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Universitat Autònoma de Barcelona

e-mail: francesc@mat.uab.cat
08193 Bellaterra
Catalonia,Spain

1 Introduction

Let C be a non-singular curve of genus greater than one, defined over a number
field K. Mordell’s conjecture, proved by Faltings, states that the number of
K-rational points of C is always finite. In order to generalize this, the natural
object to consider is the set

Γd(C,K) = {P ∈ C(L)|[L : K] ≤ d}

of points of degree d of C. For quadratic points, that is d = 2, Abramovich and
Harris show that the existence of infinitely many such points is equivalent to
the fact that the curve C is either hyperelliptic or bielliptic, i.e. C has a degree
two map to a projective line or an elliptic curve respectively.

In this work we shall study the family of modular curves X0(N) admitting
infinitely many quadratic points. It consists of all the hyperelliptic and bielliptic
curves. The family of hyperelliptic modular curves is completely determined by
Ogg’s contribution [10]. We shall settle here the bielliptic case. Our main result
is:

Theorem. There are exactly forty one values of N , such that X0(N) is biel-
liptic. For each value, X0(N) has a bielliptic involution of Atkin-Lehner type,
except for X0(72). The list of these N , N 6= 72, is given below:
22, 26, 28, 30, 33, 34, 35, 37, 38, 39 , 40, 42, 43, 44, 45, 48, 50, 51, 53, 54,
55, 56, 60, 61, 62, 63, 64, 65, 69, 75, 79, 81, 83, 89, 92, 94, 95, 101, 119, 131.

Finally, we solve completely the arithmetical question of finding all the values
of N such that the curve X0(N) has infinitely many quadratic points over the
ground field Q.
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2 The main result for N ≥ 210 or 4 - N and 9 - N
Assume X0(N) to have genus greater than 1. In [5] we find the following:

Lemma 2.1. If X0(N) is a bielliptic curve with genus ≥ 6 then:

# cusps in F4 +
1

12
µ(N) ≤ 18 if 2 - N

# cusps in F9 +
1

6
µ(N) ≤ 32 if 3 - N

# cusps in F25 +
1

3
µ(N) ≤ 72 if 5 - N

# cusps in F49 +
1

2
µ(N) ≤ 128 if 7 - N

where µ(N) = (SL2(Z) : Γ0(N)).

Lemma 2.2. Write P =

(
x
d

)
for a cusp of X0(N) with d|N . Write t =

(d,N/d). Suppose X0(N) is not hyperelliptic over Fp, p - N . If ϕ(t) ≤ 2 then
P is defined over Fp2 .

Proof. If ϕ(t) = 1 it is already defined over Q ([11]). Since p - N we have good
reduction, so we obtain a cusp defined over Fp. Consider now ϕ(t) = 2 and let
P ′ be the conjugate of P . The divisor P + P ′ − 2P ′′, where P ′′ is a point of
X0(N) defined over Q, is a point of Jac(X0(N)) defined over Q. Because of good
reduction, we obtain a divisor defined over Fp and, if π denotes the Frobenius
in Fp, we have π(P ) = P ′ or π(P ) = P . Hence, in both cases, π2(P ) = P .

Proposition 2.3. X0(N) is not a bielliptic curve for N > 210.

Proof. We can apply lemma 2.1, since X0(N) has genus ≥ 6 for N > 210. We
use also the facts that µ(N) ≥ N and that there are at least two cusps defined
over Fp2 , if p - N , to get:

N ≤ 192 if 2 - N

N ≤ 180 if 3 - N

N ≤ 210 if 5 - N

N ≤ 252 if 7 - N

Now, we know ([5]) that the statement is true for N ≥ 344. If N is not divisible
by 2, 3 or 5 we are done. Otherwise 30|N and for 7 - N , 210 < N ≤ 252, the only
case to consider is N = 3D240, which provides a non bielliptic curve X0(240)
by computing the number of rational points and applying lemma 2.1. Finally,
for 7|N , 210 < N < 344, there are no cases at all.

