On the Analytic Capacity 'y .

XAVIER TOLSA

ABSTRACT. The analytic capacity y. is a version of the usual
analytic capacity y which is generated by Cauchy potentials of
positive measures. Some recent results have shown the impor-
tance of y, for the understanding of the metric-geometric prop-
erties of y. This paper is devoted to the study of y,. Among
other things, it is shown that although this capacity is not origi-
nated by a positive symmetric kernel, it satisfies some properties
usually fulfilled this other type of capacities (such as Riesz capac-
ities).

1. INTRODUCTION

The analytic capacity of a compact set E C C is defined as
Y(E) = sup | f' ()],

where the supremum is taken over all analytic functions f : C\ E — C with
|fl <1onC\Eand f'(o) =lim;.e z(f(z) — f(0)). On the other hand, the
analytic capacity y (or capacity y.) of E is

Y+ (E) = supu(E),
u

where the supremum is taken over all positive Radon measures p supported on
E such that the Cauchy transform f = (1/z) * p is a function in L*(C) with
Iflle < 1. Since [(1/2) * p]'(e0) = u(E), we have y. (E) < y(E).

The notion of analytic capacity was first introduced by Ahlfors [Ah] in order
to study removable singularities of bounded analytic functions. He showed that
a compact set E is removable for all bounded analytic functions if and only if
y(E) = 0. Later, Vitushkin rediscovered analytic capacity and he used it for
problems of rational approximation on compact sets [Vi]. The main drawback
of his techniques arises from the fact that there is not a complete description of
analytic capacity in metric or geometric terms.
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As far as we know, the capacity y. was introduced by Murai [Mu, pp. 71-72].
He introduced y. only for sets supported on rectifiable curves, and he showed its
relationship with the weak (1,1) boundedness of the Cauchy transform on these
curves.

The main objective of this paper is to study the capacity y.. We will show that
although y, is a capacity which is not originated by a positive symmetric kernel,
it satisfies some properties analogous to the properties fulfilled by this other kind
of capacities (for example, Riesz capacities). In particular, y, can be described in
terms of an energy or a potential, and it admits a dual characterization in terms of
this potential.

There are several reasons why the capacity y. deserves some attention. As Mu-
rai noticed, y+ has a strong connection with the L?-boundedness of the Cauchy
transform. Moreover, Melnikov, Paramonov and Verdera have shown recently that
Y- is useful to deal with problems of C!-approximation of subharmonic functions.

On the other hand, it is easily seen that a conjecture of Melnikov about the
characterization of sets with zero analytic capacity (see [Da2, Section 12]) is equiv-
alent to the assertion y ~ y,, that is to say, there exists some positive absolute
constant C such that

(1.1) C'y.(E) < y(E) < Cy.(E)

for all compact sets E ¢ C. A positive answer to this conjecture would yield
a description of y with a metric-geometric flavour, and would imply that y is
semiadditive, by the results on y, in [Tol]. Let us also mention that in [MTV] it
has been shown that (1.1) holds for a big class of Cantor type sets.

We need to introduce some notation and definitions. We let M (C) be the set
of all complex Radon measures on C. M. (C) stands for the set of all positive finite
Radon measures on C, and X(E) is the set of all y € M, (C) supported on E with
U(B(x,7r)) <v forall x € C.

Given three pairwise different points x, ¥, z € C, their Menger curvature is

1

C(X,_’)’,Z)Zm,

where R(x, ¥, z) is the radius of the circumference passing through x, y, z (with
R(x,y,z) = 0, c(x,¥,z) = 0if x, ¥, z lic on a same line). If two among these
points coincide, we let ¢(x,y,z) = 0. For u € M, (C), we set

G0 = || et 27 dur) duta),

and we define the curvature of 1 as

cA(p) = Jcﬁ(x) du(x) = MC(x,y,Z)zdu(x) du(y) du(z).
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The notion of curvature of a measure was introduced by Melnikov [Me] when
he was studying a discrete version of analytic capacity. He proved the following
inequality:

MIEE
1.2 E)>C ,
. YIE) = C Sup Gl + c2 )2

where C > 0 is some absolute constant. In [Tol] it was shown that, indeed,

MRS
1.3 E) ~ .
(1.3) YAE) = SUp Tl + )12

The arguments in [To1] also show that

(1.4) y+(E) = sup ]
ues(E) lull + c2(p)
(1.5) ~sup{llull : p € S(E), cj(x) <1 Vx € E}.

Moreover, in (1.5) we can replace the condition “Vx € E” by “Vx € C”.
Let M be the maximal radial operator:

Mu(x) = sup w,

r>0

and let ¢, (x) = (CfJ (x)) "? From (1.5), it easily follows that we also have
(1.6) Y+ (E) = sup{llpll : supp(p) C E, Mu(x) + cu(x) <1 Vx € E}.

As above, the condition “Vx € E” can be replaced by “Vx € C” in (1.6). So, if
we set
Uup(x) = Mu(x) + cu(x),

then (1.6) suggests that the function Uy, behaves as a potential for the capacity y.
In this paper we will obtain other results which support this assertion.

The idea of introducing the potential U, is due to Verdera. In [Ve2] it is
shown that if one defines the energy associated to p as E(u) := [ U, du, then

Y(E) = Csup{E(u)~" :supp(p) C E, |lull = 1},

with C > 0. In fact, notice that, using our characterization (1.6) of y, it follows
that

Y+ (E) ~ sup{E(u)~" : supp(u) C E, |lull = 1}.
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The plan of the paper is the following. In Section 2 we obtain some results
which show the close connection between y., and the L? and weak (1, 1) bound-
edness of the Cauchy transform. In Section 3 we obtain a dual characterization of
Y+ in terms of an infimum involving Uy,. As a corollary, we prove that y. (E) =0
if and only if there exists some finite Radon measure p such that U, (x) = o
for all x € E. Also, it is shown that the capacity y. of some Cantor sets can be
estimated easily using these results.

In Section 4 we show that U, satisfies a minimum principle which implies
that

(17) Y+(E) ~ er(aoutE),

where 0o E is the outer boundary of E (for the definition of 0, E and additional
details see Section 4). Let us remark that in the case of the analytic capacity, we
have y (E) = y(OoutE). So the estimate (1.7) is implied by the conjecture y = y..

