"dV (w).

Integrating by parts in rB", using

: - - Goo(2,0)
o . 1—n _ 0,0\<»
Poo(z,¢) = lim(1 = )" ReGoolz,¢) = —n lim =250

as pointed out in paragraph 3.2, and letting r — 1, we get

a+ 6

u(z) = (14

n

Poof()+ [ aBulc)Goo(z0)(1 ~ ) av(c)
+a [ wOR: {Gool= O~ KA} aV(Q)
46 [ w(ORe {Gonlz )1~ [CF) "} av(C)

We will see that each of these three integrals defines operators that preserve
the space of functions with admissible maximal function in L*(S™) (the tent
space T7° in the terminology of [CoMeSt]). We only deal with the second one,
the third beeing essentially the same and the first easier. The kernel is, with
cn=—(n—1)/7™

(41) K(z0 = nl¢|*Goo(z O —[¢[*)"

— (]_ _ ‘<|2)—n (1 — |30z(<)| )—n—

o= (O[> enRelp= ().
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Clearly goo(z) = ¢, (1/n)(1 — )" + O(1 — x)"*1. Also, from

(1= [z = [KP)

|<pz(C)|2:1_ ‘1-2@2 5
we see that ) | ‘2 C(E 7)
RC‘@Z(C)F = 1- EZ) 1- 42)2
Thus,
K(20)
= a1 g (OP) ML — Py {|<|2<1 O — (1 [¢P)
(1—12) ¢ - 2) 1 B 2ntlrq A2y —n—1
FGiere deero ) SE AR
= =l O 1 I - e )
(1 - |2y
*O(u—x%ﬂ>
QBB 00 -G+ (- )00 - o))
"L 2 [G2) (O (1~ C2)
(1 |2+
O < 1= oo )
This is

of G-l
1= 2o
if |, (¢)] is bounded below.
We call K;, ¢« = 1,2, the operators

Kyu(z) = / K(z,¢)u(¢) dV (0),
le=(¢)<p

— |z 2\n
Kou) = [ fzg—%lu@) av(Q).

We must show that both preserve T7°. We start with Ko. Equivalently, we must
show that there exists C' > 0, so that for any tent-atom a,

[ osw -ty [ Ol ¢y do) < .

n z€A(n) n |1 - ZE|2n+1
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Here a tent-atom is a function in B™ supported in an admissible tent B over a
non isotropic ball B(wy, ), such that ||alje < 1/6™.

Thus, let @ be any such atom, and denote by B=2RB (wo, K¢), where K >0
is a constant to be fixed. Let z € A(n), with n € 8". We will compute the Lt
integral by estimating the integrals over B and the complementary Be.

Assume first that n € B. Using [Ru, Proposition 1.4.10], and the size condi-
tion on a, we obtain that

(4.2) Ol iy < = / e 1

B 1T— 2t B L= 2CPrT  5o(1— 2P

and

sup (1- |21 [ A v < S

z€A(n) B |1 — 2|2t

Integrating over~§, we get the desired estimate.
Now, if n € B¢, and z € A(n), it is easy to see, choosing K > 0 big enough,
that |1 — §z| ~ (1 —12/%) + |1 — won|. Thus,

1 (1 - |22
Lm0 < On e g f, VO

C s (1~ I=?)
= TR g
But )
- (1| !
(1 —[2[2)2n+ + 1 — wog2 1~ |1 — woig

and integrating over BC, we obtain

1)
————do <C.
/Ec 11 — won|*t () <

So we are left with K; . We will estimate separately both integrals that appear.
Assume that ¢, ({)| < p. It is then inmediate that, provided p is small enough,

1=z =1— |2 =1,

and that (widening the aperture of the admissible region if necessary), if z €
A(n), then ¢ € A(n). The first term is then bounded by

Mul(o) | Goolz:JANG) = M) [ GoalOdNQ)
{6 le=(Ol<3} {I¢l<3}
= Mlul(n).
The remaining term is estimated by

