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Endpoint estimates from restricted rearrangement
inequalities™

Maria J. Carro and Joaquim Martin

Abstract

Let T be a sublinear operator such that (T'f)*(t) < h(t, || f|l1) for some
positive function h(t,s) and every function f such that ||f|le < 1.
Then, we show that T can be extended continuously from a logarithmic
type space into a weighted weak Lorentz space. This type of result is
connected with the theory of restricted weak type extrapolation and
extends a recent result of Arias-de-Reyna concerning the pointwise
convergence of Fourier series to a much more general context.

1 Introduction

Let S be the Carleson maximal operator,
Sf(x) = sup |[Snf(x)],
n

where S, f(z) = (Dy, * f)(x), being D,, the Dirichlet kernel on T = {z €
C;|z| = 1} and f € LY(T). Then, it was proved in [16] that, for every
measurable set £ C T,

Sy = 17 (14108 ). (1)

This result can be improved using the following lemma due to Antonov
(see [1]).

*This work has been partially supported by the DGICYT BFM2001-3395 and by CIRIT
1999SGR 00061.
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Extrapolation theory, Carleson’s operator.
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Lemma 1.1 (Antonov) Let S f(z) = supg<,<y |Snf(2)|. Then, for ev-
erye >0, every N € N and every 0 < f(x) < 1, there exists a measurable

set F' such that |F| = || f]|; and HSN (f — XF)Hoo <e.

Using this lemma and the above estimate on characteristic functions we
can conclude that

N i
(s = (1+1g |f||1>’ )

for every f € L! such that ||f]/oo < 1.
Antonov’s lemma has been extended in [17] to more general operators,
namely to any maximal operator of the form

Tf(x) =sup|Kj x f(x)],
J

where K; € L', and therefore, (2) holds for any operator T of the above
form such that T satisfies (1). Examples of such operators are given in [17]
in the setting of differentiation of integrals and the Halo conjecture.

In particular, (and this is the connection with the weak extrapolation
theory, see [11] and [18]) if T" is an operator such that, for every 1 < p < 2,

* P 1
@H O < =g 1l

then, for every f € L! such that ||f|le <1,

1 FI
(p—1)m ti/p”

(Tf)*(t) <

and taking the infimum in p, we conclude that

ey < M (4ot )
(Tf) (1) < 7 <1+1g Hm) . (3)

Our main purpose (see Theorem 3.1) is to show that if 7" is a sublinear
operator satisfying

(T @) = bt [ fll)

for some positive function h and every || f||oo < 1, then

T:Qp — M(R)



is bounded, where h(t,s) < D(s)R(t),

QD = {faf = Zekfkv ||kaOO <1, Hf”QD < 00}7
k
with

I fllop
. 1 . — j—
= mf{%:ekD(”kal)(l + log C%), zk:(lk =1l,a,>0,f = zkjekfk}y
and

@)
”f”M(R) = igg R(t) :

In particular, if D(s) = s(l + log™ %) and T = §* then Qp = QA,
where QA is, up to now, the biggest space where the pointwise convergence
of the Fourier series is known to hold (see [2]).

Our proof turns out to be very simple and is based in the following basic
result (see [7]):

Lemma 1.2 (Basic result:) Let f =, fn with f, >0 and let ¢,, > 0 be
such that ), ¢, = 1. Then

pen < (fweg [ ).

JFrom it, the main result of this paper, which covers as a particular case
the result of Arias-de-Reyna, can be immediately obtained.

The point now is that the space QQp is difficult to handle and, therefore,
it is convenient for the applications to find spaces of Logarithmic type L such
that L C @Qp. In [2], it is proved that the space Llog Llogloglog L(T) C
QA. We shall extend this result to our general context.

Another situation we consider in this work is the following: Let € be
any domain in R™ and let WP(2) be the classical Sobolev space and set
W, () the closure of C§°() in W2(Q).

1oy = 151l + 1971

where V f is the gradient of f. Let T" be a sublinear operator such that

T: WyP(Q) — LP™



is bounded with constant C), for every p € I C [1,00). Then, for every f
such that || f]leco + ||V f]leo < 1, it holds that

(T 0P < G (/Ooof*(t)er|Vf|*(t)pdt>1/p}
< o([Trosvroa)”
Consequently,
(TF)"(t) < inf (cp (”f”w““)/) = h(t, 1y )
pel t 0

Then we show that the technique developed in Section 2 can also be extended
to cover this situation and, in fact, our theory can be presented in the setting
of compatible pairs of Banach spaces A = (Ag, A1) using some of the ideas
developed in [6]; that is, our operator T will be a sublinear operator acting
on elements of the sum space Ag + A; and taking values on the set of
measurable functions:

T:A0+A — LO(M).

