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5 Two mixing angle description of radiative V Pγ decays∗
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E-08193 Bellaterra (Barcelona), Spain

An analysis of various radiative V Pγ decays is performed using the two mixing angle description of the η-η′

system. The agreement is excellent. Our results are expressed both in the “octet-singlet” and in the “quark-

flavour” basis. It turns out that at the present experimental accuracy, the two angles are significantly different

in the former, but not in the latter basis.

1. INTRODUCTION

The mixing pattern of the pseudoscalar decay
constants associated to the η-η′ system is usu-
ally described in terms of a single mixing angle
[1]. However, this is not the most general mixing
scheme since two axial currents, the eight compo-
nent of the octet and the singlet, can couple to
the two physical states, the η and η′. Therefore,
a mixing scheme consisting of two mixing angles
should be used instead of the simplest one mix-
ing angle description. The reason for not using
the two mixing angle scheme from the beginning
has been the absence of a well established frame-
work able to give some insight on the values of the
two different angles and their related decay con-
stants. Now with the advent of Large Nc Chiral
Perturbation Theory (χPT) [2], where the effects
of the pseudoscalar singlet are treated in a per-
turbative way, the new two mixing angle scheme
receives theoretical support. The aim of this work
is to perform an updated phenomenological anal-
ysis of various radiative V Pγ decays using the
two mixing angle description of the η-η′ system.
The analysis will serve us to check the validity of
the two mixing angle scheme and its improvement
over the standard one angle picture. Our analy-
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sis also tests the sensitivity to the mixing angle
schemes: octet-singlet versus quark flavour basis.

2. NOTATION

The decay constants of the η-η′ system in the
octet-singlet basis fa

P (a = 8, 0;P = η, η′) are
defined as

〈0|Aa
µ|P (p)〉 = ifa

P pµ , (1)

where A8,0
µ are the octet and singlet axial-vector

currents whose divergences are

∂µA8
µ = 2√

6
(muūiγ5u+mdd̄iγ5d− 2mss̄iγ5s) ,

∂µA0
µ = 2√

3
(muūiγ5u+mdd̄iγ5d+mss̄iγ5s)+

+ 1√
3
3αs

4π Ga
µνG̃

a,µν ,

where Ga
µν is the gluonic field-strength tensor and

G̃a,µν ≡ 1
2ǫ

µναβGa
αβ its dual. The divergence of

the matrix elements (1) are then written as

〈0|∂µAa
µ|P 〉 = fa

Pm
2
P , (2)

where mP is the mass of the pseudoscalar meson.
Each of the two mesons P = η, η′ has both octet
and singlet components, a = 8, 0. Consequently,
Eq. (1) defines four independent decay constants.
Following the convention of Refs. [3,4] the decay
constants are parameterized in terms of two basic
decay constants f8, f0 and two angles θ8, θ0
(

f8
η f0

η

f8
η′ f0

η′

)

=

(

f8 cos θ8 −f0 sin θ0

f8 sin θ8 f0 cos θ0

)

. (3)
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Analogously, in the quark-flavour basis the decay
constants are parameterized in terms of fq, fs and
φq , φs [5]:

(

f q
η f s

η

f q
η′ f s

η′

)

=

(

fq cosφq −fs sinφs

fq sinφq fs cosφs

)

, (4)

and the non-strange and strange axial-vector cur-
rents are defined as

Aq
µ = 1√

2
(ūγµγ5u+ d̄γµγ5d) =

1√
3
(A8

µ +
√
2A0

µ) ,

As
µ = s̄γµγ5s =

1√
3
(A0

µ −
√
2A8

µ) .

3. V Pγ FORM FACTORS

In order to predict the couplings of the radia-
tive decays of lowest-lying vector mesons, V →
(η, η′)γ, and of the radiative decays η′ → V γ,
with V = ρ, ω, φ, we follow closely the method
presented in Ref. [1] where the description of the
light vector meson decays is based on their re-
lation with the AV V triangle anomaly, A and V
being an axial-vector and a vector current respec-
tively. The approach both includes SUf (3) break-
ing effects and fixes the vertex couplings gV Pγ as
explained below.
In that framework, one starts considering the cor-
relation function

i
∫

d4xeiq1x〈P (q1 + q2)|TJEM
µ (x)JV

ν (0)|0〉 =

= ǫµναβq
α
1 q

β
2FV Pγ(q

2
1 , q

2
2) ,

(5)

where the currents are defined as

JEM
µ = 2

3 ūγµu− 1
3 d̄γµd− 1

3 s̄γµs ,

Jρ,ω
µ = 1√

2
(ūγµu∓ d̄γµd) , Jφ

µ = −s̄γµs .
(6)

