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Resonance fluorescence of a trapped three-level atom
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We investigate theoretically the spectrum of resonance fluorescence of a harmonically trapped atom, whose
internal transitions aré\ shaped and driven at two-photon resonance by a pair of lasers, which cool the
center-of-mass motion. For this configuration, photons are scattered only due to the mechanical effects of the
guantum interaction between light and atom. We study the spectrum of emission in the final stage of laser
cooling, when the atomic center-of-mass dynamics is quantum mechanical and the size of the wave packet is
much smaller than the laser wavelengtlamb-Dicke limi). We use the spectral decomposition of the Liou-
ville operator of the master equation for the atomic density matrix and apply second-order perturbation theory.
We find that the spectrum of resonance fluorescence is composed of two narrow sidebands—the Stokes and
anti-Stokes components of the scattered light—while all other signals are in general orders of magnitude
smaller. For very low temperatures, however, the Mollow-type inelastic component of the spectrum becomes
visible. This exhibits novel features which allow further insight into the quantum dynamics of the system. We
provide a physical model that interprets our results and discuss how one can recover temperature and cooling
rate of the atom from the spectrum. The behavior of the considered system is compared with the resonance
fluorescence of a trapped atom whose internal transition consists of two levels.
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[. INTRODUCTION motion is confined in a steep potential, such configuration
may allow for laser cooling to the potential ground state
Cold trapped atoms are an ideal system for investigatin19,20. Here, we study the spectral properties of the radia-
the quantum properties of the mechanical effects of photortion scattered by the atoms in the final stage of the laser-
atom interaction. Pioneering experiments with optical latticesooling dynamics.
and ion traps have allowed to measure and characterize sev- Our theoretical analysis considers the quantum dynamics
eral properties of the scattered radiation, thereby gaining inef the internal and external degrees of freedom of the atom.
sight into the dynamics of the driven atoms and, in particular]t is based on the perturbative expansion of the atomic dy-
of the mechanical effects of light on the atomic center-of-namics in second order in the Lamb-Dicke parameter, i.e., in
mass motion[1,2]. Recently, in experiments with single the ratio between the size of the wave packet over the laser
trapped ions it has been possible to measure with high prewavelength[21]. We extend previous theoretical investiga-
cision the elastic component of the light scattered by a drivetions[6,7], which analyzed the Stokes and anti-Stokes com-
dipole[3-5], and to observe and characterize the Stokes angdonents of the radiation scattered by the dipole transition of
anti-Stokes components due to the harmonic motion in the trapped atom. In those studies these components dominate
trap [5], thereby confirming theoretical prediction§,7].  over the Mollow inelastic spectrum of the bare dippk2],
Lately, the properties and the manifestation of the mechaniwhich is mainly due to photon scattering at zero order in the
cal effects in the light scattered by these systems is experl-amb-Dicke expansion. In our case, the spectral component
encing renewed interest in several experiments, investigatingf the bare three-level atom disappears due to destructive
the coupling of radiation with single atoms and ions in opti-quantum interferencg23], and additional features emerge,
cal resonator§8—15|. which allow further insight into the coupled dynamics be-
In this work, we investigate the spectrum of resonanceween the internal and external degrees of freedom of the
fluorescence of a harmonically trapped atom, whose internalriven atom. We analyze each spectral component, and dis-
transition isA shaped, and which is cooled by two laserscuss how to extract information from these results about the
tuned at two-photon resonance. This configuration is pecuatomic dynamics at steady state. Our approach is based on
liar, since photon emission arises only due to the mechanicahe analysis of the spectrum of the Liouville operator deter-
effects in the photon-atom interaction. In fact, when the coumining the dynamics of the density matfi24,25. An alter-
pling between internal and external degrees of freedom canative approach, presented in Ref6,27), consists in
be neglectede.qg., for copropagating laser beamthis sys-  studying the spectrum of resonance fluorescence through the
tem exhibits coherent population trappifg—18: The elec- temporal behavior of single quantum systems in the spirit of
tronic stationary state is a stable coherence, which does nthie method of quantum trajectorig23].
absorb photons due to destructive interference between the This work is organized as follows. In Sec. Il the system is
dipole excitation paths, leading to no emission of photons atlescribed and the dynamics is discussed qualitatively. In Sec.
steady state. In contrast, for laser configurations where twdll we present the theoretical description and evaluate the
photon processes are Doppler-sensitive, internal and externgectrum using the formalism of Ref&,7]. We apply per-
degrees of freedom are coupled. If the atomic center-of-magsirbation theory combined with the spectral decomposition
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|3) is y=vy1+v,. The atom is driven by the bichromatic
a) field E=E;+E,, with

Ej(x,t) =& geicos¥Xe oLt c.c., (1)

wherex denotes the atomic center-of-mass position. Hgre
\ /\ m / and ¢; are amplitude and polarization of the field modes at
> L - the optical frequencw, ; with wave vectok;, and¢; is the
k1 cos ¢y ks cos ¢ angle between the laser wave vector and xhaxis. The
componentsE; drive the dipolesd; and are tuned by the
same detuning from resonance, such that the stgtesand
|2) are resonantly coupled by two photon processes. A de-
tector monitors the light scattered at the angjleith respect
to thex axis, thereby measuring the spectrum of the intensity.
Throughout this work, we investigate the manifestation of
the mechanical effects of the interaction between light and
atom in the spectral signal. The system is in the regime
where the size of the center-of-mass wave padkeis much
smaller than the wavelength of the incident radiation
(Lamb-Dicke regimg and the laser fiel&E cools the motion
[19,20.
In the Lamb-Dicke regime, the dynamics of the driven
|1> atom can be de_scribed t_>y a hierarqhy of processes at the
12> different orders in the ratidx/A, , which accounts for the
effects of the field spatial gradient over the center-of-mass
FIG. 1. (a) Geometry of the lasers and position of the detectorV&Ve packet. At zero order iax/\, |nternal' and extern.al
with respect to the axis of the atomic center-of-mass motion. We degrees of freedom are decoupled, and the internal stationary
denote withk;cos¢; andk,cose, the projections of the laser wave State of the atom is the dark stdf5]
vectors on thex axis. The detector D records the light scattered at
an angley with respect to the motional axig) Relevant electronic . Q2| 1) _Ql|2>
transitions. The stable or metastable statgsand|2) are coupled |¥0)= m ' 2
by dipole transitions to the excited statd). The lasers drive
the transitionj)—|3) with Rabi frequency(); and both are tuned
from resonance bys. The state|3) decays with ratey; into
i) (i=12).