In Section 5 we show that the assumption p € X(E) in the characterizations
(1.3), (1.4) and (1.5) of y, can be weakened. It is enough to ask
limsup, o u(B(x,¥))/r < 1. This result will be used in Section 6, where some
density estimates involving y. related to instability will be obtained.

I would like to thank Mark Melnikov and Joan Verdera for helpful comments
on the manuscript.

2. RELATIONSHIP BETWEEN y, AND THE CAUCHY TRANSFORM

Given a complex Radon measure v on C, the Cauchy transform of v is
Cv(z) = J L dv (&)
ol s .

This definition does not make sense, in general, for z € supp(v). In fact, one
can see that the integral above is convergent at a.e. (#H?) z € C (that is, at
almost every z € C, with respect to H?, where 'S stands for the s-dimensional
Hausdorff measure). This is the reason why one considers the zruncated Cauchy
transform of v, which is defined as

Cv(z) = J 1

d ,
lg-zl>e E— 2 viE)

for any € > 0 and z € C. Given a p-measurable function f on C (where p
is a positive Radon measure on C), we also denote Cf = C(fdu) and Cef =
Ce(f dp) forany € > 0. It is said that the Cauchy transform is bounded on L?(u1)
if the operators C; are bounded on L?(pt) uniformly on € > 0.

Using (1.5) and the main result of [Tol], it is not difficult to check that

Y+(E) = sup{llpll : supp(p) C E, pnon-atomic, [|Cllz2u =< 13,
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where ||Cllf2(y) stands for the norm of the Cauchy transform on L2 (u), that is,

IC L2y = sup [|Cellr2p)-
>0

Another result that shows the close relationship between y . and the Cauchy trans-
form is the following.

Proposition 2.1. If i is any positive Radon measure on C, then

2.1) Y+ ({x : Cxp(x) > A}) sC”’;—”.

Let us remark that the capacity y+ of a general set A C Cis defined as y. (A) =
sup{y+(E) : E C A, E compact}.

In [Vel] Verdera asked if the estimate (2.1) is true with y, replaced by y.
Obviously, one obtains a positive answer if the conjecture y = y, holds.

Proof- Let G = {x : Cxpu(x) > A}. Take v € 2(G) such that y. (G) = ||v||
and ¢2(x) < 1 for all x € C. Since the Cauchy transform is bounded on L?(v),
the maximal Cauchy transform is bounded from M (C) into L1*(v) (see [NTV]
or [To2]) and so

Y+(G) < Cv(G) = Cv({Cxu(x) > A}) < C”‘;—”. O
3. A DUAL VERSION FOR THE ANALYTIC CAPACITY y.

In this section we will show a characterization of y. in terms of the potential U
which can be understood as the dual version of (1.6). The following estimate,
which was suggested to the author by Joan Verdera, is a first step towards this
characterization.

Theorem 3.1. If i is any positive Radon measure on C, then
) [l
(31) }/+({X.UU(X)>A})SCT.

To obtain Theorem 3.1, we will need the following result, whose proof is
similar to [Tol, Lemma 3]:

Lemma 3.2. Let p and v be positive Radon measures such that
c*(x,v,u) < B forall x € supp(v).
Then,

(3.2) c(x,v,u) < CiMv(x)Mu(x) + 2B forall x € C.
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where Cy is some absolute constant. We also have

(3.3) c2(x,v,u) < CiMv(x) - sup Mu(z) +2B forallx € C.
z&supp(V)

Proof of Theorem 3.1. We set
E={x:Uy(x) > A},

E| = {x s Mu(x) > ﬁ} and

2
E, = {x :Mu(x) < % and ¢, (x) > %}

Hence, E C E; U Ey, and y, (E) < C(y, (Ey) + y+(E2)).
It is not difficult to check that

(3.4) v (Ey) < c”’;—”

We only have to take v € 3(E) such that y, (E;) ~ ||v]l and ¢Z(x) < 1 for all
x € C. Since the maximal operator M is bounded from M (C) to L1*(v), we get

yo(En = CviEn =v ({mucn > 1) < 1L

Now we will show that

(3.5) Yo (Ey) < c”ﬁ—”

Let us take v € 3(E;) such that y, (E;) = ||v] and ¢Z(x) < 1 forall x € C.
Observe that
c(u,v,v) < llull = Blvl,

where B = [[ull/l[VIl. Then there exists a closed subset F C supp(v) such that
V(F) = |[vIl/4 and c?(x,u,v) < 2B for all x € F. Therefore, ¢?(x, 4, vir) < 2
for all x € F, and by Lemma 3.2,

c?(x, 4, vir) < CA +4B
for all x € C, since Mu(z) < A/2 forall z € supp(v). Thus,
C
yelB2) < C [ dvir < 5 [ 0o dvie(x)

- S [eomvnanon < 5 [ex+apau

_c ||u||2)
— | A + }
=x ( Il

=3
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So we obtain

gl |l
(3.6) y+(E2) =G ( T 72@3@(&)) .

From this inequality we derive (3.5). Indeed, if [|ull/A > [|ul?/(A%y. (E2)), then
(3.6) implies y; (E2) < 2C(1/A)[Iull, and if lull/A < |l /(A%y . (E2)) we also
get (3.5). |

Theorem 3.3. For E C C compact, we have
(3.7) y+(E) = inf{|lull : p € My (C), Uy(x) =1 Vx € E}.

Before proving Theorem 3.3 we will state and prove the following corollary.

Corollary 3.4. Let E C C be compact. Then, y.(E) = 0 if and only if there
exists some measure i € M, (C) such that Uy (x) = oo for all x € E.

Proof 1f Uy (x) = oo forall x € E, then y, (E) = 0. This follows easily from
Theorem 3.3 or directly from (3.1).

