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ABSTRACT. We study Mittag-Leffler conditions on modules providing
relative versions of classical results by Raynaud and Gruson. We then
apply our investigations to several contexts. First of all, we give a new
argument for solving the Baer splitting problem. Moreover, we show
that modules arising in cotorsion pairs satisfy certain Mittag-Leffler con-
ditions. In particular, this implies that tilting modules satisfy a useful
finiteness condition over their endomorphism ring. In the final sec-
tion, we focus on a special tilting cotorsion pair related to the pure-
semisimplicity conjecture.
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INTRODUCTION

In the last few years, Mittag-Leffler conditions on modules were successfully em-
ployed in a number of different problems ranging from tilting theory to commu-
tative algebra, and to a conjecture originating in algebraic topology. Indeed, the
translation of certain homological properties of modules into Mittag-Leffler con-
ditions was a key step in solving the Baer splitting problem raised by Kaplansky in
1962 [3], as well as in proving that every tilting class is determined by a class of
finitely presented modules [12, 14], and it is part of the strategy for tackling the
telescope conjecture for module categories [6].

Motivated by these results, in this paper we undertake a systematic study of
such conditions, and we give further applications of these tools. In fact, we give a
new proof for the result in [3]. Moreover, using the theory of matrix subgroups,
we provide a new interpretation of certain finiteness conditions of a module over
its endomorphism ring, in particular of endofiniteness. Furthermore, we show
that Mittag-LefHler conditions appear naturally in the theory of cotorsion pairs,
that is, pairs of classes of modules that are orthogonal to each other with respect
to the Ext functor. As a consequence, we discover a new finiteness condition
satisfied by tilting modules. Finally, we employ our investigations to discuss the
pure-semisimplicity conjecture, developing an idea from [2].

Further applications of our work to finite-dimensional hereditary algebras,
and to cotorsion pairs given by modules of bounded projective dimension will
appear in [5] and [13], respectively.

We now give some details on the conditions we are going to investigate. Ray-
naud and Gruson studied in [306] the right modules M over a ring R having the
property that the canonical map

p:M®r[[Qi—[][(M ®r Qi)

iel iel

is injective for any family of left R-modules {Q;}ic;. They showed that this is the
case if and only if M is the direct limit of a direct system (Fx, fga) g,aca of finitely
presented modules such that the inverse system

(HOmR (FO(’B)’ HOmR (fBO(’B))B,D(EA

satisfies the Mittag-LefHler condition for any right R-module B. Therefore such
modules M are said to be Mittag-Leffler modules.

In this paper, we study relative versions of these properties by restricting
the choice of the family {Q;i}icr and of B. We thus consider the notions of a
Q-Mittag-Leffler module and of a B-stationary module. Part of our work consists in
developing these notions following closely [36].

While the definition of a Q-Mittag-Leffler module relies on the injectivity
of the natural transformation p, the B-stationary modules are not “canonically”
defined. We introduce the stronger notion of strict B-stationary modules. Again,
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this notion is inspired by [36]. Indeed, if B is the class of all right modules,
then the strict B-stationary modules are precisely the strict Mittag-Leffler mod-
ules introduced by Raynaud and Gruson, and later studied by Azumaya [10] and
other authors under the name of locally projective modules. We characterize strict
B-stationary modules in terms of the injectivity of the natural transformation

v=v(M,B,V): M ®g Homg(B,V) — Homg(Homg (M, B),V).

This relates our investigations to results on matrix subgroups obtained by Zim-
mermann in [40].

As mentioned above, our original motivation are the results in [12], where it
was made apparent that, for a countably presented module M, the vanishing of
Extk (M, B) for all modules B belonging to a class B closed under direct sums,
can be characterized in terms of B-stationarity, see Theorem 3.11 for a precise
statement. Furthermore, also the vanishing of lim', the first derived functor of
the inverse limit lim, can be interpreted in this Way, see [19] and [3]. We believe
that a thorough understandmg of B-stationary modules and of their relationship
with strict B-stationary and Q-Mittag-Leffler modules will provide a new insight
in problems related to the vanishing of certain homological functors. The appli-
cations we present in this paper are oriented towards such developments.

Let us illustrate such applications by focussing on cotorsion pairs. Let S be
a set of finitely presented modules, and let (M, £) be the cotorsion pair gener-
ated by S. In other words, £ is the class of modules defined by the vanishing of
Extll{ (S, —), while M is defined by the vanishing OfEthlz (=, L), see Definition 9.1.

Denote further by C the class defined by the vanishing of Tor} (S, —). We prove
in Theorem 9.5 that a module is L-stationary if and only if it is C-Mittag-LefHer.
Moreover, it turns out that every module in M is strict £-stationary.

In particular, this applies to cotorsion pairs arising in tilting theory (Corollary
9.8), yielding that every tilting module T is strict T-stationary. The latter property
can be interpreted in terms of matrix subgroups and allows us to show that certain
tilting modules are noetherian over their endomorphism ring, see Proposition 10.1
and [5].

The paper is organized as follows. In Section 1 we introduce Q-Mittag-Leffler
modules, and we study the closure properties of the class @ and of the class of
Q-Mittag-Leffler modules. For our applications to cotorsion pairs, it is relevant
to note the good behavior of Mittag-Leffler modules with respect to filtrations
established in Proposition 1.9. We revisit the topic of Q-Mittag-Leffler modules
in Section 5, where we characterize them in the spirit of [36]: since the map
p is bijective when M is finitely presented, and since every module is a direct
limit of finitely presented modules, one has to determine the “gluing” conditions
on the canonical maps U«, Ugy in the direct limit presentation (M, (Us)xer) =
lim (Fy, Uge) ,xer that imply the injectivity of p. These conditions are called
dominating with respect to Q.. We introduce them in Section 4 where we also study
their basic properties.
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B-stationary modules are introduced in Section 3. Hereby we adopt the lan-
guage of H-subgroups from [43], which is the topic of Section 2. Our first aim
is to give an intrinsic characterization of B-stationarity. This characterization, ob-
tained in Theorem 4.8, is also given in terms of dominating maps. It will allow us
to study the interplay between the conditions B-stationary and Q-Mittag-Leffler
in Section 6.

The interrelationship between the different conditions is further pursued in
Section 9, after having introduced and characterized the strict B-stationary mod-
ules in Section 8. Note that the condition strict B-stationary has again a good
behavior under filtrations, cf. Proposition 8.13. This intertwines our investiga-
tions with the theory of cotorsion pairs. Our main results in this context are
Theorem 9.5 and its application to tilting cotorsion pairs in Corollary 9.8, which
we have already described above. Moreover, we prove that a set of finitely pre-
sented modules S generates a cotorsion pair (M, £) with £ being definable if and
only if also all first syzygies of modules in S are finitely presented.