Our first task is to extend the notion of characteristic functions to the setting
of pairs. This will be done in Section 3.

As usual, the symbol f ~ g will indicate the existence of a univer-
sal positive constant C (independent of all parameters involved) so that
(1/C)f < g < Cf, while the symbol f < g means that f < Cyg. (M, pu) will
be a totally o—finite resonant measure space and we shall denote by L°(u)
the class of measurable functions that are finite u a.e., endowed with the
topology of the convergence in measure. We write ||g|,, to denote [lg|| 1,
/\g(y) =pu({zeM: |g(z)| > y}) is the distribution function of g with re-
spect to the measure p and gy, (t) = inf{s tAb(s) < t} is the decreasing
rearrangement (we refer the reader to [3] for further information about dis-
tribution functions and decreasing rearrangements).

In what follows we shall omit the indices p whenever it is clear the
measure we are working with.



2 Main results

First of all, given a positive concave function D such that D(0+) = 0, we
define the space

AD) = {#: 1Flawy = [ DO dy = [ 7 (1D .
Then, we have that the following properties holds:

Lemma 2.1 Given a positive concave function D such that D(0+) = 0, it
holds that
A(D) c L' 4 L,

and
Qp C A(D),

with continuous embeddings.
Proof: The first embedding is wellknown, since min(1, s) = D(s) and hence
1 o) 00
Iflpe = [ £(s)ds= [ min(e). 0dy = [~ DO() dy

= || fllay)-

For the second embedding, let us observe that if || f||oc < 1, then
1 1
I£law) = | DOy < D( [ Astw)dy) = DU

and hence, if f = 3" exfi, with || fx]coc < 1, we obtain that

£ lapy- < D ekl fillapy < Do exDUfell) < I flep- O
k k

Now we are ready to formulate our first main result:
Theorem 2.1 Let T be a sublinear operator such that
T: L (p) + L(p) — L)
is bounded, and let us assume that, for every f € L' N L* with ||f]lo < 1,

(TF)* () <At 111,



for some positive function h : (0,00) x (0,00) — (0,00) such that for every
t > 0, the function h(t,-) is increasing and, for every s > 0, t-h(t,s) is also
an increasing function in the variable t. Then, if D and R are such that

h(t,s) < D(s)R(t),

we have that

T:Qp — M(R)

1s bounded.

Although no conditions are assumed on R, it is clear that since ¢- h(t, s)
is increasing in the variable ¢, we can assume without loss of generality that
this condition also holds for R.

Proof: Let f € Qp and let us write f = Y, e fr with || fx]lcoc < 1. Then, by

the previous lemma, we have that the convergence of the series is in L'+ L>®
and therefore, we can conclude that

(T () < (Ek:ekak>*(t)-

Using now the basic result together with the hypothesis, we obtain that, for
every sequence (ay) of positive numbers such that >, ar = 1,

(Tf)*(3t) < Zek(Tfk)*(t)JriZek/t (T f)*(s)ds
I I agt

IN

1 t
Sehtt Al + e [ hGs. Il ds.
L t L apt
And, using the properties of the function h, we conclude that
. 1
(TF)*Bt) < Y exD(Ifrll)R(3t) + R(3t) > exD(|| fill1) log e
k k

and hence,

(Tf) @)

< las. .

1T fllarcr) = sup

As was mentioned in the introduction, the point now is to analyze the

space (Qp to make it useful for the applications. To this end, we have to
introduce the following logarithmic spaces:



Definition 2.1 Let ¢ be a positive and concave function such that o(01) =
0.

