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REVERSE HOLDER INEQUALITIES AND APPROXIMATION
SPACES

JOAQUIM MARTIN* AND MARIO MILMAN

ABSTRACT. We develop a simple geometry free context where one can for-
mulate and prove general forms of Gehring’s Lemma. We show how our re-
sult follows from a general inverse type reiteration theorem for approximation
spaces.

1. INTRODUCTION

Reverse Holder inequalities play an important role in the theory of weighted
norm inequalities for classical operators and PDEs. Recall that given a fixed cube’
@ in R", and 1 < p < oo, we say that a nonnegative measurable function w €
LP(Q) satisfies a Reverse Holder inequality (w € RH,(Q) = RH,) if there exists
b € (1,00) such that for all subcubes Q' C @, we have

(1.1) Iﬁl’l [ wioyie <t <5 /@w(w)dw)I).

Reverse Holder inequalities have a crucial self improving property discovered by
Gehring (“Gehring’s Lemma” cf. [6]-Lemma 3 page. 270)), namely if w € RH,
then there exists ¢ = (w) > 0 such that for ¢ € (p, p—+e¢) it follows that w € LI(Q),
and moreover there exists a positive constant ¢ = ¢(p, b, n) such that

(1.2) <|Q1| /Q w(m)%lx)l/q g(@ /Q w(x)pdx>l/p.

In other words w € RH, = w € RH,, for some g(w) > p.

Gehring’s celebrated result plays an important role in the theory of quasiconfor-
mal mappings, weighted norm inequalities and its applications to PDEs and func-
tional analysis (cf. [9], [12], [2], and the references quoted therein). In [17] reverse
Holder inequalities were studied using real interpolation by means of reinterpreting
the condition (1.1) in terms of Peetre’s K — functionals as follows

K@/, v, I2(Q), L=(Q)) _ K(twiL(Q),1>(Q))
t1/p - t

(1.3) , 0<t<Q|.
In [17] it was then shown that (1.3) has a self improving property that leads to

(1.2). In this manner Gehring’s Lemma can be understood in the general setting
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n what follow we only consider cubes with sides parallel to the coordinate axes.
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2 JOAQUIM MARTIN* AND MARIO MILMAN

of interpolation theory as a sort of inverse reiteration theorem. The K —functional
approach is a natural extension of the classical proof of Gehring’s Lemma, based on
Calderén-Zygmund decompositions and the Hardy-Littlewood maximal operator.
Indeed, recall that

K(t,f;Ll(?),L“’(Q)) = (Mf)*(t),0 <t < |Q,

where M is the usual maximal operator of Hardy—Littlewood associated with @,

Mf(x) = y)l dy.

reqeq Q] /

Moreover, it is of interest to note that the K —functional method can be exploited
to give new higher integrability results even when the Hardy-Littlewood maximal
operator is not well behaved (cf. [16], [14]). For example, if the underlying measure
is not doubling the corresponding K — functionals are equivalent to rearrangements
of maximal operators associated with packings (cf. ([1], [16])), which, unlike the
corresponding maximal operator of Hardy-Littlewood, are bounded on LP.

Reverse Holder inequalities have been studied in a number of different contexts
(e.g. “parabolic type”, “homogeneous spaces”, etc.) and in each case the underly-
ing geometric considerations must be adapted accordingly. Interest in alternative
formulations of RH, inequalities also comes from recent research on vector valued
weights (cf. [11], [22]).

These consideration have led us to investigate “geometry free” contexts where
one can define and study reverse Holder inequalities which have Gehring’s self im-
proving property. Note that (1.3) can be considered as a somewhat complicated
“geometry free”, definition of RH,(Q). In this note we consider simpler, “geometry
free” formulations of reverse Holder inequalities which are associated with the the-
ory of approximation spaces. In the classical setting a formulation of our conditions
can be given as follows,
folw(@) =02 dut@) _ , fo lwe) = . du(a)

tp - t
for some ¢y > 0, where [x]

(1.4) , > to,

4 = max(z,0), and C is a constant independent of ¢.
Condition (1.4) can be thus seen as a variant of the Hardy-Littlewood-Polya order?.
It is easy to prove that (1.4) has Gehring’s self improving property, in fact we show

the following (cf. Section 3 for a simple direct proof)

Lemma 1. Let (Q, 1) be o—finite non atomic measure space and let w € L*(S)) be
a nonnegative function such that for some tg >0 (1.4) holds for allt > to. Then,
there exists b > 0 such that

[ w@rdnte) <b [ w@duta),

and moreover there exists € = (b, p), and ¢ = c(p,q) such that for q € (p,p + €),
w € L1(Q) and,
/w(x)qdu(x) < c/ w(z)Pdu(z).
Q Q

2Recall that w < p iff and only for all t > 0 we have Jo [w(@) =t du(z) < [q (@) —t], du(z)

(cf. [7]).
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Furthermore, if to = (wi(x)pd,u(x))l/p and (1.4) holds for all t > to, then

[ wtorauter << [ w<x>pdu<m>)m.