A further important application is given in Section 7 which is devoted to Baer
modules over domains. A module M over a commutative domain R is said to be a
Baer module if

Ext}lq (M, T) =0 for any torsion module T.

Kaplansky in [32] raised the question whether Baer modules are projective. The
last step in the positive solution of Kaplansky’s problem was made in [3]. In the
present work, we prove that a countably generated Baer module over an arbitrary
commutative domain is always a Mittag-Lefler module. This yields another proof
of the fact that Baer modules over commutative domains are projective.

Let us mention that the techniques introduced by Raynaud and Gruson have
also been used by Drinfeld in [16]. We give in Corollary 5.5 a detailed proof of
[16, Theorem 2.2].

Finally, as a last application, we consider left pure-semisimple hereditary rings
in Section 10. In particular, we use Corollary 9.8 to study the tilting cotorsion
pair generated by the preprojective right modules, following an idea from [2].

Notation. Let R be a ring. Denote by Mod-R the category of all right
R-modules, and by mod-R the subcategory of all modules possessing a projec-
tive resolution consisting of finitely generated modules. R-Mod and R-mod are
defined correspondingly.

For a right R-module M, we denote by

M* = Homz(M,Q/Z)

its character module. Instead of the character module we can also consider another
dual module, for example, for modules over an artin algebra A we can take M* =
D (M) where D denotes the usual duality. If S is a class of modules, we denote by
S* the corresponding class of all duals B* of modules B € S.
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For a class M ¢ Mod-R and a class N' ¢ R-Mod, we set

M° =1{X € Mod-R | Homgr (M, X) =0 for all M € M},
°M = {X € Mod-R | Homg (X,M) =0 forall M € M},
M* = {X € Mod-R | Extg(M,X) = 0 for all M € M},
M = {X € Mod-R | Ext(X,M) = 0 forall M € M},
MT = {X € R-Mod | Torf (M, X) = 0 forall M € M},
TN = {X € Mod-R | Tor{ (X,N) = 0 forall N € N}.

Moreover, we denote by Add M (respectively, add M) the class consisting of all
modules isomorphic to direct summands of (finite) direct sums of modules of M.
The class consisting of all modules isomorphic to direct summands of products
of modules of M is denoted by Prod M. Further, Gen M and Cogen M denote
the class of modules generated, respectively cogenerated, by modules of M. If M
consists of a single module M, we just write M*, AddM, Prod M, etc. Finally,
we write lim M for the class of all modules D such that D = @ie[ M; where
{M; | i € I} is a direct system of modules from M.

We will say that a module Mg with endomorphism ring S is endonoetherian it
M is noetherian when viewed as a left S-module. If ¢M has finite length, then we
say that M is endofinite.

1. 9-MITTAG-LEFFLER MODULES

Definition 1.1 ([38]). Let M be a right module over a ring R, and let Q be a
class of left R-modules. We say that M is a Q -Mittag-Leffler module if the canonical
map

p:MOr[[Qi—[](M®r Qi)

iel iel

is injective for any family {Q;}ier of modules in Q. If Q just consists of a single
module Q, then we say that M is Q-Mittag-LefHler.

We will need the following lemma.

Lemma 1.2. Ler Mg and rQ be a right and a left R-module, respectively. Assume
that Q = lim(Ko, fga) paect. Forany & € 1, let fo: Ko — Q be the induced map.

Let q1,...,dn € Q and x1,...,Xn € M be such that Y1 | x; ® q; is the
zero element of M ®r Q. Then there exist &g € I and ky,...,kn € Ky, such
that 31 xi ® ki is the zero element of M ®g Ku, and fu,(ki) = qi for every
i=1,...,n.

Proof. Choose B such that {q1,...,qn} € fg(Kp). Forevery i € {1,...,n},
let ki € Kg be such that fg(k;) = g;. Since >/, x; ® gi = 0in M ® Q =
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lim(M ®g Kq), there exists &g = B such that

0=(M® fop)( X Xi ®k}) = > xi ® fop(k}).

i=1 i=1
Now &g and k; = f,p(k}), i =1,...,n, satisfy the desired properties. O

Here are some closure properties of the class Q. Related results can be found in
work of Rothmaler [38, Theorem 2.2, Remark 2.3] and Zimmermann [40, 2.2].

Theorem 1.3. Let R be a ring, and Q@ = R-Mod. Assume thar M € Mod-R is
Q -Mittag-Leffler. Then the following statements hold true.

() M is Q'-Mittag-Leffler where Q' is the class of all pure submodules of modules
in Q.
(ii) M s Prod Q -Mittag-Leffler.
(iii) M is limQ -Mittag-Leffler.

Proof-

(i) Let {Qi}icr be a family of modules in Q, and let {Q}}cs be a family of left
R-modules such that for any i € I the module Q; is a pure submodule of
Q;. Forany i € I, denote by €;: Q; — Q; the inclusion. As every &; is a pure
monomorphism, so is [ ;<7 €. Then we have the commutative diagram

0 M ® HQ; M M® an
iel iel
d a
0 [TM ®x @) M2 TT (M &k Q).
iel iel

As p(M ® [ &) is injective, so is p’.
(ii) is proved in [38, p. 39].
(iii) We follow the argument in [21, Lemma 3.1].
Let {Q;i}icr be a family of modules such that, for any i € I,

Qi = @}(Kéuféu)ﬁ,ael,'
and K}, € Q forany « € I;. Forany i € I and € I, let fi: K — Q; denote

the canonical morphism.
We want to show that p: M ®g [[;c; Qi — [lie;(M ®r Q;) is injective. Let

n
y=>x;® (@})ier
j=1
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be an element in the kernel of p. This means that, forany i € I, 3.7, x; ® q’ is
the zero element of M ® Q;. By Lemma 1.2, for each i € I, there exists &; € I
and ki,... ki € K}, such that 37, x; ® kj. is the zero element of M ®p K},
and f&i(kﬁ-) = q} forevery j=1,...,n.

Consider the commutative diagram

MeTllics f&,

M ® []K M®[]a;

iel iel

v d

. [lie (M®f&i)
[T @ Ki) ———— [](M &z Q1)

iel iel

By construction,

y=iw®m%64M®ﬂﬁﬂiw®wWQ
Jj=1 j=1

iel
and

p'( i x;j ® (khier) = ( i xj®kt). =0
j=1 j=1

Note that p’ is injective because Ky, € Q for any i € I. This shows that
v =0. t

Proposition 1.4. Let R be a ring. The following statements hold true for M €
Mod-R.