Corollary 2.4. For each N listed below, X0(N) is not a bielliptic curve:
80, 84, 96, 99, 100, 104, 108, 112, 117, 120, 124, 126, 128, 135, 136, 144, 152,
153, 160, 162, 168, 176, 180, 184, 188, 189, 192, 196, 200, 208.

Proof. It’s a straightforward computation using lemma 2.1 and lemma 2.2.
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We note that if X0(N) is a bielliptic curve there exists an involution υ,
called bielliptic involution, such that X0(N)/υ is an elliptic curve. It is unique
if the genus of X0(N) ≥ 6 and it has exactly 2g − 2 fixed points, being this
last property determinant of bielliptic curves. If 4 - N and 9 - N , by [7] the
only bielliptic involutions are the ones of Atkin-Lehner type (if N 6= 37), whose
number of fixed points is computed in [8]. So, we get:

Corollary 2.5. All the values N , with 4 - N and 9 - N , such that X0(N) is a
bielliptic curve are the following: 22, 26, 30, 33, 34, 35, 37, 38, 39, 42, 43, 50,
51, 53, 55, 61, 62, 65, 69, 75, 79, 83, 89, 94, 95, 101, 119, 131.

3 The main result when 4|N or 9|N
Using the fact that the image of a bielliptic curve under a finite morphism of
curves is either bielliptic or hyperelliptic (see [5]) we obtain:

Corollary 3.1. X0(N) is not a bielliptic curve for N: 116, 132, 140, 148, 156,
164, 171, 172, 198, 204, 208.

Using the number of fixed points of the involutions of Atkin-Lehner type we
get:

Corollary 3.2. X0(N) is a bielliptic curve for the values: 28, 40, 44, 45, 48,
54, 56, 60, 63, 64, 81, 92.

From proposition 2.3 and corollaries 2.4,2.5, 3.1 and 3.2 it follows that the
only remaining cases to settle are:

N = 52, 68, 72, 76, 88, 90

In all the cases above, no involution of Atkin-Lehner type is seen to be biel-
liptic. Since 4|N or 9|N new involutions arise, which we are going to study
next. It is well-known ([7]) that Aut(X0(N)) = 3DNorm(Γ0(N))/Γ0(N),
where Norm(Γ0(N)) is the normalizer of Γ0(N) in SL2(R) if N 6= 37, 63. Fur-
ther, the last theorem of [2] provides the generators and relations for the group

Norm(Γ0(N))/Γ0(N). Write Sk = 3D

(
1 1/k
0 1

)
and for (r,N/r) = 3D1 de-

note wr the rth-Atkin-Lehner involution defined by 1√
r

(
ra b
Nc dr

)
, det(wr) =

1 with a, b, c, d ∈ Z.

Theorem 3.3 (Atkin-Lehner). For N = 52, 68, 76, or 88,
Norm(Γ0(N))/Γ0(N) is the direct product of the following groups:

1. < wqi > for every q prime, q ≥ 5, qi || N .

2. (a) If υ3(N) = 0, { 1}
(b) If υ3(N) = 1, < w3 >

(c) If υ3(N) = 2, {w9, S3|w2
9 = S3

3 = (w9S3)3 = 1} (order 12)

(d) If υ3(N) ≥ 3; {S3υ3(N) , S3|w2
3υ3(N) = S3

3 = 1, w3υ3(N)S3w3υ3(N)S3 =
S3w3υ3(N)S3w3υ3(N)} (order 18)

3. Put λ = υ2(N), µ = min(3, [λ2 ]) and write υ′′ = 2µ then:
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(a) If λ = 0 ; { 1}
(b) If λ = 1; < w2 >

(c) If λ = 2µ; = {w2υ2(N) , Sυ′′ |w2
2υ2(N) = Sυ

′′

υ′′ = (w2υ2(N)Sυ′′)
3 = 1}.