Suppose that y.(E) = 0. By Theorem 3.3, for each n there exists some
measure n € M, (C) with ||[unll < 27" and such that M, (x) + ¢y, (x) = 1
forall x € E. Weset u = > _nuy. Then p € M, (C) and, for each n,
Mu(x) + cu(x) = n(Mpn(x) + ¢y, (x)) = n for x € E. O

Let us remark that the measure u constructed in the proof of the corollary also
satisfies Uy, () < oo forall y € E°.
We will need the following estimate for the proof of Theorem 3.3:

Lemma 3.5. Letv € M. (C). Let Q C C be a closed square with side length 6.
Let L be a closed segment of length 6|2 parallel to one of sides of Q and centered in Q.
Suppose that vio = a - }[‘IL and v(%Q \ Q) = 0. Then, there exists some absolute
constant C3 such that for all x, y € Q,

10

9 cZ(y) + GGMv(y)?,

ci(x) <
and

c2(x) < 19—0c3(y) + CGsMv(x)2.

The proof of Lemma (3.5) follows by standard arguments.

To prove Theorem 3.3 we will need to apply a variational argument on some
‘nice’ approximation of E by another compact E. The following lemma will be
very useful.
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Lemma 3.6. Consider a grid of squares of side length 6 > 0 in C with sides
parallel to the axes. lake a finite collection of closed squares {Q}icr of the grid. For
each i € I, let L; be the closed segment of length 6|2 centered in Qi and parallel to the
x axis. Set E = Ui Li. Let S0(E) be the subset of (E) of measures p of the form
U= aij{llLi' There exists a measure v € 3o(E) such that

i [l

(3.8) S 1 GO ]
IVI+e2(v) o Il + 2 ()

The maximal measure v satisfies

(3.9) c?(v) < 2|v]]
and
(3.10) U, (x) = Cq,

Jorall x € E, where C4 > 0 is some absolute constant.

Proof- The existence of v follows easily by a compactness argument.
Let us see that (3.9) holds. Since v is maximal and v/2 is also in Zo(E), we
have

viz — __ lvIP/4
VIl +c2(v) — IvI/2+c2(v)/8
Therefore, , ,
vl c*(v) _ vl c*(v)
2 T8 =g T4

That is, c2(v) < 2|v].

Now we turn our attention to (3.10). Suppose that Mv(x) < % for some
x € L; c E. Since v is a constant multiple of .’]—[&l on Li, Mv(x) < % for all
x € L;. For each A > 0, we define the measure vy = v + A}[IIL,',' It is not difficult

to check that if A is small enough, then Mvy(y) < 1 forall v € E. This is clear if
v € L;. Otherwise, if d = |x — y| = 6, then

vaB(y,r))  v(B(y,r)) <1
¥ B ¥ -
forr <d-6/2.1fr >d—-356/2=d/2, then

B, 1) _ V(B(x,47r)) + Ad/2
r n r

<4(Mv(x) +A) < 14—0 + 4A.

Therefore, vy € 3o(E) for A > 0 small enough. Since v satisfies (3.8), if we
denote
lvall?

Ivall + c2(vp)’

S@A) =
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then f"(0) < 0. Observe that f(A) equals

(vl +2A8/2)*
IVII+A8/2 + c2(v) + 3Ac2(H ]}, v,v) + 3222 (v, H ), H ) + A3c2(H )

So,
IVISUIVIE+ (V) = IVIZ(8/2 + 3c2(H |, v, V)

(vl + c2(v))?

£(0) =
Therefore, £/(0) < 0 if and only if
SUIVI+ e ) = v (§ + 3¢, v,m) ).
That is,

VIl +2¢2(v) _ 6¢2(Hp, v, v)
v B s '

Therefore, cz(_’]-[llLi,v,v)/(S > % So there exists some x’ € L; such that

c*(x',v,v) = 3. By Lemma 3.5

1. C3Mv(x)2> )

c2(x) = 2 (3

10

IfC3 - Mv(x)? < ¢, then

3
2
(3.11) co(x) = 20"

So we have proved that if Mv(x) < min(%, 1/(6C3)'/?), then (3.11) holds, and
the lemma follows. O

Proof of Theorem 3.3. Let u € M, (C) be such that Mu(x) + cu(x) = 1
for all x € E. By Theorem 3.1, y, (E) < Cllull.

So we must show that for each € > 0 there exists some measure p € M, (C)
such that y (E) > C||lull — &, where C > 0 is some absolute constant, with u
satisfying Mp(x) +cu(x) = 1on E. Let 8 > 0 be such that y, (E) = y. (Vs5(E)) -
&, where V5 (E) stands for the 6-neighborhood of E. Consider a grid of squares of
side length 6 > 0 with sides parallel to the axes. Let {Q;}ier the closed squares of
the grid that intersect E. For each i € I, let L; be the closed segment of length 6/2
centered in Q; and parallel to the x axis. Let E = Ujes Li. Notice that E ¢ Vs (E).
Thus y, (E) = y.(E) — &.

Let v € 3(E) be the maximal measure of Lemma 3.6 for the compact set E.
Since c2(v) < 2|V, we have y, (E) = C||v]l. We know that Mv(x) + ¢y (x) =
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Cy for all x € E, with C4 > 0. We are going to show that this also holds for
x € E, changing the constant C4 by another constant C; smaller enough. Clearly,
this will will finish the proof of the theorem: Only has to take u = v/Cj.

Let x € E. Suppose that Mv(x) < Cs, where Cs > 0 is some constant much
smaller than Cy4, which will be defined later. Let Q; be a square of the grid such
that x € Q;. It is not difficult to check that for y € L;, Mv(y) < 4Cs. Thus for
¥ €Li, cv(y) = C4 — 4Cs = C4/2, choosing Cs small enough. Now, by Lemma

3.5
9 (C} 9 (C} C?
2 2 =4 2 2 =4 .2 4
cv(x)zlo(4 C3Mv(x))210(4 Cs CS)ZIG’
choosing Cs small enough again. O

3.1. An application to the study of the analytic capacity y . of some Cantor
sets. We construct a Cantor set E(A) C C as follows. Let A := {Ay}n C R bea
non-increasing sequence with limit 1, satisfying £ < A, < % for all n. In R, we
consider the sets Ko = [0,1], K1 = [0,A1]U[1 - Ay, 1], and for each n, K, made
up of a finite union of closed intervals which have been obtained from K, in the
following way. We replace each connected component Kj,—1,j of K—1 by the two
endmost closed intervals contained in this same component, each one with length
equal to Ay, times the length of connected component Kj,—1,j. We set

K@) = () Kn, andthen E(A)=K(A)xK(A).