M) [ - S I - 2lav(o)
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Write ¢ — 2z = A( + v with v{ = 0. Then
1= 2C1* = (1= [2)(1 = [¢]*) = IAPICP + (1 = [¢]) o]
Hence
6(C =2 = M I¢P < [[1= 2P = (1= [2P)a = 1¢)] " = lp=(0)] 1 = =C].
With all this, the integral above can be estimated by

1 —le-(Q)"* B a—jgm? N
Jorores o O = [ S B0 <0

This ends the proof of the a priori inequality
[fllar < ClIMullly, u= Pap[f]

when f is smooth. Assume now that f € L'(S™) and that u = P, g[f] has M[u]
integrable. Define

1) = [ Sna(ic) dot),

where h.(\) are functions of one variable chosen so that h.(7¢) do(n) — dc, i.e.
he are positive smooth functions supported in |\ — 1| < ¢ and such that

/Mu C AR () V() = 1.

Then, f. is smooth and converges to f in L'(S™); let u. = P, g[f:]. Using [ACo,
Corollary 2.2] a computation gives

ustr) = [ ar)h (i) do(0)

Therefore
wim < [ Ohe(0)do(0),

which trivially implies
lud [l < flu* s

From the equivalence between (ii) and (iii) we conclude that
[Muc]ll1 < ClIM[u]]x

and, by the a priori inequality, that || f.|| z: < C||/M][u]||1. Since H' is the dual of
VMO, every bounded sequence in H' has a subsequence with a weak-star limit
in H!. But f. converges to f in L'(S™), hence f € H'.

This proves that (ii) implies (i). The reverse implication can be obtained just
interchanging the roles of Py and P, g or, alternatively, checking directly that
P, s sends an H'-atom to a function in T7°.
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4.3. To prove that (i) implies (iv) we will use the following theorem, which
is the ball version of a result of M. Christ and J. L. Journé ( [ChJo]). We recall
that a Carleson measure on B™ is a positive measure p on B™ satisfying that
w(B(¢,0)) < Co(B(C,0)) for any ¢ € 8™, § > 0. Here B((,6) is the admissible
tent over B((,0).

Theorem 4.15 Let K(z,¢), z € B™, ( € S™ be a kernel satisfying for some
€>0,¢>0,C>0

(1 —[2[)°

(i) |K(z7<)| < CW’

) (122 (1—cal’
(i) 1K (2. 0) ~ K| < o= 200 (R0

whenever |1 —n¢| < c|1 — 2¢|. Let K be the operator
K1) = [ FOKG0d0(0)

Then v ()
z
L e < Ml v € 12(S")

if and only if (|[K1(2)|?/(1 — |2|*)) dV (2) is a Carleson measure.

Proof. Let us see how the theorem above gives the implication (i) = (iv) in
case p = 2. By definition, if u = P, g[f],

2 = u(2)|? d\(2) do(¢) ~ z)|? 4V (z)
||S[u]||2_/sn/m Vou()fdx:) do(O) = [ KfG)P{

where Kf(z) = Vau(z) (we look at K as a vector-valued operator). The corre-
sponding kernel is

K(2,¢) = VsPags(z,()
1 —
= m((]‘ - |Z‘2)R2Pa,ﬁ('zv<) ) (1 — |z|2)RZPa,,H(Z;C) ,

(1= 22 2Ty Pas(2,0) » (1= [#2)Y Ty Pays(,0))-

Properties (i) and (ii) above are routinely checked for K. Indeed, using

VB(1—20)| < |1 - 2],
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it is inmediate that (i) holds with ¢ = Re (n 4+ ac + ). For (ii), one proceeds in
the standard way (see for instance [Ru, pg 92]) using the mean-value theorem,
the fact that |1 — z¢|*/? satisfies a triangle inequality and the inequality

|2(C =) = 1= ¢l 21— 2% 1= ¢l < el =2,
If |1 — ¢7j| < |1 — (Z|, the final result is,

(L—[=P) (l=¢a\"*
K -K <0 _ — th § = R .
Therefore (i) and (ii) hold with e = min(d , ).

