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Energy fluctuations induced by stochastic frequency changes in atom traps
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We study the quantum description of energy fluctuations induced by stochastic changes in the frequency of
atom traps. Using the connection between classical and quantum descriptions of parametric oscillators, the
classical cumulant expansion method is used to obtain quantum results beyond standard perturbation theory.
Both the case of static and time-dependent traps are explicitly worked out.

DOI: 10.1103/PhysRevA.68.033807 PACS nuntber42.50.Ct, 42.50.Lc, 42.50.Dv

[. INTRODUCTION interested in understanding micromotion effects of stochastic
variations of the driven frequency beyond its perturbative
Fluctuations of the electromagnetic fields used to trap ogdescription[6]. To that end, we take into account the rela-
to modify the quantum state of trapped atoms are an importionship between classical and quantum descriptions of para-
tant source of decoherence and limit the feas|b|||ty of ma.metric oscillators. This allows the quantum evaluation of the
nipulating atomic quantum states. This fact has given a reéxpectation values of observables such as energy, in terms of
newed interest in the study of the effects of classicasolutions of the classical equations of motiek). Stochastic
stochastic fields on quantum systems, in particular, the urfluctuations of the oscillator parameters are incorporated in
derstanding of noise-induced heating in atom traps_ the classical solutions through the cumulant method and their
The dynamics of trapped atoms is particularly importanteffect is directly translated to the quantum regime.
both for the understanding of fundamental effects such as the In the following section, the relationship between classi-
quantum Counterparts of Cham and for its app“cabmty in Cal and quantum deSCI‘IptlonS Of a harmonIC OSC|”a.t0r W|th
guantum engineering processes such as quantum computififie-dependent frequency is briefly reviewed. Then, the
[2]. Noisy electric fields couple to the atom giving rise to aequations of motion for the correlation functions that deter-
fluctuating interaction. For static traps, fluctuations manifesfnine the behavior of an energy operator are established and
themselves as either variations on the spring constant or o¥Plved using perturbative and cumulant methods. The case of
the equilibrium position. Classically the former correspondsStatic and periodic traps are explicitly worked out in Secs. IV
to multiplicative noise while the latter to additive noise. In and V. Finally, a general discussion of the results is given.
the quantum-mechanical counterpart, stochastic changes in
the equilibrium position can be dealt exacfl$,4] while a [l. CLASSICAL VERSUS QUANTUM DESCRIPTION
perturbative approach is usually employed for fluctuating OF PARAMETRIC OSCILLATORS
frequencieq5,6]. When fluctuations with zero mean value
and with a stationary correlation function are considered, it
results that forstatic traps 2 1
(1) Fluctuations in the equilibrium position lead to an in- H= p_+ “Mo?[1-€(t)]q% (1)
crease of the average energy that is quadratic for short times 2m 2
and linear for long times. In the latter case, the energy .
changes are determined by the spectral density of the fludvhich takes the form
tuations evaluated at the frequency of the oscill§8+5,7.
(2) Fluctuations in the frequency of the oscillator lead to H=hwy(a'a+1/2) - hwoe(t) (a+ah)? )
an increase of the average energy at a rate that depends on 4
the initial quantum state. For long enough times and initial
number states, this rate is determined by the spectral densighen the standard creatial and annihilationa operators
evaluated at twice the frequency of the oscillator and arre introduced. The closed nature of the symplectic algebra
asymptotic exponential growth of the energy is expecteda’a+1/2a'%a’ under commutation guarantees that the

Let us consider the Hamiltonian

[5-7]. evolution operator can be written in the form
For radiofrequency traps or static traps subjected to para- : t2 5
metric excitation, the confining potential is usually modeled U(t) = eCo(d at1/2)/zgca "/2ge a%l2 ©)

by a harmonic oscillator with a sinusoidally varying fre-

quency. Most studies of energy fluctuations in these trapé connection between the functiofs,,c. ,c_} and a pair
consider the secular approximation so that the atom is desf solutionsh,(t) and h,(t) of the classical equations of
scribed as an undriven oscillator with an effective frequencymotion[9,10]

The residual effect of the driving is known as micromotion.