(i) LetQi,...,9n S R-Mod, and let @ = UL, Qi. IfM is Q-Mittag-Leffler for
all1 < i <mn, then M is Q-Mittag-Leffler.

(ii) Let Q1 and Q4 be two classes in R-Mod, and let Q be the class consisting of all
extensions of modules in Q1 by modules in Q. Suppose that M is Q i-Mittag-
Leffler for i = 1, 2, and that the functor M ® — is exact on any short exact
sequence with first term in Q| and end-term in Q5. Then M is Q-Mittag-

Leffler.
Proof-
(i) Let {Qj}ier be a family of modules in Q. Forany j = 1,...,n, set

Ij:{iEIIQieraninéQkfork<j}.

Then [Tic; Qi = @)1 ([Ticr; Qi) Aspj: M ® [icy; Qi — lic; (M ® Q1)

is injective for any j = 1,...,n, it follows that p is also injective.
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(ii) Let {Qi}ier be a family of left modules such that, for any i € I, there is an

€xact sequence

0-Ql-Qi~Q}-0

with Q! € 91 and Q7 € Q,. Then we have the commutative diagram

Me[]of — Meo[]Qai — Me[]Q7 —0

iel iel iel

| 0| 0|

0—[]MerQh) —[]M&r Q) — [[(M & Q}) — 0

iel iel iel

where the bottom row is exact by assumption on M ® —. As p; and p; are
injective, p is also injective. O

Corollary 1.5. Let R be a ring, and M € Mod-R. Let (T, F) be a torsion pair

in R-Mod such that M is T -Mittag-Leffler and F-Mittag-Leffler. Assume further
that the functor M ® — is exact on any short exact sequence with first term in T and
end-term in F. Then M is a Mittag-Leffler module.

)

(3)

(4)

Examples 1.6. (1) Let R be a commutative domain and denote by 7" and ‘F
the classes of torsion and torsionfree modules, respectively. Any flat
R-module M which is 7T -Mittag-Leffler and F-Mittag-Leffler is a Mittag-
Leffler module.

Let A be a tame hereditary finite dimensional algebra over an algebraically
closed field k, and let t be the class of all finitely generated indecompos-
able regular modules. It was shown by Ringel in [37, 4.1] that the classes
(F,Gent) with F = t° = *t form a torsion pair, and for every module
X € Mod A there is a pure-exact sequence

0-tX-X-X/tX-0

where tX = 3 repiom(y,x),vet Im f € Gentis the trace of t in X, and X/tX €
F. Thus a module M € ModA is Mittag-Leffler provided it is 7 -Mittag-
Leffler and F-Mittag-LefHler.

(40, 2.5] If Q is a left R-module satisfying the maximum condition for fi-
nite matrix subgroups (see Definition 8.6), for example an endonoetherian
module, then every right R-module is Q-Mittag-LefHler.

(38, 2.4], [40, 2.1, 2.4] Let @ < R-Mod. The class of Q-Mittag-LefHler
modules is closed under pure submodules and pure extensions. A direct sum
of modules is @-Mittag-LefHler if and only if so are all direct summands. If N
is a finitely generated submodule of a @ -Mittag-Leffler module M, then M/N
is 9-Mittag-Leffler.
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Further examples are provided by the following results.

Proposition 1.7. Let R — S be a ring epimorphism. Let Ms be a finitely pre-
sented right S-module, and let N be a finitely generated R-submodule of M. Then Mg
and M |N are Mittag-Leffler with respect to the class S-Mod.

Proof. Let {Qi}ier be a family of left S-modules. Since R — S is a ring
epimorphism

M®r[]Qi=M &g (5 ®s nQi> =(M®rS)®s[[Qi=M®es[]Q..

i€l i€l i€l i€l
As Mg is finitely presented, this is isomorphic to

[[M®sQi=[[M®rS®s Qi=]][M®rQ;.

iel iel iel

This yields that the canonical map p: M ®g [ie; Qi = [lier M ®r Q; is in fact
an isomorphism.

It follows from Example 1.6(4) that M /N is also a Mittag-Leffler module with
respect to the class S-Mod. O

Definition 1.8. Let M be a right R-module, and let T denote an ordinal. An
increasing chain (My | &« < T) of submodules of M is a filtration of M provided
that My = 0, My = Up<x Mp for all limit ordinals & < 7, and Mr = M.

Given a class C, a filtration (My | & < T) is a C-filtration provided that
My+1/Mx € C for any & < T. We say also that M is a C-filtered module.

We have the following result about the behavior of the Mittag-LefHler property
with respect to filtrations.

Proposition 1.9. Let S be a class of right R-modules that are Mittag-Leffler with
respect to a class @ < ST. Then any module isomorphic to a direct summand of an
S U Add R-filtered module is Q -Mirtag-Leffler.

Proof- As projective modules are Mittag-Leffler and (S U AddR)T™ = ST, we
can assume that S contains AddR. Moreover, since the class of Q-Mittag-Leffler
modules is closed by direct summands, we only need to prove the statement for
S-filtered modules.

Let M be an S-filtered right R-module. Let T be an ordinal such that there
exists an S-filtration (M) x<r of M. We shall show that M is Q-Mittag-LefHler
proving by induction that My is Q -Mittag-LefHler for any « < 7. Observe that for
any B < & < T, My and My /Mg are S-filtered modules, so they belong to 79.

As My = 0, the claim is true for « = 0. If « < T then, as @ = ST, we can
apply an argument similar to the one used in Proposition 1.4 to the exact sequence

0- My = Myt1 = My /My — 0
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to conclude that if My is Q -Mittag-Leffler then M1 is Q-Mittag-LefHler.

Let & < T be a limit ordinal, and assume that Mg is Q-Mittag-Leffler for any
B < «. We shall prove that My = Up<q Mp is Q-Mittag-LefHler. Let {Q;}icr be a
family of modules in @, and let

XEKCI‘(MO( ®r an - nM"‘ ®r Ql)

iel iel

There exists B < ovand v € Mg ®r [];c; Qi such that x = (eg ®r [1ic; Qi) (),
where eg: Mg — My denotes the canonical inclusion. Considering the commuta-
tive diagram

e®[1ier Qi
Mg ®[]Qi Rkl My ® []Q;

iel iel
| a

[lier(ep®Q1)
[T(Mp ® Qi) REClAs [[(Ms ® Qi)
iel iel
we see that 0 = [[;;(eg ® Qi)p'(¥). As p’ is injective because Mg is Q -Mittag-
Leffler and, forany i € I, eg ® Q; is also injective because Torll2 (M/Mpg, Q) =0,
we deduce that ¥ = 0. Therefore x = 0, and p is injective. O

For any n > 1, the natural transformation

p: M ®g nQi_’nM®RQi

iel iel
induces a natural transformation

Pn: Torfl (M,nQi) - nTorfL (M,Qi).

i€l i€l
We note the following characterization of the injectivity of py.