We actually show that a proof of this result can be obtained by an analysis of
ideas in Gehring’s classical paper [6]. We were led to formulate our results compar-
ing [6] (cf. also [13]) with the methods associated with the theory of approximation
spaces and the “error of approximation” functional of Peetre and Sparr (cf. [20], [3])
and the K —functional approach in [17]. In Section 4 we prove generalized forms of
Lemma 1 in the context of approximation spaces, emphasizing its connection with
reiteration formulae of Holmstedt-Nilsson type (cf. [19]) 3.

Theorem 1. Let X = (Xo, X1) be a pair of cj—quasi-normed abelian groups and
suppose that [ satisfies a Gehring condition (i.e. f € Ga7r4). Then there exists
o > « such that for all g > 0,

E(f7 tv X07 Ea’,q(y)) S Eta/E(fv tv X07 Xl)
In other words, f € Goqr = f € Gageq, q> 0.

Some of our results are new even in the classical case, in particular, although
in the classical context reverse Holder inequalities are usually not considered for
p < 1, our formalism leads naturally to a suitable interpretation in terms of “reverse
Chebyshev inequalities” (cf. Section 5 below.)

Gehring elements can be characterized directly in terms of indices (cf. [16]) in
particular the following abstract analogue of the A, condition will be shown below
(cf. Section 4)

Theorem 2. An element f satisfies a Go,, Gehring condition < for all ¢ > 0
there exists v = v(g) > 1 such that
(1.5) Bt Xo X)) € sy
E(ft, X0, X1)

The connection of these results with BMO will be discussed elsewhere [15].

For the benefit of the reader in Section 2 we review Gehring’s approach to
Gehring’s Lemma and show a number of equivalent formulations in terms of distri-
bution function inequalities. This analysis leads to an elementary proof of Lemma
1 in Section 3.

In conclusion in presenting Gehring’s theory in this general context we also hope
that these ideas could be useful to people working in Approximation Theory.

Acknowledgment. We would like to thank the referee for useful suggestions
to improve the presentation of the paper.

2. GEHRING’S LEMMA AND DISTRIBUTION FUNCTION INEQUALITIES
Gehring’s original ideas play a fundamental role in our development. Therefore

we start by reviewing the relevant part of [6].

3Since the Holmstedt-Nilsson formulae is of independent interest we give a simple direct proof
(cf. Theorem 4 below )
4(cf. Definition 2 below)
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Let (92, ) be a o—finite non atomic measure space. The distribution function of
a measurable function f is given by

Ap(t) = pfz e @ |f(z)| > th,  (£=0).

We first state a number of known elementary results which shall be used in what
follows.

Lemma 2. Let 0 < g < 00, tg > 0, and let h be a decreasing function, then
(1) 1f 1i_>m h(z) =0 and j;zo s%d(—h(s)) < oo then li_>m x?h(x) = 0.
oo : +1 _
(2) If [, s?h(s)ds < oo then EILH;O it h(z) = 0.

The next result is well known (cf. [23]) we include a proof for the sake of
completeness.

Lemma 3. Let (Q, 1) be a o—finite non atomic measure space and w € L° (Q, 1)
a weight (i.e. a nonnegative function) then

(2.1) / w(s)"du(s) = t" Ay (t) + 7’/ "\ (s)ds, t,r > 0.
{w>t} t

Define h,,(t) = f{w>t}w(s)dy(s), and suppose that for some ty > 0 we have
hw(to) < oo, then

oo
(2.2) / w(s) du(s) = / §" 7 d(—hy(s)), t>0, r>1.
{w>t} t
In particular, if » > 1, we have
(2.3) / w(s) dps) = / (o (s)) = / S d(=Au(5)).
{w>t} t t
Proof. (2.1) follows immediately from the well known

/{w>t} w(s)"duls) = /Qw(s)TX {w>1} (s)du(s) = 7’/0 s" iy (s)ds.

wr

Observe that (2.2) is obvious for = 1. Suppose that r > 1, then

/{w>t} w(s)"du(s) = /Qw(s)r_lx {w >t} (s)w(s)ds = (r — 1)/0 sT_Z/\W(S)dS_

w1 da(s)

hy(t) if s <t
s , thus

A simple computation shows that Ay (s) = { s)ifs >t

/{w>t} w(s) du(s) = (r—1) /Ot 5" 2hy(t)ds + (r — 1) /too 5" 2l (5)ds.

The result follows integrating by parts the second integral appearing on the right
hand side. It remains to prove the second inequality in (2.3) which we obtain
integrating by parts the second integral on the right hand side of (2.1). |

The next basic elementary real variable result is due to Gehring,
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Lemma 4. ([6] Lemma 1 page 266). Suppose that p € (0,00), a € (1,00) and let
to > 0. Suppose that h : [tg,00) — [0,00) is decreasing with tlim h(t) =0, and that
—00

[° sPd(—h(s)) < atPh(t) fort € [to,00). Then

/ T Std(h(s) < — Py / T rd(—h(s)),

to ap — (a—1)q to
for q € [p,pa/(a—1)).