We have orders 6,24, 96 for υ′′ = 2, 4, 8 respectively. (Note that for
υ′′ = 8 the relations do not define completely this group factor).

(d) If λ > 2µ; {w2υ2(N) , Sυ′′ |w2
2υ2(N) = Sυ

′′

υ′′ = 1, Sυ′′w2υ2(N)Sυ′′w2υ2(N) =

w2υ2(N)Sυ′′w2υ2(N)Sυ′′} (order 2υ′′
2
).

Note 3.4. We must warn the reader that the general assertion of this theorem
is not always true. Take, for example, X0(48). By this characterization we
should have:

Aut(X0(48)) ∼= Z/2Z× S4
where Z/2Z is generated by the involution w3. Now, we know [10] that X0(48)
is a hyperelliptic curve having a hyperelliptic involution which is not of Atkin-
Lehner type. This leads to a contradiction because any hyperelliptic involution
belongs to the center of the automorphism group.
We have checked, however, that the theorem remains true for the cases 4||N ,
9 - N and 8||N , 9 - N .

First of all, let’s consider the case 4|N and the following involutions:

S2, w2υ2(N)S2w2υ2(N)

wrS2, wrw2υ2(N)S2w2υ2(N) , if (2, r) = 1

Proposition 3.5. X0(N)/w2υ2(N)S2w2υ2(N) = 3DX0(N/2) and the morphism
induced by the involution is π : X0(N)→ X0(N/2), the natural projection.
Moreover, X0(N)/S2 = X0(N/2) and ϕ : X0(N)→ X0(N)/S2 is multiplication
by 2.

Proof. For the case w2υ2(N)S2w2υ2(N) , it amounts to show that this involution
belongs to Γ0(N/2) \ Γ0(N).
For the case S2, let r = υ2(N), then,

w2r−1Γ0(N/2)w2r−1 =< w2rS2w2r ,Γ0(N) >= w2r < S2,Γ0(N) > w2r .

It follows that w2rw2r−1Γ0(N/2)w2r−1w2r=< S2,Γ0(N) > and w2r−1w2r is rep-
resented by multiplication by 2.

Proposition 3.6. The numbers of fixed points of the involutions wrS2 and
wrw2υ2(N)S2w2υ2(N) are equal to

κ = 2(N/2)r − (N)r

where (M)r is the number of fixed points of the involution wr in X0(M).

Proof. Observe that if τ is a fixed point of wrS2 then:

wr2τ = δ2τ

for some δ ∈ Γ0(N/2, 2) =

{(
a b
c d

)
∈ SL2(Z)|b ≡ 0(mod 2), c ≡ 0(mod N/2)

}
.

If τ is not an elliptic point of Γ0(N)∪S2Γ0(N) we have finished. It τ is elliptic
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we can also argue easily by considering the morphism X0(N) → X0(N/2) ,
multiplication by 2.
A similar argument holds as well for the other involution by using the usual
projection X0(N)→ X0(N/2).

In the case 4||N and 9 - N , the only non-Atkin-Lehner involutions are the
four involutions studied before. Thus we obtain:

Corollary 3.7. The modular curves X0(52), X0(68) and X0(76) are not biel-
liptic.

Corollary 3.8. The modular curve X0(72) is bielliptic.

In the case 8||N four additional involutions come into play, namely

S2w8S2w8, S2w8S2

wrS2w8S2w8, wrS2w8S2

Proposition 3.9. The numbers of fixed points of S2w8S2 and wrS2w8S2 in
X0(N) are equal to the numbers of fixed points of w8 and wrw8, respectively.

Proof. It is clear for S2w8S2 and only note that S2 and wr commute.

Proposition 3.10. The number of fixed points of S2w8S2w8 is equal to:

2(N/2)2 − (N)2

where (M)2 is the number of fixed points of S2 in X0(M).
The number of fixed points of wrS2w8S2w8 is equal to:

2(N/2)2,r − (N)2,r

where (M)2,r is the number of fixed points of wrS2 in X0(M).

