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Integrability properties of maximal convolution
operators®

Joaquim Martin and Fernando Soria

Abstract

In this paper we study integrability properties of maximal convolution
operators satisfying restricted weak type (p,p) estimates.

1 Introduction

Let S, f by the nth partial sum of the Fourier series of the function f, and
let S*f be the Carleson maximal operator, i.e.

S f(x) = sup |Snf(x)|.

R. Hunt proved in [5], the following extension of the celebrated Theorem of
Carleson [3],

2
e € T2 8%xa(e) > P < e Pa|ale, p>1 (1)

(where T denotes the one-dimensional Torus which we identify with the in-
terval [0, 1], x 4 is the characteristic function of the set A and |A| its Lebesgue
measure), and then, via the so called ”Yano’s extrapolation theorem” (see
[10]) he obtained

[ s r<e{i+ [1n10+108" 1017}, 2)
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This last estimate gives as corollary that S, f(x) converges a.e. for every
function of the class L(log L(T))2. Carleson and Sjolin in [6], showed that
is possible to extrapolate directly from estimate (1) to obtain

e € T8 (@) > )] < {1+ [ If1(1+log" /)1 + log* log™ |1])}

which implies a.e. convergence in L log L loglog L(T).
In [7], P. Sjolin showed that S* has the following integrability property:
For 0 < § < 1, there exists a constant Cy such that

S*
/T (1+ 1og+J;*f)1—6 <Cof1+ /T F1(1+log™ [£)' 0}

The case in which 6 = 0 was considered by F. Soria in [9], where he
obtain the following extension of the previous result

S*f

[ <e{i+ [0+t )0+ s og 11D 3)

More recently, N.Y. Antonov in [1] has proved that

e € T: 8 f(2) >} < {1+ /T [£1(1+ log™ | F)(1 + log™ log™ log™* | )}

and from here one can in fact obtain a.e. convergence of the Fourier series
in the biggest class Llog Llogloglog L(T).

In this paper we consider an extension of estimate (3) for maximal con-
volution operators of restricted weak type (p,p) (see Theorem 3.1 below),
that in the particular case of the Carleson maximal operator S*, states that

S*f
/1r (1+log™ S*f)(1 +log™ log™ S*f)
< {1+ [ 1711 +10g" 1)1+ log* log* log* 7))},
T

(4)

As usual, the symbol f ~ ¢ will indicate the existence of a universal
positive constant ¢ (independent of all parameters involved) so that (1/c)f <
g < cf, while the symbol f < g means that f < cg. We write ||g||, to
denote ||g||zr, Ag(y) = {z € R™ : |g(x)| > y}| is the distribution function
of g and g*(t) = inf{s : A\;j(s) <t} is the decreasing rearrangement (we refer
the reader to [2] for further information about distribution functions and
decreasing rearrangements).



2 Preliminaries

The key in the proof of Antonov’s result (see [1]) about a.e. convergence of
Fourier series in L log Llogloglog L(T) follows from the following approxi-
mation argument which uses the fact that the convolution kernels defining
S*, the Dirichlet kernels, are smooth.

Lemma 2.1 (Antonov) Let SV f(z) = supyc,<y |Snf(2)|. Then, for ev-
ery e >0, every N € N and every 0 < f(z) < 1, there exists a measurable
set F such that |F| = || fll1 and ||[SM(f — xF)|leo < €.

Antonov’s lemma has been recently extended by P. Sj6lin and F. Soria
(see [8] Lemma 5) in the sense that one can approximate a given function in
the spirit of Antonov’s lemma but with no smooth assumption at all on the
kernels. This extension is contained in the following general approximation
principle

Lemma 2.2 Let {K;} be a sequence of integrable functions in R™ (or T™)
and define the maximal operator K* by

K*f(ﬂﬂ):Slj%PlKj*f(ﬂf)la (z € R).

Let KNf(z) = supg<j<n |Kj * f(x)]. Then, given e > 0, a >0, N € N
and a measurable function f € L'(R™) with 0 < f(x) < a, there exists a set
F Csupp f such that

i) |EN(f = axp)lleo < e
i) [ f=alF).
Rn

Proof: In [8] Lemma 5, condition i) reads || K™ (f — axr)|1 < &, however,
it is easy to see that if the kernels {K;} are uniform continuous then the
same proof works to obtain ||KV(f — axr)|/c < . In the general case, for
each j = 1,2,---, N, let g; be a continuous function of compact support
such that -

15— gilh < =,

With GV f(z) = supg<j<x |g; * f(x)|, we therefore obtain

KV (@) < GV F @)+ max 1K = gyl |l < G~ (o) +=.



Similarly, GV can be estimate by K, and so

KN f(@) -GV f@) <= O

We shall denote by L(V,,) the set of measurable functions such that

Uin([.f()]) dar < o0,
R

where m > 0 and W,,(t) = t(1 + log™ t)™(1 +1log™ log™ log™ t) (t > 0).

Proposition 2.1 L(¥,,) is a Banach space whose norm is given by
©© 1\m 1
_ * + 1 oot lnot =

HfHL(\Pm) = /0 f (s)(l + log s) (1 + log™ log™ log s) ds.

