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Scaling laws in velocity-selective coherent population trapping
in the presence of polarization-gradient cooling

C. Menotti, G. Morigi, J. H. Mu¨ller, and E. Arimondo
Unità INFM, Dipartimento di Fisica, Universita` di Pisa, Piazza Torricelli 2, I-56126 Pisa, Italy

~Received 14 April 1997!

One-dimensional laser cooling based on velocity-selective coherent population trapping~VSCPT! on a
2g→1e transition has been investigated numerically through the solution of the optical Bloch equations. As in
the work of G. Morigiet al. @Phys. Rev. A53, 2616~1996!#, it has been found that for a large set of atomic
and laser parameters, the VSCPT cooling process may be described through scaling-law relations. The scaling
laws are based on the relations between the loss rates at large atomic momentum and their dependence on the
momentum around zero value. The role of the laser detuning on the VSCPT trapping efficiency has been
examined and scaling laws including the detuning have been derived.@S1050-2947~97!01111-6#
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Velocity-selective coherent population trapping~VSCPT!
laser cooling is based on the preparation of atoms int
coherent superposition of ground states noncoupled to
applied laser fields. Efficient VSCPT cooling is realized
the coherent superposition is also a trap state being st
against kinetic energy evolution. In the 1g→1e transition of
the experiment in helium@1,2#, the three-levelL scheme had
the required stability and efficiency. An experimental inve
tigation of rubidium atoms@3#, also dealing with the 1g→1e

transition, combined VSCPT with polarization-gradient co
ing acting on another transition. VSCPT laser cooling
high J transitions has been examined theoretically@4#. An
important step towards the application of VSCPT on highJ
transitions has been recently performed by some of us, w
the derivation of scaling laws for the 1g→1e and 2g→2e

atomic transitions@5,6#. The scaling laws link the VSCPT
behavior for different atomic and angular momentum tran
tions. Thus the results obtained for one particular transit
for instance, the 1g→1e one in helium, allow us to predic
the VSCPT results for other atoms and other angular m
mentum transitions. The idea of the scaling laws is based
an interpretation of VSCPT dynamics, introduced by Bard
et al. @7#, as a Le´vy-flight evolution in atomic momentum
space. Within this point of view, three regions are identifi
in atomic momentum space:~i! the so-called Raman hole
that is, the momentum region that characterizes the filling
the trap state noncoupled to radiation,~ii ! the momentum
region outside the hole with a constant momentum diffus
rate,~iii ! the high momentum region with a decreasing la
absorption rate due to Doppler effect. The scaling laws
based on the study of the noncoupled state absorption
and the determination of the relation between the parame
characterizing the extension of the Raman hole and the
mentum diffusion rate. Although the functional dependen
of those quantities gets more complicated as the angular
mentum increases, the regions of the Raman hole and o
momentum diffusion can still be identified.

In the present work VSCPT on the 2g→1e transition is
examined and compared to the previously studied transiti
The 2g→1e transition has several original features. Usi
the standards12s2 laser configuration the atomic evolu
561050-2947/97/56~5!/4327~4!/$10.00
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tion is determined by two sets of momentum families, i.
two sets of states closed for their time evolution under ato
laser interaction. One family is fully equivalent to that of th
L scheme in 1g→1e transition. For the other family, equiva
lent to that of the 2g→2e transition, a stable VSCPT supe
position is realized when the kinetic energy difference b
tween the states of the superposition is compensated by
shifts @4#. Thus, VSCPT in 2g→1e is characterized by a
competition between two trap states. The present anal
demonstrates that for a laser resonant with the 2g→1e
atomic transition VSCPT can be fitted by the previous sc
ing laws. Furthermore we have framed more precisely
scaling-law relations through the dependence of the grou
state loss rate on the atomic momentum, so that extensio
any atomic transition is straightforward. A suitably detun
laser driving the 2g→1e or 2g→2e transition leads to polar-
ization gradient cooling@8#. Thus, for this case VSCPT i
assisted by cooling forces. In the present study we have
investigated the validity of the VSCPT scaling laws for t
case of a detuned laser.

We consider atoms with massM and excited state spon
taneous decay rateG, interacting with a laser field of fre-
quencyvL and wave numberk, i.e., with recoil frequency
vR5\k2/2M . For s12s2 counterpropagating laser field
of amplitudeE interacting with the 2g→1e atomic transition,
using the rotating-wave approximation~RWA! we write the
atom-laser interaction as

V5
\Ve2 ivLt

2

3 (
p,~m522,2!

