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Abstract

Function spaces whose definition involves the quantity f** — f*  which measures the
oscillation of f*, have recently attracted plenty of interest and proved to have many
applications in various, quite diverse fields. Primary role is played by the spaces
Sp(w), with 0 < p < oo and w a weight function on (0, 00), defined as the set of
Lebesgue-measurable functions on R such that f*(co) = 0 and

1/p

1 £1ls,(w) == (/OOO (£ (s) — £*(5)) w(s) ds> < 0.

Some of the main open questions concerning these spaces relate to their functional
properties, such as their lattice property, normability and linearity. We study these
properties in this paper.

Keywords and phrases: Lattice property, normability, distribution function, decreasing
rearrangement.



1 Introduction

In 1981, in order to obtain a Marcinkiewicz—type interpolation theorem for operators that
are unbounded on L*°, C. Bennett, R. De Vore, and R. Sharpley in [4], introduced a new
rearrangement-invariant space consisting of those measurable functions for which f**— f*
is bounded (where f* is the decreasing rearrangement of f and f**(t) = ¢! f(f f*(s)ds)
which plays the role of “weak-L>” in the sense that it contains L*° and possesses appro-
priate interpolation properties. Moreover, since f** — f* can be interpreted as some kind
of measure of the oscillation of f*, they proved that weak-L>(Q), (@ is a cube in R") is,
in fact, the rearrangement—invariant hull of BMO(Q). Since then, the main ideas that
f*— f* might be useful as a replacement for f* in certain contexts, and that a natural way
to measure the oscillation of a decreasing function is provided by the quantity f** — f*,
have been particularly fruitful, and have been applied in various problems. The principal
difficulty which one meets when dealing with the functional f**— f* is that this expression
is not linear, this problem has been generally solved in two ways, obtaining equivalent
expressions in terms of f** — f* for the norms of classical spaces (usually generalizations
of the classical Lorentz spaces LP4, see for example [5], [14], [6], and the references quoted
therein) or obtaining some estimates for the difference f** — f* without any connection
with spaces (see [3] and [13]).

In 2003, J. Bastero, M. Milman and F. Ruiz (see [2]) combined both ideas in order to
prove a sharp version of the Sobolev embedding theorem. First using a natural extension
of the classical Lorentz spaces L9 (Q) (Q is an open subset of R") introduced a new scale
of spaces (conditions) that interpolate between L and the space weak-L> of Bennett-
DeVore-Sharpley, defined by!

L(o0,q)(2) = {f -t /4(f*(t) — f*(1) € Ly()},

and second, proving the following new form of the Pélya-Szegd symmetrization principle

FH) = F1(1) < e VA0, f € CR(9Q) (1)

they stated that the L(oo;q) spaces are natural target spaces for sharp endpoint Sobolev
embedding theorems. In particular, when || < oo, they proved that (see also [17])

Wy™(Q) € L(co,n)(Q) € BW,(Q) (2)
where BW,,(2) is the Maz'ya—Hansson—Brézis—Wainger space defined by the condition

1 x
/ ( fr(@) )” @ _
o \log(e/t)/ ¢
Notice that the first embedding of (2) follows readily from (1), and thus the proof of (2)
is reduced to an embedding result for rearrangement-invariant spaces.
M. Milman and E. Pustylnik in the recent paper [18], (see also [19]), extending the
methods developed in [2], to the case k > 1; obtained a unified method to prove the

Sobolev embedding theorem and the corresponding sharp borderline cases. They started
by showing that?

n
'k
1See [20], [21] and [22] for the role of L(oco, ¢)(2) spaces in very actual problems of interpolation theory.

2The consideration of these spaces allows the authors treat the case p = %> ¢ = o0 in a unified form
with the other cases that appear in the literature.

Wy M) € L(oo, 7)(Q) G BW=(Q). (3)




Moreover, sets of functions with finite quantities ||f** — f*||g appear in this work for a
large spectrum of spaces E in a very natural context of optimal Sobolev embeddings. In
particular in the setting of rearrangement invariant spaces they extend results in [12] in
the sense that if Y is a rearrangement invariant space which satisfy some mild conditions,
then Wi (Q) € Yy(oosk) = {f : t7¥/"(f*(t) — f*(t)) € Y} and, in fact, Y, (o0; k) is
not larger (and in many cases essentially smaller) than any rearrangement invariant space
X(Q) such that W™ (Q) € X(Q).

The fractional case of (3) have been considered in [16] by proving a rearrangement
inequalities that give a relation between the oscillation f** — f* and the modulus of
continuity of the function f, which is the suitable replacement for (1), in the fractional
case, and allow the authors to derive applications to embedding of Besov spaces, using
again a suitable function space £ such that || f** — f*||g < oo and following the method
developed in [18].