Proposition 1.10. Let R be a ring, and Q = R-Mod. Let M € Mod-R and
n=>1. Then
pn: Tory (M, []Q:) — [ Tors (M, Qy)
iel iel
is injective for any family {Qi}icr of modules in Q if and only if the n-th syzygy
Q"(M) of M in a projective presentation is Q—Mittﬂg—LeﬂZen

Proof. By dimension shifting we may assume that n = 1. Fix a projective
presentation of M
0-Q'(M)—~F—-M-0
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with F a free module. The claim follows by considering the following commuta-
tive diagram with exact rows

0 —Tork (M,[]Qi) — Qne[]e; — Fela

iel iel iel

pll pl p’l
0 — [[Torf(M,Q:) — [](Q'(M) ®& Qi) — [[(F ®& Q1)

iel iel iel

in which p’ is injective because the free module F is Mittag-Leffler. Then p; is
injective if and only if so is p. m

2. H-SUBGROUPS

We recall a notion from [43] which will be very useful in the sequel.

Definition 2.1. Let M, M’ and B be right R-modules, and let v €
Hompg(M,M’). The subgroup (and EndgB-submodule) of Homg (M, B) con-
sisting of all compositions of v with maps in Homg (M’, B) is denoted by

H,(B) = Homg(M',B)v

and is called an H-subgroup of Homg (M, B).
Remark 2.2 ([43, 2.10]). Let M, M’ and B be right R-modules, and let v €
Hompg (M,M’).

(1) Hy is a subfunctor of Homg (M, —) commuting with direct products. If M is
finitely generated, then Hy also commutes with direct sums.

(2) An End B-submodule U of Homg (M, B) is an H-subgroup if and only if there
are a set I and a homomorphism u € Homg (M, BY) such that U = H, (B).

For the following discussion it is important to keep in mind the following easy
observations.

Lemma 2.3. Let M, M', N be right R-modules, w € Homg(M,N), v €
HomR (M,M/).
(1) Ifthere is h € Homg(M',N) such that the diagram

M —— M

v

N

commutes, then H, (B) < Hy (B) for any right R-module B.
(2) If B is a right R-module such that H, (B) < Hy (B), then Hy: (B) S Hyt(B) for
allt € Homg (X, M), X € Mod-R.
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Recall that a homomorphism 1 : B — B” is a locally split epimorphism if for
each finite subset X = B” there isa map @ = @x : B” — Bsuch that x = mp(x)
for all x € X. Observe that every split epimorphism is locally split, and every
locally split epimorphism is a pure epimorphism. Locally split monomorphisms are
defined dually. Moreover, a submodule B of a module B is said to be a locally split
(or strongly pure [42]) submodule if the embedding B" C B is locally split.

Lemma 2.4. Let M and M’ be right R-modules, and let v € Homg (M, M").
Assume that M is finitely generated. Let further € : B' — B be a pure monomorphism.
IfM' is finitely presented or € is a locally split monomorphism, then

eH, (B") = Hy (B) n e Homg (M, B).

Proof. The first case is treated in [12, Lemma 4.1] or [3, Lemma 2.8]. For
the second case, we assume that € is a locally split monomorphism. We show
the inclusion 2. Consider f € Homg (M, B’) such that £f = hv for some h €
Hompg (M’,B). Choose a generating set X1,...,X, of M together with a map
@ : B — B’ such that f(x;) = @ef(x;) forall 1 <i < n. Then the composition
h' = @h satisfies f = h’v € H, (B"). The inclusion < is clear. O

Lemma 2.5. Assume that the diagram

M—= M

v

N

of right R-modules and module homomorphisms commutes. Assume further that B is
a right R-module such that Hy (B) = Hy (B).

(1) If h factors through a homomorphism m € Homg(M',M""), then H,(B) =
Hyy (B).

(2) Assume thar M is finitely generated and N is finitely presented. If B < B is a pure
submodule, then H,(B') = Hy, (B’).

(3) Assume that M is finitely generated and M’ is finitely presented. If B B isa
pure-epimorphism, then Hy (B") = Hy (B”).

(4) IfM is finitely generated and B' < B is a locally split submodule, then H, (B") =
H,(B").

(5) If M is finitely generated and B B isa locally split epimorphism, then
Hy(B") = Hy (B").

Proof. (1) is left to the reader. For the remaining statements, note first that
by Lemma 2.3 it suffices to show Hy (B) < Hy(B') and Hy (B”) < Hy(B"”),
respectively.

For (2) and (4), observe that Lemma 2.4 yields

&€H,(B") = Hy(B) n e Homg (M, B'),
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where € : B — B denotes the canonical embedding. Then eH, (B") < Hy (B) N
eHompg(M,B") = €Hy(B'), and since € is a monomorphism, we deduce that
Hy(B") € Hy(B').

In statement (3), we have that 77: B — B" is a pure epimorphism and M’ is
finitely presented, so

Homgr (M', 1) : Homg(M’,B) — Homgr(M',B"")

is also an epimorphism. Thus, if fv € Hy(B”), then there exists g €
Hompg (M, B) such that tg = f. By hypothesis gv € Hy (B), so fv = mgv €
mwHy, (B) < H,(B").

For statement (5), we consider fv € Hy(B”), and choose a generating set
X1,...,Xn of M together with a map @ : B — Bsuch that fv(x;) = mp fv(x;)
forall 1 < i < n. Then the composition h = @ f satisfies fv = mhv. Moreover,
hv € H,(B), so there is h" € Homg (N, B) such that hv = h'u. Thus fv =
mmh'u € H,(B"). O

3. B-STATIONARY MODULES

Definition 3.1. An inverse system of sets (Hy, Ry)a,yer 1s said to satisfy the
Mittag-Leffler condition if for any o € I there exists B = « such that hyy (Hy) =
hag(Hp) forany y > .

Let us specify the Mittag-LefHler condition for the case I = N.

Example 3.2. An inverse system of the form

h h,
"'Hn+1—"'Hn"'Hz—>H1

satisfies the Mittag-Leffler condition if and only if for any n € N the chain of
subsets of Hy,

hn(Hp1) 2 - 2 hn - - hpsk(Hpgks1) 2 - - -

is stationary.

According to Raynaud and Gruson [36, p. 74] the following characterization
of Mittag-Leffler inverse systems is due to Grothendieck as it is implicit in [28,
13.2.2]. We give a proof for completeness sake.

Lemma 3.3. Consider an inverse system of the form

H: o Hpo - H, - H - H,.