We now briefly review the main steps in Gehring’s proof of (1.2). Suppose that
w € RH,, we want to show that there exists ¢ > p such that w € RH,. Gehring
shows that w satisfies the following estimate (cf. [6], page 268 - (12))

(2.4) / w(s)Pds < ctP™! / w(s)ds, t>to,
{w>t}

{w>t}

1 » 1/p
where to = (@ Jow(z) dm) .
Using Lemma 3 it follows that (2.4) is equivalent to

oo

(2.5) / PV A(=hy(5)) < ctP T hy (1), t > to.
t

Lemma 4 now implies that we can choose g > p such that

(26) | st o) < et [l

t(J tO

where Cp,q = Wil)(‘ﬁl) Write

(2.7) /Qw(ac)qu = /{w>t0} w(s)?ds + /{w<t0} w(s)?ds.
By (2.6), i

/{w>to} wie)ide = /OO 17N d(— D () < cpgtg " /Oo sPTH (=P (s))ds

to to

= cp7qt8_p/ w(s)Pds,
{w>to}

while we obviously have

/ w(s)dds = / w(s)Pw(s)? Pds < tg_p/ w(s)Pds.
{w<to} {w<to} {w<to}

Inserting these estimates in (2.7) we get
/ w(x)ddr < cpyqtgfp/ w(x)Pdx.
Q Q

: 1 Up
Since to = (@ fQ w(a:)pdx) it follows that

1 1 Q/P
|Q/Qw(x)qdacgcp’q <|Q|/Qw(:r)pdx>

as we wished to show.
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3. A GEOMETRY FREE VERSION OF GEHRING’S LEMMA

Motivated by the discussion in the previous section we introduce the following

Definition 1. Let (2, 1) be a o—finite non atomic measure space and let w be a
nonnegative measurable function. Given 1 < p < oo we shall say that w € G, if
there exist ¢ > 1, tg > 0, such that for all t >ty it holds

Jo [w(@) — 1]} du(z) _ Cfg [w(z) — 1], du(x)
tp - t ’
Remark 1. The connection with the Hardy-Littlewood-Polya order goes somewhat
deeper. As is well known the HLP theory has been extended to measures (cf. [21]
and the references therein), following the analogy further in this direction we say
that a positive measure p supported on (0,00) satisfies a G, condition if there exist
¢ > 1 such that for all t > 0 we have

Jole =t du(z) _ Jo [z =1, du(e)
tp = t ’
If we associate to a given weight w the Lebesgue-Stieltjes measure d\,, generated by
its distribution function we recover Definition 1. For more general measure spaces
we should replace the test class of extremal “angle functions” [x —t]i by other
suitable classes of continuous conver functions. We shall give more details on this
elsewhere.

The next result establishes the equivalence between G, and (2.4) and several
other related conditions. As we shall see below (cf. Theorem 6) the result can be
suitably reinterpreted as a reiteration theorem for Gehring conditions!

Theorem 3. The following statements are equivalent

(1) we Gy.
(2) There exists ¢g > 1 such that for all ¢ > ¢,

/ spfl)\w(s)dsgcotpfl/ Aw(8)ds.
¢ ¢

(3) There exists ¢; > 1 such that for all ¢ > tq,

/{M w(s)Pdu(s) < crt?™! / w(s)du(s).

{w>t}
(4) There exists ca > 1 such that for all ¢ > ¢,
oo
/ SPTLA(=Ry(8)) < cotP T hy (1),
t
(5) There exists ¢z > 1 such that for all ¢ > ¢,
/ PTG (5)ds < e3tP Ay (2).
t
Proof. 1 = 2 Recall that

[ )~ dn =y | " (5= P (5)ds.
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If cpt = (ﬁ) t <s then (s —t)P~1 > %sp_l, therefore,

p/oO P A (s)ds <2 | [w(x) — 1] du(z)

pt

S

< 2ctPH /Q [w(z) —t], du(z) (since w € Gy, t > to)

(o)
:2ctp_1/ Aw(8)ds.
t

Adding p j;c‘“t sP~1\, (s)ds to both sides of the previous inequality we obtain
e} 00 cpt
p/ PN (8)du < 2ctp_1/ Aw(s)du —|—p/ sP7IN, (s)ds
t t t

[ee]
éﬂ“%%+p%”ﬁ/‘kw@MS(t2%%
t

. p—1
and 2 follows with ¢y = 2etpey

2 = 3 By Lemma 3 (2.1),
/ w(s)Pdu(s) = tP Ay, (t) —l—p/ P\ (5)ds
{w>t} t
<Py () + peot? ! / Aw(s)ds (applying 2)
¢
< peotP T (A (1) —|—/ Aw(s)ds )
¢

= peot? ! / w(s)du(s), (By Lemma 3 (2.1))
{w>t}

and we have obtained 3 with ¢; = pcg.
3 = 4 By Lemma 3 (2.2),

/too P d(=hy(s)) = /{ - w(s)Pdu(s) < cltpfl/ w(s)du(s) = c1t? " hy(t).