(1) The space Llog|log L|(p) is defined as the set of measurable functions
f such that

I gtosios i = [, £7(5) (1 +log (log | + ) dils) < . (4)

(2) The space Lloglog L(p) is defined as the set of measurable functions f
such that

”fHLloglogL / f ( + 10g+ log ) ng( ) o0. (5)

(8) The space Llogloglog L(y) is defined as the set of measurable functions
f such that

HfHLlog log log L(¢p / f <1 + 10g+ 10g+ log ) ng( ) 0. (6)
We also need the two following technical lemmas:

Lemma 2.2 Let ®(s) = s(1 +log+%) and let f be such that ||f|z) =1,
then

| e e

Proof: To show the first equivalence, let H = f* o ¢~ !(s). Then, one has
that

ds
/ (I) 890 )‘f )) — = ||f||L10g|logL|( )

Ar(s) = o(Ar(s))

and, by Proposition 4.3 of [19], we have that

/cbsAH /<1>

A simple change of variable ends the proof of the first part.
For the second part, let us consider the sets

Ey = {s <1:o(s)f*(s) > (logi +e>_2},

and
E, = {s >1:9(s)f*(s) > (logs+ e)_2}.

7



Then, we can write

/ o (f )d (s)
- </EO /01 )\ Eo " E: +/1 ,00) \E1> "5)els)) d;i(;))

= Lh+DL+1I3+ 1

Now,

N 1
L = Eof (s) <1+log+f*(s)<p(s)) dep(s)

IN

1 1
[ #766) (1 2108 (10g ; +¢) ) dos) <215 paog g 16

On the other hand, since ® is increasing, dp(s) < (p(s)/s)ds and 1 =
||f”A(<p) < Hf||Llog|10gL|(tp)7 we obtain that

‘/1(1+2kg(bg§+*ﬂ)dw®)
0

I, < (10g§ N e>2 90(8)
1+ 2log (log L +
/01 ( 3 (E)gg(lcfz)z 6))d8 = ||f||Llog|10gL|(<P) :
Similarly,

I3 < /1 f*(s) (1 + 210g (IOgS + 6)) d('p(s) = Hf”Llog\logL\(ap) ’

and

(14 2log (log s + €))
I S/l ds 2| fllLogrogLi(e) - O

s(log s +e)?

Lemma 2.3 ( [9]) Let w be a positive and measurable function and let ¢
be a positive and concave function such that (07) = 0. Then

/ @ (Ar(s)) w(s)ds = /OOO (/Of*(S)w(t)dt> dep(s).



Theorem 2.2 Let D be any positive and concave function D such that
D(0%) =0. Then,

1)
Llog|log L|(D) C Qp.

2) If s < D(s), then
Lloglog L(D) C Qp.

3) If s < D(s) and, for every 0 < s <1, D(s%) < sD(s), then
Llogloglog L(D) C Qp.

Proof: 1) Let f € Llog|log L|(D) be such that [[f|[spy = 1 and let us
write
f=> 2",
1EZL

where f; = 21% f X{2i<|f|<2i+1}- Then, for every sequence of positive number
(a;); such that > iez @; = 1, we have that

; 1
I£lon = S 2D(IAI) (1+10g )

1€EL

) . 1
< 1 (2 _
< 22 D(\s(2 ))(1 + log a)

€7
Taking now ' '
0 — 2D (2Y)
> 2'D (/\f(Ql)y

we conclude that

7l = [~ D) (1 +1ogsD(jf(S))) ds,

and the result now follows by Lemma 2.2. O
2) Since s < D(s) we have that Lloglog L(D) C A(D) C L'. Let f €
Lloglog L(D) be such that [|f[[5py =1, and decompose f as

f=fxun<y + (Z 2”%-),

>0



where f; = ﬁfX{2i<|f‘§2i+l}. Then, for every (a;); such that Y, a; = 1,
1
I£l0p = DAIFI) + 552D (2)) (1 +1og ).
>0 i

and taking (a;); as in 1), we get

[fllop =1+ /100 D(Ag(s)) (1 +logsD()\1f(8))> ds=<1+1.

To estimate I, it follows, by Lemma 2.2, that

I= /{f*21} f*(s) (1 + log f*(s)lD(s)> dD(s),

and since sAs-(s) < 1, we get that As-(s) < 1if s > 1. Hence, {f* > 1} C
[0, 1] and using the same argument than in the proof of Lemma 2.2, it follows
that

1
1= [ e (14108 555057 ) 40O = 1 togiosio-

3) In this case, we take f € Llogloglog L(D) such that | f|lspy = 1 and we
write

F=Ixgnen + 2.2 fi
1=0

where )
Ji = gamr It <oy

Then, if >, a; =1,

7.+1 1
Ifles = 1+Z22 DIl (1 +10g )

2i+l_1

(1 '\ o 1
1+Z22 1)(221.+1 > 29Af(2ﬂ)) (1—|—logai),
=0

j=2i

IA

and since D is concave,

2it1_q

X o 27 1
Ifllop = 1+3-2" 30 D<22i+1>‘f(2 >) <1“°ga>

i=0 j=2i

10



Now, using D(s)/s decreases, and that 2! < j < 2¢%1) we obtain that

22z‘+1D (222211)\]0(?)) < (2j)2D <)‘J(2(]2])> .

