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Spin-induced angular momentum switching
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When light is transmitted through optically inhomogeneous and anisotropic media the spatial distribution of
light can be modified according to its input polarization state. A complete analysis of this process, based on
the paraxial approximation, is presented, and we show how it can be exploited to produce a spin-controlled
change in the orbital angular momentum of light beams propagating in patterned space-variant optical axis
phase plates. We also unveil a new effect: the development of a strong modulation in the angular momentum
change upon variation of the optical path through the phase plates. © 2007 Optical Society of America
OCIS codes: 260.5430, 160.1190, 230.5440, 270.0270.

In the past few years considerable interest has been
attracted to the generation, manipulation, and characterization of helical beams. These beams can transport angular momentum (spin and orbital) along
their propagation direction,1 producing mechanical
effects (optical torques) that have been exploited for
trapping atoms, molecules, and macroscopic
particles.2–5 Other applications include the detection
of rotational frequency shifts,6,7 geometric phases,8–10
and spatial mode encoding,11–14 demonstrated both at
the classical- and single-photon level. For instance,
the possibility of simultaneously using the spin (polarization) and orbital angular momenta of light is
becoming increasingly appealing for small-scale
quantum information tasks.15
The aim of this Letter is to address the problem of
how to exploit the spin degree of freedom of vectorial
helical beams to induce changes in their orbital angular momentum. Prior to coming to the matter, we
mention previous important contributions connected
with this process. Generation of nonscalar helical
waves, based on spatially nonuniform polarization
transformations, with subwavelength diffraction
gratings in the mid-infrared has been reported.16,17 A
proof-of-principle demonstration of spin-controlled
changes in the orbital angular momentum of circularly polarized Gaussian beams in the visible domain, using patterned nematic liquid crystals, has
been experimentally achieved.18 Also, a method to
control the transfer of spin with an externally applied dc electric field in an optically active medium
has been proposed.19 Our approach, based on the vectorial paraxial propagation of helical beams in spacevariant optical axis media, enables us to describe in a
remarkably simple way not only the mechanism of
spin-to-orbital angular momentum switching, but
also to reveal a new effect: the development of a
strong modulation in the spin and orbital angular
momentum changes when varying the traversed optical path. Possible uses for polarizationentanglement transfer onto orbital angular
momentum-entanglement in two-photon states are
also discussed.
Propagation of monochromatic light (of frequency
) in anisotropic linear media is described, starting
from Maxwell’s equations, by20 ⵜ2E − ⵜ共ⵜ · E兲 + k02ˆ · E
= 0. Here, k0 =  / c, ˆ , is the relative dielectric tensor
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(at frequency ), and E is the complex amplitude of
the electric field. We focus our analysis on uniaxial
media in which the optical axis is confined in a plane
orthogonal to the propagation direction of the incident light (along the z axis), so that the walk-off effect between the ordinary and extraordinary components of the field is absent. Absorption is neglected.
Let us first regard the medium as homogeneous. In
the principal axes reference frame the relative dielectric tensor is represented by a diagonal matrix ˆ p
= diag共n2e , n2o , n2o 兲, with no and ne being the ordinary
and extraordinary refractive indices, respectively. If
the optical axis is rotated an angle ␣ about the z axis
with respect to a fixed reference frame [see Fig. 1(a)],
the rotated dielectric tensor ˆ 共␣兲 in the xyz frame is
connected with ˆ p by a similarity transformation
ˆ 共␣兲 = R̂z共␣兲ˆ pR̂z共−␣兲, where R̂z共␣兲 is the usual 3 ⫻ 3
rotation matrix about the z axis.21 To solve the propagation equation in the fixed frame, we express
the field in terms of the standard two-dimensional
Fourier
integral
E共r , z兲 = 兰d2q exp共iq · r兲E共q , z兲,
where r = xux + yuy and q = kxux + kyuy are the
transverse position and wave-vector components.
We
look
for
plane-wave
solutions
E共q , z兲
= Eo共q兲exp共ikozz兲 + Ee共q兲exp共ikezz兲, with koz = 关k02n2o
− q2兴1/2 and kez = 关k02n2e − 共kx cos ␣ + ky sin ␣兲2n2e / n2o
− 共kx sin ␣ − ky cos ␣兲2兴1/2. The ordinary and extraordinary amplitudes Eo,e can be explicitly obtained from
the boundary condition of the field, E0共q兲, at z = 0. By
resorting to the paraxial approximation, which
amounts to retaining only the low spatial transverse