A detailed study of micromotion for stochastic variations of hi(t) +[1— e(t)]hy(t)=0 (4)
the equilibrium positionhas already been made both pertur-

batively [6] and nonperturbatively8]. In this work, we are with the boundary conditions
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h,(0)=1, hy(0)=0, Using the classical equatigd) it results that
: U4 = @ L @
h,(0)=0, h,(0)=-1 (5 up’=uz’+ug”,
is explicitly given by u$ = —w2u®+ul?,

CO:_Zln(Ml), C+:M;/Ml, C,:_Mle, (6) U(34):_,w_|2_ug-4)+u514)’

where .
u=—wiuf+ —wul?, (12)
1 . .
Mlzz[(hl_lhz)_(h2+|hl)]a so that
1 o u®=(A{+AD)u®, (13)
Mo==[—(hy—ihy)—(hy+ihy)]. (7)
22 ' 2 ? ' where the nonstochastic matiy, is
In these equations we have used the notation 0 1 1 0
: df -w? 0 0 1
f(t)= dwgt’ (8 A(()4)= 5?0 0 1 (14)
oA + 0 -w? —w? 0
Consideré=fwq(a'a+1/2) as a reference energy operator.
Its time evolution can be evaluated directly:
It can be decomposed in the form
ey ~_4q .. .
E(t)=hwoU *(D[a'a+ 1/2]U(t) Ag4)=a§)4)—m2ag4”, 15
=hwel(1+2|M,|?) (a’a+1/2)
with
—M;M,a"2—MFM%a?}. 9)
. o . o . 0 1 1 0
This expression is valid for any realization &fft). That is, it
admits the possibility that @ 0 001
. &%’=lo 0o 0 1| (16)
wr=:1—¢
! 0000
w(t)
=——+al(t)
@o while the stochastic matriA; is given by
oo, o AL =ar (0" a7

with w(t) deterministic andv\ (t) stochastic. The parameter

a would then measure the magnitude of the fluctuations. Note that in order to close the algebra established by the

i (4) @1t -
Equation(9) shows that in order to evaluate the increasecommmat'On oy andag” it is necessary to introduce the

. . iy 9(4)
of the reference energy due to fluctuations in the frequenc{a"x &
of a parametric quantum oscillator it is necessary to study the

time evolution of the classical produchsh; that appear in 1000
the functionsM;M; . 0 00 O
a’=0 0 o ’ (18)
A. Stochastic equations of motion of the products;h; 00 0 -1
In the case of products between classical solutions with
different initial conditions, define the vectaf®) with four H
components: S0 that
W=hyh, [, 1=2e", [ &)= -,
. t _
)= a9

For the case of functionis;h; involving the same bound-

B —h. t
uz”=hshy, ary conditionu® is defined by

uft=hsh,, (11) uf=hih;,
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ud=hh;, v=U"tAUV="aVv. (28)
U(as): hihi ) (20) In general, relevant physical properties will be averaged over
L a time T, which is short compared with the time scale over
with i=1,2 and which the measurable physical quantities change, but large
- (3) 3) when compared with the correlation timg of the fluctua-
uiy’=2u . : .
1 20 tion. The cumulant expansidd 1] for the averagév(t)) is
1= — U@ D), given by
. wot
uf)=—2wful?. (2D <v(t>>=7{exp{ a fo " dowot(V(ty)
That is, 2
+ 2 Jthd tydwota((V(t)V(tp)) +
. _— w ce e
U®=(AR+AR) UG, (22 2 Jo OO
e .. am wnt
where the deterministic matrix is + HL 0 dwgtdwot,: - - dogt,,
0 2 0
_ 2
L I (23 X((V(t)V(tp) - - V(tm)) + - ] v(0). (29
0 —2w? 0
so that Standard perturbation theory would approximate
AR =g — 2", (24)
<V(t)>"" l+aJ'0 dwot1<V(t1)>
with the closed algebra now defined by the matrices
az wpt
0
3_|1 0 0 1 @t_| 1 0 0 (3)
aO - ) aO - ’ a’Z
000 020 (30
1.0 0 to order (@wot)?. However, beingr. the correlation time,

each cumulant vanishes unless the time points in it are close
|0 . (25) together within a domain of ordet, . So that thenth term in
the exponent in Eq29) is of the order ofvwot(awyr,)™ 2,

o
o

0 -1
and each term is roughly linear in The Kubo parameter
) awgT, is determined just by the fluctuations and it will be
their commutators are assumed to be small. This is the advantage of the cumulant
(3) A(3)1— 5a(3) (3) A(3)1_ (3) expansion as compared with other series expansion in pow-
[ag”.a5" 1=28;", [a;".a5"]1=a5", ers of ewgt that are valid just for small timets If the cumu-
lant expansion is broken aften=2 the resulting equation
(3t (3)7= 53T
lag” & 1=ag" . (26) can be written in the differential form
Thus the stochastic matrix can also be written as )
d{v(t) oot
AP(t)=a(t)a®". (27) gl =cv<V(t)>+a2f0 dwgt ((V(DV(t)))(V(1)),
(31