In this paper, given w, a non—negative Lebesgue measurable function on R* (briefly a
weight), and given 0 < p < 0o, we consider two types of weighted function spaces whose
definition involves the quantity f** — f*:

1) The space S,(w), defined by those measurable functions f such that f*(co) = 0 and

1/p

Il = ([ 076 = o) utas)” < o

and its weak version,

2) the space S, o (w), defined by those measurable functions such that f*(co) = 0 and

15,00 =50 (20 = )i [ a5) " < o0

sP

Obviously, S,(w) and S, «(w) are invariant under rearrangement and S,(w) C S, o (w)
(see Corollary 2.1).

Obviously S,(w) = {f : f*(t) — f*(t) € LP(w)}, so our spaces are a particular case of
the Milman-Pustylnik spaces by taking £ = LP(w) (see [18]).

Example 1.1 If w(t) = 1/tx, then

Hf”Sp(w) = </01 (f**(t) — )y %)1/13

and we obtain the function spaces considered in [17], [13] and [2]. Notice that (see Sub-
section 3.1.3 below)

Sy(w) = L% with [ flls,w) = [l fllee = [/ X101/l 21-

Similarly,

17115170 = sup (F(t) = £(1))

is the Bennett—DeVore—Sharpley space Weak—L>°.



One of the principal difficulties which one meets when dealing with spaces defined
in terms of f* — f* is that this expression is not linear, thus functional properties like
normability, lattice property or linearity are difficult to prove.

The purpose of this paper is to study functional properties of the spaces S,(w) and
Sp.oo(w). In particular, we investigate whether or not these spaces have the lattice prop-
erty, whether they are normable and whether they form linear sets (these problems were
posed explicitly in the last section of [18]). Embedding properties between the function
spaces S,(w) and the classical Lorentz spaces AP(v) and I'”(v) will be considered in the
forthcoming paper [8].

The paper is organized as follows: In Section 2, we provide some technical results
involving the functional f** — f*. In Section 3, we characterize the weights w for which
Sp(w) (resp. Spoo(w)) is a lattice, is a normed space and obtain necessary conditions to be
a linear space. We actually prove that, in order to have the lattice property (and, likewise,
in order to be normable), it is necessary for each of the spaces S,(w) and S, . (w) to
coincide with an appropriate classical Lorentz space of type ‘Gamma’ (see the definitions
below). Finally, in Section 4, we describe the associate space of S,(w) and S, o (w).

As usual, the symbol f ~ ¢ will indicate the existence of a universal constant ¢ > 0
(independent of all parameters involved) so that (1/¢)f < g < ¢ f, while the symbol f < g
means that f < cg (resp. f > g, means that f > cg). We write ||g||, to denote ||g||Le
and given a weight w, we denote W (¢ fo

In what follows in order to avo1d some comphcatlon with the notation and since our
results can be easily extended to R™ we assume that the underlying measure space is R.

2 Preliminaries and technical lemmas

Let L° = L%(R) be the space of all (equivalence classes of ) Lebesgue measurable functions
on R. Given f € L, its distribution function is defined, for ¢t > 0, by

Ar(t) = {z e R:|f(2)| > t}]

(where |-| denotes the Lebesgue measure) and the decreasing rearrangement of f is defined
by
ff(t) =1inf{s > 0: Ap(s) <t}, ¢>0.

Also, f** is the maximal function of f*, i.e
f7t) = P,
where P is the Hardy operator on RY := [0, 00) defined by Ph(t) := + fo

In the next lemmas, we collect some basic properties of the functional f** — f* that
will be useful in what follows.
Let us consider the cone

= {f € Li.(RT) positive, decreasing and such that f(oco) = O}.
Given f € A, let us define

ri)= 1 (PHG) - 1)), )
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For our later purpose, it is important to observe that, for every f € L}, .(R),

Hr@-r@)-1ro 5)
Lemma 2.1 The operator T, defined by (4), is linear, satisfying
T:A— A,

and such that
1) ToT = 1d.
2) T is self-adjoint.
In particular, every h € A can be represented as T f for some f € A.

Proof: That Tf € Aif f € A, is an easy consequence of the following formula relating
£, fFand Ay
1 Il

£ - f) = / Ar(s) ds. (6)

t *
(@)
To see (6), let [#]" = max(x,0) then for all y > 0 we have that

@ -itdr= [ g e @ds= [ an@ds= [ A)ds. @)
/ / / /

Inserting y = f*(¢) in (7) and taking in account that f* is decreasing we get
[[flloe

(o0 - ro) = [ (@ - o= [ -rera= [ s

*(t)
To prove 1), we observe that a simple computation shows that T'f(¢) is the derivative of
the function ¢ — ¢ fo s) ds. Hence,

/Or Tf(s)dsz/ / fya)ds =1 [ eas=rie) @
and then,

(T = (PTHG) = TI)) = PFO - PR+ 1(2) = £

Finally, to see 2), if f,g € A, using (6), Fubini’s theorem and (8), we obtain
Il £lloo

| riwawar = [T erw - ;)= [ ( /m A(5)ds) o) L
||f||oo 00

-/ (Kf()g(%)%dt)d“

_ /Ilflloo 1/Ap(u) o(8) dt

_ /||f||oo ()T(T

- [roma. o

=]

/1/)\
"

lflloo pAf(u)
9)(t) dt du = /0 /0 (Tg)(t) dt du

o



Corollary 2.1 S,(w) C Sp(w).