{w>t}

4 = 5 Applying Lemma 3 (2.3 and 2.1)) twice, we see that condition 4 can be
rewritten as

P Ay (1) +p/ sPTI N (8)ds < CQtp_l/ w(s)du(s)
t {w>t}

:@ﬁ*<MMQ+AmAMQw>,

thus
/ (psP™! — eatP ™) A(s)ds < (ea — 1) P (2).
¢

1
If s > c2 't = Cpt, it follows that psP~! — cotP™ > (p — 1)sP~!, and therefore we
have

0o 1 oo -1
(3.1) / PN (8)ds < —— (ps?™! — cat? ™) Ay(s)ds < 2 tP Ay (2).
Cpt p—1J; p—1
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Now, we add ftc”t sP=1\,(s)ds to both sides of (3.1) and use the fact that A, is
decreasing to obtain

e -1 c”%—l
sP7IAL(8)ds < 2 + 2 tP Ay (1) = c3tP Ay (1).
/ (5 <p_1 . (8) = st Au(t)

5= 1 Combine 5 with the fact that $\,(¢) < ft(;oz Aw(8)ds, to get

o0 o0
/ P\ (5)ds < 203tp_1/ Aw(8)ds.
¢ t/2

Adding ftt/Q sP71 A, (s) to both sides of the inequality we get

/ PN (8)ds < (23 + 1)tP ! Aw(8)ds (t > to),
t/2 t/2
or equivalently,

/OO sP7IN, (8)ds < (2¢3 4 1)2P~1¢P~1 /00 Aw(8)ds (t > to),
but then
/Q [w(z) -t du(z) = p/t (s — )P Ay (s)ds < p/t P\ (5)ds

oo
< p(2c3 4 1)2P~ 1! / Aw(8)ds
t

= p(2c3 +1)2° 1Pt /Q [w(z) —t], du(z).

We now give the short

Proof of Lemma 1:

Suppose that w satisfies (1.4) for some ¢ty > 0. Theorem 3 and Lemma 4 show
that following the steps of Gehring’s argument as outlined in the previous section
we readily arrive to the desired result.

Remark 2. (See Lemma 5 below) Note that Gehring’s Lemma 1 holds with the
same proof if we modify condition (1.4) to accommodate constants as follows: there
exist ¢ > 1, v9,71 > 0, to > 0, such that for all t > tq it holds
Jo [w(@) = mt]f du(z) _ Cfg [w(z) —70t] dp(x)
tP - t '

4. E—FUNCTIONAL APPROACH TO REVERSE HOLDER INEQUALITIES

In this section we develop an approximation space approach to Gehring’s Lemma,
and in particular provide proofs of the results stated in the Introduction.

We shall start with a brief review of the necessary background on approximation
spaces (for more information we refer to [3], [4], [19] and the references quoted
therein).

In approximation theory it is important to consider spaces somewhat more gen-
eral than Banach spaces. We indeed consider Abelian groups X equipped with
c—quasi-norms |||y, where ¢ > 1, this means that ||-|| is a real valued function
defined on X such that (note the lack of homogeneity)
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(1) flafly 20, and o3 =0&z=0
(2) llzllx = ll-=llx
@) llz+yllx <cllzllx +llyllx)-
Ob iously every Banach space is a 1—quasi-norm abelian group. Given a pair
= (Xo, X1) of ¢j—quasi-normed abelian groups, and an element f € Xy + X1,
we let

E(ft; Xo,X1) = If = follx, ; 0<t<oo.

ufonxo_

Throughout what follows E(f,t) = E(f,t; Xo, X1).
It follows readily that E(f,t) is a decreasing function of ¢t and that for 0 <e < 1
we have (cf.[3])

(4.1) E(f+g,t) < e (E(f,et/co) + E(g, (1 = €)t/co)) -

It is also easy to see that if E(f,t) = 0 for all ¢ > 0 then f = 0, and moreover if
f € Xo with [[f|lx, <t then E(f,s) =0 for all s > .
The approximation space E, (X0, X1),0 < a,r < 00, consists of all f € Xo+X;

such that
<. ds\ /"
”f“Ea),‘(XU,Xl) = ; (s*E(f,s))" — B < 00.

Example 1. (cf. [20]) Let (2, 1) be a o—finite non atomic measure space. The
(Peetre-Sparr) space LO consists of all functions with finite support with the 1— quasi-
norm given by

[fllLo = n({f # 0}).
It is readily seen that (cf. [20], [3])

(4.2) E(f,t, L=, L°%) = X (1),

and
E,q (LOO,LO) ~ (LP)P.

The next reiteration formula will play a crucial role in what follows.

Theorem 4. (Holmstedt-Nilsson type formula (cf. [19])). Let X = (Xq, X1) a pair
of ¢;—quasi-normed abelian groups then

1 R ds\'/" ) —
43 e ([ BN T) < B Xt By (X))

cot

¢ (26r)° {taE(f, o+ ([ By d)l/} ,

where ¢ = min(1, 21;)

Proof. Let g € Xo with [|g]|x, <1, applying (4.1), with e = 1/2, we get

([ 2) s ([, (op0-05) 5)”
) 1/r
e </2cot ( "B, 2io )> Lf) '
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Note that since [|g||y, <t the second integral is 0, therefore

(s"E(f,s)" = < ceq(2¢0)” W E(f — g,u))" L
(L. ¥) " seaer ([ o)

cot

= ce1(2c0)* If = dllg, (%) -

Taking infimum over all g € Xo with [|g[|, < ¢ the left-most inequality follows.
The remaining inequality can be obtained as follows: for each é > 0, and u > 0
pick f, € Xo with [[fuy, < u such that ||f — fullx, < (14 6)E(f,u). Then,