@^1,m11;1,1u2,m&uep,m11&^gp,mu

1^1,m21;1,21u2,m&uep,m21&^gp,mu#1H.c., ~1!

whereuap,m&, with a5(g,e), describes a ground or excite
state with magnetic quantum numberm and momentum
p1m\k. The Rabi frequencyV5dE/\ is defined on the
basis of the reduced dipole momentd between upper and
lower states@5#. We introduce the saturation parameters0
characterizing the atom-laser coupling
4327 © 1997 The American Physical Society
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s05
2V2/G2

114d2/G2 ~2!

with d5vL2v0 the detuning between the laser frequen
and the atomic transitionv0 . The 2g→1e coherently driven
atomic transitions relevant for the VSCPT evolution are
dicated in Fig. 1. The atomic states are classified into
independent familiesFL(p) and FIW(p) composed of the
following states, respectively:

ugp,21&,uep,0&,ugp,1&, ~3!

ugp,22&,uep,21&,ugp,0&,uep,1&,ugp,2&. ~4!

The noncoupled states associated to those families a

uFNC~p!&L5
1

&
@ ugp,21&2ugp,1&], ~5a!

uFNC~p!& IW5
1

2&
@ ugp,22&2A6ugp,0&1ugp,2&]. ~5b!

If the kinetic energy difference 4\vR among the states com
posing theuFNC(p)& IW superposition is compensated by
light shift produced by additionalp-polarized light, both
uFNC(p)&L and uFNC(p)& IW are stable trap states@4#. In the
following we will assume there is a compensation of t
kinetic energy mismatch. In the limit of small Rabi fre
quency, i.e.,V!ud2 iG/2u the atomic evolution may be ex
pressed through the effective Hamiltonian based on the a
batic elimination of the excited states. From t
diagonalization of the effective Hamiltonian acting on t
ground states of theFL(p) andFIW(p) families we derive
the eigenvaluesEa

NC(p,d), with a5L or IW, associated to
the eigenstates of Eq.~5!. These complex eigenvalues co
tain the energy shiftda

NC(p,d), and the decay rateGa
NC(p,d):

Ea
NC~p,d!5da

NC~p,d!2 iGa
NC~p,d!. ~6!

Results for the loss ratesG2→1,L
NC and G2→1,IW

NC at d50 as a
function of p are shown in Fig. 2. Figure 2 shows also f
comparison the loss rateG1→1

NC (p,d50) for the 1g→1e tran-
sition, as derived in@5,9#. The loss rates have been express
in units of G85V2/2G, the on-resonance optical pumpin
rate, while the Rabi frequency for each atomic transition
determined by the appropriate reduced dipole moment.

The scaling laws allow us to compare different atom
systems when the laser-atom interaction times are meas
in units of the inverse of thep→` asymptotic value of the
loss rate neglecting the Doppler shift. In effect the scal

FIG. 1. Schematic representation of the 2g→1e transition ex-
cited by counterpropagating traveling-waves1 and s2 light
beams.
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laws are valid when the initial momentum distribution
narrow, and for interaction times short enough to negl
atomic diffusion to momentum values where the Dopp
shift is significant@5#. The asymptotic values of the loss rat
are

G2→1,L
NC ~p→`,d!53Gs0/40, ~7a!

G2→1,IW
NC ~p→`,d!5Gs0/20, ~7b!

while the asymptotic loss rates for the 1g→1e and 2g→2e
transitions are

G1→1
NC ~p→`,d!5Gs0/8, ~8a!

G2→2
NC ~p→`,d!5Gs0/12. ~8b!

The plot of the loss rates around thep50 value in Fig. 2
shows the characteristic minimum denoted as the Ram
hole @5,10#. The VSCPT optical pumping rate into th
uFNC(p50)& trap states is determined by the extension
the Raman hole in the momentum space. In order to comp
the Raman holes for different transitions, we write forp'0

GFg→Fe

NC ~p'0!'
GFg→Fe

NC ~p→`,d!

2 F p

aFg→Fe
~d!\kG2

.

~9!