Proof. For τ a fixed point of S2w8S2w8 we have

S2τ = γw8S2w8τ

γ ∈ Γ0(N), but w8S2w8 ∈ Γ0(N/2) \ Γ0(N). Since proj : X0(N) → X0(N/2)
has degree 2 the result follows. A similar argument for wrS2w8S2w8.

Applying all the above computations to N = 88, we get:

Corollary 3.11. X0(88) is not a bielliptic curve.

Note 3.12. When 9||N and 4 - N , it is easy to check that every element in
Norm(Γ0(N))/Γ0(N) can be written in the form wq′β with β ∈< S3, w9 >.

Finally, in the case 9||N and 4 - N one can show that all the non-Atkin-
Lehner involutions are:

S3w9S
2
3 , S2

3w9S3,

wrS3w9S
2
3 , wrS

2
3w9S3

}
if r ≡ 1(mod 3)

wrS3, wrS
2
3 ,

wrw9S3w9, wrw9S
2
3w9

}
if r ≡ 2(mod 3)
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Proposition 3.13. The number of fixed points of S3w9S
2
3 and S2

3w9S3 in the
modular curve X0(N) is equal to the number of fixed points of w9.
For r ≡ 1(mod 3), the number of fixed points of wrS3w9S

2
3 and wrS

2
3w9S3 in

X0(N) is equal to the number of fixed points of wrw9.
For r ≡ 2(mod 3), the number of fixed points of wrS3, wrS

2
3 , wrw9S3w9 and

wrw9S
2
3w9 is bounded by 3 times the number of fixed points of wr in X0(N/3).

Proof. First, if τ is a fixed point for S3w9S
2
3 then:

w9S
2
3τ = γS2

3τ

and setting S2
3τ = τ ′ the result follows. A similar argument holds for the

involutions S2
3w9S3, wrS

2
3w9S3 and wrS3w9S

2
3 . For the last two cases just

notice that wrS3 = S3wr, if r ≡ 1(mod 3).
When r ≡ 2(mod 3), S3 corresponds to multiplication by 3 and w9S3w9, w9S

2
3w9

belong to Γ0(N/3) \ Γ0(N). Now, write i = S3, S
2
3 , w9S3w9 or w9S

2
3w9. From

wriτ = γτ , γ ∈ Γ0(N) we have wr3τ = δ3τ , δ ∈ Γ0(N/3, 3) if i = S3 or S2
3 , and

wrτ = δτ , δ ∈ Γ0(N/3) if i = w9S3w9 or w9S
2
3w9. Therefore, 3τ or τ is a fixed

point of wr in X0(N/3).

Applying the above proposition to N = 90, it follows

Corollary 3.14. X0(90) is not a bielliptic curve.

Summarizing the results obtained above we can state:

Theorem 3.15. There are exactly forty one values of N , such that the modular
curve X0(N) is bielliptic. Moreover, each X0(N) has a bielliptic involution of
Atkin-Lehner type, except for X0(72) = X0(2332). The full list of N , N 6= 72,
is the following:

N All the bielliptic involutions
22 w2, w22

26 w2, w13

28 w4, w28, S2w4S2, S2, w7S2, w7S2w4S2

30 w5, w6, w30

33 w33

34 w2, w17, w34

35 w5

37 w37, αw37
†

38 w19, w38

39 w3

40 w40,S2,w8S2w8,S2w8S2w8,w5S2w8S2

42 w14

43 w43

44 w11,w44,w11S2,w11w4S2w4

†α is the hyperelliptic involution
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N All the bielliptic involutions
48 w48, S2w16S2,w3S2w16S2,S2, w16S2w16