Proof: Since t(f**(t) — f*(t)) is an increasing function of ¢, we have

HF () — f*(t))</t°° ng) ds)l/p < </0

and the result follows immediately. O

oo

(F(5) = F()Puls)ds)

Since, for any D C R with |D| = t,

*w(s) 1/p
ol =t [ 252 ds)" = xolls, <o
t

Sp(w) # {0} (resp. Spoo(w) # {0}) if and only if [ ws(,f) ds < oo. In particular, if
Sp(w) is non-trivial, it contains all characteristic functions of sets of finite measure. This
suggests the following definition:

Definition 2.1 The fundamental function ¢, ,, of Sy(w) (resp. Spc(w)) is given by

Ppu(t) =1 </too wls) ds) " (t > 0).

spb

Sometimes, it will be useful to get a description of || f||s, () in terms of the distribution
function of f, and, to this end, we need to work with the following operator, defined on
decreasing functions,

[ g(s)ds

IE) pntator. )

A0 = (

Lemma 2.2 If0 < p < o0,

s = (o [ @)™

Proof: Using (6) and Fubini’s theorem, we obtain

[RA(ES pa(t)

T AMU“@%—F@W%@M#=AM(AW)Aﬂﬁd%-;rﬁ
_ p/ooo (/f:l) (/ulf||°° A(s)ds) As(w) du)%dt
- p/ollfoo (/uoo Ar(s) ds)p_l)\f(u)<//\:u) gd(‘s) du

= [ (B sy o

The following class of weights will play an important role throughout the paper (cf. [1]).



Definition 2.2 Given 0 < p < oo, we shall say that w satisfies the reverse B,-condition,
w € RB,, if there is a constant ¢ > 0 such that

/Orw(s) ds < crp/roo w(;‘) ds (r>0).

S

Via the change of variables ¢ — 1/t, one gets

w € RB), <= tp_Qw(%) € By;

rp/ ﬁds < c/ v(s) ds.
r sP 0
Moreover ||Pf|lar@w) = || fllar(w) for all f € AP(v) if and only if v € B, (see [1]).

we recall that v € B), if

We end this section by recalling the definition of the classical Lorentz spaces:

AP (w) = {f e L% || fllarw) = </0°° F(s)Pw(s) ds)l/p < oo}
and - Uy
P(w) = {F 1 1l = ([ £ putonis) " <o),

and the weak type space

D (w) = {f € L0 | fllewy = sup £ (thw(t) < oe.

3 Functional properties.

As said in the introduction, we study, in this section, several functional properties of the
spaces Sp(w) and S, o (w). In particular, we consider the problem of characterizing when
Sp(w) (resp. Spoo(w)) satisfies one of the following properties:

1) to be a lattice,
2) to be a normed space.

Furthermore, we obtain a necessary condition for S,(w) and S, ~(w) to be a linear
space.

We shall use the symbol & \, to denote that h is decreasing on R", and if a Lebesgue-
measurable function h is only defined on R*, we shall denote by the same letter h, the
extended function defined on R by h(z) =0 if x < 0.



3.1 The space S,(w).
3.1.1 The Lattice property.

It is our aim in this section to investigate when S,(w) has the lattice property, i.e. when
there is a constant ¢ > 0, such that

g € Sy(w) and ||g||s,(w) < |l flls,w), whenever g € L%, f € Sp(w) and |g| <|f] a.e.
Before formulating our main results, it will be convenient to present two preliminary ones:
Proposition 3.1 Let 0 < p < oo. If S,(w) has the lattice property, then

1) ppw is quasi—increasing, i.e. there is ¢ > 0, such that

Opw(T) < cppw(y), whenever x <y.

2) Sp(w) CT*(ppuw)-

Proof: 1) Observe that if <y, then X0 < Xjo,y), and therefore

Opw(T) = |IX[0.01 1 5,00) < €l X0, |l5,00) = P (W)

2) Given f € Sy(w), and r > 0, let us consider f* and f*xj,. Since (f*)* = f*,
f* € Sp(w) and, obviously,
1 sty = 11 W)

On the other hand, since f*x(o,) < f*, and

* e * . P [ w(s
ool = [ - rerasdss ([ o) [T e
[ .. p
> (- / 1) ds) o)
rJo
we have, by the lattice property, that
(", .
[ fllre (o) = SUP (—/ f(s) ds)cpp,w(r) < sup || F*X 0.0 15, ) < cll £lls, w)- 0
r>0 \T" Jo >0

Remark 3.1 A function 1 is called pseudoconcave if it is equivalent on R™ to a concave
strictly positive function. It is a well-known result (see, e.g. [15], Theorem 1.1 of Chapter
2) that v is pseudoconcave if and only if there is a constant ¢ such that

U(s) <cp(t) and ¢(t)/t < ci(s)/s

whenever 0 < s <t < 0.
Thus, if @pw 15 quasi—increasing, it follows readily that it is pseudoconcave and hence,
there is a decreasing function v such that

Opw(t) > ©p(07) +/0 v(s) ds.