Proof. We shall see that the functional || - HL(\IJ )

the set L (¥,,). Effectively, given a measurable function f, consider the set
A={te[0,1]: f*(t)*> > 1/t}, then

is finite precisely in

100,y = I+ | £() (10g* 1) (105" log log™ 1) s

=l + [ £7(s)(log* ()" (g™ log* log* £7(5))

A

= 1+ [ Wallf@))de.

On the other hand, if f € L(V,,) then || f||1 < oo, and since ¢f*(t) < || f]1,
we get

L wnli@hde = [ " v @)
< / f*(s)(l +log™ —Hle)m(l +log™ log™ log™ —Hle) ds
0 s s
< min( [fIOIfl,) O
Finally, we also consider the function @ : [0,00) — [0, 00) defined by

t
o(t) = .
®) (1+log™t)(1+ log™ log™ et)
Notice that since ®(t) is increasing and ®(t)/t is decreasing we can find a
concave function ¢ (see [2] Proposition 5.10 pag. 71) such that

D(t) ~ d(t). (5)




3 The main result

Theorem 3.1 Let {K;} be a sequence of kernels in L'(R™). Assume that
the mazimal operator K* is of restricted weak type (p,p) with a constant
which grows like (p —1)™™ as p — 17, that is

e € R s K xae) > WP < (-55) Al s (6)

for some m > 0 and for all 1 < p < 2, with C' independent of p, A > 0 and

of every measurable set A.
Then, for R > 2

/|m|§R(I)(K*f(x)) dz < c(log R)™ 1 (1 + Hf”L(\I/m))

Observe that the dependence on R is logarithmic. This gives in particular
the global integrability: Ye > 0, AC, such that

(I f())

- T3 2le < CeA1+ 1l (g, -

Proof: Using the above hypothesis (6) on characteristic functions and
Lemma 2.2 we can conclude that

e € R K (@) > MY < (S5) IR Il <t (0

since given ¢ = A\/2, N € N and f € L'(R") such that 0 < f(z) < 1,
by Lemma 2.2 there exists a measurable set F' such that |F| = || f|; and
I (f = xF)lloo < &, then

KN f(a) < KN (f=xp) (@) + KN xp(e) < 24KV xp(r) < A2+ K xp(@).

Hence {z € R": KN f(x) > A\} C {z € R" : K*xr(x) > \/2} which implies
that o
n . N 1/p m 1/p
Niw € R": KN f() > MY < (=) I
Using now that KV f / K*f a.e. we obtain (7).
Let R > 2, by Holder’s inequality we get
Az eR" : |z| < R, K*f(z) > A\}| < CR"P~V/P)|{z e R" : K*f(z) > \}|'/P,

and now, using (7) with p = 1+ (log R(1 + log W))fl we obtain

5



Az e R™: |z| < R, K™ f(x) > A} < (log R)™m([[fll1), [ flleo <1
where ¢, (t) = t(1 +log™ 1)™ (¢ > 0).

Equivalently, for every f € LY(R™) N L>®(R"),

e € B slal < RK"f(a) > NI = (g )" (1) (8)

Let us assume that ||fHL(\IJ ) <1 and let us write

f= fX{|f\§2} + ZfX{22i<|f‘§22i+1} = f+ Zfz
=0 =0

As we shall see later, we have that

[ filloo
hence, we may assume without lost of generality that

1fillx
1 filloo

Since ®(t) ~ &(¢) and d is subadditive (since it is concave (see (5)) we
get

Sl (A2L) <1l gy <1 9)
=0

)<1, i>0.

||fi||0090m(

z|<R

/ﬂleR B(K* f(x)) do < /ng S(K* f(z))dz + ;/ S(K* fy(x)) da.
Now, by the concavity of ® we get ®'(t) < &(t)/t ~ ®(t)/t, and so
/ b(K* () do
jel<R
_ /Ooo {z € R, 2| < R: K*fi(z) > &~ (1)} dt

_ /°° {z € R, |2 < R: K*fi(z) > t}|®'(t) dt
0

< /OO o € R, 3] < R: K*filx) > 11| 2
0 t

:(/ Ty - +/)\{xeR”,\x|§R:K*fi(a;)>t}|M
Ay Aa As Ay t

=T+ II+III+1V,



i i i+l
where, A1 = (0, || filloo@m($E)), A2 = (| filloowm($52),1), 45 = (1,22™")
and Ay = (227 o0).

Let us see first that for R > 2

1 fillx

I < (10g R)"™ || fillootpm (125).