Foranym > n = 1 set hym = Wy - - - -1, and, for any n = 1 let gn: [ir_nHi -
Hy, denote the canonical map.
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The inverse system H satisfies the Mittag-Leffler condition if and only if for any
n > 1 there exists £(n) > n such that

In(limH;) = Ryppn) (Heny) = M- - - oy -1 (Hpny)-

Proof. Observe that since, for any m > n = 1, gn = Rumgm, always

gn(@Hi) = ﬂ hym (Hm).

m>n

Assume now that H satisfies the Mittag-LefHler condition. We only need
to show that for any n > 1 there exists £(n) > n such that hypm) (Hpm)) <
gn(lenHi). To this aim fix n > 1.

Applying repeatedly that H satisfies the Mittag-Leffler condition we find a

sequence of elements in N
() N=Ng<N; <---<Nj < -+

such that hy,n,,, (Hp,,,) = hn;m (Hp) forall i > 0 and m > n;;;. Now we show
that £(n) can be taken to be n;.

Leta € hyyn, (Hp,). Then a € hyyn, (Hy,), and there is a; € hy,n, (Hp,) <
Hy, such that @ = hygn,(a1). In this fashion, the properties of the sequence
() allow us to find a sequence ap = a,ai,...,ai,... such that a; € Hy, and
hnn,,, (@iz1) = ai for any i = 0. Hence b = (ai) € l@Hni = l@HJ and
gn(b) = ag = a as desired.

The converse implication is clear because of the remarks at the beginning of
the proof. o

The characterization above does not extend to uncountable inverse limits; an ex-
ample where this fails is implicit in Example 9.11. We will be interested in inverse
systems arising by applying the functor Homg (—, B) on a direct system.

Remark 3.4. Let (Fy, Upx)p,xer be a direct system of right R-modules, B a
right R-module, and = « € I. Then

(HomR (FD(! B)! HOmR (uBO(! B) )B,IXEI
is an inverse system of left modules over the endomorphism ring of B, and
Hompg (ug«, B) (Homg (Fg, B)) = Homg (Fg, B)upg,« = Huy, (B).

Applying Lemma 2.3(1) to the situation of Remark 3.4 we obtain the follow-
ing.

Lemma 3.5. Let (Fx, Up) p,xer be a direct system of right R-modules with direct
limit M, and denote by W : Fx — M the canonical map. Let B be a right R-module.
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(i) Ify = B = &, then Hy,, (B) < Hy,, (B).
(i) Hy,(B) € Hyg, (B) forany B = «.

This allows to interpret the Mittag-LefHler condition on inverse systems as in
Remark 3.4 in terms of H-subgroups.

Lemma 3.6. Let (Fy, Ugy)p,acr be a direct system of right R-modules. Let «,
B € I with B = &, and let B be a right R-module. The following statements are
equivalent.
(1) Foranyy = «, the inclusion Hyg, (B) 2 Hy,, (B) implies Hy,, (B) = Hy,, (B).
(2) H‘M,g(x (B) < ﬂyzﬁ Huyo( (B).
(2,) H'M,Bo( (B) = ﬂyz[} Huya (B).
(3) Hug,(B) < Ny Huyy (B).
(3) H‘M,g(x (B) = ﬂyzrx Huy,x (B).

Proof. By Lemma 3.5 (i) it follows immediately that (1) implies (2), and that
(2) and (2’), as well as (3) and (3’) are equivalent statements. Further, it is clear

that (3)=(1).

We show (2)=(3). Let y = « and choose y; € I such thaty; > y and y; = B. By
2), Hyg, (B) € Hy,, ,(B) and, by Lemma 3.5(i), Hy,, ,(B) < Hy,,(B). Hence,
Hy;, (B) < y>« Hu,y(B) as we wanted to proof. o

We adopt the following definition inspired by the terminology in [29].

Definition 3.7. Let B be a right R-module.

(1) A direct system (Fy, Ugx)g,aer Of right R-modules is said to be B-stationary
provided that the inverse system (Hompg (Fy, B), Homg (1g«, B))g,xer satis-
fies the Mittag-LefHler condition, in other words, provided for any « € I there
exists B = « such that the equivalent conditions in Lemma 3.6 are satisfied.

(2) A right R-module M is said to be B-stationary if there exists a B-stationary
direct system of finitely presented modules (Fx, Uga)g,acr such that M =
limFy.

(3) Let B be aclass of right R-modules. We say that a direct system (Fx, Uga) g,xel
or a right R-module M are B-stationary if they are B-stationary for all B € ‘B.

Let us start by discussing some closure properties of the class B.

Proposition 3.8. Let {B;} jej be a family of right R-modules. Let (Fy, Upx) g,xcl
be a direct system of right R-modules. Then the following statements are equivalent.
(1) (Fa,upa)g,aer s [1jey Bj-stationary.

(2) For any & € I there exists B = & such that Hy, (Bj) = (\ys« Hu, (Bj)) for any
jeJ.

If F is finitely generated for any « € I, then the statements above are further equiva-

lent to the following one:

(3) (Fa, UBn)p,xer is @je] Bj-stationary.
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Proof. We use the same arguments as in [3, 2.6].

(1) < (2). Statement (1) holds if and only if, for any & € I there exists
such that Hyz, ([1je; Bj) = Ny>« Huyo (I1jey Bj) if and only if

[THupB) = () []Huye B =[] () Huye (B).

JjeJ Y= jeJ jeJyz«
Equivalently, if and only if (2) holds.

The proof of (2) < (3) follows in a similar way by observing that

Huﬁ'tx( @Bl) = @Huﬁa(Bj)'

JjeJ jel
provided all Fy are finitely generated. O

Corollary 3.9. Let B be a class of right R-modules. Let M be a ‘B-stationary
right R-module. Then the following statements hold true.

(i) M is B’ -stationary where B’ denotes the class of all modules isomorphic either to
a pure submodule or to a pure quotient of a module in ‘B.

(ii) M is Add B-stationary if and only if it is Prod B-stationary if and only if there
exists a direct system of finitely presented right R-modules (Fy, Ugx) g,xer with
limFy = M having the property that for any « € 1 there exists B >  such that
Huyo (B) = Nys o Huyy (B) for any B € B.

(iii) M is Add B- and Prod B-stationary for every B € B.

Proof. The statements in Lemma 2.5(2) and (3) imply statement (i). State-
ment (ii) is a direct consequence of Proposition 3.8 combined with (i), and (iii) is
a special case of (ii). O

Proposition 3.10. Let (Fx, Upx) B acr be a direct system of right R-modules, and
let B be a right R-module. Consider the following statements.