‡

w3S4,w3S
3
4 ,w3w16S4w16,w3w16S

3
4w16

50 w2, w25

51 w17, w51

53 w53

55 w11, w55

56 w7,w56,w7S2w8S2

60 w15

61 w61

62 w31

63 w63,w7S
2
3w9S3,w7S3w9S

2
3
§

65 w65

69 w23

75 w75

79 w79

83 w83

89 w89

92 w23

94 w47

95 w95

101 w101

119 w119

131 w131

N Some bielliptic involutions
45 w5,w9,w45

54 w27,w54, S3w27S
2
3 ,S2

3w27S3

64 w64,S2,w64S2w64

72 S2,w8S2w8,w9S2w8S2w8

81 w81,S3w81S
2
3 ,S2

3w81S3

Corollary 3.16. The modular curves X1(N), X(N) are not bielliptic for N ≥
132 and, for all N in the table below:
52, 57, 58, 66, 67, 68, 70, 73, 74, 76, 77, 78, 80, 82, 84, 85, 86, 87, 88, 90,
91, 93, 96, 97, 98, 99, 100, 102, 103, 104, 105, 106, 107, 108, 109, 110, 111,
112, 113, 114, 115, 116, 117, 118, 120, 121, 122, 123, 124, 125, 126, 127, 128,
129, 130.

Proof. We have finite morphisms : X1(N)→ X0(N) and X(N)→ X0(N).

Corollary 3.17. Assume X0(N) of genus greater than or equal to 2. Then

#Γ2(X0(N), L) =∞

for some number field L if and only if N is in the following list:
22, 23, 26, 28, 30, 31, 33, 34, 35, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47,
‡For X0(48) it is possible to show that every element of Norm(Γ0(48)) can be written as

a product wqβ, where β ∈ {w16, S4|S4
4 = w2

16 = (w16S4)3 = 1}
§For X0(63) we use the characteristic property for bielliptic involutions of acting as -1 on

a codimension 1 subspace of the space of differentials. This action in computed in [7] using
the result of Aut(X0(63)) of [4].
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48, 50, 51, 53, 54, 55, 56, 59, 60, 61, 62, 63, 64, 65, 69, 71, 72, 75, 79, 81,
83, 89, 92, 94, 95, 101, 119, 131.
For C = X(N) or X1(N) and N not in the previous list #Γ2(C,L) < ∞ for
every number field L.

Proof. The list above consists of all the values of N such that X0(N) is a
bielliptic or hyperelliptic curve.

Remark 3.18. As an afterthought to theorem 3.15 we formulate the following
conjecture:
Let a, b, c and d be integers satisfying ab − cd = 1 with a, c 6= 1 and b, d ≥ 2.
Then the modular curve X0(abcd) is bielliptic.
We notice that the previous conjecture is equivalent to the Catalan conjecture.

4 Quadratic points over Q
Following Abramovich and Harris ([1]), we can state this well-known arithmeti-
cal version:

Proposition 4.1. Let C be a curve of genus greater than or equal to 2, defined
over a number field K. Then #Γ2(C,K) =∞ if and only if C is a hyperelliptic
curve or a bielliptic curve over K mapping to an elliptic curve E with rankKE ≥
1.

We consider now a modular parametrization defined over Q

ϕ : X0(N)→ E

Let ω be the Néron differential of E. Then ϕ∗(ω) = 2πif(τ)dτ , f ∈ S2(Γ0(N)).
If f ∈ S2(Γ0(N))new we call ϕ a weak Weil parametrization ([9]).

Proposition 4.2. The only values of N , modulo the Manin conjecture for
N = 40, 45, 48 and 64 ¶, such that there exists a weak Weil parametrization
of conductor N and degree 2 defined over Q are the following:
26, 30, 34, 35, 37, 38, 39, 40, 43, 44, 45, 48, 50, 51, 53, 54, 55, 56, 61, 62,
64, 65, 69, 79, 83, 89, 92, 94, 101, 131.

Proof. For N ≤ 106 it follows directly from the table 22 of [12]. For N = 119,
there is no elliptic curve having this conductor. For N = 131 it comes from the
fact that N is prime and the bielliptic involution w131 is defined over Q.