Now we take a; = 6/(72(i + 1)?), and hence

oo 2itl_1

1+ 3 (2j>2D<)\f2(32j)>(1+log(i—|—1))

i=0 j=2i

A

1fllep

IA

oo 2ttl_1 i
. (27 .
>3 @70 (M) 1 o ot 2)

i=0 j=2i
0 A

/ sD <f(s)) (1 +log™ log™ log™ s) ds.
1 s

Since sAf(s) < 1, we get that

IA

and since sD(1/s) increases

sD (Af(s)> < Afl(s)D (A7)

S

Moreover, since A¢(s) < sAf(s) <1, if s > 1, by condition (ii)

1
VP ((As())*) 2 D (s(s)).

Using this estimate and Lemma 2.3 we get
o0
I = / D (A\s(s)) (1 +log™T log™ log™ s) ds
1
o0

< / D (A\s(s)) (1 +logt log™t log™ s) ds
0

0o f*(s)
— / (/ (1 +log™ log™ log™ ¢) dt) dD(s).
0 0
Now, since (1 + log™ log™ log* ¢) is increasing and sf*(s) < 1
1< [T 1) (14 log" logtlog™ £7(s)) dD(s)
0

0 1
< / 1 (s) (1 +log™ log™ log™ 3) dD(s). O
0

11



3 Extension to arbitrary compatible pairs

Let A = (Ap, A1) be a compatible pair of Banach spaces, that is, we
assume that there is a topological vector space U such that A; CU,i=0,1,
continuously. In what follows we drop the terms “compatible” and “Banach”
and refer to a compatible Banach pair simply as a “pair”.

The Peetre K —functional (see [3], [4] and [5]) associated with a pair A
is defined, for each a € Ag + A1 and t > 0, by

K(a,t) = K(a,t; A) :inf{HaoHAO +tllaill 4, : a=ao+ a1, a; € Ai}.

It is easy to see that K (¢,a) is a nonnegative and concave function of ¢t > 0,
(and thus also continuous). Therefore

_ _ t _
K(a,t; A) = K(a,0"; A) —i—/ k(a,s; A)ds,
0

where the k—functional, k(a, s; A) = k(a, s), is a uniquely defined, nonneg-
ative, decreasing and right-continuous function of s > 0.

In order to find the analogue of the set {f € L'; || f|lco < 1} in the setting
of pairs, let us recall that the Gagliardo completion Ay and A; of a pair A is
defined by |la|| 5, = sup, K (t,a; A) and lall 7, = sup; K(t, a; A)/t (see [3]).

Definition 3.1 Given a pair A, we say that a is a characteristic element
of Aifa€ AgN Ay and |laf 5, < 1.
The collection of characteristic elements of a pair A will be denoted by

C(A).

The following lemma was proved in [6] and it is fundamental for our
purpose.

Lemma 3.1 Given an element a € Ag+ A1 such that K(a,07; A) =0, there
exist a constant vy (depending only on A) and a collection of characteristic
elements (a;);cz such that

a=ry Z 2a; (convergence in Ag + A1),
1EZ

and A
laill 1, < Ae(a,)(2")-

We say that a =y > 52 2%, is a dyadic decomposition of a.

12



Definition 3.2 ( [6]) Given a pair A = (Ao, A1) and a concave function ¢,

the minimal Lorentz space, A(p; A), is the set of elements a € Ay + Ay such
that K(a,0%; A) =0 and

lallagny = |, klarsi A)dils) < oc.

If A is the classical pair (L'(v), L(v)), then k(a,s) = f*(s) and hence

A(p; A) = A(yp) is the classical Lorentz spaces defined in the previous sec-
tion.

Definition 3.3 Given a pair A, and a quasi-Banach lattice B C A(p), we

define B(p; A) as

B(p; A) = {a € M3 A)s llall gy = Ik(a,)lp < o0 (7)
Remark 3.1 Obuviously,
Llog|log L|(p; A) C Lloglog L(p; A) C Llogloglog L(yp; A),

and the above embeddings are, in general, strict. However, if A is an ordered
pair, that is AjCAg) then k(a,t) = 0 ift > 1, and hence Llog |log L|(¢; A) =

Lloglog L(p; A).