(1) For any infinite chain &1 < &3 < - - - € I the direct system (F,,, Wy, 1 xn ) nen
is B-stationary.
(1') For any infinite chain &1 < & < - - - € I the chain of subgroups

Huo(zo(l (B) =2 Huo(3al (B) 2 e

is stationary.
(2) The direct system (Fx, Upx) g,xer is B-stationary.

Then (1) and (1) are equivalent statements which imply (2).

Proof. The fact that (1) and (1) are equivalent statements follows directly
from the definitions taking into account Example 3.2 and Remark 3.4.
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We prove now (1) < (2). Assume for a contradiction that there exists «
such that for any B > « condition (1) in Lemma 3.6 fails. Now we construct a
countable chain in I such that condition (1) fails.

Set &7 = «. Let n = 1, and assume we have constructed o] < &2 - - - < &tp,
such that

Hu(xzfxl (B) 2 Huas(x] (B) et 2 I'Iuo(no(1 (B)

As Lemma 3.6 (1) fails for o, > o1, there exists y > «; such that
Hy oy (B) 2 Huy,,, (B).
Let &n+1 € I be such that ®n41 = ¥ and &p+1 = . By Lemma 3.5 (i),
Hu,, o (B) € Hy,, (B) € Hy,,,, (B)

as wanted. O

For later reference, we recall the following result.

Theorem 3.11 ([12, Theorem 5.1]). Let B be a class of right R-modules such
that if B € B, then BN) € B, and let A = *B. Let moreover

u; Uy Un
Fil—2 F -2 F— oo > Fy— Fpyy — - -

be a countable direct system of finitely presented right R-modules, and consider the pure
exact sequence

(%) 0— P Fn—" @ Fn—limFy - 0

neN neN

where ey = En— Enp1Un and En: Fn — Dpen Fn denotes the canonical morphism
for every . € N. Then the following statements are equivalent.

(1) The direct system (Fn, Wn)nen is B-stationary.
(2) Homg (@, B) is surjective for all B € ‘B.
(3) lim' Homg (Fy,B) = 0 for all B € B.
IfFy belongs to A for all n € N, then the following statement is further equivalent.
(4) limF, € A.

Corollary 3.12. Let B be a class of right R-modules such that if B € B, then
BN € B, and let A = *B. Then the following statements are equivalent.

(1) Every countable direct system of finitely presented modules in A has limit in A.
(2) Every countable direct system of finitely presented modules in A is B-stationary.
(3) Every direct system of finitely presented modules in A is B-stationary.
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Proof. Assume (1). Let (F«, Ugx)g,xer be a direct system of finitely presented
right R-modules such that Fx € A forany & € I. Let &) < o < - - - be a chain
in I. By (1), hm(Fo(n,uD(nHan) € A. Then (Fx,, Uy, an)nen is B-stationary by
Theorem 3.11, hence condition (3) follows by Proposition 3.10.

Obviously (3) implies (2). To see that (2) implies (1), let A =
lim (F, Uge) g,xer be such that I is countable and Fy are finitely presented mod-
ules in A. Taking a cofinal set of I if necessary we may assume that I = N. Our
hypothesis allows us to use Theorem 3.11 to conclude that A € A. O

Examples 3.13.

(1) Let B be a class of right R-modules such that if B € ‘B, then B™N) e B, and let
A =1B.If M € A is countably presented, then M is B-stationary.

In fact, M can be written as direct limit of a countable direct system as in Theo-

rem 3.11, and for all modules B € B the map Homg (@, B) is surjective because

Extg (limFy, B) = 0.

(2) Let B and A be as in (1). Assume that R is a right noetherian ring and B
consists of modules of injective dimension at most one. Then every M € A
is B-stationary.

In fact, the additional assumption on B means that A is closed by submodules:

Let N < M € A. For any B € B, if we apply Homg (—, B) to the exact sequence

0-N-M-M/N-QO,
we obtain the exact sequence
Exth (M/N,B) — Extk(M,B) = 0 — Extk (N, B) — Extz (M/N,B) = 0.

Hence, Extk (N, B) = 0.

As Rg is noetherian, any finitely generated submodule of M is finitely pre-
sented. Let I denote the directed set of all finitely generated submodules of M;
then M = Upe;F. If F; < F, < --- < F, < --- is a chain in I, then
N = Upen Fn is a submodule of M and it is in A. By Theorem 3.11, N is
B-stationary. By Proposition 3.10, M is B-stationary.

(3) Let M be a module with a perfect decomposition in the sense of [7], for
example M a X-pure-injective module, or M a finitely generated module with
perfect endomorphism ring. Let M be a class of finitely presented modules in
Add M. Then every N € lim M is Mod-R-stationary.

In fact, we can write N = hmFa where (Fu, Ugn)g,xer is a direct system of
finitely presented modules in M. If we take a chain ® < & < --- in1, then
(Foys Wetn, o )nen 1s a direct system in Add M with a totally ordered index set, so
it follows from [7, 1.4] that the pure exact sequence (*) considered in Theorem
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3.11 is split exact. In particular, Homg (g, B) is surjective for all modules B, hence
(Foys Uety syt )nen is Mod-R-stationary by Theorem 3.11. Now the claim follows
from Proposition 3.10.

(4) Let B be a X-pure-injective module. Then every right R-module M is Add B-
stationary.

To see this, write M = @Fa where (Fu, Uga)g,xer is a direct system of finitely
presented modules. If we take a chain &; < &, < - - - in I and consider the direct
system (Fx,, Uy, o, ) nens then for any B” € Add B we know that Homg (—, B') is
exact on the pure exact sequence (*) considered in Theorem 3.11. So Homg (g, B')
is surjective for all modules B € Add B, and the claim follows again by combining
Theorem 3.11 and Proposition 3.10.

4. DOMINATING MAPS

From the characterization of Mittag-Leffler modules in [36], we know that a right
module is Q-Mittag-Leffler for any left module Q if and only if it is B-station-
ary for any right module B. We will now investigate the relationship between the
properties Q-Mittag-Leffler and B-stationary when we restrict our choice of Q and
B to subclasses of R-Mod and Mod-R, respectively.

As a first step, in Theorem 4.8 we provide a characterization of when a module
M is B-stationary which is independent from the direct limit presentation of M.
To this end, we need the following notion which is inspired by the corresponding
notion from [36].

Definition 4.1. Let Q be a left R-module, and let B be a right R-module. Let
moreover u: M — N and v: M — M’ be right R-module homomorphisms. We
say that v B-dominates w with respect to Q if

ker(u ®r Q) =[] ker(h ®g Q).

heH, (B)

For classes of modules Q@ and B in R-Mod and Mod-R, respectively, we say that
U B-dominates w with respect to Q if v B-dominates u with respect to Q for any
Q € Q and any B € B.