Fig. 1. (Color online) (a) Axes configuration for homogeneous uniaxial media. (b) Azimuthally inhomogeneous
uniaxial phase plate. Segments represent the local orientation of the optical axis. Light propagation is along the z
direction.
© 2007 Optical Society of America
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frequencies 共兩q 兩  k0兲, the relevant contribution of
the angular spectrum of the field is found to be given
by its transverse part E⬜共q , z兲 = Û␣共q , z兲E⬜0共q兲,
where
Û␣共q,z兲 =

exp共ikezz兲 + exp共ikozz兲
2
+

1̂

exp共ikezz兲 − exp共ikozz兲
2

R̂z共␣兲ˆ zR̂z共− ␣兲,

R̂z共␣兲 and ˆ z denoting the 2 ⫻ 2 rotation and the
Pauli matrices about the z axis, respectively.
Let us now examine the more general situation in
which the orientation ␣ of the optical axis in the xy
plane varies with position [remaining uniform along
the z direction; see Fig. 1(b)]. This is of relevance for
patterned nematic liquid-crystal phase plates.18 Let
d denote their thickness. To obtain the output field in
this situation we transform back E⬜ to real-space
variables and integrate Û␣ over the transverse spatial frequencies. This is an excellent approximation
as long as ␣ varies smoothly on the wavelength scale
of the input beam. The transverse field at the output
face of the phase plates is
E⬜共r, ,d兲 =

再冋 册
冋 册
冎

k 0n o

2id
+

冕冕
⬁

0

Fe + Fo

dd

2

0

Fe − Fo
2

2

1̂

R̂z共␣兲ˆ zR̂z共− ␣兲 E⬜0共, 兲,
共1兲

where Fo = exp关ik0nod + i␤o 兩 r − 兩 兴 is the ordinary
Fresnel kernel with 兩r − 兩2 = r2 + 2 − 2r cos共 − 兲, ␤o
= k0no / 2d, and the input transverse field of the incident beam is E⬜0. The extraordinary Fresnel kernel
reads
2

Fe = exp兵ik0ned + i␤e兩r − 兩2 + i⌬␤e关r2cos 2共␣ − 兲
+  cos 2共␣ − 兲 − 2r cos共2␣ −  − 兲兴其,
2

with ␤e = k0共n2o + n2e 兲 / 4ned and ⌬␤e = k0共n2o − n2e 兲 / 4ned.
Equation (1) provides our first main result. It shows
that the action of any uniaxial phase element with
space-constant or space-variant optical axis oriented
orthogonally to the propagation of light produces two
distinct field contributions: (1) a term that preserves
the polarization state of the input field (the one proportional to the identity matrix 1̂), and (2) a term that
rotates the polarization state of the input field. The
spatial distribution of the input field is modified in
both cases, although in a different fashion. The first
term is always present and dominates over the second term. Notice that Eq. (1) reduces to the wellknown isotropic Fresnel integral when n0 = ne (the
second term vanishes). The two contributions can
however be separated by using a suitable combination of polarizers and a Mach–Zender interferometer.
For input circular polarization the two output contributions have (opposite) circular polarization and no
interferometers are required; one could employ the
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recently proposed chiral liquid microcells that enable
the splitting of circularly polarized beams.22 When
the birefringence is not too large 共兩⌬␤e 兩  ␤e兲, it is
possible to obtain an accurate approximation for the
extraordinary Fresnel kernel Fe ⯝ exp关ik0ned + i␤e 兩 r
− 兩2兴. The neglected part is responsible for a small
astigmatism in the extraordinary part of the field
profile. We use this approximation henceforth.
Consider now a normalized input transverse field
of the form E⬜0共 , 兲 = 关aux + buy兴LGl,p共兲exp共il兲,
with degree of polarization  = i共ab* − a*b兲. Here, 
= ± 1 for left- and right-hand circularly polarized
light, respectively, whereas  = 0 for linearly polarized light. The functions LGl,p共兲 denote the
Laguerre–Gaussian modes,1,14 indices standing for
topological charge l = 0 , ± 1 , ± 2 , . . . , and nonaxial radial node number p = 0 , 1 , 2 , . . .. The properties of
these helical beams expressed in a cylindrically polarization basis under strong focusing conditions
have been recently studied.23 Within the paraxial approximation, the total optical angular momentum
(integrated over the transverse plane) along the
propagation direction of the input beam can be decomposed as1 Jz = Lz + Sz, where Lz = l /  and Sz =  / 
correspond to the orbital and spin angular momenta
per unit energy.
We wish to determine whether, according to the
spin state of the above input beam, the total angular
momentum Jz is conserved or changed upon propagation through space-variant optical axis phase plates.
In the general case where the transverse electric
field, E⬜ = vxux + vyuy, consists of two distinct spatial
distributions (position-dependent polarization), vx
and vy, the output orbital and spin angular momenta
can be cast as
⬁
2
 vj*
i
 vj
rdrd vj
− v*j
, 共2兲
Lz =
兺
2 j=x,y 0 0


i
Sz =

2

冕冕
冕冕
⬁

0

2

0

r2drd
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册

关v*xvy − vxv*y兴.