Theorem 3.1 Let 0 < p < co. Then, S,(w) has the lattice property if and only if there
is ¢ > 0, such that, for every decreasing functions g1 < ¢a,

AMAAmX®ﬁSCAmAAmXﬂﬁ, (10)

where the operator A, is defined as in (9).

Proof: Assume first that S,(w) is a lattice. Let g1, g» be decreasing such that ¢g; < go
and let f; and f, satisfy Ay, = g1 and Ay, = go. Then Ay, < Ay, and hencef < f5. Now,
since S,(w) is a lattice,

1f1llsy ) < cll falls, )

which, by Lemma 2.2, is equivalent to (10).
Conversely, if f,g € L% with |f| < |g| and g € S,(w), we have, since Ay < A,

[ aooma<e [ 400

and Lemma 2.2 applies. O

The case 1 < p < oo.

Theorem 3.2 S;(w) has the lattice property if and only if 1 ., is quasi—increasing. More-
over, there is a decreasing weight v such that, if p1,(07) = 0, Si(w) = Al(v), and if
©1.6(07) #£0, then Si(w) = A'(v) N L.

Proof: By Proposition 3.1, if Sj(w) has the lattice property, 1, is quasi-increasing.
Conversely, since

Ar(9)(t) = e1(g(t))

and (1 ,, is quasi-increasing, Theorem 3.1 applies.
On the other hand, by Lemma 2.2,

1 f]l oo 00
s = [ erult)duz [~ @u0de+ 009
0 0

where, by Remark 3.1,
t
1,0(t) 2 ©1,,(07) +/ v(s) ds. |
0

Let us see now that, for p > 1, the relevant information of Proposition 3.1 is contained
in the embedding S,(w) C I'*°(vpw)-

Theorem 3.3 Let 1 < p < oo. The following statements are equivalent:
1) S,(w) has the lattice property.
2) Sp(w) C I (ppw).-
3) w € RB,.

10



4) Sy(w) = T"(w).

Proof: 1) = 2) is Proposition 3.1-2).
2) = 3) We first claim that

fo $)X[0.1/r](5) ds
psp 2w( )ds)l/p

SUP @, (1) P e (11)
0

r>0
Then, using (8), (5), and the change of variables ¢ — %, we have, for every f* € A

(therefore for every f € S,(w)) and every r > 0,
T px r1
fof(s)dsz rfy Tf
[ e (S5 (T fx(s))psr- 2w( )ds)l/p
Let ¢ be the constant of the embedding in 2), that is,

ey £ ()
120 >0 || flls,w)

Fix r > 0. Then, by our hypothesis and Lemma 2.1,

v Jo () ds Jo h(8)xp/n(s) ds
C 2> Ppw(r) sup re0 - 7 w(r)sup -0
) M lse O R U hopsr2w(3) dsyir

Now, in order to complete the proof of (11), we only have to consider the situation when
g is a constant function (since every g “\, can be represented as a sum of h € A and
a constant). But then, we obviously have

fo )X[o,1/)(s) ds <f°° ) d8>1/P
w — - - S 17
#oulr) sup (fs7 g(s)sP2w (L) ds)i/e o —ws(;) ds

and (11) follows.
On the other hand, a result of Sawyer (see [23] Theorem 1) ensures that

fo Sxioam(s)ds o [V t Pl NP
SUP (Jo~ g(s)psr=2w(s) ds)t/r </0 <f0t sP2w(?) ds> dt> ’

where as usual 1/p+1/p = 1.
Summarizing, we have proved that

/

nl0) /ow <f5 sp—;u(%) Z ) Tse

i.e.

/

%(/100 ng) ds)”‘”(/; <f0t Sp—QZJ(%) ds>p_1 dt>l/pl <g, r € (0,00).

o0 T 1
/ w(s) ds = / sP2w(=) ds,
r SP 0 s

11

Finally, since




we get that

RSO A e—c— L

which, by [23], Theorem 4, is equivalent to s"~*w (%) € B,; that means w € RB,,.

3) = 4) Since w € RB, < s**w(1) € B, and T f* is decreasing, we get
oo » § » 1/p B 0 i p.p2 1 1/p
( / (F*(s) = S (s)rus)ds) = ( / (T ()" 2w() ds )

(/OOO @ /OSTf*(U) d“>p$p_2w(§)d5>l/p’

12

and, by (8),

</O<>o <é /OS Tf*(u) du)psp2w(é) ds)l/p = (/OOO (/01/8 1 (u) du>p5p2w(§) ds) o
1/p
() ds) = | f oo

4) = 1) is obvious. o
The case 0 < p < 1.