Let us observe that K; the union of 2" closed intervals of length o3, =
Al - -+ An. So, if we denote E;; = Ky, X Ky, we have

00 4”
E(A) = () En, where En = | Enj,
n=1 Jj=1
with Ej, j being a square with side length o, forevery j =1, ..., 4™.

The Cantor sets E(A) were introduced by Garnett in [Gar] where he asked
for what - sequences A the set E(A) has non zero analytic capacity. He proved that

1on 2— < o0, then y(E(A)) > 0.
Now it is known that

(3.12) C1<% (ﬂ)z)_m <y (EQ) = (3 (40:)2)_”2.

On n n

The left inequality follows from an estimate obtained by Mattila [Ma] and from
the results about y. in [Tol]. Indeed, if p is a measure supported on E(A) such
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that U(Ey,j) = 47" for all n, j, it is shown in [Ma] that u(B(x,7)) < Cr for all
x, v and

2

(3.13) 2y < C% (401) .

This inequality and the characterization of y. (E) in (1.3) yield the left inequality
in (3.12).
The right inequality in (3.12) was obtained recently by Eiderman [Ei]. Let us

show that this inequality can be obtained also by a straightforward application of
Theorem 3.3. Indeed, it is not difficult to check that, for any x € E(A),

E(x, EQ)LEQ) ~ 3 (4—")2

n=0 n

where pt is the measure defined above. Then, applying Theorem 3.3 to the measure

e (S00)

we deduce the right inequality of (3.12).
Let us notice that recently, in [MTV], it has been shown that

Y(EA)) = y+(E(A))

for all the sequences A as above. The estimates (3.12) are necessary for the proof,
which is based on the use of the local T(b) theorem of M. Christ.

4. A MINIMUM PRINCIPLE AND THE CAPACITY y, OF
THE OUTER BOUNDARY

From Lemma 3.2, it easily checked that the potential U, satisfies the following
maximum principle: If' U, (x) < A for all x € supp(u), then Uy (y) < CA for
all y € C. In this Section we will see that Uy, also satisfies a minimum principle.
However, this result (and its subsequent corollary) depend on the following result
of P. Jones, whose proof, to the best of our knowledge, has not been published up
to now.

Claim 4.1 (P. Jones, 1998). IfE C C is compact and connected, then
y+(E) = diam(E).

Given a compact set E C C, we denote by E the union of E and the bounded
connected components of E€. The intersection between E and the closure of the
unbounded component of E€ is the outer boundary of E, and we write it as 0o E.
Recall that 0F = 9, E.

Let us state our minimum principle.
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Theorem 4.2 (Minimum principle). Assume that Claim 4.1 holds. Let A > 0
be some fixed constant. IfE C C is compact and [ is a positive Radon measure on C
such that Uy (x) = A for all x € 0o E, then Uy(y) = C™'A forall y € E.

Before the proof, let us state and prove the following corollary:

Corollary 4.3. Assume that Claim 4.1 holds. IfE C C is compact, then

Y+ (E) = Y+ (aoutE) -

Proof. Obviously, y; (0outE) < y+(E). On the other hand, by Theorem 3.3
there exists some measure g such that y; (OouE) = ||l and Uy (x) > 1 for all
X € OouwE. By Theorem 4.2, U, (y) = C~! forall v € E, and so y. (E) < Cllull,
by Theorem 3.1. Therefore, y. (E) < Cy (OouE). O

Let us remark that in the case of the analytic capacity, the proof of the identity
Y(E) = ¥(0owE) is straightforward. In the case of y., the proof of y,(E) ~
Y+ (OoutE) relies on Claim 4.1, which seems to be a difficult result.

Proof of Theorem 4.2. We will show that there exists some € > 0 (small
enough) such thatif y E is such that Mpu(y) < €A, then Uy (y) = C7IA.

Let y € E,d= dist(y, 0ot E) and A = B(y,d). Then, it is not difficult to
check that, for x € 2A,

(4.1) |Cutanye (X) = Cppane (V)] = CMp(y) < CeA.

This follows from the inequality

d

lc(x,z,t) —c(y,z,t)| < C————
Y Iy —zlly -t

forx € 2A and z, t € (4A)° (see Lemma 2.4 of [Tol], for example) and some
standard estimates.
Assume that

A
(4.2) Uity (%0) = 75
for some xp € (OouE) N 2A. If Mpj4a)c (x0) = A/20, then one easily gets that
M4a)e () = C71A, which implies Uy () = CIA. If Cpynye (X0) = A/20, then
Cujanye () = A/40 by (4.1), if & has been chosen small enough. Thus if (4.2)
holds, Uy, () = C7'A in any case.
Suppose now that (4.2) does not hold for any x € (0ot E) N 24, that is,

A
(4.3) Upjgaye (X) < 10
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for all x € (OouE) N 2A. We will show that this implies that
(4.4) Upjin (X) = Cc7'A

for all x € (OouE) N 2A. Assuming this for the moment, by Theorem 3.1,

4.5) Yo ((BoniE) A 24) = c@.

If Q) is the connected component of E which contains y, then Q is simply con-
nected and thus 0Q is connected. Thus 0Q N 2A has at least one connected
component with diameter > d. Since 0Q C 0oy E, by Claim 4.1,

Y+ (0o E) N 2A) = y, (0Q N 2A) = Cld.