The form factors values FV Pγ(0, 0) are fixed by
the AV V triangle anomaly (one V being an elec-
tromagnetic current), and are written in terms
of the pseudoscalar decay constants and the φ-ω

mixing angle θV as

Fρηγ(0, 0) =
√
3

4π2

f0

η′−
√
2f8

η′

f0

η′
f8
η−f8

η′
f0
η

,

Fρη′γ(0, 0) =
√
3

4π2

f0

η−
√
2f8

η

f0
ηf

8

η′
−f8

ηf
0

η′

,

Fωηγ(0, 0) =
1

2
√
2π2

(cθV −sθV /
√
2)f0

η′−sθV f8

η′

f0

η′
f8
η−f8

η′
f0
η

,

Fωη′γ(0, 0) =
1

2
√
2π2

(cθV −sθV /
√
2)f0

η−sθV f8

η

f0
ηf

8

η′
−f8

ηf
0

η′

,

Fφηγ(0, 0) = − 1
2
√
2π2

(sθV +cθV /
√
2)f0

η′+cθV f8

η′

f0

η′
f8
η−f8

η′
f0
η

,

Fφη′γ(0, 0) = − 1
2
√
2π2

(sθV +cθV /
√
2)f0

η+cθV f8

η

f0
ηf

8

η′
−f8

ηf
0

η′

.

(7)

Using their analytic properties, we can express
these form factors by dispersion relations in the
momentum of the vector current, which are then
saturated with the lowest-lying resonances:

FV Pγ(0, 0) =
fV
mV

gV Pγ + · · · , (8)

where the dots stand for higher resonances and
multiparticle contributions to the correlation
function. In the following we assume vector me-
son dominance (VMD) and thus neglect these
contributions.
The fV are the leptonic decay constants of the
vector mesons, and defined by

〈0|JV
µ |V (p, λ)〉 = mV fV ε

(λ)
µ (p) , (9)

where mV and λ are the mass and the helicity
state of the vector meson. The fV can be deter-
mined from the experimental decay rates [6] via

Γ(V → e+e−) =
4π

3
α2 f2

V

mV
c2V , (10)

with cV = ( 1√
2
, sθV√

6
, cθV√

6
) for V = ρ, ω, φ.

Finally, we introduce the vertex couplings gV Pγ ,
which are just the on-shell V -P electromagnetic
form factors:

〈P (pP )|JEM
µ |V (pV , λ)〉|(pV −pP )2=0 =

= −gV Pγǫµναβp
ν
P p

α
V ε

β
V (λ) .

(11)

The decay widths of P → V γ and V → Pγ are

Γ(P → V γ) = α
8 g

2
V Pγ

(

m2

P−m2

V

mP

)3

,

Γ(V → Pγ) = α
24g

2
V Pγ

(

m2

V −m2

P

mV

)3

.
(12)
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Assumptions Results

θ8 and θ0 free θ8 = (−22.3± 2.1)◦

f8 and f0 free θ0 = (−1.5± 2.4)◦

θV = (38.7± 0.2)◦ f8 = (1.52± 0.05)fπ

f0 = (1.34± 0.06)fπ

θ8 = θ0 ≡ θ θ = (−15.2± 1.4)◦

f8 and f0 free f8 = (1.47± 0.05)fπ

θV = (38.7± 0.2)◦ f0 = (1.20± 0.04)fπ

Table 1
Results for the η-η′ mixing angles and decay con-
stants in the octet-singlet basis of the two mixing
angle scheme (up) and in the one mixing angle
scheme (down).

Eq. (8) allows us to identify the gV Pγ couplings
defined in (11) with the form factors FV Pγ(0, 0)
listed in (7). The couplings are expressed in terms
of the octet and singlet mixing angles θ8 and θ0,
the pseudoscalar decay constants f8 and f0, the φ-
ω mixing angle θV , and the corresponding vector
decay constants fV .
In order to reach some predictions from our two
mixing angle analysis we must first know the val-
ues of θ8 and θ0 preferred by the experimental
data. We will use as constraints the experimen-
tal decay widths of V → (η, η′)γ, and η′ → V γ,
with V = ρ, ω, φ [6]. We have performed various
fits to this set of experimental data assuming, or
not, the two mixing angle scheme of the η-η′ sys-
tem. The results are presented in Table 1.
As seen from Table 1, a significant improvement
in the χ2/d.o.f. is achieved when the constrain
θ8 = θ0 ≡ θ is relaxed (the χ2/d.o.f. is reduced
by more than a factor of 2), allowing us to show
explicitly the improvement of our analysis us-
ing the two mixing angle scheme with respect to
the one using the one mixing angle scheme. It
is worth noting that the θ8 and θ0 mixing an-
gle values are different at the 3σ level. Notice
also that the experimental data seem to prefer a

V P gth.V Pγ (GeV−1) gexp.V Pγ (GeV−1)