In this case, the embedding S,(w) C I'*°(y,.) does not give us any relevant infor-
mation about the lattice property of S,(w), since, actually, the above embedding follows
from the fact that ¢, ,, is quasi-increasing. To see this, let @(s) = sP~2w(1/s), and let us
write V(r) = [; @(s) ds. Then, it is known (see [9] Theorem 4.2) that,

AP(@) € T(VP),

Using now the monotonicity of 7'f* and (8), we have

I fllspe) = Sl:p <% /OTTf*(t) dt)(/orfﬁ(t) dt)l/p
= sup ( Ol/rf*(t)dt>(/Orw(t)dt>”p
= sup (% /OT fr(t) dt)r(/rooﬁdzf)l/p T

Lemma 3.1 Let us assume that S,(w) has the lattice property. Then,

Ifleo 1/p
115,00 < / @A (W)Pdu |

12



Proof: Let f € Sy(w). Let I; = (27,277!] and let us define
hi(s) = Xp(27T1), s € l; and  ho(s) = A\f(27), s € I;.

Then, if f; is such that Az, (s) = hi(s), since Az, (s) < Af(s) implies f; < f*, we have
fi € Sp(w).

Now hs(s) = hi(s/2) and hence if

fat) = Ay (1) = [{s + ha(s) > 1} = {5 : ha(s/2) > t}| = 2|{s : hu(s) > t}| = 2/(?),

we get
f2 € Sp(w).

Moreover, since S,(w) is a lattice,

I lls,cwy = 1 f1llsp ) = [ f2ll sy )-

Now, by Lemma 2.2, and since 0 < p < 1,

Ifolle , ) —p
10 = [ () ey

27+1 .

Ar(27) 1-p .
Z/z ()\ (zi)ff”“ ds> oA () X0, 21 (1) d
jez *% !

u

IN

12

A A A [l flloo
> 270, (A (2))P X0 falloe] (27) = /0 P opw(Ap(u))Pdu. O

JEZ

Theorem 3.4 Let w be a positive and locally integrable weight. Then, S,(w) has the
lattice property if and only if w € RB,,.

Proof: Using the same argument that in the proof of part 3) = 4) of Theorem 3.3, we
get that if w € RB, then
Sp(w) = Fp(w)7

and S,(w) has the lattice property.
Conversely, if S, (w) has the lattice property, we have, using that w is locally integrable,
that ¢, .,(07) = 0. To see this, observe that if ¢, ,,(07) = A > 0, then

p p 00
)‘_ < Pp(t) _ tp—l/ w(s) ds,
t t ' sP

where the first inequality follows from the fact that ¢, ., is quasi-increasing. Therefore,

r 0o r o0 T \p
/ w(s)ds+rp/ wdsz/ tp_l/ wdsdtz/ )\—dt:oo.
0 v 8P 0 I o 1

By Remark 3.1, we know that there is a decreasing weight v such that

Opaw(t) = /Otv(s) ds.

13



thus, using Lemma 3.1,

0o p oo u 1/
Y A N AT AT P I

or, equivalently,
AP(VP ) C S, (w),

where VP~1( (fo ds)pi .
Let us now COHSlder the function

1p1 1/p-1
F) = (Quon@) = (1og2) " (@)
where Q f(z) := [ f(s)/sds. Since
(QF ()" ~ Qxp.n(2),

we get

IQF I or-10y = /OO(QF(x))pr_l(fE)v(ft) dx”i/ooo QX (@)VP (2)v(z)dz

~ / / dsd:vw/w+7“p/ wds<oo.
0 r sP

On the other hand, since F' = F*, we have

dx

(QF)" —QF =P(QF)—QF = (P+ Q) F — QF = PF,
which implies that
| Fl|ar(w) < |1PF || arw) = |QF ||s,w) = |QF ||arve-1v),

i.e., there is a constant A > 1 such that

/Or (log %)lipw(x) dr < A(/OT w(s)ds +rP /Too wi;) ds).

Now, taking ¢ = exp(—(1 + A)/(177)) we get (log Z)' P — A > 1if 0 < = < rc, thus

/owwu) dr < /0 ((10g2)"™ = A)w(a) dz < A( /:“’@ b [O )

r

=< rp/ —w<8) ds—l—rp/ —w(S) ds < (cr)p/ w(s) ds,
cr Sp T Sp cr Sp

ie. w € RB,,.

Proposition 3.2 The space S,(1/t) does not have the lattice property if 0 < p < 1.

14



Proof: By Proposition 3.1, S,(1/t) C I'"(1) = L*°; and if S,(1/t) had the lattice
property, by Lemma 3.1 also L> C S,(1/t).
Let 1 < a < 1/p, and consider the decreasing function

1

ht) = t(1 — logt)®

X[0,e—1]-

Then, the function
1 1 1
t)=—=(Ph(=) — h(=
f(t) =~ (Ph(2) = h(3))
is also decreasing and belongs to L, since

o0

lim f(t) = lim #(Ph(t) — h(t)) = lim [ \(t) = / Tt dt

t—0+ t—oo h(t)

= /Oooh(t)dt<oo.