b)

with the Rabi frequency);=d;- €& /%, which we assume
to be real. In this limit, at steady state the density matrix of
the atom is the produgipu of the density matrix for the

o o external degrees of freedomand for the internal degrees of
of the Liouville operatof24,25, and calculate contributions  freedompp= | ¢)(#p|.

to the spectrum at higher orders in the Lamb-Dicke expan- At first order in Ax/\, the state|4) becomes unstable
sion. In Sec. IV the results are summarized and comparegye to the spatial gradient of the field over the finite size of
with the picture for the dynamics presented in Sec. Il. Fi-the wave packet: Therefore, at steady state the density matrix
nally, we compare our results with the spectrum of a tWo-uf the atom isps= ppu+O(AX/N), where the correction
level transition driven by a plane and by a standing wave, ag(Ax/\ ) accounts for the processes due to the mechanical
evaluated in Refd6,7]. In the Appendixes, several details of effects of the coupling between light and atom.

interested in the theoretical details can discard Sec. Il with20] in the context of laser cooling. There, it has been char-

out loss of coherence in the presentation. acterized by two main time scales: A faster time sdgjefor
the scattering processes at zero ordek¥i\ , where inter-

Il. MODEL AND QUALITATIVE DESCRIPTION nlal and.externall degrees r?f freﬁdorr;f are gecouplhed,f.alr:jd a
OF THE DYNAMICS slower time scald {>T,, where the effects due to the fie

gradient along the center-of-mass wave packet manifest. On

We investigate theoretically the spectrum of resonancehe time scal€eT the internal dynamics accesses the dark
fluorescence of a driven three-level atom, whose center-ofstate| ), and the atom ceases to scatter photons. On the
mass motion is confined by a harmonic potential, as depictetime scal€eT; the atom absorbs light that is out of phase with
in Fig. 1. For simplicity, we consider one-dimensional mo-the laser field due to the harmonic motion, thereby leaving
tion along thex axis. The relevant electronic transitions arethe dark state and undergoing transitions that change the vi-
arranged in aA configuration, composed of two stable or brational state. Then, light is scattered at zero ordérdf\ |
metastable statgd) and|2) and an excited statl). The  and the atom reaccesses the dark state. In other words, on a
transitions|j)—|3) are dipoles with momentd; and line-  coarse-grained time scale the internal state of the atom is
width y; (j=1,2), such that the linewidth of the excited state pp , whereas the correction ter@(Ax/\|) in pg accounts
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(a) 3 tional dependence on the frequency is plotted in the insets of

Fig. 2. They originate from Raman scattering processes,
where the initial and final state ig/p) and the vibrational
state is changed by one phonon. These processes occur on
the time scald ;, which also determines the linewidth of the
resonances.

The broad signals of the spectrum correspond to the
Mollow-type inelastic spectrunj23,26 and their typical
height is orders of magnitude smaller than the height of the
0 motional sidebands fakx/\ ~7x 10", while it is compa-

rable for Ax/\ ~4x10 3. We remark that the intensity of
-2 -1 0 1 2 the elastic peak is at higher order &x/\ . In the follow-
ing, we evaluate and discuss the spectrum in detail.

21

S(w)

—ry
Y Y Sy g N

IIl. EVALUATION OF THE SPECTRUM OF RESONANCE
FLUORESCENCE

(b) 33

Let the detector measure the radiation scattered by the
dipoled; [30]. In the far field the spectrum at frequeneyis
S(w)=xS(w), wherey collects all prefactors which do not
depend onw. All results are rescaled by this common factor,
which contains the dipole radiation pattern and is therefore a
J function of ¢». At a different angle than the laser propagation

directions, the expression

S(w)

== — —

-2 -1 0 1 2 . _
wW—wy 1 S(w)=Re , dre '@~ eLdDY(x,7)D(x,0) (3

FIG. 2. Spectrum of resonance fluoresceB(e) (in arbitrary . .
units) as a function of the frequency— w, 4 in units of ». The ~ CoNtains the frequency dependence, wliz(z,t) is the gen-

parameters are)l;=Q,=85v, y=10v, y,=7v,, 0=35v, ¢, eralized dipole lowering operator for the transitigf)

=0, ¢,=m, corresponding t¢n)=0.005. The angle of detection —|3) in the reference frame rotating with the laser fre-
4 is not specified, since the shapeS{iw) is independent of it. In  quencyw| ;. By means of the quantum regression theorem,
(@ m1=7,=0.01 (corresponding tAAx/\ ~7x10"%4), in (b) 5, the two-time correlation function in E@3) is determined by
=7,=0.05 (Ax/\,~4x10"3). In the inset the contributions to the Liouvillian £ defined in the master equatiap/dt=Lp

the spectrum are plotted separatelyust w ;*v: The solid line  for the atomic dynamicf28]. Thus, the dipole lowering op-
corresponds to the signal of the Stokes and anti-Stokes componentssator at timet in Eq. (3) is given byD(x,t) =D(x) et with

the dashed line to the signal due to the Mollow-type inelastic specp (x)=e ™'k cos¥|1)(3|. Here, the center-of-mass positian
trum. Note that the central componéRayleigh peakis &-like but - js an operator acting on the atomic external degrees of free-
its integrated signal is at higher order in the perturbative expansioggm. The averagé ) is taken over the atomic density matrix
than the sidebands signal, see Sec. Il B. ps at steady state, given b§ps=0.