00 rd 1/r
If — ftHEQ,T(XO,Xl) = (/0 (s"E(f — fi,5) S)

S

(1) < [( / T OB ) “) L ([ wsu-nor ) W] .

tcl

Note that if s < 2te; then
E(f = fi,8) < |If = fill x, < A+ 6)E(f,1),
while if s > 2tc; we have
| fsy2er — ftHX1 <a (||fs/2¢:1HX1 + Hft”Xl) <ci(s/2e1+1) < s,
consequently,
E(f = fo.8) <||f = fr = (fs/2e, — ft)Hxl < (1 +0)E(f,8/2c1).
Inserting these estimates in (4.4) we obtain

If = ftHE(”(Y)

(/oztcl (s"E(f.1)" d;) U + </2: (s“E(f,s/2c1))" (is) 1/r]

< (14 6) (201)° [taE(f, 0+ (/too (WOE(f,u))" ‘fj‘)l/rl .

< (14 9)

Finally taking infimum over all f; € Xo with [|fi[|x, <t we get

- o o . d 1/r
E(f,t,X[),Ea,r (X)) SC(l-l—(S) (201) {taE(f7t)+ (/ (uaE(fau) 5) }
t
Letting § — 0 the desired result follows. O

Remark 3. Since (t“E(f,t))" < C’ftt/Q (s“E(f,s))" & < C’ft(;o2 (s“E(f,s))" % the
upper estimate in the previous lemma can be rewritten as

1/r
_ [ [ d
(4.5) E(f,t; X0, Bar (X)) < C ( / (s“E(f,s))" S) :
t/2 s
Consider the pair (L, L') and let f = X(0,1)- 1t is then easy to see that although
we can replace “2t” by “ct”, with ¢ > 1, on the left hand side of (4.3), the formula
does not hold for “t”.
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Remark 4. Notice that (cf. [10], [4]-proposition 3.1.16)

B(f. 4L, L = / (@) — 1 du(z).

Q
Thus condition (1.4) is equivalent to

E(f t; L, LP)? < ct’P ' E(w,t; L=, L").

Moreover since E,_11 (L, L') = (LP)? (cf. [3] corollary 7.2.3) and
P

BULGL% () = ot 1f = folfy = (it 17~ Bll) = B2, 20

0 Loo Lo<>
we can rewrite condition (1.4) as
E(w,t, L™, Ep_11 (L™, L") < ct’ ' E(w,t; L=, L").
The discussion in the previous remark motivates the following
Definition 2. Let X = (X0, X1) be a pair of ¢;—quasi-normed abelian groups, and

let v > 0. We will say that w € Xo + X1 satisfies a Gehring (a,r)—condition
(briefly f € Go.r = Gor(X)) if there exists ¢ > 0,t9 > 0, such that

(4.6) E(w,t, X0, Bq (X)) < ct*E(w,t), t>ty>0.
The next Lemma will be useful in what follows.

Lemma 5. Let X = (Xo, X1) be a pair of cj—quasi-normed abelian groups, let w
€ Xo + Xy and let vo,71,t0 > 0. Then,

(1) w € Gar(X) & ([ (s*E(w, )" )" < et B(w, 1), t>to>0.
(2) E(w,ot; XO,E (X)) < ct*BE(w,mt), t>to>0= w € Gur(X).

oo T 1/T v
(3) (fw (s*B(w, 5)) CL) < ABlw,yit), t >ty >0 = w € Gan(X).
Proof. 1. Suppose that w € G, (X). Applying the Holmstedt-Nilsson formula with
D = ¢1(2¢9)” min(1,2+") and C = (2¢1)” min(1,27"), we see that for t > t, we
have
> r ds r
(s*E(w, s))" — < (¢Dt*E(w,t))" .
2cot 8
2COt

Adding to both sides [;
and collecting terms, we get

(/too (s"E(w,s))" f)w < ((CD)’“ + (260)“1)1” B (w, ).

ar

(s*E(w, s))" %, using the fact that E(f, s) is decreasing

Conversely, adding to both sides of the hypothesized inequality t*E(f,t) and mul-
tiplying by C

c (taE(w,t) n (/too (s"E(w,s))" CISS)W> <O+ 1)t E(w,t),

and applying the Holmstedt-Nilsson formula we arrive to

E(w,t, X0, Ea (X)) < C( + 1) t*E(w, ).
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2. By the Holmstedt-Nilsson formula we have

/ (s“E(w,s))" ds < (cDt*E(w,t))".
2covot S

If 0 < 79 < 1 we can replace 2coyot by 2¢ot in the integral, similarly if v > 1 we
can replace E(w,11t) by E(w,t). If 79 > 1 and 0 < 3 < 1 then adding to both
sides tzwcl“%t (s*E(w, s))" % we have

o0 d 2070)"" — 0T
sy < (ep+ B =T ey
S
j

1t ar

or equivalently

| By < (e
t

This condition is equivalent, by Part 1, with w € G, ,.(X).
Finally to see 3, using the Holmstedt-Nilsson formula we get

2 it
( CO’YO) 71) taE(’LU,t)T.
ar

o0

1/r
E(w,%t,XO,Ea,T(X))§< / (saE(w,s))’”ds> < ct® E(w, nt)
S
.