Definition 3.4 Let h : (0,00) X (0,00) — (0,00) be such that for every
t > 0, the function h(t,-) is increasing and, for every s > 0, t-h(t,s) is also
an increasing function in the variable t. We say that a sublinear continuous
operator

T:A9g+ A — L°(N),

satisfies a restricted h— rearrangement inequality if, for every t > 0 and
every characteristic element a of A,

(Ta)*(t) < h(t, |l 4,)- (8)

Examples:
1) If A= (L'(v),L>®(v)), then C(A) = {f € LY;|fllooc < 1}, and hence,
)

any sublinear operator satisfying (3), satisfies the condition assumed in the
previous section.

2) Let © be any domain in R” and let WP(Q) be the classical Sobolev
space

[fllwrr@) = 1 £llp + 1V £llp,

13



where V f is the gradient of f. Set Wol’p(Q) the closure of C§°(Q2) in WHP(Q).
Then it is known, (see [10]), that if A = (W, (), W, (),

K(t, f; ) ~ t(f**(t) + rww**(w),

and therefore C(A) = {f € Wy (); |fllco + [V flloo < 1}. Hence, if T is a
sublinear operator such that

T: WyP(Q) — LI

is bounded with constant C, for every p € I C [1,00), then,

(TP (t) < int (c (”f”w“”)/) = Bt [yt )
~ pel P t T ’ Wy ()7

3) Let us now consider, for example, the pair A = (A!(w), L>), where A!(w)
is the weighted Lorentz space introduced by Lorentz in [13] and defined by

o 1/p
Pl = ([ 0w ar) <.
Let us recall that the weak type version of these spaces are defined by
1/ l| Ap.oe (wry = sSup FHOWP(t) < oo.
>0
Consider a sublinear operator 7" such that, for some weights w and W,
T : AP(w) — AP(W),

with constant less than or equal to C),. Then, since it is known that
K(t, f; A) = [3 (%)% (s) ds, we can conclude that

C(A) = {f e A (w): |l <1},

and therefore, for every characteristic element,

Qp(A) = {a = > enars llaell 5, < 1, llallg,a) < OO}’
k

14



where

HGHQD(A)

= inf{ZekD(HakHAO)<1+log ) Zak—l ak>0a—Zekak}
k

Then, we have the following extension of Theorem 2.1:

Theorem 3.1 Let T : Ag+ Ay — LY(N) be a sublinear operator satisfying
a restricted h—rearrangement inequality. Then, if D and R are two positive
functions such that D is concave, D(0T) =0 and

h(t,s) < D(s)R(t), (9)

we have that B
T:Qp(A) — M(R)

is bounded.
Proof: Given a € A(D; A) such that llallz(p,a) = 1, we can decompose a as

in Lemma 3.1 '
a="r Z 2'a;.
i€Z

Then, if ay = ’yZi]\L_N 2'a;, we have that Tay — Ta in measure, and
therefore, (see [12] p. 67)

(Tan)* (t) — (Ta)* (t) a.e. t>0. (10)

By the sublinearity of T' we get that
(Tay)* Z 2 \Tal| Z 2 yTaZ\
1=—00
and hence

1=—00

(Ta)* ( > 21\Taz|) a.e. t > 0.

The proof now follows as in Theorem 2.1. O

We also have and analogue to Theorem 2.2:

15



Theorem 3.2 Let D be any positive and concave function D such that
D(0%) =0 and D(o0) = co. Then,
1)

Liog log L|(D; A) € Qp(A).
2) If s < D(s), then

Lloglog L(D; A) C Qp(A).

3) s < D(s) and, for every 0 < s <1, D(s%) < sD(s), then

Llogloglog L(D; A) C Qp(A).

Proof: 1) In this case, given a € A(D;A) such that lallzp,a) = 1, we
decompose a as in Lemma 3.1

a = 'VZQiai,

€7

and continue as in the proof of Theorem 2.2, 1). ) ) .
2) Since s < D(s) we have that Lloglog L(D;A) C A(D;A) € Ag. Let
a € A(D; A) such that |[al[yp.5) = 1, and decompose a as

= 7(22iai +22iai) = v(ao —1—22’@-).