Note that{a{’,a{’",al’}, i=3 andi=4, are just three- and

four-dimensional matrix realizations of the symplectic alge- o ) o
bra{a’? a2 afa+1/2). and it is valid to order §wgt) (@ wq7c). In terms of the origi-

nal representation
Ill. CUMULANT EXPANSION METHOD

au(t))

The deterministic matriA, can be eliminated from the ol
0

linear stochastic differential equationd3) and (22) by
working in the interaction representation

wot
Ao+ (Ag)+ fo " (A OUU (- 7)

><A1(t—T)))U(t—r)dworku). (32
u(t) =uv(t),
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A. Interaction picture for the products h;h;

In order to isolate the effects of the stochastic matrises
the interaction picture has to be built explicitly. Consider the

matrix 4(0,t) =U(t) that satisfies the equations

U=Ad, UO0)=1. (33

Using the fact tha{ao,ag,az} defines a closed algebra

U=e" {la;ge7 foaOe* gzaz, (34)
with the initial conditions

£0(0)=¢1(0)=¢,(0)=0. (39
A direct calculation shows that

1
{0=0192, {1=— 9’ {z=—21Ingy, (36)

with

gi+w?g;=0, i=12, (37)

solutions of the classical equation of the harmonic oscillator
in the absence of fluctuations. The proper initial conditions

are
9:(0)=1, g,(0)=0,
g2(0)=0, gy(0)=—1.

Note that, as could be expected, the expressiongfof,,
and ¢,, Egs.(36), are similar to the equations far, ,c_,

(39

PHYSICAL REVIEW A68, 033807 (2003

in the four-dimensional problem, and

o 2002 O
Uz s(t)= 9.191 — 0192~ 9201 9.292

gi - 2glg2 g%

(40)

in the three-dimensional ca§&?]. In fact,

2 2
u=(1—zla$+%a$2)<1—§oao+ %aéz)[(coshgz—naé“
—sinhza2" t+1]. (41)

From these expressions for the matri¢éget us find the
interaction matrixV in this picture. Explicitly,

V=A[g7a)+919,a,~ gia]. (42)
B. Evolution of the averages(u) to order m=2
Define
||n|2n(t):(010)0)2fotdtlJ:ldt2<7\(t1))\(t2)>g|(tl)
X gk(t1)gm(t2)gn(ta), (43

where the indice$,k,m,n can either be 1 or 2 according to
the boundary conditions satisfied by Eqs.(38). Then

wqt woty
[ "ty | dogtu (M) VIE)
0 0

andc,, Egs.(6). It is also direct to write the evolution op-

erator in its matrix form explicitly:

2

9 —019, —0i0, 95
glgl _glgz - gzgl gzgz
U4><4(t): . . . . (39)
0191 —0201 —0102 0202
9f —019» —9i0> U5

wot , '[1
a2f OdwotZJ ° dwot (Nt (t) )V (1) V(L) =
0 0

in the four-dimensional case. If the statistical average of the noise is zero,

(\(1)=0,

1-215+4115 —41%2 2153
_ 2177 1-2(155+15; 215
2111 —4113 1-21%2+ 4175
(44)
in the three-dimensional case, and
1-215+4175 —21%2 -21% 2133
22 22 11 22 11 12
2Ill 1_|11_|22 _|11_|22 2I22
22 22 11 22 11 12
2'11 _|11_|22 1_|11_|22 2|22
2111 -213 —2135 1-21%+417
(45
(46)

the following perturbativeexpression for the averaged energy is obtained:

033807-4



ENERGY FLUCTUATIONS INDUCED BY STOCHASTIC.. ..

Et)=hwe{(1+2|M,|?)(ata+1/2)

~M;Moa2-MiM3 a2}, (47)
with

1 1 . . .
M|~ =5+ Z[(g1+0i+05+07) —2(g7+0]) (13- 2113

—133)— 4(9192+ 919,) (1 12+ 133

—2(g5+g5) (13- 2115- 111, (48)

MM — 4115+ 2155 +(g5+03)(1

1 2, N2

2~ 7 (@i+gD(—1+215
— 2137+ 4135-217) + 49102+ 9:92) (113
—4i<gi+gini§+<g§+gsn1;+§<glgz+glgz>
X(1-21%2-2132 } (49

The nonperturbativeresult requires solving the Eq$32)
with a given expression of the noise correlatiar{t)\ (t")).