. . We evaluateS(w), Eq. (3), by applying the spectral de-
for the processes which couple internal and external degre%%mposition of tr(le )Liou(\q/ilfe)opgrat% 3[/24923 accl:oording to
of freedom, and give rise to the spectrum of emission ’

Throughout the paper we use parameters typical for EI'I‘Ihe secular equations
cooling [19,20 which allow for a steady state with a very

N A
low phonon number. In particular, this implies that the lasers Lp*=\p",
are tuned on the blue side of the atomic resonds. 5 5
Hence, the density matrix for the external degrees of free- pML=N\pt,
dom describes the thermal state reached in the last stages of
the laser-cooling dynamidg0]. with eigenvalues\ and right and left eigenelemeng$ and

In Fig. 2 two spectra of emission of the dipalg[30] are ;)\ respectively. The orthogonality and completeness of the
shown as a function of the frequenay for (&) AX/\ =7 gjgenelements is defined with respect to the trace, such that

X104 and (b) Ax/\ ~4Xx10 3. They are the sum of the N : i
elastic and Mollow-type spectra, as evaluated in the folIow-Tr{p U= Onn W?erev f\ny density opgratprcan b_e de
ing section. The most striking feature is the visibility of the COMposed ag=2,p"Tr{p"p} [31]. We define the projectors

sidebands of the elastic peak, namely, the two signals &NtC the eigenspace corresponding to the eigenvales
w1+ v, compared to the rest of the spectrum. These moP"=p"®p" leading to

tional sidebands are Lorentz curves of equal height and

width, independently of the observation angleTheir func- LPN=P =\P. (4)
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Their action on an operatoiX is defined asPX

Y
=p Tr{p*X}. By applying this formalism, we rewrite Eq. Kp(t)=- §(|3><3|p(t)+9(t)|3><3|)
(3) as
- +.2 IRl (9)
S(w):Re; i(w_wu)_)\Tr{D (X)PD(X)pst. (5)

wherey,+ y,=v. Here, we have introduced

Hence, the spectrum of resonance fluorescence is the sum of L

Lorentz and/or Fano-like profiles, centered at the imaginary ;i(t):f dcog 8) N(cog ))e'kix st (t)gikjx cost,
part of the eigenvalues of, with width given by the real -1

part of \. The exact evaluation of the spectrum for this kind (10
of problem, with an infinite number of degrees of freedom, is )

a hard task. Nevertheless, an analytic solution can be foun@hich describes the momentum transkdscosé due to the
in the Lamb-Dicke regime. In this limit, we do a perturbative Photons spontaneously emitted at angieith respect to the
expansion in the parametax/\, on a spectral decomposi- Motional axis and with angular distributiox(cose).

tion of £, of which the spectrun{A} and the respective

eigenelements at zero order are known. B. Perturbative expansion in the Lamb-Dicke parameter

In the Lamb-Dicke regime we can approximate
A. Theoretical description 2002 )
. . . +ik; =[1- 7 +
The master equation for the atomic dynamics reads exp(ikjx cose) =[1- 7jcosg/2(2a’a+1)]

5 +in;cose(a’+a)+0(7)),

1
PO=Lp0=[Hp(D]+Kp(D),  (®

where

whereH is the Hamilton operator for the coherent dynamics hka
and K is the Liouvillian describing spontaneous emission. 7= Nomy
We decompose the Hamilton operator as

is the Lamb-Dicke parameter, corresponding to the ratio of
the size of the oscillator ground state over the laser wave-
length. Here,n; is the parameter of the perturbative expan-
sion, and it fulfills the relatiory; y2(n)+1~Ax/\ <1. In
second order iny; expression5) has the form

H=Hmect Ho+ V(X),

where Ho=%62,_1Jj)(j| gives the eigenenergies of the
electronic states in the reference frame of the laser, with
=w 1~ 0= 0 ,— 0, Wherew; denotes the frequency of
the transition|j)—|3). The termH .. describes the center- - +s + +O(73 11
of-mass motion of the atom with madd in a harmonic S(@)=So(@) +Si(@)+Syw)+O07)), @)

potential of frequency, where the subscript=0,1,2 indicates the corresponding or-

der in the perturbative expansion. In order to evaluate

2 1 1 .
|_|mec:2p_,vlJr szzxzzﬁv ata+ 3): @ ;ae(lg)i)n,gwe expand the operatogs and D in power of »;,

wherex andp are the canonical conjugate variables describ- Do=1]1)(3|,
ing position and momentum of the atom, whereasnda’
are the annihilation, creation operators of a quantum of en- D,=—ikyxcosy|1)(3|,
ergy #iv, respectively, such that=\A/2Mv(a+a'), and
p=iVAMv/2(a’—a). We denote withn) the eigenelements D,=—3kix?cos'y|1)(3],
of Hpee fulfilling Hyedn)=7%v(n+1/2)n) with n
=0,12.... and