[ flloo

However, f & S,(1/t); since, by Lemma 2.1,

Mo = 1 (PF(5) = 1(3)):

Thus,
-1

€ 1
p _ Pip-1 _
= tPH dt = oo. |
||f||$'p(1/t) /0 (t(l _ lnt)a)

3.1.2 Normability

Now, we consider the problem of characterizing when S,(w) is a normed space, i.e. when
there is a norm || - || on S,(w) and positive constants ¢; and ¢y such that

allfll < [ flls,w) < c2llfll, S € Spw).

Our main result states that, for p > 1, normability is equivalent to the lattice property
and hence, Theorem 3.2 and 3.3 can be used to describe the spaces S,(w).

To this end, let us introduce some notation that we shall use later. Given r € R, we
denote by 7, the translation operator

rf(@) = fla 1), zE€R,

and the symmetric operator is defined by

Notice that

(e f)" = () =["

Lemma 3.2 If S,(w) is a quasi-normed space, then @, ., i quasi-increasing.

15



Proof: Let 0 < y < x and consider the functions xjo, and X944 Then,

Sop,w(y) = HX[07x+y] — X[0,z] HSp(w) < C(@p,w@ +y) + @p,w(x))>

and since
Opw(@+y) = (v + y)(/ @ ds) . < 2:6(/ w(s) ds) g 200 (2),
T+y sP T sP
we have

epw(y) < copu(z). O
Theorem 3.5 Let p > 1, the following statements are equivalent:
1) S,(w) is a normed space.
2) Sp(w) is a quasi-normed space.
3) Sy(w) has the lattice property, and then

(a) If p =1, there is a decreasing weight v such that, Si(w) = A (v) if ¢1.,(07) =
O; and ) Sl(w> - Al(v> nL> Zf QOLw(O—’_) ;é 0.

(b) Ifp>1
Sp(w) =TP(w).

Hence, S,(w) is also complete.

Proof: Obviously 1) = 2) and 3) = 1).
2) = 3) If p = 1, by the previous lemma, ¢; ,, is quasi-increasing, and then Theorem 3.2
applies.

If p > 1, as claimed in Theorem 3.3, we need to prove the embedding

Sp(w) € T (@paw)-
Given f € Sy(w) and r > 0, let
Fr@) = ()Xo (@) + ()Xo (1) and  f27(1) = (f7() = f7(r)) X0 (E)-

Since (f)*(t) = f*(r)Xp.r) () + [*(t)X[r,00)(t), & simple computation shows that
(Y0 = (@) = (70 = £0) = () = )Xo (8):
Thus, . )
s < ([ 70 - £ O w0 )" < g0

Also, since (f*")*(t) = (f*(t) — f*(r)) X0 (t), we get that

(fr) (@) = (f) (@) = (f7 () = £ (1) X0 (1) + %(f** (1) = (1) Xiroo) (B).

16



And, using that ¢(f**(t) — f*(¢)) is increasing,

1 s = ([ (6= @) uds+ (0 - oo [ as) ™
< ([ v e-roruis)” = 1w

On the other hand, since S,(w) is a quasi-normed space, f* — 7.(f}) € S,(w) with

||f* — Tr(f:>HSp(w) S 2CHf“Sp(w)’

and the function

H=(f—7(f)— f)

belongs to S,(w) with
[H [|s,w) < (e + DI f s, )-

But, since
B . —f*(t+r) ift>0,
(F=n(f-Fnwm=3 0 il —r<t<,
(=1 ift < —r,

we have Ay = 2Ap+y, . and using Lemma 2.2 and the fact that ¢, Is increasing, we
deduce that f*Xf.o) € Sp(w). Therefore, f*X0.0 = [* = [*Xp00) € Sp(w) with

1 X0 8,00 < (4 DI f |8, )5

and we now finish the proof as in Proposition 3.1-2). ]
Proposition 3.3 Let p > 0, and suppose that S,(w) is a Banach space. Then p > 1.

Proof: Assume that 0 < p < 1. As in [7], we are going to find a sequence of functions
{fx}, satisfying

N
1
il =1 bt <[ 35
k=1

—  00.
Sp(w) N—oo
Choose a decreasing sequence {ry}, such that
a1 8P
Tl
Let fx = QkaX[o,l/rk}- Then
1 [ w(s)
p _ k P .
115, ) = (2775) 7 /1 5 ds=1

k

17



But, if for N fixed, we let Fiy = % Z]kvzl fr, an easy computation shows that

. ! i L "t ﬁw(s)d al o) OOw(s)d 1/p
| NHSp(w) - N(Z(Z ) ks sP S+<Z ) a1 sP S)
k=1 j=1 % Jj=1 N
N-1 &
1 NP/ [ w(s) > w(s)
_ J _
o N{ (ZQ></1 spP ds /1 sP ds)
k=1 7=1 Tk Tk4+1
N
AP [ w(s) 1/p
J A2/
H(2) [ )
J=1 N
1 N /p 1
A e e

3.1.3 Linear property

In general, the linearity of S,(w) does not imply that ¢, ,, is quasi-increasing. Effectively
if w(t) = 1x[o,1) then

Si(w) = L with || flls,w) = [[fllze = |/ Xo,llzr and ¢1,() =1—1¢, (0<t<1).