ρ η (1.34± 0.09) (1.59± 0.11)

ρ η′ (1.22± 0.09) (1.35± 0.06)

ω η (0.51± 0.04) (0.46± 0.02)

ω η′ (0.55± 0.04) (0.46± 0.03)

φ η (−0.69± 0.05) (−0.690± 0.008)

φ η′ (0.70± 0.05) (0.71± 0.04)

Table 2
Theoretical (left) and experimental (right) values
of the V Pγ form factors in the octet-singlet η-η′

mixing angle scheme.

value for f8 higher than the one predicted by χPT
(f8 = 1.28fπ), while for the parameters θ8, θ0, θ
and f0 our values are in agreement with those of
Refs. [3,7].
We also include a numerical prediction for each
coupling that should be compared with the exper-
imental values extracted from (12) and Ref. [6].
In the numerical analysis we have taken into ac-
count a value for the vector mixing angle of θV =
(38.7 ± 0.2)◦ [8]. Our predictions are obtained
from the results in Table 1. The error quoted in
Table 2 does not reflect the full theoretical un-
certainty, but namely propagates the errors from
the mixing parameters (f8, f0, θ8 and θ0) and the
vector decay constants fV . The agreement be-
tween our theoretical predictions and the experi-
mental values is quite remarkable with exceptions
in the ωηγ and ωη′γ cases. However, these two
couplings merit some explanation. On one case,
the experimental value for gωηγ has changed from
(0.53 ± 0.05) GeV−1 of the PDG’02 [9] to the
current (0.46 ± 0.02) GeV−1 due to the exclu-
sion of the measurement based on e+e− → ηγ by
Dolinsky et. al. [8]. On the other case, the gωη′γ

coupling is rather sensitive to the φ-ω mixing an-
gle; for instance setting θV to the ideal mixing
value of 35.3◦ reduces the coupling by a 10%. As
seen from Table 2, the predictions for the decays
φ → (η, η′)γ, which are the best measured and are
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Assumptions Results

φq and φs free φq = (42.0± 2.3)◦

fq and fs free φs = (42.3± 2.0)◦

φV = (3.4± 0.2)◦ fq = (1.13± 0.04)fπ

fs = (1.68± 0.07)fπ

φq = φs ≡ φ φ = (42.2± 1.5)◦

fq and fs free fq = (1.13± 0.04)fπ

φV = (3.4± 0.2)◦ fs = (1.68± 0.07)fπ

Table 3
Results for the η-η′ mixing angles and decay con-
stants in the quark-flavour basis. The conventions
are the same as in Table 1.

largely independent of θV , are in good agreement
with data. For completeness, we have to men-
tion that fixing θ8 = θ0 ≡ θ the coupling gφη′γ

is fitted to (0.98± 0.05) GeV−1 which is in clear
contradiction with data.
Table 2 constitutes one of the main results of our
work. Our analysis shows that the assumption of
saturating the form factors FV Pγ by lowest-lying
resonances is satisfactory (a conclusion already
reached in Ref. [1]), and that the η-η′ system de-
scribed in the two mixing angle scheme (octet-
singlet basis) fits the data much better than the
one mixing angle scheme does.
Up to now, we have shown in the octet-singlet ba-
sis the need for a two mixing angle scheme in or-
der to describe experimental data in a better way.
In the following, we proceed to perform the same
kind of analysis but in the quark-flavour basis.
In Table 3 we present the results of the fits tak-
ing into account the experimental data available
—namely V → Pγ and P → V γ— and the corre-
sponding theoretical expressions found in the Ap-
pendix of Ref. [10]. As seen from Table 3, there is
no significant difference at the current experimen-
tal accuracy between the χ2/d.o.f. of the fits when
data are described in terms of two mixing angles
(in the quark-flavour basis) or if φq = φs ≡ φ is

fixed. There is however no strong reason to im-
pose this equality as a constraint. Our results are
in agreement with those of Ref. [5] except for the
large value of fs which is forced by the φ → η′γ
decay not included in the previous analysis.

4. CONCLUSIONS

We have performed a phenomenological analysis
on various decay processes using a two mixing
angle scheme for the η-η′ system. The agreement
between our theoretical predictions and the ex-
perimental values is remarkable and can be con-
sidered as a consistency check of the whole ap-
proach. We have shown that a two mixing angle
description in the octet-singlet basis is required in
order to achieve good agreement with experimen-
tal data. On the contrary, in the quark-flavour
basis and with the present experimental accuracy
a one mixing angle description of the processes is
still enough to reach agreement. This behaviour
gives experimental support to the fact that the
difference of the two mixing angles in the octet-
singlet basis is a SU(3)-breaking effect while in
the quark-flavour basis is a OZI-rule violating ef-
fect which appears to be smaller.
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