Finally, as a consequence of Carayol’s theorem and the study of the Q-simple
factors of Jac(X0(N)), if ϕ : X0(N)→ E is a modular parametrization defined
over Q then the conductor of E must divide N . Using this fact we obtain:

Theorem 4.3. The only values of N such that #Γ2(X0(N),Q) = ∞, are the
following: 22, 23, 26, 28, 29, 30, 31, 33, 35, 37, 39, 40, 41, 43, 46, 47, 48, 50,
53, 59, 61, 65, 71, 79, 83, 89, 101, 131.
¶For each of these four values, the bielliptic involution of the strong modular parametriza-

tion of degree two is not of Atkin-Lehner type, following [9].
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5 Modular parametrizations

Let ϕ : X0(N)→ E be a modular parametrization defined over Q and ϕ∗(ω) =
f dqq , the pull-back of the Néron differential. Then f is an eigenvector of the

Hecke operator Tp, (p,N) = 1. If f is a new form, there exists a modular
paremetrization (called strong Weil parametrization), of minimal degree (see
table 22 of [12]). Moreover, if f is not a new form, we have f ∈< g|Bd >,
g ∈ S2(Γ0(M))new, M |N , and g|Bd(τ) = g(dτ), where d runs over all divisors of
N/M . Hence, the conductor of E is M and there is a modular parametrization

ϕ′ : X0(M)→ E′

Question 5.1. The question is if one can find a morphism β : X0(N)→ X0(M)
such that ϕ = ϕ′ ◦ β?

The general answer to this question is negative, an easy counterexample
being N = 33. In this case X0(33)/w33 = 11A, and X0(11) = 11B.

Proposition 5.2. Suppose e2|N and M = N/e. Every modular parametrization
with differential 2πih(eτ) factorizes through X0(M) to the same elliptic curve.

Proof. Let

ϕ : X0(N) = Γ0(N)\H→ C/Λ = E

satisfy ϕ∗(ω) = 2πih(eτ). Then ϕ is up to a constant equal to:

ϕh(τ) =

∫ τ

i∞
2πih(eτ ′)dτ ′

and Λ = {C1(γ) =
∫ γi∞
i∞ 2πih(eτ ′)dτ ′|γ ∈ Γ0(N)}. Consider

ϕ′h(τ) =
1

e

∫ τ

i∞
2πih(τ ′)dτ ′.

Using the canonical isomorphism of X0(N) to X0(M, e) represented by multi-
plication by e, and the natural morphism of X0(M, e) to X0(M) we have the
following commutative diagram:

X0(N) -

?

? ?

C/Λ

X0(M, e)

C/Λ2

�
��

X0(M) -

e

ϕh

ϕ′h

ϕ′h

proj

where Λ2 = {C2(γ) = 1
e

∫ γi∞
i∞ 2πih(τ ′)dτ ′|γ ∈ Γ0(M)}. We have

Λ2 = ∪e−1i=0C2(αi)Λ

with αj =

(
1 j
0 1

)
, for j = 0, . . . , e − 1, where {αj}e−1j=0 is a right cosset full

system for Γ0(M)/Γ0(M, e). We obtain that C2(αj) ∈ Λ, and thus Λ2 = Λ.
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Corollary 5.3. Suppose that X0(N) is a bielliptic curve with p2|N , p an odd
prime. If ϕ is a modular parametrization of degree 2, then its differential does
not have the form ϕ∗(ω) = f dqq , f = h(pnτ), h ∈ S2(N/pn), n ≥ 1.

Corollary 5.4. Let 4|N . If X0(N) is a bielliptic curve and ϕ is a modu-
lar parametrization of degree 2 with differential f = h(2nτ), n ≥ 1,(h ∈
S2(Γ0(N/2n)) then ϕ is the natural map: X0(N)→ X0(N/2).
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