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Simple model to study soliton wave propagation in periodic-loaded
nonlinear transmission lines
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A model to study soliton propagation characteristics in nonlinear transmission lines~NLTLs!
periodically loaded with voltage dependent capacitances is presented. This is based on the LC ladder
equivalent network of the NLTL, and can be applied to structures where the Korteweg–de Vries
approach does not hold. Specifically, the model allows to numerically obtain soliton waveforms
under arbitrary capacitance non linearity. To demonstrate its validity, it has been applied to
structures loaded with symmetric capacitances, similar to those exhibited by actual heterostructure
barrier varactors. The model can be of help to understand harmonic generation in monolithic
NLTL-based frequency multipliers. ©2001 American Institute of Physics.
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Interest in monolithic nonlinear transmission lin
~NLTLs! has grown during the last few years due to th
applications in the fabrication of broadband high efficien
frequency multipliers operating above 100 GHz.1–3 Essen-
tially, a NLTL is a ladder network consisting of a high im
pedance propagating medium periodically loaded with n
linear capacitive devices, such as Schottky diodes
heterostructure barrier varactors~HBVs! @much effort has
been recently dedicated to the optimization of HBVs4 since
their symmetric capacitance–voltage~C–V! characteristic is
of interest for the suppression of even order harmonics#. In
these structures, nonlinearity and dispersion~which is intro-
duced by periodicity!, both combined can balance their e
fects and give rise to the propagation of electrical pulses w
permanent profile, i.e., solitons.5 The multiplicative process
in NLTLs has been interpreted as a decomposition of
input signal waveform in a set of solitons of different amp
tudes and velocities.6 A waveform of multiple solitons per
cycle is thus progressively produced and harmonic multi
cation achieved. Since monolithic NLTLs support solita
pulses of picosecond duration, output signals with high f
quency harmonic content~hundreds of GHz and THz! can
potentially be produced with NLTL-based multipliers. Bas
on the lumped element equivalent circuit of the NLTL,
this work we present a numerical model to study solit
behavior in NLTLs. The main advantage of this model ov
previous proposals7 is that it allows to obtain soliton wave
forms regardless of the considered nonlinear capacita
The model can be used to predict soliton propagation in f
ricated NLTLs and is especially useful in studying the infl
ence of nonlinear device on soliton characteristics, si
C–V curves experimentally obtained on nonlinear load
devices can be introduced in the formulation. Therefore,
model can be of interest to understand harmonic genera
in NLTLs and as a guide in multiplier design.

Figure 1 shows the schematic of a NLTL together w
the lumped equivalent circuit model, which has been pre
ously used to study harmonic multiplication2,6 and pulse

a!Electronic mail: ferran.martin@uab.es
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sharpening.8 L and C0 are the per-section inductance an
capacitance, respectively, of the line, whileCD(V) repre-
sents the nonlinear device capacitance. The study of so
propagation in nonlinear networks of the type of Fig. 1~b!
was already carried out by Hirota and Suzuki7 almost three
decades ago. They considered a nonlinear shunt capacit
of the form C(V)}1/(V2V0) ~whereV0 is a constant!. In
this particular case, the system is equivalent to the T
lattice,9 for which soliton solutions are well known, and ca
be described by the Korteweg–de Vries~KdV! equation in
the long wave limit ~i.e., nonlocalized solitons!. Systems
based on the KdV equation have been well studied and
response of such systems to initial disturbances that brea
into solitons has been described by the inverse scatte
method.10 However, for strong lumped solitons,11 or to study
soliton propagation in nonlinear LC networks with arbitra
C(V) nonlinearity, a KdV approach cannot generally be a
plied. Therefore, a new procedure to obtain soliton solutio
in NLTLs described by its lumped element equivalent circ
will be presented, and applied to structures with HBV-li
nonlinear devices.