To prove this claim, given € > 0, write

[ G[rws-ro)f - [ro(f s [ rof

max

= e [ re

s =tim (£ [ (01as = [ (6)ds) = 1l = 1 vl

Hence

Theorem 3.6 Let 0 < p < oo. If S,(w) is a linear space, then there exist positive
constants a, 3 such that

©pw(r) X @pw(2r) for allr < o andr > . (12)
Proof: Suppose that (12) is not satisfied, then, following Theorem 1.4 of [11], we can find

a decreasing function h € A such that h € AP(sP"2w(1/s)) and h(t/2) & AP(sP~2w(1/s)).
Let f = Th. Using (8), it follows readily that

( /Ooo<f**<s> — f*(s)Pw(s) ds)” "= ( /0 N h(s)psp2w(§) ds) v

and hence, f € S,(w). On the other hand,
(] e - resresa)” = ([TaGrs o)) ™

18



and consequently, f(2t) € S,(w).
Let F(z) = f(2z) + f(z), then

Ap(t) = Ap()/2 + As(t) = 3/2A4(1)

and by Lemma 2.2,

Flloo

HFHP N (12
Sp(w)  —

/'floo

|
[Fj[e (s) ds o[ w(s
2 [ (f 2B oy [ M asan

0
0
<
7(w)

LFIS, )

/\ d 1
f rls) sy Qopw (Ar(u))? du

(e
(f )\f ds\p- (3)\f )/OO wdsdu

Af(u)  gP
2

12

Thus F € S,(w), and since S,(w) is linear, f(2t) € Sp(w) or equivalently f(2t) € S,(w)
which is not possible. O

Remark 3.2 The converse in the above theorem is not true, since it is known (see [2]
and [17, Theorem 8.1]) that if p > 1, S,(1/t) is not a linear space, while, however,
©pa/t(r) = (1/p)Y? satisfies condition (12).

3.2 The space S, (w)

In this section we describe those weights w, for which S, (w) has the lattice property
and is a normed space.
The following lemma can be proved in the same way as Proposition 3.1.

Lemma 3.3 Let 0 < p < 00. If S, o(w) has the lattice property, then
1) Ypw is quasi-increasing.

2) Spoo(w) CT*(@pw)-

In particular, since the converse embedding always holds, we get that
Sp.oo(W) =T (ppw).

Theorem 3.7 Let 0 < p < 0o. The following are equivalent:

1) Spoo(w) has the lattice property.

2) Spoo(w) CT*(gpu)-
3) w e RB,.

4) Spoo(w) =T(¢pw).
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Proof: 1) = 2) is Lemma 3.3.
2) = 3) By hypothesis,

Ppu(T) for Jr(s)ds
T feSpoo(w) SWPo(f** () — f*(1))puw(t)

we can write the above expression as

r‘l
r
Ppw (T) sup fo

<
r FE€Sp,00(w) SUPg>q Tf f (o Qw( )dU)l/p -

Since by Lemma 2.1 every h € A can be represented as T'f for some f € A.

1 fO’"
Sop,w(r) 31615 Sup3>og fo uP— 2w( ) du)l/p >

(13)

Since if g = ¢ is a constant function, the above expression is less than or equal to one,
and since every h \, can be represented as a sum of g € A and a constant, we can take
the supremum in (13) over all decreasing functions.

On the other hand, Theorem 3.3 of [9] states that

Jy h(s)ds [ dx
sh1§> B (f " )du)l/p _/ (Jy ur=2w (L) du)t/p’

Hence, we have proved that

' dx c cr
/ (i ur=2w (L )du)l/P = pu(t We (T wr—2w () du) /v’

which is equivalent to v?"?w(+) € B, (see [24] Theorem 2.8).
3) = 4) Since by hypothesis s*2w(1) € B,, Theorem, 3.1 of [24] states that the

. ropea 1 1/p :
Hardy operator is bounded on I'*°(v), where v(r) = <f0 sP2w(3) ds) , and now since

L(f*(L) = f*(2)) is decreasing, the result follows in the same way as Theorem 3.3.
4) = 1) is evident. o

The following result is the counterpart of Theorem 3.5 for S, o (w) spaces and can be
proved in the same way.

Theorem 3.8 Let 0 < p < 00, the following statements are equivalent

1) Spoo(w) is a quasi-normed space.
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2) Spoo(w) is a normed space.
3) we RB,.
4) Sp,oo(w) - FOO(SOp,w)'

And thus, in any of these cases, Syo(w) is also complete.

We end this section with an analogue of Theorem 3.6 whose proof is the same using
now as starting point Theorem 1.6 of [11].

Theorem 3.9 Let 0 < p < oo. If Spo(w) is a linear space, then there exist positive
constants a, 3 such that

©pw(r) X @pw(2r) for allr < o andr > .