Therefore, by (4.5), d < Cu(4A)/A, and so Uy () = Mu(y) = C7!A.
Now we only have to show that (4.3) implies (4.4). Since Uy (x) = A, we have
either Mp(x) = A/2 or ¢, (x) = A/2. Notice that

A
MIJ‘(4A)C (X) < Uu\(4A)C (X) < E)

and so if Mu(x) = A/2, then

1 1
Upjan (X) = Mpj4a(x) = (5 - E) A,

and (4.4) holds. If ¢, (x) = A/2, then we write

2
Hisa

2

2
Hi4a)e (x) +2¢

(X) +c Hi4a, - (40)€ (X)

chlx)=c

Observe that ¢j(x) = A%/4, cf; . . (x) < A?/100 and, also,

Hi(4a)¢

1

2

c (x <(ﬁJ J —du(t)du(z
um’“‘MM( ) ze4n Jre@ay |y — t|? ) du(z)

ze4A d
2

A
2 222
<CMu(y)  <Ce“A” < 100"

choosing € small enough in the last inequality. Therefore we get
Upan (%) = Cpppp (x) =2 CTIA

So in any case (4.4) holds. O
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Remark 4.4. The main tool to prove the minimum principle of Theorem 4.2
and its corollary is Claim 4.1. Let us see that the assertion in this claim also can be
obtained from Corollary 4.3. Let I € C be some simple curve. We may assume
that the endpoints a, b of Tj are on the x axis, with a < b and diam(Iy) = |a—Dbl|.
We denote by I, the curve Iy+n|a—bl|, (a translation of Ty in the x direction). Let
I be the curve obtained joining Iy, I, ..., Ix. Let E;, C C be the region enclosed
by I'", " +i4|a—b| and the two vertical segments joining the endpoints of I"* and
I + i4|a — b|. Since Ey, contains a horizontal segment of length (n + 1)|a — b/,
we get

(4.6) Y+(En) = Csl(n+1)|a - bl.

By Corollary 4.3 and the countable semiadditivity of -, we have
(4.7) Y+(En) < Cy+(0En) < G72(n + 1)y+(To) + 8la — b).
So, by (4.6) and (4.7) we get

Cs'(n+1)la-b|-C;'8la-Db|
2(n+1) '

y+Io) =

Letting n — oo, we obtain
y+ (o) = Cg'la - bl.

Hence the minimum principle of Theorem 4.2 and the fact that the capacity
Y+ of a continuum is comparable to its diameter are equivalent.

5. CHARACTERIZATION OF y; BY MEANS OF MEASURES WITH
BOUNDED UPPER DENSITY

Given some Radon measure pt on C, we denote by ©; (x) its 1-dimensional upper
density at x:
H(B(x,7))

G);';(x) = lim sup 7

r—0

Let A(E) be the set of Radon measures supported on E such that © (x) < 1 for
p-a.e. x € E. The main objective of this section is to prove the following result.

Theorem 5.1. Let E C C be compact. Then,

ME
(E) ~ Su T 4 -
Y Tl + ()
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Let us remark that analogous results can be obtained in connection with the
characterizations (1.3), (1.5) and (1.6) of y.. For example, one can describe y
in terms of the potential Uy (x) := 0 (x) + cu(x):

y+(E) = sup{llull : supp(p) C E, Uu(x) <1 Vx € E}.

To prove Theorem 5.1, notice that 2(E) C A(E), and so the inequality

ME
(E)<C sup ———m———
Y by Tl + €2 ()

is trivial. For the converse inequality we will need some lemmas. The first one is
an estimate involving c2(u).

Lemma 5.2. Let |y be some Radon measure supported on B(xo,R), with
0, (x) <1 for py-a.e x € C. Ifc?(u) < Cou(B(xo,R)), then u(B(xo,R)) < MR,
where M is some constant depending only on Co.

To prove this lemma we will use the following remarkable result due to G.
David and ]J.C. Léger [L¢, Proposition 1.2].

Theorem 5.3 (David, Léger). For any constant Cro = 10, there exists a number
n > 0 such that if Y is any positive Radon measure supported on B(xo,R) satisfying
U(B(x0,R)) = R, u(B(x,7)) < Cyor forallx € C, v > 0, and c*(1) < nR, then
there exists a Lipschitz graph T such that p(I) = 255p(C). Moreover, the Lipschitz

constant of T depends only on C1o and n.

Proof of Lemma 5.2. Suppose that p(B(x9,R)) = MR for some big M > 106,
Let

E = {x € B(xo,R) : ¢f;(x) < 2Co}.

By Chebychev, u(E) = u(B(xo,R))/2. We set
E, = {er:u(B(x,r)) <3rif0<r< %}

Since p(C\ Uy-1 En) = 0, we can choose 1 big enough so that p(E,) = llull/3.
We denote v = g,
We claim that there exists some ball B(x;,R;), with x; € B(xg,R), such that

M
(5.1) v(B(x1,R1)) = le

and

(5.2) v(B(x,r)) <100Mr forallx € Cand 0 <7 <Rj.
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Indeed, let Qg be the square concentric with B(xo,R) and side length 4R. Let
D(Qy) be the collection of dyadic squares generated by Qo which are contained
in Qo. That is, D(Qo) = Ug-¢ Dk(Qo), where D (Qp) stands for the family of
22k squares with disjoint interiors and side length 27¥£(Q¢) contained in Qy.

For each square Q € D(Qo) with side length < ll—on we have v(Q) <
104(Q) < éw—oﬁ(Q). On the other hand, v(Qq) = iw—oﬁ(Qo). So there exists some
square Q1 € D(Qy) such that v(Q) = %E(Ql), whose side length is minimal.
If we choose x7 as the center of Q1 and we set R; = £(Q1), then B(x1,R;) fulfils
the required properties.

Now we consider the measure o = lMﬂ ViB(x1,R,)- Notice that supp(o) C
B(x1,Ry), lloll = Ry, 0(B(x,7)) < 10%r forall x € C, and

104 104 1042C.
Cg-(X)SWC‘Z/(X)SWCﬁ(X)S M2 2
forall x € E n B(x;,R;). Hence,
C C
CZ(O') < W ||O'|| < ﬁRl

If M?> = C11/n, by Theorem 5.3 we derive that there exists a Lipschitz graph T,
with Lipschitz constant L bounded above, such that o (') = 9 || |l. Therefore,

100
WT A B R)) 2~ p(Bx1, R1) 1 En) = — o MR
100 10000
Since O/ (x) < 1 p-a.e., we have
u(T N B(x1,R1)) <2LR;.
Thus, M < CL. O

We will prove Theorem 5.1 by an application of a variational argument on a
set E which approximates E, as in Lemma 3.6.