The termV(x) describes the coherent interaction of the

. - 1 1
atom with the lasers at the positiorof the center of mass,  [Hmee,p1 47 [Ho+V(0),p]+ Kop=(Le+ L1)p,
1 : (12)
V)== 2 #Q;(e kics4¥3)(j|+H.c), (8
253 1
| , Lip==[Vax.pl, (13
and the exponentials account for the recoil momenta !
*hk;cosg; of the atom when absorbing or emitting a pho- 1
ton. The operatoiC in Eqg. (6) describes the spontaneous _ - 2
decay, according to Lap= 5 VX p ]+ Kap. (14
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In Eq. (12) we have introduced the Liouville operatofg /A and to the projector®) are found by solving iteratively

and £, , which account for the external and internal degree : . .
of freedom. They are defined a&p=1/iA[Howp] and %ehxep;ﬁgiuolsr t?g:?;lons at the same onglér the perturbative

Lyp=1#H[Hy+V(0),p]+ Kop.
By determiningL,, we have used the expansion of the

interaction term, Eq. (8), V(x)=V(0)+V x+V,x%/2 P L i N
+0(7?) with ;O l:app_a—ago NP} a (19)
va:iaV(x)|X:0, a=12 (15) ° SN
ox° 2 Pp-aLa= 2 NaPpa (20

and the expansion of E@9), yielding
wherep’, andf)g are thea-order corrections to the eigenele-
Kop= 3 %(2|j><3|p|3>(]|—|3><3|p—p|3><3|), meptSpg .andpg. The explicit forms up txo:(?econd order are
j=12 derived in Appendix A. In particularpy™"=ppu is the
steady-state density matrix at zero order, whelis the den-
B . ) ) , sity matrix for the external degrees of freedom in the final
’Czp_ﬁ.gz ik P)(3[(2xpx—xp— px*)[3)(]. stage of the laser-cooling dynamig33], it describes a ther-
== mal state and has the form

Here,,8=ff}d cosM(cosd)cosd is a constant. We remark

that the first-order terniC; vanishes after averaging over the 1 (n) a'a
angle of emissiord. _ FETom Ty (21
From Eq.(12) it can be seen that internal and external
degrees of freedom are decoupled at zero order. Hence, the
eigenvalues of, are where
No=Net\, (16) (ny=Tr{a'au} (22

with Ag andX, being the eigenvalues dfe and £, respec- g the average phonon number at steady state.

tively. The projectorPg in the corresponding eigenspace fac- By substituting the explicit form of the operators into Eq.
torizes into the projector®,' and ;¢ assigned to the inter- (5), we find that the zero- and first-order contributions to the
nal and external degrees of freedom, according to spectrum vanistisee discussion in Appendix)Byielding

Py=PNPLE. (17) S(@)=Sy(w)+0(75), (23

The spectrum oL, characterizes the dynamics of the three- .

level transition and the spectral properties of the radiatioﬁ(\”th

emitted by the bare atom. The eigenvalueLpftake on the

valueshg=i€v, with €=0,+1,=2, ... .Each eigenspace at R 2 g(N)

\e is infinitely degenerate, and the cv:orrespondlng left and Sy(w) e}\ i(0—w ) —\
right eigenelements are, for instange!=|n+¢)(n|, w}
=|n)(n+¢|. These eigenelements constitute a complete an?j|
orthonormal basis over the eigenspace at this eigenvalue. In
particular, the projector over the eigenspace\atifv is
defined on an operatof as

(29)

ere,g(\) is a complex-valued function, which we decom-
pose for convenience inp(\)=fM(\) +F@()\), with

fON) =Tr{D{PIDopa},

PETOX=Z ufTrelahXy= [n)(n|X|n+E)n+¢],

8 () =TH{D;PyDop2}-

where T denotes the trace over the external degrees o¥/singp}, p5, andP}, evaluated in Appendix A, and mak-
freedom. ing use of relatior(17), we separate the trace terrff8) and

At first order in the expansion iw; internal and external (2 into the product of the trace over the external and over
degrees of freedom are coupled, and the degeneracy of tiiee internal (Ty{}) degrees of freedom. By applying the cy-
subspaces at eigenvalg is lifted [21,32. The perturbative  clic properties of the trace and the completeness relation for
corrections to the eigenvaluas, to the eigenelementsy, the external degrees of freedoE\hEPEEzﬂE, we find
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1 5 1
S e

)\/
Vipp |+ O\ ol TE{(PEux)x}

} + 5>\’E,0TrE{(7)EE[X1M])X}

+ Sy oTTed (P EEmx)x}

where we have used the reIationE{rlPéEX}z O\ oTTe{X}. Analogously,

1 /
fA0n) = - ﬁ(xE,oE [TrE{wD;Eux)x}Tr.{ D{P'DoL;
v

><Tr|[ D(T)P,”'Doc,l[vl,

|

1
—FV
7\|/5+£| 1PD)

2k

1
———=[V1.p0]

Vy,| =
DINg+ L,

Tl (PR, )X}

[ _
5AE,0TVE{MX2}TV|{D8P|MDoﬁ| '[V2.ppl}-

From the properties of the termsg{X} one can already see second order inp;. Furthermore, the Lamb-Dicke param-

that the eigenelements and eigenvaluegotontributing to
the spectrum at second order arenat=0,*iv.

etersn,, 1, appear always in the form;cos¢;, 7,C0S¢®,,
since K,ph~ %< K,pp=0 (see Appendix B Therefore, the

In summary, the first nonvanishing contribution to the mechanical effects in second order are solely determined by
spectrum of emission is in second order in the perturbativehe absorption of laser photons and not by recoils due to the
expansion. It can be decomposed into the sum of curvegpontaneously emitted photons. This behavior is due to de-

centered at the imaginary part of the eigenvalyesf the
Liouville operator£, and weighted by the factay(\). The

structive quantum interference at zero order in the Lamb-
Dicke expansion, implying that light absorption is a first-

eigenvalues are here determined up to the second-order casrder proces$20,34.

rection,)\=)\0+)\2+0(7yj3), whereby\;=0, as shown in
Appendix A and in Ref[32]. At zero order in the perturba-
tive expansiomg=\,+\g, where\, is the eigenvalue of
the Liouvillian of a bareA transition, while the only relevant
external eigenvalues ang-=0,*iv.