200 ot

and 2 applies. O

Remark 5. The referee has kindly shown to us an example proving that the previous
result does not hold if r < 0. To see this select w such that E(w,t) = t~%(log |t|)?,
fort>1,a,8>0. Then, w € Gy, forr < =1/8 but w ¢ Go, forr>—1/8.

Remark 6. Since the E and K functionals can be obtained from each other by
Legendre transformations it is not difficult to see the correspondence between K
and E Gehring conditions. To fix ideas we analyze in detail the pair (L', L°°).
Suppose that f satisfies a K—Gehring condition (cf. [17]) of the form

K@?, f; L, L) _ K(t f; L', L)
C .
t

(4.7 A <

Given § > 0 let f = fo+ f1, be a nearly optimal decomposition for the E— functional,
that is if we let s = E(t, f; L, L), we have || fol| <t and s < | fi|l;. < (146)s.
Then

t

(1+0)s

o t
(4.8) K( L LY <l foll, . + A+0)s [fallp <2t
(4.9)

PEERE

t
combining with (4.7) we get

K((@)Upvﬁ”iw) (1+6)s
payr

Therefore we can select a decomposition such that f = go + g1, and

(1+6)s (1+5)5)—1/P’
t t ’

af;leLOO) < 28(1 +5) (Since K(taf;X07X1) = tK(%vf;leXO))»

(4.10)

)123(1 +0).

1/p
lgoll» + ( ) ol < c25(1+5) (
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thus .
) _
91/l < c2s(1+9) ((té)‘j = 2,

and

-1/p’
B2, 1.1, 27) < ol < eastr+0) (E02) 0

moreover since s = E(t, f, Lo, L1) we obtain
E(2ct, f, L, L7) < 2¢(1+ 8)' "7 1V B(t, f, L7, L1 =17

raising to the power p and letting § — 0 we finally get
(4.11)
E(2ct, f, L, Ep_11(L>®, L") = E(2¢t, f, L™=, LP)? < 2ct?" E(t, f, L>°, LP).

which by Lemma 5-2 implies that f € Gp—11(L>,L').

Following [17] the proof of Theorem 1 is based on the Holmstedt-Nilsson formula
above and the following elementary Lemma on differential inequalities (cf. [18] for
similar results.)

Lemma 6. Let h(s) be a decreasing function, o > 0, and suppose that hy(s) =
s*h(s), satisfies

e d
(4.12) / ha(s)rf < Cha(t)", t > to.
t
Then there exists o' > « such that for all ¢ > 0,t > tg,

/ ha,(s)q@ < Che (1)1
t

S

Proof. We first show that (4.12) implies the existence of ¢, > 0 such that for
0 < 2 < y/2 we have

(4.13) Yha(y) < v2°ha(z).

To prove this claim note that by (4.12) there exists ¢ € (0, 1), such that
c 0 o ds ho(t) t1

4.14 -<-—1o ha(8)' — | = .

1) t= ot g(/t ) s) 7 hals) %

Integrating (4.14) from x to y/2 we get

<y rds
clog - < log <f”f,o (o) ,‘}fs>,
2x fy/Q ha(S)rT

from where it readily follows that

¢ e d > d
(4.15) (y> ha(s)™ 2 < 2 / ha(s)" % < Catha(z)".
2 /2 S " S

On the other hand, since h is decreasing,

C o0 C Y (& Y
(4.16) (y) ha(s) % > (y> ho(s)™ 2 = (y> / N
2) Jy2 § 2) Jyp s 2) Jy2 o

- (2) wro (2027,
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Combining (4.15) and (4.16) we finally obtain
Yha(y)" < yaha(z)".
Let g=r(1+¢), &’ =a+0, where ¢ > —1 and 6 € (0,¢/r), then,
hoy (8)(1 — h(s)r(1+e)8(a+9)r(l+e) — h(s)r(l+e)Sar(1+e)89r(1+e)

= ha(s)r(1+e)80r(1+e)30(1+s)S—c(1+s) — (Scha(s)r)1+6 S(TQ_C)(1+€)7

thus,
/°° ot ()12 = /°° (o haly)) e yro-aro 2
2x
€ rv—c € d
:/ (5 ha(y)) e ytr0-0+9 2
z Y
> e (ro— € d
L N
2x Y
=I+1I.
To estimate II we apply (4.13) to obtain
I < (’Y.Tcha(aiy)l-i_e/ y(ra—c)(l-l-e)—ldy_
2z
Since r8 — ¢ < 0, we get
2 (r0—c)(1+e€)
11 < (Kb (2)) 20 = C'har(a) 0.

(c—710)(1+¢)
On the other hand,

2z 2z
I :/ h(s)r(lJre)S(aJrO)r(lJre)@ < h(I)T(lJrE)/ S(a+0)r(1+e)@
z y z Y

< C//ha,(x)r(l—i-e).
The result follows. O

We are now ready to give the
Proof of Theorem 1:
Our starting point is (4.6). By Lemma 5 this is equivalent to

| By T <cwrr

By Lemma 6, with h,(s) = s*E(f, s) we can select &’ > « such that for all ¢ > 0,

([ (rmo) ) " <o,

which again by Lemma 5 is equivalent to
E(f,t, X0, Ear 4(X)) < & E(/,1),

as desired.