If @ = R-Mod, we simply say that v B-dominates u.

If B = Mod-R, we say that v dominates u with respect to Q, and of course,
this means that ker(u ®g Q) < ker(v ®g Q) for all left modules Q € 9.

Finally, if 9 = R-Mod and B = Mod-R, then we are in the case treated in
(36, 2.1.1], and we say that v dominates u.

We note some properties of dominating maps.

Lemma 4.2. Letu: M — N andv: M — M’ be right R-module homomor-
phisms, and let B be a right R-module and Q a left R-module.
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(1) “B-dominating with respect to Q is translation invariant on the right. That is,
if v B-dominates w with respect to Q and t: X — M is a homomorphism, then
vt B-dominates ut with respect to Q.

(2) “B-dominating with respect to Q7 is stable by composition on the lefi. More pre-
cisely, if v B-dominates w with respect to Q and m: M' — M" is a homomor-
phism, then mv B-dominates w with respect to Q.

Proof. (1) By hypothesis, ker(ut ® Q) = ker(u ® Q)(t ® Q) is contained in

(| kerh®rQ)(t®Q)= ()| ker(ht®r Q)= () ker(h ® Q).

heH, (B) hteHyt (B) heHy: (B)

(2) As Huy (B) < Hy (B),

(1 kerth®rQ)c () ker(h ®g Q).

heH, (B) heHpmy (B)

Hence, if v B-dominates u with respect to Q, we deduce that also mv B-dominates
u with respect to Q. O

We recall the following property of direct limits.

Lemma 4.3. Letr M be a right R-module, and let S be a class of finitely presented
modules. Then M € lim S if and only if for any finitely presented module F and any
map w: F — M there exists S € S and v: F — S such that u factors through v.

Proof. Assume M = lim Sy where (Sy, Usy)s,yer. Let F be a finitely presented
module and u € Hompg (F M). Since Homg (F, M) is canonically isomorphic to
lim Homg (F, Sy), there exist y € I and v: F — Sy such that u = u,v where
Uy: Sy — M denotes the canonical morphism.

To prove the converse, write M = hm Fy where (Fy, Ugn) g acr is a direct sys-
tem of finitely presented right R-modules. By hypothesis, for each « € I there
exists Sx € S, Vo: Fa — Sq and ty: Sa — M such that the canonical map
Uy: Fx — M satisfies Uy = tqV. Fix &« € I. As Hompg (So(,li_n}Fy) is canon-
ically isomorphic to @ Homg (S«, Fy), there exists f = « and a commutative
diagram:

Vpu

Sa —F3

M

Set Upg, = VpUpy-
It is not difficult to see that (S, u};a)B’D(e[ is a direct system of modules in S
such that M = lim S,. O
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The next result will provide us with a tool for comparing the relative Mittag-
Leffler conditions. In fact, we will see in Theorem 4.8 that the B-stationary
modules are the modules satisfying the equivalent conditions in Proposition 4.4
for every B € B and every Q € R-Mod, while the Q-Mittag-Leffler modules
are the modules satisfying the equivalent conditions in Proposition 4.4 for every
B € Mod-R and every Q € ©, see Theorem 5.1.

Proposition 4.4. Let B be a right R-module, let Q be a left R-module, and ler S
be a class of finitely presented right R-modules. For a right R-module M € 1im S the
Jollowing statements are equivalent.

(1) There is a direct system of finitely presented right R-modules (Fx, Wpx) g,acr With
M = lim(Fu, Upa) g,act having the property that for any & € I there exists > «
such that g« B-dominates the canonical map u: Fx — M with respect to Q.

(2) Every direct system of finitely presented right R-modules (Fx, Wgw) g,xe1 with M =
lim(Fo, W) gacr has the property that for any & € I there exists B =  such
that Ugx B-dominates the canonical map wy: Fx — M with respect to Q.

(3) For any finitely presented module F (belonging to S) and any homomorphism
u: F — M there exist a module S € S and a homomorphism v: F — S such that
U factors through v, and v B-dominates u with respect to Q.

Proof- (1)=(3). Let F be a finitely presented module and u: F — M a homo-
morphism. Since Homg (F, M) is canonically isomorphic to li_n} Homg (F, Fy),
there exists o € I and t: F — Fy, such that the diagram

F%FQ(O

| A

M

is commutative. By assumption there exists f = ¢ such that ugy, B-dominates
Uy, with respect to Q. Set V' = uUpg,t. As U = UpUps,t = UpvV’, we have
u € Hy (M). Moreover, since Ugx, B-dominates Uy, it follows from Lemma
4.2(1) that v' = ugn,t B-dominates u = Uy, t with respect to Q.

By hypothesis, M = lim S, for a directed system (Sy, us,)s,ye; of modules
in S. As Fg is finitely presented, there exist y in J and m: Fg — S such that the
diagram

Fg—"-8,

ug ,
Uy

M

commutes. Set v = mv’. Then u factors through v and, by Lemma 4.2(2), v
B-dominates u with respect to Q.
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(3)=(2). Consider a direct system of finitely presented right R-modules
(Foi, ) g,xer with M = lim(Fu, uga) g,acr. Fix g € I. We have to verify the
existence of B = oo such that ugy, B-dominates Uy, with respect to Q. Apply-
ing the hypothesis with u = u,: Fx, = M we deduce that there exist a module
SeS,v:Fy, — Sand t: S — M such that the diagram

FO(OL>S

M

is commutative and v B-dominates U, with respect to Q. As S is finitely pre-
sented, Homg (S, M) is canonically isomorphic to lim Homg (S, Fy). Hence there
exist B* = &g and t": S — Fg' such that the diagram

FD(OL>S

erol / lt’
t
‘M.lg/

M(—FB'

is commutative. Since Ug Up , = Ugt'V, there exists B = B such that ugg up «,
= ugp't'v, that is, ugy, = mv where m = ugpgt’. By Lemma 4.2(2), ugy, B-
dominates U, with respect to Q.

Similarly, to see that condition (3) restricted to modules F belonging to S
implies (1), we proceed as in (3)=(2) but considering a direct system of finitely
presented right R-modules (Fu, Ugn) g,aer With M = li_n}(F‘x, UB) g,aer such that
all Fy € S. O

Observe that the condition M € lim S in the hypothesis of Proposition 4.4 is also
necessary. This can be deduced from condition (3) by employing Lemma 4.3.
We will need the following result.

Proposition 4.5 ([36, Proposition 2.1.1]). Letu: M — N and h: M — B be
right R-module homomorphisms. The following statements are equivalent.

(i) ker(u ®g Q) < ker(h ® Q) for all left R-modules Q.
(i1) ker(u ®g B*) < ker(h ® B*).