1. The Mollow-type inelastic spectrum

At zero order in the Lamb-Dicke parameter, the eigenval-
ues\,# 0 determine the position and the shape of the con-
tributions to the Mollow-type inelastic spectrum. Asap-

Below, we analyze the spectrum in detail. For later CONpears in the denominator 08y(w), the second-order

venience, we rewrite S(w)=Sg(w)+ Sy(w)+ Ssp(w),
where Sy (w) is the contribution of the elastic peak, at
=0, the term

Su(@)=Re 3, — I

—— 25

N Foae (o= oL ) —A @9
denotes the contributions at+ 0, which we refer to as the
Mollow-type inelastic componeri23,26. The term

g(™)

i(w—w_ ) —\ (26)

Sse(w)=Re 2,
N =0,

Ng=*iv

represents the contributionsXat=0Ag= *iv that we iden-

correctioni, can be neglected.

The trace terms over the external degrees of freedom are
conveniently evaluated using the basis set corresponding to
the projectors in Eq(18), giving

Tre{(PeEmx)X}=x3L 8\ _ i, ((M)+ 1)+ 8, _i,{n)],
Tre{ (P )X} = X80 = dv g vt Sng i),
Tre{x%u}=x3[2(n)+1], (27)

with o= VA/2M ». Thus, at second order in the Lamb-Dicke

expansion the eigenelements&f determining the spectrum
are in the eigenspaces corresponding\fo=0,*iv. Since

tify with the sidebands of the elastic peak, or Stokes, antiSw(w) is linear in these terms, this component of the spec-

Stokes components of the scattered radiation.

trum scales Withnjzcosz¢j and is linear in the average pho-

We remark tha,(w) does not depend on the position of non numbern).
the detector: the terms containing the perturbative correc- This spectral component is constituted by the contribu-

tionsD4, D, and their adjoints do not contribute 8 w) in

tions of the signals centered at {m} and at I{A|} = v.
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(a) 3p tered at zero order in the Lamb-Dicke parameter, after the
atom has left the ground-state coherence and before it ac-
20 cesses it again. The signals centered gdiNjh= v are pecu-
3 liar. They correspond to processes where photon scattering is
5 accompanied by a change in the vibrational state. Looking at
10 the corresponding eigenelements, it follows that they stem
from the inelastic processes which take the atom out of the
0 % % dark state. We remark that in Fig. 2 the left pole{\i} falls
50 —10 0 10 50 at the same frequency as the left motional sideband: In fact,
-1 the parameters have been here chosen, so that the frequency
’ of absorption along the cooling transition coincides with the
(b) narrow resonance characterizing the excitation spectrum
4 [19,20,34.
2 2. The sidebands of the elastic peak
B 2 The spectral contributions at =0, A\g= *iv, allow for
a compact analytic form. Only the terfd®(\) contributes
to g(\) in Sgg(w). After some algebraic manipulation, we
0 ) X write
-20 -10 0 10 20
w1 g(he)=Tre{[ PeE(a+ah) ul(a+ah)}f(re)|
(c) 4 where
° F(hg) = o7 DT;[V ] (29
§2 E Ao O7\E_£| 1:PD] (-
(4]
1 The explicit form(28) is found by applying the relation(
— L) =[5dte” ML)t Using the quantum regression
0 5 i theorem we arrive at
-20 -10 0 10 20
wW—w 1 29N e 0,02
f(hg) = — | 2 . (29
FIG. 3. SpectrumS(w) in arbitrary units as a function ob QPO+ ANg(i 6+ N+ ¥/2)]

— w1 in units of v. The figures are at different values of the de-

tuning 8, for Q,=Q,=10v, y=5v, y1=7v,, ¢;=0, d,=m, 7, with QZ=Q§+92, and where we have introduceg
=7,=10"% (a) 6=0.5v, corresponding to(n)=30. (b)) &  =xu(K1COSh;—kyCOSh,). The explicit form ofSgg(w) is de-
=3.5», corresponding tdn)=3.8. (c) =10, corresponding to termined after evaluating the second-order correctionso
(n)=1. In all figures, the crosses on the frequency axis indicate tha )= +iv. These are found by solving the eigenvalue equa-
positions of the frequencies {}. The arrows indicate the fre- tjons (A1) and (A2) at A\p==*iv. In the subspace atg

quencies Irix(} of which only the sidebands appear in the spec-— ¢, )\ =0, after tracing over the internal degrees of free-
trum. The integrated signal of the Rayleigh peak is at higher ordeaOrn they read

in the perturbative expansion than the rest of the spectrum.

The latter originate from the terdf®)(\) in g(\). We illus- Nopr2=s(v)[apr2a’—aTapr2]+s(—v)[aTu2a
trate this behavior in Fig. 3, where the Mollow-type inelastic ~»
spectrum is shown for different values of the detundh@nd —aa'u'2]+H.c., (30)

thus of the average phonon number at steady étafe The 5
frequencies Ik} are marked with crosses on the frequencywhere u*2 are the right eigenelements of E(B0) at the

axis, and the arrows indicate the center frequencies\fin  gjgenvaluen,. The left eigenelementa2 fulfill the corre-

of which only the sidebands are visible. In order to highlightsponding equation for the action to the IE24,25. The co-
this splitting, we have taken borderline parameters, such thaitficient s(v) is given by
all peaks are clearly resolved. For realistic parameters, the
sidebands on the left side of the spectrum are visible, as 1 o
shown in Fig. 2b). s(v)= mf dt €' Tr{V,e41V, pp}
The curves at If\} can be reproduced by evaluating the 0
spectrum of emission of a bare three-level atom, whose 0202
ground-state coherence has a finite lifetih®3,26. Thus, =— 2 1772

they can be identified with the spectrum of the photons scat- QA O2—4v(iyl2+v+8)]