It is readily seen that elements of an approximation space that satisfy a Gehring
condition belong, as should be expected, to a better approximation space. Indeed
we have
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Theorem 5. Let X = (X, X1) be a pair of cj—quasi-normed abelian groups and
let f € By (Xo,X1) be such that f € G, then there exists o/ > a such that .for
allq>r

||f||Ea/1q(XU,X1) <cty ~® Hf“Ea,T(XO,Xl) .
Proof. Let f € G, then, by Theorem 1, there exists o/ > a such that for all ¢ > ¢y
E(fa ta XO, EO/,T(Y)) S Eta/E(f, t)a

therefore by Lemma 5,

(/t C(=B) Cl;)l/r < ¢t B(f,1).

Thus, for t =ty we have

) r 1/r ) ) to 1/r
</ (sa E(f75)) Cf) <cty E(f,to) = ctg ~“E(f.t0) <ar/0 so”’ds>

to S
1/r

/ to d
<cty (ar/ (s*E(f,s))" j) (since E decreases)
0

’_ 1
<ty = (@) N F s x0x0) -

On the other hand,

(/oto (s~ Btt) dss)l/r B (/ot (s s B(f.9)) is)l”

’ to r dS 1/T
< ([ enror )

Combining these estimates we have

1/r o' —a
1 le,, (xox) < @ ar+ D 8 f g, (xoux -
This proves our result for ¢ = r, if ¢ > r the result follows from the trivial inclusion
Ea’,r (Xo, Xl) C Eoz’7q (XOa Xl) -
|

We now prove Theorem 2 which provides us with an intrinsic characterization
of UGa,r.

Proof of Theorem 2:

Suppose that f € G, and let € > 0. By the proof of Theorem 1 there exists
o > a such that for ¢ > t, the function t* E (f,t) is almost decreasing. Therefore
there exists C' > 0 such that for all £ > 1 we have

()" E(f,t€) < Ct*' E(f,1)
E(f,t8) _C 1
E(f,t) ~ g
(C)l/(o/—a)

€

Thus if we select £ > , we have

E(f.t8) _ e
E(f,t) =&

as we wished to show.
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To prove the converse let € = 271, and select £ so that (1.5) holds. Note that
since £ > 1 and E-functionals are decreasing, we can iterate (1.5) and obtain

B(f.€") _ 2

Now,
ently ) f(w _1
ST 1 _ Pl 1 NA\T LQT ~NOT
|ty s - Z/ B o)'ds < 3 PG (55

<ZE pay Erer (S by (aa7)

Therefore,
/ STLE(f,8) ds < CETE(f, 1)
t

as we wished to show.
The condition in Theorem 2 does not depend on r, therefore we have obtained
the following

Corollary 1. There following are equivalent

(1) f € Gq, for some r >0
(2) fe Gy, for all r>0.

5. EXAMPLES AND APPLICATIONS

5.1. Reiteration of Gehring conditions. As pointed out in the previous section,
Theorem 1 applied to the pair (L°°, LP), gives a new proof of Lemma 1. Let us
apply Theorem 1 to the pair (L°°, LY). Since E(t,w; L™, L%) = A\, (t) (cf. Example
1 (4.2)), we have E, 1 (L>, L) = (L?)”. An application of Theorem 4 gives
*° d o d
C/ sp)\w(s)—s < BE(t,w; L™, (LP)?) < c/ sp)\w(s)—s.

Clt S Cgt S
It follows that w € G, 1 (L, L?) iff there exist C' > 0, to > 0 such that for all ¢ > ¢
we have

[ @ <o,

The equivalence of the last condition and (1.4) was established in Theorem 3 (see in
particular condition 5). In other words, the content of Theorem 3 is that to prove
Lemma 1 we can apply Theorem 1 using Gehring conditions with either (L>°, L°)
or (L, L) as our “initial pair”. The reiteration formulae

(5.1) L' =By (L, LY), B, (L, L% = (LP)? = E,_1 1 (L™, L"),

suggests that a general principle is behind this. Indeed, combining the method
of proof of Theorem 3 with the Holmstedt-Nilsson formula we will show a gen-
eral reiteration theorem for Gehring conditions. Let us first recall the following
(known®) reiteration formulae for approximation spaces whose proof, for the sake
of completeness, we shall present below.

5A proof can be obtained combining (3.11.5) and (7.1.7) in [3].

)
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Lemma 7. Let X = (X, X1) be a pair of cj—quasi-normed abelian groups then

Eopr(Xo,E5+(X)) = Eor(X), r>0,a>>0.
We can now state and prove a reiteration theorem for Gehring conditions.

Theorem 6. Let X = (Xo, X1) a pair of cj—quasi-normed abelian groups, v > 0,
a> B >0. Then,

Ga,r(XOa Xl) = Ga—ﬁ,r(XOa E,B,T(X))-
Proof. Suppose that f € G (X0, X1), then there exist ¢ > 0,7y > 0 such that

E(f.t, X0, EBar(X)) < ct®E(f,1), t = to.