共3兲

Assume that the orientation of the optical axis in
the phase plates is described by the azimuthal
relation18 ␣共兲 = q + ␣0, with constants q and ␣0.
Only if q is an integer or a semi-integer the optical
axis does not possess discontinuity lines in the phase
plates, but only a defect in their center. For input
beams corresponding to a fundamental Gaussian
mode 共l = p = 0兲, the field at the output face of the
plates will generally exhibit an abrupt steepening in
the vicinity of the origin.
Remarkably, when vx and vy represent the field
components in Eq. (1), one can exactly integrate Eqs.
(2) and (3) for all Laguerre–Gaussian modes. They
yield a strikingly simple formula for the total angular
momentum change (per unit energy) ⌬Jz = ⌬Lz + ⌬Sz,
where the changes in the orbital and spin parts are
given by
2 ␤ o␤ e
q
1− 2
cos共k0兩no − ne兩d兲 ,
共4兲
⌬Lz =

␤o + ␤2e

冋

册
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⌬Sz = −




冋

1−

2 ␤ o␤ e

册

cos共k0兩no − ne兩d兲 .
2

␤2o + ␤e

共5兲

Notice that none of the angular momentum parts depend on the specific input Laguerre–Gaussian modes
nor on the beam width. If q = 1, then ⌬Jz = 0, irrespective of the input spin. This fact does not preclude that
the orbital and spin Lz and Sz exchange their magnitudes (equal and of opposite sign). The experiment
reported in Ref. 18 referred to the case of fundamental Gaussian modes as input beams and plates with
q = 1. There, it was confirmed that the initial total angular momentum was conserved, in complete agreement with Eqs. (4) and (5). This fact is expected in
view of the full cylindrical symmetry of both the light
profile and the plates [see Fig. 1(b)], so that the total
angular momentum carried by the incident beam
must be a conserved quantity via Noether’s theorem.
Interestingly enough, one sees another effect from
Eqs. (4) and (5), namely, that the orbital, spin, and total angular momentum change show the development of a very strong (nearly 100%) modulation
when varying the thickness d of the phase plates. By
slightly changing the incidence angle of the input
beam on the plates (or by tilting the plates, in a similar fashion as the well-known Maker fringes are detected when measuring the efficiency in secondharmonic generation), this effect should be
observable as a net transfer of angular momentum to
absorbing particles1 trapped on the beam axis in an
optical tweezer.2,3 An off-axis geometry4 would also
reveal both spin and orbital components. For fixed
q ⫽ 1, the maximum change of angular momentum
occurs when the input beams are circularly polarized
共 = ± 1兲 and the anisotropic plate thicknesses are d
= 共2m + 1兲 / 2 兩 no − ne兩, m = 0 , 1 , 2 , . . . , that is, of the order of the beam wavelength . Moreover, if the input
beams are linearly polarized 共 = 0兲, ⌬Jz = 0 holds,
and, in particular, the orbital part (for Laguerre–
Gaussian modes with topological charge l) is thus
conserved 共Lz = l / 兲.
In summary, from the above results it is manifest
that a finite exchange of angular momentum between
the input beam and the space-variant optical axis
phase plates will generally take place. However, this
transfer will depend both on the optical spin and the
q-parameter of the plate, but not on the particular
spatial light mode. In this respect, it would also be
quite interesting to identify other physical scenarios,
complementary to the one described here, in which
the change of the distinct optical angular momentum
parts could solely be mediated by the input orbital
angular momentum but not on the spin. The combined action of such two complementary systems
would enable one to perform full-fledged controlled
switching between the two angular momenta degrees
of freedom, of great relevance for quantum information processing based on linear optical schemes at the
single-photon level.24 For instance, it should then be
possible to transfer two-photon entanglement,25 either in spin or in orbital angular momentum, onto
the other degree of freedom. This is an important op-

eration for the so-called quantum repeaters, where
the interface between a quantum communication
channel and a quantum memory will probably require manipulation of entanglement involving several degrees of freedom of light.
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