4 The associate space
In this section we describe the associate space of S,(w) and Sj, o (w).

Definition 4.1

ft)
Sp(w)':{ : sup / oo} (14)

fespw) ||f||s
(Sp.oo(w)" is defined in the same way considering in (14) Sp.oo(w) instead of S,(w)).

Obviously, S,(w)" is a normed space, and

| i

HQHS w Sup < OQ0.
() ||Tf||Ap(sv 2u(1/s))

Theorem 4.1 Let 0 <p < oo and 1/p+1/p' = 1.
1) If p>1and [}° @ ds < 400, then S,(w) = I (v) N L™=, where

w(t)
tp< too wis) ds)p

v(t) =

7.

sp

and if [;* ws(;) ds = +00, then S,(w) = TP (v), with v as before.
2) Ifp<1,

||g||Sp(w)/ ~ sup Y
/p
0 oo w(s
t> (J; 5(1’) ds)
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Proof: First of all, notice that if g*(c0) # 0 then g ¢ S,(w)’ since, on the contrary, for
all r > 0,

[ ot *
lglls, @y = 0 > O:g (00) o o
HTX[O,T]HAP(Sp—zw(l/s)) T(/ ’LU(S) ds) /P r—oo

sp

Then, by Lemma 2.1,

/ F(t)g (£) dt / Tf(t)Tg" () dt

0 0

= sup = sup
reallTfllarsr-20ss))  rea [Tfllarr-2w(ss)

/ WO T (t) dt / W8T (1) dt

0 0

= sup ~ sup :
nea ||Pl|ap(sr—2w(/s)) Pl ar(sp—2w(1/s)

1915, (wy

where in the last equivalence we have used the fact that the supremum over all nonnegative
and decreasing functions is attained for

o0 T E3 /,1
h(z) = ( - g'(t) dt)p ifl<p<oo
o JysP2w(1/s)ds

(see [23]) and on characteristic decreasing functions xjo,) if 0 < p < 1 (see [10]).
Then, if p > 1 (see [23]),

1/p'
PP~ 2w(1 /1)

(fot sP—2w(1/s) ds)p

+ ( /0 21 /s) ds> o /0 T gty dr,

1/p'

o w) dt w(s)  \ VP
gSpw’2 / g t)? . +</ ds Jlloo-
19115, (w) i (t) ( — ds)p " M Il

lols, oy = / (Tg)™(t)”
0

/

which, by (8), is equivalent to

t sP

and 1) follows. For the case p < 1, we apply the Carro—Soria duality result (see [10]), to
obtain

t ~ sup 9"
p = p
(fg sP=2w(1/s) ds) voowo <ftoo wls) ds> '

Theorem 4.2 Let w be a weight, and let us define

u(t) = (/Ot sp_2w(%) ds)l/p.

191l ) = sup(T'g)™ (¢)
>0

Then
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1. If u is locally integrable and [° % ds < +00, then Spoo(w) = A (Tu) N L.

% ds = 400, then Sy o (w) = A (Tw).

[e.9]

2. If u 1is locally integrable and fo
3. If u is not locally integrable, then Sy~ (w) = {0}.

Proof: First of all, notice that using the same argument as in the previous theorem, it is
easy to see that if g*(co0) # 0 then g & S, «(w)’, and again, by Lemma 2.1,

/0 ST T (1) dt /0 T (1) dt

||9||Sp,oo(w)' = Sup = sup

fed sup T f(t) ( /t sp_Zw(é) ds) WP hea sup h(t) ( /t sp_Qw(é) ds) v
0 0

t>0 t>0

Obviously,

/ h(t)Tg* () dt
HgHSp,oo(w)/ S Sup :

™ sup h(t)(/ot sp_zw(é) ds)l/p

t>0

< / T () d.

Conversely, given R > 0, let
ur(t) = u(t)xp,r (t)-
Now, if u is locally integrable, we get that ug € A, and then

| unrs @ .
1915,y = s0p ——20 ~ [ o
>0 p—2 1 1/p 0
sup uR(t)( s w(;) ds)
0

t>0

and, by Lemma 2.1
/OOO Tg*(t)u(t)dt = /OOo Tg*(t)(u(t) — u(c0)) dt + u(oo) /OOO Tyg*(t)dt
- / " T (u — u(00)) (1) dt + u(o0)lgllsucasn

- / g () Tu(t) dt + u(co)||glls, /0
0

Hg”Al(v) + U(OO)HgHom

which proves 1 and 2.
To see 3, given 0 < R < 1, let us consider the function

up(t) = u(R)xjo,r (t) + u(t)x(r1/r)(t).

Since ugr € A,

R 1/R
u(R) / T (1) dt + / W(t)Tg" (t) dt

! 1 1/
Oti<t sup ug(t) (/ s 2w (-) ds) '
0 s

t>0

1/R ()
> sup/ u(t)Tg*(t)dt:/ Tg*(t)u(t) dt,
0<R<1JR 0
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and, since we are assuming that u is not locally integrable, the last integral is finite if and
only if g = 0. O
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