This equation definesaFg→Fe
(d) as the extension of the

Raman hole. An analytical calculation of the eigenvalu
shows that the loss rateGFg→Fe

NC (p'0) does not depend on

the laser detuningd. The definition of the Raman hole widt
by Eq. ~9! in terms of the asymptotic loss rate, which d
pends on the detuning, introduces a dependence ofaFg→Fe

on d. The following relations apply:

a1→1~d!5
G

vR

s0A114d2/G2

16
, ~10a!

a2→1
L ~d!5

3

5

G

vR

s0A114d2/G2

16
, ~10b!

a2→1
IW ~d!5

A6

5

G

vR

s0A114d2/G2

16
, ~10c!

FIG. 2. Loss ratesGFg→Fg

NC (p,d50)/G8 plotted vsp/\k for the
1g→1e transition and the kinetic energy compensated 2g→1e tran-
sition, ata1→151 anda2→1

L 5a1→1
IW 51, respectively.
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a2→2~d!5A 2

27

G

vR

s0A114d2/G2

16
. ~10d!

For the different atoms and/or different optical transition
VSCPT occurs with equal efficiency~i! for equal Raman
hole extension, i.e., if the Rabi frequencies are chosen
order to match thea values of the corresponding transitions
and~ii ! for equal effective interaction times, i.e., if the time
measured in units of the inverse of the limiting loss rates a
equal. In@5# the comparison between the 1g→1e and 2g→2e
transitions was based on a heuristic scaling ofa2→2 by a
factor of four, corresponding to the increase in kinetic ener
of the 2g→2e trap state. The present approach provides
more solid relation for the scaling factors between tho
atomic transitions, as well for all others.

Figures 3 and 4 show the VSCPT efficiency for differe
atoms and optical transitions versus theaFg→Fe

parameters.

The VSCPT efficiency is expressed by the fractionf of at-
oms trapped in the states of theFL(p) or FIW(p) families
with upu<\k/10. The trapped fractions, obtained through th
solution of optical Bloch equations, are smaller than tho
obtained through the quantum Monte Carlo analysis@5#. The
interaction timesQ of Figs. 3 and 4 satisfy the following
relation: QGFg→Fe

NC (p→`)5132a, leading to a constant

value of the interaction time when expressed in terms
1/vR. Figure 3~a! shows the 2g→1e trapped fractionf for
helium, sodium, and rubidium parameters versusa2→1

IW in the
case ofd50 and an initial momentum distribution width o
1\k. It may be noticed that the application of the scaling la
leads to a good agreement for the VSCPT results of differ

FIG. 3. In ~a! trapped fractionf for the 2g→1e transition and
helium, sodium, and rubidium parameters vsa2→1

IW . In ~b! trapped
fraction f of helium vs aFg→Fe

for different atomic transitions.
Interaction timesQGFg→Fe

NC (p→`)5132a and initial distribution
width dp051\k in all cases.
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atoms. The smaller value off for helium parameters, consis-
tent with the 1g→1e results of@5#, is originated by the pres-
ence of a large Doppler shift for this light atom. Figure 3~b!
shows results for the trapped fraction of different transitions
versus theaFg→Fe

parameter, again at laser detuningd50.
By applying the scaling laws, those data, obtained for he-
lium, may be applied to other atoms. For the 2g→1e transi-
tion two different scalings are obtained using thea2→1

L or
a2→1

IW values.
The quantitative basis for the scaling laws defined by Eqs.

~7!, ~8!, and~10! allows us to compare VSCPT in the pres-
ence of laser detuning. Figure 4 shows results for the trapped
fraction f versus thea parameter at different values of the
detuning and for different atomic transitions. Let us notice
that application of the scaling law for different detunings
requires comparing the trapped fractions at different interac-
tion times. Scaling the interaction timeQ~d! with the limit-
ing loss rates of Eqs. ~7! or ~8!, we obtain
Q(d)5Q(0)A114d2/G2. In Fig. 4~a! the trapped fraction
of the 2g→2e transition is shown for the case of helium
parameters at different laser detunings on the blue side be
cause, when a narrow initial momentum distribution is used,
the VSCPT efficiency depends only very weakly on the sign
of the detuning. For the 2g→2e transition the scaled VSCPT
efficiency presents only a weak dependence on the laser de
tuning. A similar result applies also for the 1g→1e transi-
tion. Figure 4~b! shows results for helium and sodium on the
2g→1e transition at different red and blue laser detunings,
taking into account the population in both trap states. For this