Regarding the validity of the lumped network to descri
the distributed NLTL of Fig. 1~a!, it has been commonly
accepted to study the propagation of signals with wa

FIG. 1. Nonlinear transmission line circuit schematic~a! and lumped ele-
ment equivalent circuit~b!. Each transmission line section between nonl
ear capacitances is modeled by a series inductor,L, and shunt capacitor,C0.
2 © 2001 American Institute of Physics
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lengths exceeding the spacing between voltage-variable
pacitors~a distributed model of the NLTL has been recen
proposed to deal with wide-bandwidth signals12!. On the
other hand, although device and transmission line losses
degrade the performance of NLTLs acting as frequency m
tipliers, and cannot be discarded in realistic circuit simu
tions, this work is focused on the propagation of pulse-l
solitons, which is only possible in NLTLs with negligibl
losses~diffusive solitons are possible in nonlinear dissipati
media,13 but these kink-shaped solitons are not interest
for harmonic generation!. For this reason losses are not tak
into account in the model.

Returning to Fig. 1~b!, by imposing the condition that a
signal pulseV(t) propagates along the line without disto
tion, the following equation must be satisfied:

LFC@V~ t !#
d2V~ t !

dt2
1S dV~ t !

dt D 2 dC~V!

dV G
5V~ t1T!22V~ t !1V~ t2T!, ~1!

whereT is the per-section propagation delay~i.e., the time
needed by the signal to propagate between successive
tions! and C(V)5C01CD(V). This is a second-order non
linear differential equation that has an infinite number
solutions. We are only interested in obtaining those phys
solutions that correspond to solitary waves, i.e., symme
voltage pulses that satisfy the boundary condit
V(t→6`)50. To this end, we have proposed an appro
mate numerical method that allows solutions of the type
dicated above to be obtained with little computation.

First of all, to avoid the indeterminacy caused by t
time translation invariance of Eq.~1!, we will consider that
pulse maxima always occur att50 s, where all odd orde
derivatives ofV(t) are zero as a consequence of pulse sy
metry. This is an additional boundary condition for the so
tion of Eq. ~1!. The fact that the right-hand side~rhs! of Eq.
~1! contains two terms exhibiting time displacement sever
complicates the solution of this equation. We have obtai
an approximate equation by expanding in Taylor series u
the fourth order the first and third term of the rhs of Eq.~1!.
Due to the structure of the rhs, the zero-order term and
derivatives cancel and Eq.~1! can be simplified as follows:

L
d

dt S C~V!
dV~ t !

dt D5T2
d2V~ t !

dt2
1

T4

12

d4V~ t !

dt4
. ~2!

It will be later shown that solutions of Eq.~2! satisfy Eq.~1!
to a good approximation.

If Eq. ~2! is integrated we obtain:

S C~V!2
T2

L D dV~ t !

dt
5

T4

12L

d3V~ t !

dt3
, ~3!

where the independent term is null, provided odd-order
rivatives vanish at pulse maximum~t50 s!. Equation~3! can
be integrated again to give

F@V~ t !#2
T2

L
V~ t !5

T4

12L

d2V~ t !

dt2
, ~4!

whereF(V) is a function responsible for nonlinearity give
by
rticle is copyrighted as indicated in the article. Reuse of AIP content is s
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F~V!5E
0

V

C~V8!dV8. ~5!

Figure 2 depictsF(V), which was obtained from the nonlin
ear capacitance given in the caption. The slope of this fu
tion asymptotically approachesC0, the per-section capaci
tance of the line, while at zero bias the derivative is given
C01CD(0). An analysis of Eq.~4! for t→6` indicates that
the integration constant is zero since all terms vanish at
limit.

Inspection of Eq.~4! reveals that solutions of the form
indicated above~i.e., solitary waves! are possible. To dem
onstrate this, in Fig. 2 we have also depicted the second t
of the left-hand side~lhs! of Eq. ~4! ~for the conditions indi-
cated in the caption!. Since the pulse maximum occurs att
50 s, the lhs of Eq.~4! must be negative at this point~posi-
tive polarity pulses are considered!. This is satisfied if the
pulse amplitude is above the intersection voltage of Fig
However, this is not enough to obtain solutions of the fo
indicated above. Namely, as voltage decreases from m
mum, the curvature decreases, changes polarity at the c
ing point and, finally, an oscillatory behavior is found, unle
the pulse amplitude takes the precise value that makes
solution vanish fort→6`. In view of the previous argu-
ment and Fig. 2, it is clear that solutions corresponding
solitary waves are only possible if an intersection point ex
between both terms of the lhs of Eq.~4! above the origin.
This limits the slope of the second term of the lhs to t
range given by the asymptotic value ofF(V) and the deriva-
tive of F(V) at the origin. This means that only solitons wi
per-section propagation delayT within the interval given by
$(LC0)1/22@LC(0)#1/2% can propagate in the line. For
given T in this interval, a single solution exists, and solito
amplitude increases asT decreases. This behavior is in agre
ment with previous work7 and can be deduced from Fig. 2
where it is clearly seen that the intersection voltage increa
asT approaches the lower limit of the above cited interva