IV. ENERGY FLUCTUATIONS FOR STATIC
HARMONIC TRAPS

For static traps such as Penning traps or deep optical lat-

PHSICAL REVIEW A 68, 033807 (2003

If the observation timé is such thatr,<t<(awy) ! the
integrals may be substituted by the corresponding symmetric
spectral densities

(59

Sy(w)= f drcofwr)(N()N(t— 1)),

so that
EPN ) =thwo[ 1+ weS,(2wo)t][aTa+1/2]

2
ﬁwo

2

1—e~ 2iwgt

> }Sx(o)a“

2|w0t

5 (55)

1
}SA(O)a

This expression is valid to ordew{t)? and is consistent
with the results obtained for the dirgeerturbativeevolution

of initial number states of a harmonic oscillator in the pres-
ence of noise.

The cumulant expansion result valid to ordegast)
X(awq7) is based on the coupled differential equati¢d®)
which can be used to obtain a differential equation for the
energy operator. For stationary noise and i<t
<(awg) 1,

Sx()

E(t)=S\(2w0)E(t) + ——[e A wota2+ e?ivnta?],

(56)

tices in a first approximation, the potential is harmonic withThis equation takes into account that the spectral density

a constant frequency,. Then,

g1=C0Swot, g,= —Sinwgt. (50

The resulting perturbative expression for the energy is

simple because in this case

Zwa_Q t ty .
M| > Odtl . dtx(A(ty)A(t2))[cO2w(t,— 1) ],

a® [t t )
MMy~ — ?LdtlfoldtzO\(tl))\(tz))e_2""0t1. (51

Let us assume that the noise is stationary,

(NON(E)y=A([t=t']). (52)
From the last three equationsperturbative expression
for the derivative of the energy operai6f®) is obtained as

EPN(t)=talwd f;dao\(t))\(t—a))cos(zwoa) [aTa

2 2
+1/2]+ o e’Zi“OtftdcrO\(t))\(t—a)) a'?
0
ﬁ 2 2
+aT 2|w0tf do(A ()N (t—0))|a (53

already involves a factow?. Solving it one obtains
2
E(t) =T wee?oxC(aTa+1/2)

+h S\ (0)
01+ 2woS(2w0)

oS, (0)

2 )
[ewOS)\(Zwo)t —e 2 wot]aT2

2 .
+# wo [ewOS)\(Zwo)t_ e2| wot]aZI

(57)

Thus, an exponential growth of the energy is expected for a
system that was initially in a number state,

d(n|&|n)

(58)

and deviations from this behavior are expected for other ini-
tial states.

V. ENERGY FLUCTUATIONS FOR TRAPS
WITH A PERIODIC TIME-DEPENDENT FREQUENCY

In this section we consider a trap with a frequency de-
pending on time in a harmonic way. This behavior is ex-
pected for stationary traps subjected to parametric heating or
for radiofrequency traps. In these cases the normalized fre-
quencyw can be identified as
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2\2 . } ) 1
w2<t>=(2—w0 [a—2qcogQt)]. E()=hawo| [g1+0i+05+03]| M, % a'a+ 5
The functionsg; , i=1,2, satisfy the Mathieu equation and +[gi+9i- 05— gsIMiM,(a?)
can be expressed in terms of Floquet functions:
. +[9i+0i— 05— g3l M] §<a2>], (65)
g1()=A1 2 cycosutkQt), _
k=—c with
- 2 1 2
ga()=A, >, c,sin(u+kOt), (59 | M| (t)=Zt|§k Cimrkm S (=2n—1-k)
k=—o
+8,(2u+1+k)rsmk (66)

with u the secular frequency of the system and the constants
A, and A, chosen so thay; and g, satisfy the adequate

- > 1 ?
boundary conditions, that is, MiMy(t)= 5[ > Cimrk T{t‘S}\((I —m)Q)
Imrk
A= S S, 2u+ (1 +m)Q)H(8™K + 5k )
. ~8]@u+(1+m)Q)sm
B 4K A2u+( ) +—+
Ay l= —k; C— (60) i
—t >, Cimik E)[st((|+m)9)(5l—mlk—
For a stable behavior of the atom in the trap,is a real Imrk
number. rmk Irmk
We choose the frequency scalg so that|A|=|A,|, i.e., +8M) =8, @u+(1+m Q)™ 1.
S putkQ)| (67)
= 61
0T Txad oy

In these equationsC,,«k=CCyC/Ck and, for instance,
Sk = s((I+m)—(r+k)); just the resonant terms have
been kept and we are also considering times which are long
compared to the correlation time and the inverse of the fre-
quencies.