Lemma 5.4. Consider a grid of squares of side length 6 > 0 in C with sides
parallel to the axes. lake a finite collection of closed squares {Q}icr of the grid. For
each i € 1, let Li be the closed segment of length 82 centered in Q; and parallel
to the x axis. Set E = Ujcr Li. Let No(E) be the subset of measures p of the form
U= ai.’]-[‘lLi, with 0 < a; < 1. There exists a measure v € No(E) such that

vi? ul? -
(5.3) —————— = sup —————— =:Y4o(E).
IvIl+c2(v) o el + e ()
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The maximal measure v satisfies

(5.4) cA(v) <2|v|
and
(5.5) V(B(x,7)) < Cjpr forallx € E,7 > 0,

where C1y > 0 is some absolute constant. Also, y (E) = C~ly, o(E).

Proof. The existence of v follows easily by a compactness argument. More-
over, the same argument used in Lemma 3.6 to prove (3.9) applies to present situ-
ation and yields (5.4). On the other hand, the inequality y. (E) = C~ 'y, o(E) is
a direct consequence of (5.5), which implies that the maximal measure v belongs
to 3(E), after dividing by some absolute constant.

It remains to see that (5.5) holds. Consider a fixed ball B(xy,R). We only
need to deal with the case R = 106, say. Let Iy = {i € I : L; N B(xo,R) # @} and
Ey = Uier, Li- Given A € [0,1], let va = v — Avig,. Ttis clear that vy € Ag(E).
Let f(A) be the function

lvall?
Ilvall + c2(vy)

SQA) =

By the maximality of v, f'(0) < 0.
Operating as in the proof of Lemma 3.6 (we only need to replace #|} by
~ViE,» and 6/2 by —v(Ep)), we deduce that f'(0) < 0 is equivalent to

2v(Eo) (VI + 2 (v)) = IVII(v(Eo) + 3¢ (v, v, V),

that is,

= VIl +2c2(v)
V(EO)W > CZ(V‘EO,V,V).

Since ¢2(v) < 2||v||, this implies

cA(vig,) < %v(éo).

From Lemma 5.2, we deduce v(E;) < CR. O

Proof of Theorem 5.1. Given any measure 4 € A(E), we have to show that

_ | |2
.6 J(E)y>Cl—— |
(5.6) y+(E) = Il + c2(u)
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Let En = {x € supp(u) : u(B(x,¥)) < 3rif0 <r < 1/n}. We choose n big
enough so that u(Ey) = [|ull/2. Given & > 0 arbitrarily small, let 59 > 0 be such
that y, (E) = y; (V5,(E)) — &.

Notice that there exists some (big) constant Cy3 such that u(B(x,v) N Ey,) <
Ci3v for all ¥ > 0, with Cy3 depending on n and diam(E). We let N > 10 be the
least integer such that Cy3 < 2N,

Consider a grid of squares with side length § := min(8¢/2,272" /n), with
sides parallel to the axes. Let {Q;} ier be the closed squares of the grid that intersect
Ey. For each i € I, let L; be the closed segment of length 6/2 centered in Q; and
parallel to the x axis. Let E = Ujes Li, and let v be the measure supported on
E which coincides with some multiple of }[IlLl on each segment L;, and which
satisfies v(L;) = p(Q; N Ey). Notice that by the definitions of E, and v, we have
VIl = lull/2 and v(L;) < 6€(Q;) for each i € I. We will show that

(5.7) c2(v) < C(c2(u) + llulD,

where C is some absolute constant. This estimate implies 5.6, because v €
Ao(E), and by Lemma 5.4 we have

Y+(E) =y, (Vs,(E)) — g0 = y+ (E) — &
vz
vl + c2(v)

[l

—g=CT
0 pll + c2(u)

&0,

for any & > 0.
Let us prove 5.7. We will use the notation

c2(A,B,C) ;=J J J c(x,y,z)?dv(x)dv(y)dv(z).
AJBJC

We have

(5.8) c2(v) = > c2(Qi,C,C) = > c2(Q4,3Q4,C) + > c2(Q4,C\ 3Q;,0).

iel iel iel

First we estimate c2(Q;,3Q;, C) for a fixed i. Given x € L;, we have

1
c2(x, V30, VIC\0; SCJ J ——dv(y)dv(z)
30 VI©\Q:) yeso, Voo, Ix =212 4V (

< Céj %dV(Z)-
|x—z|=6/2 |x — z|
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Notice that v(2¥Q;) < 6€(2kQ;) if 0 < k < N, and v(2kQ;) < C13£(2%Q;) for
k > N. Then we obtain

1
(5.9) Jlx—z\zé/z Ix — z|2 v(z)

N-
1
= J ———5dv(z) + Z J ———5dv(2)
= Jeakt<ix—zi<aok [ x —ZI 2k-1<|x—z|<52k |X — Z|

co(befuyLC
52N6 5

Observe that the last constant C above does not depend on Ci3 because of the
choice of N. Thus, we get ¢2(Q4,3Qi,C\ Qi) < Cv(Q;). It is easy to check that
we also have ¢Z(Qi,3Q;,Qi) < Cv(Q;). Thus,

(5.10) c2(Q,3Q;,0) < Cv(Qy).

Now we have to deal with the last term on the right of 5.8. We write

HQiC\3Q,0 = 3 cHQi,Q;C\ (3QiU3Q,)
J:Q;N3Q;=2
+ > c2(Q4,Q4,3Q)) =: A; + B;.
J:Q;n3Q;=0

Using 5.10, we deduce

(5.11)  >'Bi <> > c2(Q4,Q;,3Q;))

iel iel jel

< > ¢2(C,Q4,3Q5) < C > v(Q)) = ClvI.

jelI jelI

It remains to estimate A;. Let Q;, j € I, be such that Q; N 3Q; = &, and
Qkx € C\ (3Q; U 3Qj). Let ¥ € Qj, z € Qk, and denote by gy the center
of each square Qp. Notice that [x — ¥| = |q; — q,l, |x — z| = |q; — q«| and
|y — z| = |q; — qk!. By [Tol, Lemma 2.4], we have

|C(X’ylz) - C(quQJJQk)|

Cé Cé Cé
< + + .
Ix-ylly—-z| ly—-xlly-zI lz-xl|lz-y|
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Thus,
C5?
(5.12) c(x,y,2)* < 2c(qi,qj,qK)* + X Py 2P
% C5>