(31)
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We rewrites(*+v)=Rds(*v)]+i Im[s(*+v)], and define !
A.=Re{s(+v)}. Substituting into Eq(30), we obtain the |
more familiar form[21,24] 1. !
~ — ~ ~ ~ ~ L |
Noute=—iv[a'a, ur2]+A_[2ap’2a’—aTaur2— pr2a'a] 3 |
U) 05 | -1 0 1
+A.[2a"ur2a—aau2—uteaall, (32) :
with 7=Im[s(v)]+lm[s(—v)]. The corresponding eigen- 0 : .
values are solutions of Eq(A8), and have the form -1 -0.995
[21,24,323 W-w| 1
Ao(N,€)=i€v—(2N+[¢])(A_—A.), (33 FIG. 4. Spectrum of resonance fluoresceBte) in the vicinity

of the frequency— v (in arbitrary unit$ as a function of the fre-
where the indeN=0,1,2 ... accounts for the removed de- quencyw—w, ; in units of ». The parameters aig;=0, ¢,=,
generacy inside the eigenspace. The explicit form of the cory,= 7,=0.05, Q,=Q,=8.5v, y=10v, y;=7v,, §=15v, corre-

responding left and right ei enelemegg‘*e, N can be sponding to(n)=0.2. I_n th_e ir_1$et, the Stoke_s_ component is shown:
P 9 9 g i K The vertical dashed line indicates the position of the frequency

found in Ref.[24]. They form a complete and orthogonal set _ @, = — v. The maximum of the motional sideband is shifted by

with respect to the trace over the external degrees of free- _ _
v with respect to—v. In the inset, the whole spectrum is shown.

dom, Tef{u"‘uN “}= OnN OS¢ and EN,gMN'€®MN'€ The height of the signal due to the inelastic part is here two orders
=1lg. In particular, the eigenelemenjs™'¢, uN* form a  of magnitude smaller than the sidebands.
complete basis over the subspace at eigenvaleif v, . .
such that +v), wherev is a shift in second order in the Lamb-Dicke
parameter. We illustrate this effect in Fig. 4, where we have
PszieV:E ILN,e®;N,g_ chosen suitaEIe parameters to show this small shift most
E N clearly. Here,v can be identified with the ac-Stark shift aris-
) ] ] o ing from off-resonant coupling to other dipole transitions at
We remark that the density operator given in EZ) is right  gjfferent vibrational numbers. The widtfs of the sidebands
eigenelement alN=¢=0, that isu= %" Using this basis is at second order in the Lamb-Dicke parameter and corre-
for evaluating the trace terms over the external degrees @fponds to the cooling raf@0]. The heights, is in zero order
freedom, we get in the perturbative expansion. With some algebraic manipu-
lations, using(n)=A, /yg, it can be rewritten as
[fe)l?
Sse(@)=Rex)

N i(w—wL’1—€V)—)\g’€

0
So= M+, (36)

xTref(a+ah) uM I Tre{p™ (a+al) u}.
Thus, the motional sidebands are well distinguished com-
By using the explicit form of the eigenelements in R&4]  pared to the Mollow-type inelastic spectrum fpf<(n).
we find that only the terms &=0, ¢ = =1 contribute to the

sum, giving 3. The elastic peak

2 The contribution at the eigenvalie=0 corresponds to
Sep( @)= > s _ S0, (34) the elastic peak, i.e., to the coherent part of the spectrum. In
=21 [w—w—C(v+ v)]?+ yé this system its appearance is due to the mechanical effects of

light: In fact, at zero order in the Lamb-Dicke expansion
where ys=A_—A, andsy is the height at the center fre- there is no photon emission at steady state. We evaluate the
quency and has the forfi36] radiation scattered at this frequency starting from expression

5),
(35 Sel(®)=m8(w—w_ 1) T{DP="Dpg}

. =md(w— o) | T{Dps}|?, (37

Here, we have definegls= ys/ 7%, which is at zero order in
the Lamb-Dicke expansion. which is the well known form of the elastic peak contribu-

From Eq.(34) one sees that both sidebands of the elastidion [37]. The perturbative expansion &f and ps; can now
peak have the same form and are independent of the @nglebe applied for evaluating the average dipole moment
of the detector with respect to the axis of the motion. InTH{Dps}. We find the first nonvanishing contribution at
particular, they have the same Lorentzian shape, as shown @(77), ~ such  that  TDpg}=Tr{Dgp,}+Tr{D1ps}
the insets of Fig. 2, and are centered at the frequenty +O(77f'). This signal is due to the lowest-order corrections

Q305
47004 02—417)

So
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of the Debye-Waller factor, exp(njzco§¢j/2), on the tran- Whereas the width is in zero order in the Lamb-Dicke expan-
sitions |¢p,n)—|3n)—|¥p.n), and to the coefficient Sion. Part of these features can be reproduced by evaluating
ann cosg;cosyy on the transitions |yp,n)—|3n=1) the incoherent spectrum of a baketransition driven at two-
—|4p,n). Thus, the intensity of the radiation scattered atPhoton resonance, whose ground-state coherence has a finite
the elastic peak is at fourth order in the Lamb-Dicke paramdecay timg23,26. Hence, their origin can be explained with
eter and it depends on the angle of emission. The finite lifephoton scattering at zero order in the Lamb-Dicke parameter,
time of the dark state suggests also a broadened signal at tifigcurring once the atom has left the dark state. Nevertheless,
frequency. Our analysis shows that such contribution is othis part of the spectrum exhibits also peculiar features,
higher order in the perturbative expansion. which cannot be understood in these terms. These are in fact
curves which characterize the excitation spectrum of the bare
A atom[35], and which here appear shifted by the frequency
IV. SUMMARY OF THE RESULTS AND DISCUSSION + v from their center frequency. They thus describe scatter-
ai|r1g processes where the vibrational number is changed by
one phonon. For saturating driving fields they can be inter-
ép_reted as Raman scattering processes, where the initial state
¢ the ground-state coherenpg,) and the final state is an-
her dressed state at a different vibrational number state.
he linewidth of the emitted photon is then the linewidth of
- ; - he corresponding dressed state transition, while the center
evaluated the spectrum using perturbation theory in th requency is the corresponding ac-Stark shift. Here, the cen-