1<0 12>0 >0

Then since a’ € C(A), and aill z, < Ak(a,)(21), we have that

1
0
" D, 1+log —~——= | ds
|| HA / ka,) (3 ( sD(Ak(a,.><s))>
= Il+I2'

IA

lallgp 4

Obviously

L=< D (llall 4,) < D(lallapia) = D) < DO (0]l tog 10g 1004 -

and to estimate I, we follow as in the proof of Theorem 2.2, 2).

16



3) In this case, given a € Llogloglog L(D; A) such that lallap,a) = 1,

let a =) ez 2'a; be a dyadic decomposition. Then, if, for every k € N,
2k+l_1
drp = Y. 2' we obtain that

i=2Fk
2k+1 1
a= Z 22a2+de Z 2ia; | =a —I—deAk,
1=—00 i=2k

where, it is immediate to see that both a” and Ay, are characteristic elements.
Then, for every >, cr =1,

A

e 1
lallgpci) < D(Ham)+deD<HAkHAO>(1+1ong)
k=0

= (D(lall4,) +1)-
Since a; € C(A) and D is subadditive, we have that
2k+1_q 2k+1_q
e D(| Akl 5,) < die Y D( llaill 4, ) <dp Y D( Ak(a,) (2 )>,
1=2k 1=2k

and the proof now follows as in Theorem 2.2, 3). O

4 Applications

(I) Let T" be a sublinear operator satisfying a restricted h-rearrangement
inequality, where

t m
h(t,s) = ; (1 + log™ s)

with m > 0, as it happens with the examples we have mentioned in the
introduction. Then,

s + t\™ + 1\ 1 + \ym
h(t,s)gg 1+logm—) <s(l+logm— ;(1+log t)
s s
and we can take D(s) = s (1 + log™ %)m and R(t) = 1(1+1log™ ¢)™ in our

Theorems 3.1 and 3.2 to conclude the following result.

17



Theorem 4.1 IfT : Ag+A; — L°(N) satisfies a restricted h-rearrangement
inequality with h(t,s) = (1+ log™ é)m, T can be extended continuously

T:Qp(A) — M(R),

where D(t) =t (1 + log™ %)m, and R(t) = 1(1 +log™ t)™.
In particular

T : Llogloglog L(D; A) — M(R),
is bounded.

If A= (LY(T), L>°(T)) and T is the Carleson maximal operator S*, then
D(s) = 5(1 + log %) and R(t) = t. In this particular case, the above result

has been recently obtained by Arias-de-Reyna in [2]. Also, for such function
D, it is very easy to see that

Llogloglog L(D; A) = Llog Llogloglog L(T),
and the boundedness
S* : Llog Llogloglog L(T) — LY,

was obtained previously by Antonov in [1], and for other more general op-
erators, as mentioned in the introduction, in [17].

(1) If A = (Wy'(Q), W, *°(Q)) where Q has finite measure, and
T : WyP(Q) — LP™

is bounded with constant say 1/(p — 1), then, applying Theorem 4.1, we
obtain that
T : Wo(Q) — LB

is bounded, where Wj(2) is the closure of C3°(£2) in W (Q) with

W Q) =A{f; |f|+|Vf] € Llog Llogloglog L}.

(ITI) Our third application deals with the theory of weighted Lorentz spaces.
Let wg and W be weights in (0, 00) and let T be a sublinear operator such
that

T : A(wg) + L= — L°(R™)
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is continuous and, for every p > 2,
T : AP(wg) — AP>°(Wh)

is bounded with constant p (see, [14], [15], [8] to find examples of operators
T satisfying the above condition); that is

(TH*(OWi ()P < p ( /O  F(s)wols) ds) i

Now, if we take A = (A'(wp), L), we have that Ag = A'(wg) and hence, it
follows, taking the infimum in p > 2, that

(TF)* () = k(W (D), [lall 4,),

where h(t, s) = inf,o p(s/t)"/? ~ (s/t)/?(1+log" (s/t)). Therefore, we can
deduced the following result.

Theorem 4.2 Let T' be a sublinear operator as above. Then, T can be
extended continuously

T : Llog|log L|(D; A) — M(R),

—1
where D(s) = sY/2(1 + log™ s), and R(t) = Wy (t)~1/2 (1 + log* Wll(t))

Open Question: When is is true that the space Lloglogloglog L(D;A) C
Qp(A) or in general, Llog™ L(D;A) C Qp(A)?.
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