+ +
ly —=x12|ly —z|2 |z-x]2|z-y]?
=2¢(qi,qj,ax)* + S1 + S + Ss.
Therefore,

(5.13) Aj<2 > J J J (@i, @, a0 dv(x) dv(y) dv(2)
j,k:Qjﬂ3Q,1:®, X€Q; yeQ; z€Qy
QkN(3Q;U3Q,)=2

+J J LHM@I+52+53)dv(x>dv(y)dv(z).
xeQ; J|y—-x|>6 IZ-y|>68

Using the estimate 5.9, we get

Sidv(y)dv(z)
Ly_pajg—;';g !

av(y) J %dv(z) <C.

sC52J
|z—x|>6 Ix — z|

ly—x|>68 [x — y|2

Operating in analogous way, we obtain the same estimates for the integrals of S,
and S3 over the same domain. Therefore,
(5.14) J'Z X‘>5(51 +S +S3)dvx)dv(y)dv(z) < Cv(Q;).

xXe€Q; J\y x|>6 Y56

Let us consider the first term on the right hand side of (5.13). Since v(Qp) =
H(Qp) for each h, this term equals

Di=2 2 J J J c(qi, ), ax)* dp(x) du(y) du(z).
jk:Qjr3Qi=o, *X€QiJYeQ; Jzeli
QxN(3QiV3Q,;)=2

By an estimate analogous to (5.12) and operating as above, we will derive

615 Di<d S [ | | ety du)duy)dpcz)
Jk:Qjn3Q;=2, xeQ; JyeQ; JzeQk
QN (3QV3Q;)=9

+ Cv(Qi) <4¢(Qi,C,C) + Cv(Q)).

Now, (5.7) follows from the estimates (5.10), (5.11), (5.13), (5.14), and
(5.15). O
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The following corollary follows from Theorem 5.1 and will be used in next sec-
tion.

Corollary 5.5. Let E C C be compact. If |1 is a positive Radon measure supported
on E such that © (x) = 0 for y-a.e. x € E, then

(MK

-1
y+(E)=C 22

Proof. Notice that p is not supported on a line (unless 4 = 0). As a conse-
quence, c2(u) # 0. We can apply Theorem 5.1 to the measure g =
(Ilpll /e (u))1 2, which belongs to A(E), and the corollary follows. O

6. DENSITY ESTIMATES FOR y, AND INSTABILITY

The main result of this section is the following.

Theorem 6.1. Let E C C be compact with'y . (E) > 0. Let i be a positive Radon
measure supported on E. Then, for 'y -almost all x € supp(u) one (and only one) of
the following statements holds:

.. ¥
(6.1a) llrrrilélfm < oo

. Y+(BXx,r)NE)
(6.1b) i BTy

This result should be understood as a kind of instability result (see [O’F], for
instance). Notice that, if (6.1a) does not hold for some x, then clearly we have
limy o v /u(B(x,r)) = co. The statement (6.1b) is sharper because y. (B(x,7) N
E) < r. Indeed, it may happen y.(B(x,¥) N E)/r — 0 as+ — 0. This is
the case, for example, when E coincides with the set E(A) of Section 3.land
S04 0% < oo, forany x € E(A).

It is worth to compare Theorem 6.1 with the following result due to Mattila
and Paramonov [MP] which also deals with densities for y. .

Theorem 6.2 (Mattila, Paramonov). Let h : [0, +o0) — [0, +0) be a non
decreasing continuous function with h(0) = 0 and h(t) > 0 fort > 0.

(a) Let E C C be compact with y.(E) > 0. If h satisfies fol h(t)2/t3dt < o, then
Jfor y.-almost all x € E,

limsup Y= BCOTINE)
o e -
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(b) Suppose that h(t) <t for t = 0. If [, h2(t)/t3 dt = o and the function

1 2
9(r) = h(r) exp (— ey

dt), r=0

satisfies g~ (47771 g7V (47)) € [E,%) for some € € (0,%) and all j big
enough, then there exists a Cantor set Eg C R? with

C'h(r) < y.(B(x,¥v) nEy) < Ch(r)

forall x € Eo, v € (0, 1), and some C > 0 depending only on h.

From Theorem 6.2 it follows that there exist compact sets E; C C and con-
tinuous non decreasing functions h : [0, +00) — [0, +), with h(0) = 0 and
h(t) > 0 for t > 0, which satisfy lim;—¢ h(t)/t = 0 and

Y+(B(x,7v) NEp)

(6.2) na

<C

forall x € E;, v > 0. In view of (6.2), one can ask if

) y+(B(x,v) N E)
(6.3) I‘nglp HABor) N E)

where H " is the generalized Hausdorff measure associated with the function h.
However, notice that (6.1b) in Theorem 6.1 seems to suggest that (6.3) should be
false. We will deal with this question in Proposition 6.4 below.

To prove Theorem 6.1 we need the following lemma.

Lemma 6.3. Let u be some positive finite Radon measure without atoms on C.
Ifc2(u) < oo, then, for pu-almost all x € C,
CZ(IJIB(X,T)) _
r=0 u(B(x,7))

Although we think that this result is known, we will show the detailed proof
for the reader’s convenience.

Proof. For each m = 1, let

A = {x eC: limsupCz(/,lu;(x,y))[u(B(x,T))]’l > %}

r—0

For r > 0, we denote

G = [ ety dux duy) duz).
[x-yl<r
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Notice that lim, g cZ(u) = 0, because ¢*(u) < o and p has no atoms.

Given any ¥ > 0 and m > 1, for each x € A, there exists some ball B(x, s)
with s < 7/2 such that u(B(x,s)) < mc?(Hp(x,s)). With this type of balls,
we consider a Besicovitch covering of Ay,. That is, Ay, € U; B(xi,8;), with
ZiXB(Xi,Si) <C. Then,

H(Am) < D p(B(xi,$) <m > c*(Hpx,s)) < Cmci(p),

which tends to 0 as ¥ — 0. Thus u(A,,) = 0 for each m. O

Proof of Theorem 6.1. It is easy to check that (6.1a) and (6.1b) cannot hold
simultaneosly. Indeed, if (6.1a) is satisfied, using the estimate y. (B(x,7) N E) <
¥, we obtain

limi fy+(B(x 0k hmmfé
r-0 uB(x,r)NE) ~ r-0 u(B(x,r))

Now we must prove that either (6.1a) or (6.1b) holds y.-a.e. That is, if we
denote by A the set of x € supp(u) such that both (6.1a) and (6.1b) fail, then we
have to show that y, (A) = 0.