FIG. 4. In ~a! trapped fractionf for 2g→2e transition and he-
lium parameters vs thea2→2 at different laser detunings. Only blue
detunings have been shown, because within the accuracy of our
data the trapped fraction depends on the absolute value ofd. In ~b!
trapped fractionf of helium and sodium atoms vsa2→1

M . Interac-
tion times QGFg→Fe

NC (p→`)5132a and initial distribution width
dp051\k in all cases.



e
r

r
r

ge

s
o
r

n
o
s

oo

ie

rg
a
d
no
.

e
, a

ion
-
uning

the
the
x-

for
an
the

ent
s is
ient
u-
com-
. In

aser
ap-

ity,
n-
l-
wo
ji

4330 56BRIEF REPORTS
transition even applying the scaling for the interaction tim
and the Raman hole extension, the VSCPT efficiency p
sents a strong dependence on the detuning. Moreove
detuningsdÞ0 the independence of the atomic paramete
derived in Fig. 3 in the case of zero detuning, is no lon
valid.

The interpretation of the results of Fig. 4 requires inve
tigating the role of the polarization-gradient cooling and
the Lévy-flight evolution. Polarization-gradient cooling fo
the 2g→2e transition is not very efficient@8#. The results of
Fig. 4~a! with the trapped fraction independent of the detu
ing, evidence that, at least for a narrow initial atomic m
mentum distribution, the polarization gradient cooling ha
small influence on the VSCPT efficiency of the 2g→2e tran-
sition. For the 2g→1e transition, the analysis of Ref.@8#
suggested an efficient process of polarization-gradient c
ing. The results for sodium and the helium atom of Fig. 4~b!
evidence that the dependence of the polarization-grad
cooling on the detuning derived in Ref.@8# does not apply to
VSCPT in the case where the ground-state kinetic ene
mismatch is compensated by the light shift. An addition
result of Fig. 4~b! is the large difference in the sodium an
helium VSCPT efficiencies, so that the scaling laws are
satisfied for the case of 2g→1e VSCPT with a detuned laser
This anomalous behavior is originated by the presence
two trap states, one within theL family with zero cooling
force, the other one within the IW family with cooling forc
different from zero. Through the spontaneous emissions
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oms jump between the two families, and the competit
between the Le´vy-flight evolution of the two trap states pro
duces the dependence on atomic species and laser det
of Fig. 4~b!.

Scaling laws have been derived for the dependence of
fraction of trapped atoms on the interaction time and
Rabi frequency for different atomic transitions. We have e
tended our previous study to the case of aF→F21 transi-
tion. Furthermore we have derived a quantitative basis
the scaling between different transitions using the Ram
hole extension and the dependence of the loss rate on
atomic momentum. In the absence of polarization-gradi
force the scaling laws between different atomic transition
very good. The presence of a strong polarization grad
force weakens the validity of the scaling relations, in partic
lar when several trap states are present, because of the
petition between trap states with comparable occupations
any case the scaling laws provide good estimates of the l
parameters to be used for realizing an efficient VSCPT tr
ping.
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T. W. Hänsch, Phys. Rev. Lett.76, 2432~1996!.

@4# M. A. Ol’Shanii, J. Phys. B24, 2583~1991!; Opt. Spectrosc.
76, 174 ~1994!; C. J. Foot, H. Wu, E. Arimondo, and G
Morigi, J. Phys.~France! II 4, 1913~1994!.

@5# G. Morigi, B. Zambon, N. Leinfellner, and E. Arimondo, Phy
.

.

Rev. A 53, 2616~1996!.
@6# VSCPT scaling laws can be derived also from the analy

presented in S. Schauffler and V. P. Yakovlev, Laser Phys6,
414 ~1996!.

@7# F. Bardou, J. P. Bouchaud, O. E´ mile, A. Aspect, and C.
Cohen-Tannoudji, Phys. Rev. Lett.72, 203 ~1994!.

@8# A. M. Steane, G. Hillebrand, and C. J. Foot, J. Phys. B25,
4721~1992!; J. Werner, H. Wallis, G. Hillebrand, and A. Ste
ane,ibid. 26, 3063~1993!.

@9# A factor 0.5 missing in the plot ofG1→1
NC (p,d50) in Fig. 2~a!

of @5# has been introduced here in Fig. 2.
@10# P. Marte, R. Dum, R. Taı¨eb, P. Zoller, M. S. Shahriar, and M

Prentiss, Phys. Rev. A49, 4826~1994!.