We now must check that the measure (JK1(2)|?/(1—z|?)) dV(z) is a Carleson
measure. Recall from Theorem 2.2 that

Kl(Z) = Ca,,@VBF(_a ) _ﬁ y TS ‘Z|2)a

and hence, as it is radial, it will be enough to show that
1
/ A —rH)|F'(—a, -3 ,n; )| dr < +oo.
0

But F'(—a, —8,n; r?) = (o, 8)/n)F(1—a, 13, 14+n; 7?). If Re (n+a+8) >
1 this has a limit at 1. If Re (n + a + ) = 1 this growths at most like log(1 —r)
and finally, if 0 < Re (n + a + ) < 1 this growths like (1 — r)Re(rtet8)-1 1y
all cases we have the desired result. |

Next we show the implication (i) = (iv) for p > 1. It is enough to prove that
if a is an atom, and u = P, g[a], then

S[u](¢) do(¢) < C,
Sn
for some absolute constant C. This is done in a standard way: in fact it only
depends on the properties (i) and (ii) of the kernel K and the L2-estimate already
proved. Namely, if K(z, () satisfies them, and

1/2
S[ﬁ(c):{ /D (C)Kf(z)QdA(@} . ces,

then S is bounded from HP(S™) to LP(S™), 1 < p < 400 and (|Kf(2)[*/(1 —
|2])) dV (2) is a Carleson measure for all f € BMO. This is surely known but we
have not found a reference. First, for p = 1 it is enough to prove that if a is an
atom, say supported in B({y,8) = {¢ € S™; |1 — ({o| < 6}, then

(4.3) / Slal(¢)do(¢) < ©
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for some absolute constant. This is seen as follows: the contributions of B((p, kd)
to this integral is estimated using Schwarz’s inequality and the L?-estimate al-
ready proved. For points ¢ ¢ B(({y, kd) far from B((g,d), one uses the cancella-
tion of the atom and property (ii) to obtain the pointwise bound

Sla](¢) < C6°|1 = ¢Co| ™% |1 —¢Col = k0,

which finishes the proof of (4.3).
In a completely analogous way to the Fefferman-Stein proof, it is easily proved

that
Kf(2)

T2 dV (z)

is a Carleson measure for all f € BMO.

For 1 < p < 400 the result follows from interpolation, using the theory of
tent-spaces of [CoMeSt|, or, more precisely, its non-isotropic version on the
ball. With the notations of [CoMeSt|, the statement S[f] € LP(S™) means that
Kf € T9 and to say that (|[Kf(2)?/(1 — |2]?)) dV (2) is a Carleson measure
means that Kf € T5°. Since we have seen that K is bounded from L*(S™) to
T5°, it follows from the interpolation theorems in [CoMeSt] that K is bounded
from LP(S™) to T%. O

4.4. We prove now that (iv) implies (i). We assume without loss of gener-
ality that u(0) = 0. Let assume first that u = P, g[f] for f € C(S™). We will
prove that

Iflly < ClISlllp, 11 < ClIS[ullls-

We assume first that p > 1. Obviously

15 = {| [ Qa0 ao(0

; g€C(S™), llgllg < 1}

with ¢ the conjugate exponent of p. Let v = P, g[g|; we will apply formula (3.6)
to uv. A computation shows that

Ay p(uv) = aB(1 — |2|*)uv + (VBY, VBo)B.
We obtain
(ntatp) ,
BCE /n u(¢)v(¢) do(C)

= [(n+a)(n+P6)+ af] / u(z)v(z) dV (z) + / (Vsu, Vpv)p v (z)

n 11—z

n

(The discussion that follows will show that this last integral is convergent.)
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The advantage of using formula (3.6) instead of the Riesz decomposition is
that with this last one there would appear a term

| a0 Gaale) 1~ o) av (),

Even though G, 5(2)(1—|z|?) =%~ behaves like 1 near |z| = 1, some arguments
that follow do not allow us to put the absolute value inside the integral.