That is, wq is chosen as the average of the frequencies in
volved in the Mathieu functions with a weigb fixed by the
same functions. Thperturbativeevaluation of the evolution

of the reference energy operatét) = wo(a'a+1/2) is For usual experimental conditions, the factpthat ap-

clumsy but direct. In it, two kinds of terms are present. The ears in Mathieu equation fay, andg, is much less than
first one corresponds to those terms that appear even in t Se so that ! 2

absence of noiséo(t) and those that require its presence

&), B 99 [cogu+Qb)
o ) 91()~Aq| cogut) = — 2.0
E(t)=E(1) +E(D). (62) 40 | cog u— Q1)
+_ ——
The first one is given by 4 ( 2u—Q ” (68)
E=twg[mo(ata+1/2) +(mua?+mia?h] (63 ol _9qQ [sin(u+Qt)
g2(t)~Aq| sin(ut) 4\ 2u10
with
Q [sin(u—Qt
2 , +q_ n('u—) , (69)
Al ut+kQ u+k'Q 4 2u—Q
Mo=—= 2, CiCrrcogk—k')Qt| 1+ ,
2 @o  @o with
AZ . 2 +kQ 2
m2=f[(2 C ikt _(2 Ckf“ i (u+kO)t _ |Q|Q
K K wo 2\/5
(64)
The second term involves infinite series of generalized wo~u| 1+ 29 ,
spectral densities and its derivatives: 2—¢?
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AE [al AE [®]
20 20
17.5 17.5
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t [ t [
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FIG. 1. Evolution of the energy increade= ((£(t)) —(£(0)))/% wq for the particular case of an initial number state=1) (a) and an
initial coherent statéy=1) (b) for a trap with parametera=0 andq= 1/8. Time is measured in units of the inverse of the trap frequency
Q; the secular frequency ig=0.043) while the reference frequency is,=0.05X). White noise,w, =0, a fluctuation intensity»?
=0.01, and a correlation time,=0.1Q ! are considered.

q
1- At (70) AE,

_ (nl&®)[m)—(nl&(0)|n)

ALt~
! ha)o

=(2n+1)|My|* (76)

The expression for the noise-induced energy changes fgqng
number states is then determined by

_(EDIN = (¥IEO0)]y)

2—-3q\* 2u? AE (2]y|2+ 1/2)|M,|?
|Mz|2~77t< 7= ) [S)\(ZIUJ)—’_?[S)\(Q"_ZM) 7 frarg
~MiMoy*2=MIM3 ¥2. (77
+SA(Q_2M)]]- (7D In the examples of Fig. 1, we have considered a trap with

parametersi=0 andq=1/8 so that the corresponding secu-

This result is consistent with that obtained semiclassically b);ar frequency '3?:0.'0450 while th? reference frequency is
Dehmelt[13]. wo=0.051. Noise is taken as whitea(, =0) and the fluc-
The cumulant method yields results beyond standard pefy@tion intensipi isx®=0.01. The correlation time was taken
turbation theory. The coupled differential equati¢@g) can &S 7c=0.0050, ~. In the first graph, it can b2e observed that
be solved numerically once the correlation function of theA&n-1, and as a consequence the faer2|_, exhibits an
noise is specified. In the examples worked out in this pape,950|llatory behav]qr w!th an amplitude Fhat increases as time
the noise is assumed to be stationary, can be colored, andiRcreases; an initial linear growth of iwveragebecomes

modeled by exponential at longer times. This linear growth would also be
predicted by perturbation theory for short times. The second
PN\ (t+ o)) =ae Ve cog w,t). (720 9raph represent&€&,—; which depends also ol ;M,. The

structure of this term involves oscillations around an average
This corresponds to a one-side spectral density of Lorentziay@lue close to zero for times at which the average value of

form |M,|? has become non-negligible. The amplitude of the os-
cillations is initially ~1.5 and decreases slowly with time
@21, 1 1 until it becomes almost zero as well as RgM,) and
S(w)= + _ Im(M;M5). Much later on {~10°Q 1), the average value
2 |1+ (oytw)Pre 1+ (o~ w)’n of the modulus ofM;M, increases exponentially while the