Effectively,
I< / {z € R, 2| < R: K*fi(z) > t}| dt
Aq

and from (8) we get

I = /min(Rn, (1ogR)m\|fi\|oogpm<||;}||L10))dt
A1 "

. 1
= (logR)meiHoo(Pm(WJ{ZI’;)/0 min (R",1/t) dt

s sl (L)

On the other hand estimate (8) gives again

Il £; 111
Mfilloo

1
7= / {z € R, 2| < R: K*fi(z) > t}| dt
1illoesom (5415 )

! | fill1  dt
=/ \ (10g BY™ || illootom L
I illom (1L ) (ufinoo) t
Il fill1 1
= (log R)"|| fillcotom lo
ot 8" WAl (1 51 ) 8 o
and
III /22#1\{ eR", |z| < R: K*fi(z) > t}] dt
= T T : i(x
1 T (1+1logtt)(1+log™ log™ et)
I dt
=< log R)™|| f; m b
- /1 (log B)™ | fillootp (HfiHoo)t(l—|—10g+t)(1—|—10g+ log™ et)

Ifillx
1 filloo
I fillx
1 filloo

= (log R)™||:locem ) log(1 + log(1 + 2+ log 2))

IA

(log B)™ || fillooom (11 ) 1og(i + 2).



Finally, estimate (7) for p = 2 implies

dt
IV < / eR": K*fi(x) >t
dt
= illool Ji ;
o e e e e
17l
% 1Al < fllcon (7255

Therefore, for R > 2

> Gt o PO o

= Il !
< N oo @m 1+1
<3 Il (Hfl.noo)( e Hfi\oosam(ﬁ“op)

+ Z ||fi‘|oo§0m(|:|;:i|:to)(l + log(i +2))

i
— ; ©1 (HfiHooSDm<|:|fi\:i))

S Hfiuoogom(‘:']i?‘:'l )1+ log(i + 2)).
1=0 2||oo

8
)

Using || fille < 227", and that tg,,(1/t) and @1 (tpm(1/t)) are both
increasing, we get

i logR m+1 /lmISR(I)(K*fi(ZU))dx = Z‘P (22”1 (l{:ﬂf))

N 2221+1 (”J;ﬂll)(l +log(i + 2))
= SO+Sl‘

Define

B={i>0: 22i+lwm(!‘§fﬂf) < 1;-2}’

and split the sum Sy as

So=> +>.

i€B  i¢B



Using again that ¢1(s) is increasing, we get

(1+1)) < oc.
zEB 1= 0

On the other hand,

Yo < ZQQlem(!{fﬂf)(l +log(1 +i%)) = S1.

i¢B =0

Summarizing, we have that

K*f; de <1+ 5.
ZZ: logR m+1 /|z<R ( f(x)) r =145

To estimate S; we follow the steps of the corresponding Theorem 2.2 in
[4]. Since || fi]|1 < 222_2fl 290¢(27) and ¢, is concave

27,+1 1 .
1+1 2‘7
Sy =< 2022 3 gom(221+1 Ap(27)) (1 + log(i + 2)).
1= j =921

Now, using ¢, (s)/s decreases, and that 2/ < j < 2i*!  we obtain that

i 2J . 4 e (27
22 +190m<222ﬁ)\f(2])) < (QJ)QSOm(f;ij))-
Hence
oo 2011
S1 = % JZZZ (29)? ( 2( )>(1+log+ log™ log™ 2%)

PN

o0 A
/1 SSDm(Jcs(S)> (14 log™ log™ log +5) ds.

Since sAr(s) < 1/ < 171y, ) < 1. we gt

and, since sp,,(1/s) increases, and @, (s%) < 2™s(s),

seu (ML) £ e O0) = 2l (o)



Thus,

S = / <pm()\f(s))(1+log+log+log+s)ds
1

IN

/ ©m(Af(s))(1 4 log™ log* log™ s) ds
0

oo [ rf*(s)

= / / (1+log™ log™ log™ t) dt | dpm(s).

0 0

Finally, since (1 + log™ log™ log™ t) is increasing and sf*(s) < 1
S = / F4(5)(1 + log™ log* log* £(s)) diom(s)
0

/0 f*(s) (1 +log™ %>m<1 +log™ log™t log™ %) ds.

12

Notice that claim (9) follows from the fact that

i=0 illoo

To estimate [, < d(K* f(x)) dz we use the same argument that above,

considering the sets A; = <0, ”?”"O@m(ll‘%:i))’ Ay = (H?Hoo‘ﬂm(d%t)a 1)a

Az = (1,2), Ay = (2,00) (or A1 = (0,1), A3 = (1,2), Ay = (2,00) if
||7||oo<pm(m) > 1) and the fact that || f|lco <2 and ||f||; < 1. Then, one

[[£lloo
can easily check that for R > 2,

/Ix|<R(i)(K*f(x)) dx < (log R)™ 1.

Summarizing, if || f|| () < 1 we have proved that

* m+1
10,0 /x|<R¢(K F(a)) de < cllog BY™ {1+ 1]y}
Finally, the case || f]| L) > 1 follows from the previous one since

Mo /|x|<R(I)(K f(z))d S/|I<R<I’<K ||f||L(@m))d 0

Remark 3.1 Theorem 3.1 is also true for kernels {K;} in L*(T"), hence
if K* = S* we obtain inequality (4).

10



Remark 3.2 Under the same hypothesis of Theorem 3.1, the following weak
type inequalities were obtained in [8] and [4]

{o €R", Ja| S R: K" fila) >t} 21+ £y, )

and

H{zr e R": K*f(x) > t}|
(1+1logtt)m
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