To numerically obtain solutions corresponding to so
tons, Eq.~4! has been discretized, where the selected ti
interval is much lower than the per-section propagation
lay, T. Then, an algorithm based on the shooting method
been applied, i.e., from the condition of pulse maximum
t50 s, we have repeatedly solved Eq.~4! until a waveform
that vanishes at the extremes has been obtained. To ach
convergence, a successive approximation scheme has
applied, that gives different pulse amplitudes at the star

FIG. 2. Representation ofF(V) obtained from Eq.~5! with C054.35
310214 F andCD(V)51.2310213 sech(0.5 V) F~solid line!. The sec-
ond term on the lhs of Eq.~4! with T53.5 ps andL51.087310210 H is
also depicted~dashed line!.
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each iteration. In such a way, soliton shape can be obta
for eachT within the cited limits. The main advantage of o
method is versatility, which arises from the fact that solit
behavior can be studied whatever theC–V characteristic of
the nonlinear capacitance is assumed~including the possibil-
ity to consider experimentalC–V curves to analyze soliton
propagation in actual structures!. In Fig. 3, soliton wave-
forms with different propagation delays that correspond
the network of Fig. 1~b! demonstrate that higher amplitud
solitons are faster. The nonlinear capacitance has been
sumed to be given byCD(V)51.2310213 sech(0.5 V) F,
which is a reasonable approximation to the capacitance
pendence on bias for a typical HBV. In order to demonstr
the validity of the presented approximate model, we ha
proceeded as follows: we have isolatedV(t) on the rhs of
Eq. ~1!; the solutions depicted in Fig. 3~a! have been intro-
duced in the resulting equation and both parts compared.
results, represented in Fig. 3~b! as a logarithmic plot, show a
small deviation over several decades. This demonstrates
our simple approximate approach provides solutions in v
close agreement to the exact solutions of Eq.~1!. Therefore
our model can be used to study soliton propagation
NLTLs that cannot be described by the KdV or Toda latt
equations. Figure 4 depicts the interaction of two solito
obtained by numerical simulation of the network of Fig. 1~b!.
This figure demonstrates that solitons are stable and
preserve their identity after collision. This is an addition
condition for considering our solutions as actual class
solitons~in contrast to envelope or hole solitons, which a
well known wave entities in optical communications14!.

FIG. 3. Soliton waveforms obtained using the approximate model prese
in this work ~a! and estimated error~b!. Each curve corresponds to a diffe
ent per-section propagation delay:T53.5 ps~solid line!, T53.75 ps~dashed
line! andT54 ps~dotted line!. Model parameters indicated in Fig. 2, whic
are reasonable for actual NLTLs, have been used.
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In conclusion, a numerical model has been presente
order to study soliton wave propagation in periodica
loaded NLTLs that cannot be described by the KdV eq
tion. By considering model parameters of typical HBV-lik
NLTL structures, soliton waveforms for different propag
tion delays have been numerically obtained. It has b
found that the resulting voltage pulses are stable and m
tain shape and speed after interaction. These results val
our model for use in studying soliton behavior in NLTL
The model can be of help to understand soliton-like h
monic generation in NLTL-based frequency multipliers.
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FIG. 4. Interaction of two solitons propagating in the same direction w
different time delay~T52.5 ps for the high amplitude soliton andT53 ps
for the smaller amplitude soliton!. The same NLTL parameters as in Fig.
have been used. N indicates the section number of the line.
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