Lamb-Dicke parameter. According to our results, the signat ; : hifted by the trap f . h
of the emission spectrum is in second order in the Lamb!€" réquencies are shiited by the trap irequencgince the

Dicke expansion. We classify the spectral features into thregark state is excited only by processes changing the vibra-

main contributions, which we summarize below. t|0r|1?al nur?(bﬁlr. . d order in the Lamb-Dick
At the laser frequencyw , the spectrum exhibits a emarkably, in second order in the Lamb-DICke expan-

S5-peaked signal, visible for instance in Fig. 2, that we iden—Sion the spectrun¥(w) does not depend on the position of

tify with the elastic peak. This signal is at fourth order in thef[he detector, apart from the dipole pattern of emission. This

perturbative expansion. This order of magnitude is under'> anothgr consequence of the fact that at zero .order in the
stood, as the dipole moment at steady state scales Wfith perturbative expansion the atom at steady state is decoupled

L . . . from radiation because of quantum interferen@4].
~(Ax/\)? In fact, th|_s _S|_gnal IS d_ue to Rayl_e|gh scattering Using these results ong can characterize th]e steady state
processes where the initial and final state is the dark :statg]c the motion. For ins:tance the measurement of the line-
|#p) and the vibrational number is conserved. Thus, this ' '

r < - ) width of the motional sidebands gives the cooling rate of the
excitation originates from the lowest-order mechanical cor-

. ; ; ocess. The phonon numbgr) at steady state can be mea-
(raerg;usos?osntg the Rabi frequency and it depends on the angle @Lred through the ratio between the heights at the center

At the frequencies. -~ » one obServes two narmrow reso- frequency of the motional sideband and of one peak of the
q Li="V incoherent spectrum. In this way, one gets a simple equation

nances. These are the motional sidebands of the elastic pea‘,j{i, second order if(n) whose coefficients are determined

Ell_ﬂheeStglgtrersesanodnznttlc;Séc;l:;a:ncc;rg\aﬁ?enrienntsv\?;é?: tShC:titr?i:g? g%%hly by the laser parameters. We remark that for larger val-
Y P g es of(n) the visibility of the motional sidebands over the

final internal state igyp) and the vibrational ngmber IS ollow-type inelastic spectrum increases. This is illustrated
changed by one phonon. The curves are Lorentzians of equ the inset of Fig. 4

height and_width, and are independer_n of the angle of de_tec- In summary, the spectrum we have evaluated allows us to
tion ¢. Their dependence on the physical parameters is glveaam insight into the quantum dynamics and steady state of

ibny SESCC()?]A(;) %?gefl?;tiﬂén Eg?ng]_?;fkgf g)'(%'aﬁ'sgg:e';r\:‘gdgé:feghe atom interacting with light. Our results are in agreement
sponds with the cooling rafe1]. The height of the curves at with the dynamical picture presented in Sec. Il. This picture

: is based on a clear separation between the two time scales
the center frequency scales with the average phonon number

(ny according to(n)(1+(n)), so that the total intensity 12 T4, on which also the validity of the perturbative expan-

. ; . ; : sion lies. Analytical estimates and numerical checks of the
emitted at this freqL_Jency IS prc_>port|onal tﬁ(n)._ Finally, validity of the dynamics on this coarse-grained time scale
the center frequencies of the S|debands. arg_shlfted from ﬂWave been presented in RE20].
zero-order center frequency by a contributionat second It is interesting to compare these results with the features
order in the Lamb-Dicke expansion: This corresponds to thgound in the emission spectrum of a trapped two-level atom.
ac-Stark shift of the ground-state coherence due to the offyy 3 two-level transition driven by a plane wave, the inco-
resonant coupling with the excited state. Figure 4 shows th@erent spectrum has a contribution at zero order in the Lamb-
shift v for one sideband. Dicke expansion, as at this order the internal steady state of

The other spectral features, visible for instance in Figthe system is characterized by nonvanishing occupation of
2(b), can be identified with the Mollow-type inelastic spec- the excited state. The features due to the mechanical effects
trum. These can be decomposed into the sum of Lorentmanifest here in the motional sidebands. These are narrow
curves, whose height scales witff and is linear in(n), resonances, whose width is the cooling rate. However, at a

The spectrum of emission of a trapped ion, whose intern
degrees of freedom constituteAatransition driven at two-
photon resonance, is a remarkable manifestation of the m
chanical effects of light: In fact, at steady state photons ar
emitted due to processes where the vibrational degrees
freedom are excited by absorption of a photon. We hav
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fixed detection angle) the curves are Fano-like profiles, ACKNOWLEDGMENTS
whose relative height varies wit# (while, once integrated

over the solid angle of emission, have Lorentz shape and arlgting discussions and helpful comments. G.M. acknowl-

equal, being the system at steady St@6e7]. This asymme-  oqqe5 several clarifying discussions with Berthold-Georg
try is an interference effect between Raman processes at S%hglert and Jigen Eschner.

ond order in the Lamb-Dicke expansi¢n]: Given|g), |e)

ground and excited states of the dipole transition, the Raman APPENDIX A: PERTURBATION THEORY
processes|g,n)—|e,n)—|g,n=1) and |g,n)—|e,n=1)