By Lemma 7 we can rewrite this inequality as

(5'2) E(f7 t, Xo, Ea—ﬁ,T(X()? Eﬁ,T(X))) < CtaE(fv t)) t > to.
We estimate the right hand side of (5.2) using the fact that E(f,t) is decreasing,

‘ 1/r
t*E(f,t) = t* PP E(f,t, X0, X1)) < ct*F (/f/z (s"E(f,1)" dj) )

Estimating the left hand side of (5.2) from below using Holmstedt-Nilsson, and
combining with the last inequality we find

& — r dS 1/T _ t —
( | 6P B X B, (X)) ) < P E(f, L o, By, ().
2ot s 4cg

Therefore by Lemma 5-3 f € Go—g.r(Xo, E,-(X)).

Conversely, suppose that f € Go—s.-(Xo, Es (X)), then for all ¢ > ¢y, we have
E(f,t, X0, Ba (X)) <& PE(f,t, X0, Es »(X)).

By the Holmstedt-Nilsson formula, and the fact that (a +b)" < a"+b"if 0 < r < 1,
or 217" (a+b)" < a” +b" if r > 1, we arrive to

/:O (s“E(f,s))" % <’ {to”"E(f7 )" + tla=B)r /too (sﬁE(f, S)’“ Cf} .

cot
Adding jfcot (s®E(f,t))" % to both sides of the inequality and collecting terms we
get
> a r ds ar r 1"y(a—p)r = B rds
(B % < de By b (B, 9) 2
t t

> ar 1 b// t(Ol—B)”‘ E ’r‘ds < dtOzTE t T
; 8 — Y S@pBr (fvs)?— (f:0)".

At this point note that (1 - z((:?):) > % if s > (20") @R ¢ , therefore

> d
[ BT < 2L
(2b//)(a—[€)rt S

Therefore once again by Lemma 5-3 we see that f € G, (X0, X1). a
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We now give the proof of Lemma 7:

Let f € Eq—pr(Xo, Eg(X)). By Theorem 4 we have
rds

0oy = [ (5B X0, B ()
o e s dz\V" " ds
a—f B g it z2
f (e (L emear )7
oo 4cos
c/ <S(aﬁ)r/ (ZBE(fvz))TdZ> ds
0 2cos z S

oe . d
c/ s (2¢05)°" E(f, 4Co$)r§
0

> Nl o) -

Conversely suppose that f € E, .(X), then by Theorem 4 we find

Y

Y

Y

° _ — rdS 1/T
e oy o = ( [ B X B (D) )

S

= </w e (sﬁEo& o+ ([ emay ) /> d) "
<e(([ emwor ) ([T (e [T emnar ) )T

Integrating by parts the right-most integral we get

T (ga-pr [T (.8 rds\ds _ [T o rds
/0 (s /S (z E(f,z)) z) S _/0 sE(f,s) S

since the integrated term vanishes on account of the fact that f € E, ,.(X). Thus,
we find that

> pds\T ([ ds\'/"
||f||Ea—B,r(XO>Eﬁ,T(Y)) <c ((/0 (saE(f’ 8)) ;) + (/0 SO‘TE(f, s)rss) >

<cllfllg,., -

as we wished to show.

5.2. Reverse Chebyshev Inequalities. In this section we consider “Generalized
Reverse Chebyshev Inequalities” (cf. [5]) of the form

(5.3) / w(s)ds < cte/ w' % (s)ds, 6 € (0,1].
{w>t} {w>t}
Recall that for 0 < 6 < 1 the usual Chebyshev, and easily verified, inequalities state
(5.4) tAy(t) < te/ w9 (s)ds < / w(s)ds.
{w>t} {w>t}

And easy application of Holder’s inequality shows that (5.3) is equivalent to

(5.5) /{ s S et
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To see that (5.5) has a self improving property, first note that by Lemma 3-(2.1)

tAw(t) + /tOO Aw(8)ds = /{ - w(s)ds < ety (t)

/ T A (8)ds < (e — D)u(t),
which in terms of E—functio;al inequalities means that
E(w,t; L=, L) = BE(w, t; L°, By 1 (L, L") < (¢ — 1)tE(w,t; L™, L).
It follows that w € Gy 1(L>,L%), thus by Theorem 5 there exists ¢ > 0 such

that w € Gi4e1(L%°, L°). Applying Theorem 5 we have the result of [5]: if w €
L'=F, (LOO,LO) then w € Ey4.1 (L°°, LO) = (L1+5) "¢ We further have

1+
(lwllpree) ™ < etg 1 £l -

Therefore if (5.5) holds for t > tg = || f|| .. , we get

[wllprve < ellfllzr-

Compare with [5]. The result we presented here is stronger in as much as it shows
the improvement at the level of the E—functionals as well:

oo
/ 55\ (8)ds < G TENL (D).
t
In view of Lemma 5 we also can also treat inequalities of the form

/ w(s)ds < cte/ w0 (s)ds, 0 <y < 1.
{w>t} {w>~t}

Remark 7. We can also consider inequalities of the form

(5.6) ta/ w70 (s)ds < cthy(t).
{w>t}

By Lemma 3-(2.1) and the Holmstedt-Nilsson formula (5.6) is equivalent to
E(t,w, L, L'%) = E(t,w, L, E;_g (L, L") < &' E(t,w, L=, L°).

Thus these inequalities also have the self improving property.
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