Let

Ap = {x € A:cj(x) = oo},

and, for each n > 1,
Ap={xe€A:ci(x) <n}.

We have A = UJ;,_y An. Notice that, by Corollary 3.4, y. (Ap) = 0. We will show
that, forn > 1, y. (A,) = 0 too.
We denote

Apm = {x €Ay, limi({lnyr(E NB(x,7)) < m}
-

HU(B(x,7))

Notice that Ay, = Uy —1 An,m. Now we set

fu(B(x 7) N Apm) 0},

and, for k > 1,

u(B(x V))

We will show that y, (A mk) =0 foralln,m >1and k > 0.
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First we deal with Ay m,0. We have (Ay m,0) = 0. This is quite easy to check:
Given any € > 0, we take a Besicovitch covering of Ay o with balls B(x;, 7;) such
that x; € Ay m,0 and p(B(xi,7i) N Apm) < EU(B(xi,7i)). Then,

H(Apmo) < D H(B(xi, 1) N Apm) < €Y u(B(xi, 7)) < Cep(E).

1 1
Letting € — 0, we derive f(Ap,m,0) = 0. This implies y. (Anm,0) = 0 because of
the following claim.
Claim. IfK C Apm is such that p(K) = 0, then y.(K) = 0.

Proof of the claim. We may assume that K is compact. Given any fixed € > 0,
let K* be an open neighborhood of K with p(K¢) < e. We consider a Besicov-
itch covering of K with balls B(x;,7;) such htat x; € K, B(xi,7i) € K* and
Y+ (B(xi,7i) NE) < mu(B(xj,7i)) (which is possible by the definition of Ay ).
Then we have

y+(K) < CXiy+(B(xi,1i) nK) < CX;y+(B(xi,7i) NE)
<Cm>;u(B(xi,ri)) < Cmu(Ke) < Cme.

Since ¢ is arbitrarily small, the claim is proved. O

Let us see that y4 (Apmik) = 0if k > 1. For every x € Ay m i there exists a
sequence of radii {7;} j, tending to 0, such that

(6.4) Y+(B(x,7j) N Apm) < y+(B(x,7;) N E)
< mu(B(X,Tj)) < kTVLIJ(B(X,Vj) NAnm).

If we apply Corollary 5.5 to the set B(x,7j) N Apm and to the measure
HIB(x,rj))nApm> WE get

c-1 u(B(x,7;) N Anm)?

(6~5) Y+ (B(X,YJ) r11411,1’}’1.) = CZ(H|B(x,yJ-)mAnym)l/2 -
From 6.4 and 6.5 we deduce

2 (MIB(x,r/)NAnm) .t
UB(x,rj) N Apm) — (km)2’

Therefore,
2 (U1B(x,r/) 0 Anm)

HBT7) N Ap)

lim sup

Jj—oo
forall x € Apmk. Since ¢(ja,,,) < c?(H|a,) < o, from Lemma 6.3 we derive
H(Apmik) = 0. Finally, because of the claim above, we deduce y; (Apmi) = 0,
and the proof is complete. -
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Proposition 6.4. Let h : [0, +c0) — [0,+0) be a continuwous non decreasing
Sfunction with h(0) = 0 and h(t) > 0 for t > 0, which satisfies lim;_o h(t)/t = 0.
Let E C C be compact, and let

_ .t y+Bx,r)nE)
A—{XEE.hI;I/lfSlp e < }

Ify:(A) > 0, then HM(A) is non O -finite.

Notice that, in particular, the proposition says that the set E1 in 6.2 has non
o-finite measure H". Thus .’]—[&1 is not a Radon measure, and then Theorem 6.1
cannot be applied.

Proof Assume that H{"(A) is finite or o-finite. Then we can write A =
Upn An, with H"(A;) < o for each n. Also, there exists some Ay such that
Y+ (Ax) > 0. This implies that H h(Ak) > 0, because of the following claim.

Claim. IfK C Ay is such that 'y (K) > 0, then HMK) > 0.
Proof of the claim. We set Ak = Up—1 Ak,m, with

_ nt Y+(B(x,r) NE)
Axm = {x € Ay : llTjélp ) < m}.

Let m be such that y, (Ax,m N K) > 0. For each integer p > 1, we also denote

+ (B(x, E
Ay = {X c Apm: Y ( (;f(:)) NE)

<mif1f<1}.
p

Since Agm = U;,O:I Ak,m,p> we can choose some p > 1 such that y. (Axm,p N
K) > 0.
Remember that H " (Agm,p N K) = lims_g .’]—[gl(Ak,m,p N K), with

HgL(Ak,m,p NK) = lan h(ty),

where the infimum is taken over all the coverings Ax.m,p N K C U; B(x;, t;) with
0 < t; <6 and x; € Ag,m,p N K. Consider such a covering with 6 < 1/p. Then
we have

1 c!
Zh(ti) = E ZY+(B(xiyti) N Ak,m,p NK) = m Y+(Ak,m,p NK).
i i

1

Therefore _’]-[gl(Ak,m,p NK) = Cl'm 1y, (Axmp NK) forall 6 < 1/p, and so
HM(Agmp N K) > 0. Thus H"(K) > 0. O
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Let us continue with the proof of the proposition. Notice that p := .’]—[ﬂ\k isa
(non zero) Radon measure. Moreover, for p-a.e. x € Ay, we have

6.6) lim sup HB 7))

> 0.
r—0 h(r)

This is also true for y,-a.e. x € Ay, because for any Z C Ay, such that Hh(z) =
0 we have y, (Z) = 0, by the last claim. Then, for y,-a.e. x € Ak, we deduce

(B(x,r) N Ag)
H(B(x,7))

. Y+ B, r)nE)\ (. . h(r) o
s(llr?jélp—h(r) ) (hgllonfu(B(x,T))>< ,

since the first limit on the right hand side is finite by the definition of A,
and the second is also finite because of (6.6). This is a contradiction with
Theorem 6.1. ]

liminf¥*
r—0
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