—|g,n=1) are of the same order and lead to the emission of The Eq.(19) to solve iteratively in the perturbative expan-
the photon. They therefore interfere, and their interferencéion are

signal (the height of the sidebandss modulated by the

The authors are grateful to Wolfgang Schleich for stimu-

emission angle. Lopt+ L1p5=Nop1+\1pp, (A1)
This behavior disappears when the dipole is at the node of \ \ \ \ \ N
a standing wave: Then, the carrier transitjgm)— |e,n) is Lopa+ Lip1+Lopg=NopatA1p1+Nopg,  (A2)

suppressed and at this order only the transitiogs) N N N :
—|e,n+1)—|g,n+1) occur. Hence, both motional side- Wherepg satistyLopg=Nopg . FOrAo=0, po=ppu, With p

bands are Lorentz curves of equal shape, independent of ti§dven in Eq.(21). Equation(Al) gives

emission anglegwhich just affects the total height of the A
signal, according to the dipole pattern of radiajiorhus, in 1—PNpr=— ~ o Ao— L) o) A3
this case transitions in zero order in the Lamb-Dicke expan- (1=Polpi=—y =7, M~ Lo)po. (A3)

sion vanish because of the spatial mode structure, while light

scattering occurs because of the spatial gradient of the fielyhere Pg is the zero-order projector onto the subspace at
intensity over the center-of-mass wave packet. Remarkablgigenvaluex, P}=pA®p). Inserting Eq.(A3) in Eq. (A2)

in our case transitions in zero order in the Lamb-Dicke ex-we obtain

pansion are suppressed because of quantum interference be-

tween dipole excitation paths, and photon scattering occurs N 1-PP 1—733

due to the phase gradient of the field over the center-of-mass (1~ Po)p2=— No— Lo _(kl_ﬁl)m()\l_ﬁl)

wave packet.

+()\2_£2)}P3- (A4)

V. CONCLUSIONS AND OUTLOOK

We have presented a theoretical study of the spectrum 0,?c\nalogously, one finds the perturbative corrections to the left
v i udy u i vy ) o

fluorescence of a trapped atom whose internal degrees §fgenelement$0 solving Eq.(20) at secqnd order. .Th's n

freedom are driven in & configuration at two photon reso- urn allows one to evaluate the perturbative corrections to the

nance. In this system, the atomic emission at steady state R0jectorsPy . Using Py = pp® pt +ph® py, we obtain[7]
only due to the mechanical effects of the atom-photon inter- N

action. The spectrum has been evaluated at second order in (1—PNPr= 1_7>0£ P (A5)
the Lamb-Dicke expansion, i.e., in the expansion of the size 071 Ng— Ly O

of the atomic wave packet over the laser wavelength. We find

that the spectrum is characterized by two narrow resonances \ \ \ 1—7?3
corresponding to the motional sidebands, i.e., the Stokes and P1(1=Po)=Poliy—7 - (AB)
anti-Stokes components, and by a Mollow-type inelastic o =0

spectrum, while the elastic peak is at higher order. Throughrhe equations for the corrections, \, to Ao are found by

these properties, information about the quantum dynamic . ¥\ ;
and steady state of the driven atom can be extracted, like th[ﬁ%Zl?gzg]gTﬁgsfééjﬁtiﬁgdé&z z;titz%goacr)g the left and taking

cooling rate and the temperature, and the contributions of the
individual scattering processes can be identified. Further-
more, for relatively large temperatures the sidebands of the
elastic peak may be orders of magnitude larger than any ‘v “\ N
other spectral signal, and the spectrum can be said to be No=Tr{poLapo} — TH{po(A1—L1)p1}
solely composed of these two frequencies. 1— P

Our re;ults provide an interesting |nS|g.ht into thg under- =Tr{p)Lopht+Tr pgﬁlfoﬁlpﬁ], (A8)
lying physics of the mechanical effects of light-atom interac- No— Lo
tion. Further understanding could be gained by studying the . .
temporal behavior of single quantum systd#26,27. This ~ Where we have used EGA3) and relationpyLo=N\opp -
work may contribute to on-going experiments investigatingFrom Eq.(A7) it is visible that\ ;=0 for all eigenvalues.:
and engineering the coupling of single trapped atoms anth fact, the Liouvillian£, couples subspaces at differev,
ions with electromagnetic fields. but it vanishes inside a subspace at fixgd P§L,;P5=0.

N1=Tr{psL1pp} =0, (A7)
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APPENDIX B: CONTRIBUTIONS TO THE SPECTRUM where each of the first three terms are equal to zero because
IN SECOND ORDER of relation(B1). The last term is equal to zero because here
the position operatox occurs linearly.

The nonvanishing contributions to the spectrum at second
order are shown in Ed24). All other terms vanish. For most
mTr{D:SPSDOpO}:O of them, this can be demonstrated using B1). We would

Lo like to emphasize the disappearance of the contributions

The term at zero order in the perturbative expansion

So(w)=2,

Ao

vanishes, since

Dpo=poD =0, (B1) Tr{D]P1Dopo}=Tr{D{P1D1po} =0,
as there is no excited state occupation at steady state in zero . .
order. Analogously, in first order it can be shown that Tr{D1PoDop1}=Tr{DoPoD1p1}=0,
S = —  (T{D!P)D
]_((D) )\EO |((l)_w|_’1)_)\0( { 0731 Opo} Tr{D;PSDOPO}ZTr{DgPSDZPO}Z01

+TH{DIPsDopo} + THDFPED1p0} , _ _ .
o which, together withiCpo=0, imply that the spectral signal
+Tr{DgPoDop1}) =0, does not depend on the angle of emission up to second order.
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