Since on compact sets u, v are uniformly estimated by S[u], S[v] respectively,
by Lemma 9 it follows that

[ 100000 < culstally 15t +

/ u(z)v(z)dV (2)
1—e<z|<1
av
+ [ I¥nuls [Vaole 2
B 1-— |Z‘

Writing the second integral in polar coordinates, we bound it using Proposi-
tion 2.4 by

/ 1 { L u<r<>|v<r<>|da<<>}drs / "l Torllodr < Cellully foll

—€ 1—¢

For the third integral we use (5.1) of [CoMeSt] to estimate it by

/n S[ul(€)S[wl(¢) do(¢) < |[Slullly [[S[v]llg-
As we already know that ||S[v]||; < C||g||; we obtain

1fllp < CellSlulllp + Cell flp,

which gives the result.
For p = 1, we must use the duality H' — VMO:

Il =sup{| [ 7191 da(@

L gees™, gl < 1}.

Two modifications are needed in the previous argument: first

L 0w (@) < ol o

At this point the following lemma, is needed.

Lemma 4.16 If u = P, g[f], and u,(¢) = u(r¢),

[urllere < Cllfllas llurlle < ClF
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Proof. By the equivalence between (i) and (iii)

|l 2 (| Paglur] 2

But clearly by Theorem 2.2,

(1 _ T2)n+Re a+Rep

Pl (601 = Poplu (0 € [ o () do(w),

n |

and then
url g 2l = | F ] e

The other inequality follows by duality, using that, if v = P, g[g]

[ w000 de@) = [ 1€ dotc)

With this lemma we see that

< Cel|fllzr-

/1_ e u(z)v(z) dV (z)

(Here is where the advantage of formula (3.6) plays a role.)
The second modification is to replace (5.1) of [CoMeSt] by (4.1) of the same

paper:

[ 19muls 19meln 2 < [ Sp©ClC) do(o)
B 1— ¢ sn

where

(L[ VR N
onl(@ s (5 [T ave)

In the previous paragraph we saw that C[v] is bounded whenever g € BMO, and
thus we arrive in the same way at

[fllen < Cl[S[ullly + Cel| £z

To finish, it remains to remove the extra assumption on u. Assume S[u] € L?;
by Lemma 2.9, u = P, g[f] for some distribution f. Define the same regulariza-
tion as before

fs(é) = o f(w)hs("‘_jg) dU(C)'

Then
uslrn) = [ u(rO)h () do(c)
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and

(VBue)(rn) = . Veu(r{)he(i¢) do ().

Let us see now that this implies

n

(4.4) Slue)(w) < / S[u) (C)he (@C) dor(¢).

For z = rn € A(w) close to w, we may choose in a smooth way a unitary map
Uy such that Uyn = w so that

(Vi) () = / Vu(rU,0he (@) do (0),

and, consequently,
1/2
[ Weupe i)
A(w)
1/2

< [ ([ 19mutv,0PiG)  h@0do).
™ A\VAw)
In the last inner integral, the change of variables U, = 7 turns it into

/ |V]3u(?"7')|1/2 d\(r7),
A(S)

(with possibly a larger opening for the admissible region A(¢)). This proves 4.4.

Hence ||S[uc]|l, < C||S[u]||, and, by what has already been proved, we have
I fllp < ClSTulllps Ifzllen < C||S[ull1 respectively. Since LP and H' are dual
spaces, f. has a weak-limit in the same space. But f. tends to f as distributions

and, therefore, f is in LP, H' respectively. |
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