(73 amplitude of the oscillations grows. Thus, it can be expected
In Fig. 1, we illustrate the evolution of the energy for the that, in general, the energy fluctuations for a coherent state
particular case of an initial number state=1) and an initial  will be similar in the average to those of a number stafe
coherent stat¢y=1). According to Eq.(9) the reference for t<10°Q ' whenevem~|y|2. The main difference be-
energy would evolve as tween those cases would be the presence of stronger oscilla-
tions of the energy at short times for the coherent state than
(n&t)INy=two(1+2|M,?)[(2n+1)/2] (74  for the number state. This result becomes evident in Fig. 1
forn=1 andy=1.

for a given number state and as We also studied the cases of colored noise with= u,
QO+ andQ — u, all other parameters kept identical to those
(VIEW)] vy =Tiwof (1+2[My?)(| y|2+ 112 = MM y*2 in Fig. 1. For the first caseu(, = 1) the energy increas&&
for number and coherent states is similar to that of Fig. 1, the
—M¥M3 2} (75  average energy simply grows with a bigger exponential fac-
tor as expected. Fav, = Q)+ u the graph ofM,|? is almost
for a given coherent state. Thus, identical to that which gives rise to the results shown in Fig.
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1. The general structure d¥1;M, is also similar to that creation and annihilation operators in an interaction picture
illustrated in the figurédut the time at whichM;M, almost  so that noise and fluctuation effects are clearly distinguished.
vanishes is shorter. Summarizing, in the case of resonancknis idea is worked out in Ref6], where the time evolution
the evolution of the reference energy for coherent states of the number operatoA'A is studied,A and A" being the
and number states with [y|>=n has a structure similar to invariant operators of the parametric oscillator without noise.
the case illustrated in Flg 1, the most important effect is the Converse|y, the ana|ysis we performed in this paper using

faster exponential growth of the mean energy dgr= .. a time-independent reference Hamiltonian has a quite clear
interpretation. It permits us to separate the energy in the sum
V1. DISCUSSION of terms due to deterministic and terms due to fluctuating

In this work we have studied the time evolution of har- changes in the frequency within the perturbative treatment.

monic Hamiltonians induced by stochastic changes in thd/€anwhile the cumulant expansion study not only shows the
frequency beyond standard perturbation theory. For the casiort-time linear and long-time exponential growth of the
of otherwise static traps, the most important result corre@veragevalue of the reference energy, but also makes evi-
sponds to the analytic expression, E8j7), which is valid to dent that some interesting effects can be expected for no-
order a?wZ.t. The long-time exponential growth predicted Number states. _
by other calculations for number stafés6] is recovered and The results of this paper should be useful in the study of
extended to any other initial state. At short times, the evoluthe limits of atomic state manipulations set by specific noise
tion of number and coherent states is not identical . The&ources. Itis expected that the noise in a trap depends on its
evolution of coherent states depends both on the one-sid®aterial, geometry, and size, as well as electronic devices.
spectral density of the noise at twice the reference frequencyhe spectral density of this noise at specific frequencies de-
S, (2wg) and its zero frequency valug, (0). It exhibits an  termines the evolution of the system. Measuring heating
oscillatory behavior added to the exponential growth. Meanyates the values &, (2w) andS, (0) can be inferred. Up to
while the energy change for number states is exponential antbw, most experimental studies in Paul traps concentrate on
is determined only by, (2w). energy fluctuations starting from the zero number state yield-
We also studied energy fluctuations for time-dependening an important scaling effect within the approximately lin-
traps. It was remarked that the concept of energy is noear regime[14,15. In order to test the predictions of this
unique for time-dependent systems. Thus it is important tavork it is necessary to study heating rates for times long
establish a clear language through, for instance, the definenough to observe deviations from the linear behavior and
tion of a reference Hamiltonian. For periodic variations of starting from a variety of initial quantum states. For instance,
the frequency this Hamiltonian is usually taken as representa direct application of Eq.9) shows that the linear superpo-
ing a harmonic oscillator with a frequency equal to the secusition of coherent statds/) +|— y) is heated slower than its
lar frequencyu. In this work most expressions simplify if counterpart|y)—|—y). Observing the strong oscillations
we choose a reference oscillator with a frequenagyequal predicted for the expectation value of the reference energy
to the average defined by E@1). In many practical cases due to micromotion effects would require experimental tech-
the amplitude of the parametric oscillations is small, that ishiques that lead to measurements of the energy with a high
g<1, andwy~u. An alternative corresponds to introduce time resolution.
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