If coker(w) is finitely presented, the following statement is further equivalent.
(iii) h factors through .

We can now interpret the property “B-dominates” in terms of H-subgroups.

Proposition 4.6. Let B be a right R-module. Letw: M — N and v: M — M’
be right R-module homomorphisms. If Hy, (B) < Hy (B), then v B-dominates w. The
converse implication holds true provided coker(w) is finitely presented.
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Proof- Let h: M — B € Hy(B). By hypothesis, there exists h': N — B such
that h = h'u. Hence, for any left R-module Q

ker(u ®r Q) = ker(h' ® Q)(u ®r Q) = ker(h ®r Q)

This shows the claim.

For the converse implication, assume that v B-dominates u and coker(u) is
finitely presented. Let h € Hy (B). Then ker(u ®z Q) < ker(h ®r Q) for any
left R-module Q. By Proposition 4.5 this means that h € Hy (B). O

Lemma 4.7. Let B be a right R-module and let Q be a left R-module. Let
Surther (Fy, Ugx) g,xer be a direct system of finitely presented right R-modules with
M = lim(Fy, upa) pacr. For o, B € 1 with B = «, the following statements hold
true.

(1) upa B-dominates the canonical map ux: Fa — M with respect to Q if and only
if Upx B-dominates Wy with respect to Q for any 'y = «.
(2) upa B-dominates the canonical map wy: Fo — M if and only if Hy,, (B) =

ﬂyz(x Huytx (B)

Proof-
(1) To show the only-if-part, fix y = &. As Uy = Uy Uy, for any left R-module

Q

ker(uya ®r Q) Sker(ua ®r Q) = (] ker(h ®& Q).
heHug, (B)

Therefore ugy B-dominates 1y« with respect to Q. The converse implication
is clear from the properties of direct limits.

(2) By (1), upx B-dominates uy if and only if ugx B-dominates 1y for any
Y = o As coker Uy« is finitely presented, we know from Proposition 4.6 that
the latter is equivalent to Hy,, (B) € Hy,, (B) for any y > «. But this means
Hyg, (B) = y>« Hu,, (B) by Lemma 3.6. O

From Lemma 4.7 and Definition 3.7, we immediately obtain the announced
characterization of B-stationary modules.

Theorem 4.8. Let B be a right R-module, and let S be a class of finitely presented
modules. For a right R-module M € lim S, the following statements are equivalent.
(1) M is B-stationary.

(2) There is a direct system of finitely presented right R-modules (Fx, Wpx) g,xer With
M = lim(Fu, Upe) g,act having the property that for any & € I there exists p > «
such that g« B-dominates the canonical map u: Fx — M.

(3) For any finitely presented module F (belonging to S) and any homomorphism
w: F — M there exist a module S € S and a homomorphism v: F — S such that
u factors through v, and v B-dominates u.
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We close this section with some closure properties of the class B in the defini-
tion of “B-dominating”. Let us first prove the following preliminary result.

Proposition 4.9. Let B be a right R-module. Letu: M — N andv: M — M’
be right R-module homomorphisms. Then the following statements are equivalent.

(1) v B-dominates u.
(2) For any finitely presented left R-module Q

ker(u ®r Q) =[] ker(h ®g Q).

heH, (B)
(3) For any (finitely presented) left R-module Q
ker(u ®g Q) < ker(h ®z Q).

where h: M — [1y, g) B is the product map induced by all h € Hy (B).

Proof. We follow the idea in the proof of [36, Proposition 2.1.1].
Fix h € Hy (B). Consider the push-out diagram

M—" . B
ul w
N—" N

Recall that it will stay a push-out diagram when we apply the functor — ®x Q for
any left module Q. Hence we have the exact sequence

0 — ker(u ®z Q) N ker(h ®z Q) — ker(u ®g Q) X% ker(u’ ®z Q) — 0.

This shows that, for any left module Q, ker(u ®r Q) < ker(h ®g Q) if and only
if ker(u’” ®g Q) =0, that is, if and only if u” is a pure monomorphism.

Since a morphism is a pure monomorphism if and only if it is a monomor-
phism when tensoring by finitely presented modules, we deduce that (1) and (2)
are equivalent statements.

To prove that (2) and (3) are equivalent, note that pep, () ker(h ®r Q)
is the kernel of the product map induced by all homomorphisms h ®z Q with
h € Hy, (B). When Q is finitely presented, the natural morphism p: [, 5 B ®r
Q — [y, (B ®r Q) is an isomorphism. Hence

N ker(h ®k Q) = ker(h ®¢ Q)

heH, (B)

and the statement is verified. To obtain the statement for arbitrary Q, proceed as
in the proof of (1)=(2). O
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Proposition 4.10. Letw: M — N and v: M — M’ be right R-module homo-
morphisms. Let B be a class of right R-modules such that v B-dominates u. Then
() v B’ -dominates w, where B’ denotes the class of all pure submodules of modules
inB.
(i1) v Prod B-dominates u.
(iii) v lim B-dominates w provided that M' is finitely presented.

Proof-

(i) Let B € B, and assume that the inclusion €: C — B is a pure monomor-
phism. If h € Hy,(C), then €h € Hy(B), and ker(h ® Q) = ker(¢h ® Q)
contains ker(u ® Q).

(ii) By (i) it is enough to consider modules of the form [];c; B; where {Bi}icr
is a family of modules in B. Let Q be a finitely presented module. As the
canonical morphism p: ([];c; Bi) ® Q — [l;cr Bi ®g Q is an isomorphism
and, as any h € Hy ([];er Bi) is induced by a family (hi)ic; where h; €
H, (B;) forany i € I, we deduce that

(| ker(h®rQ)= [\  ker(h ® Q).

heH, ([Tier Bi) heH, (B;),iel

Then the claim follows from Proposition 4.9.

(iii) Let {Bi, fji}ier be a direct system of modules in B, and let h € H, (lim B;).
Then h = h'v for some f: M" — limB;. As M’ is finitely presented, there
exists j € I such that b’ factors through the canonical map f;: Bj — lim B;.
So, there exists g: M — Bj such that b’ = fjg, thus h = fjgv ) with
gv € Hy(Bj). Hence, for any left module Q, we have ker(u ®g Q) <
ker(gv ®r Q) S ker(h ®r Q). O

5. @-MITTAG-LEFFLER MODULES REVISITED

As a next step towards establishing a relationship between Q-Mittag-LefHler and
B-stationary modules, we provide a characterization of Q-Mittag-Leffler modules
in terms of dominating maps. It is inspired by work of Azumaya and Facchini

[11, Theorem 6].

Theorem 5.1. Let Q be a class of left R-modules, and let S be a class of finitely
presented right R-modules. For a right R-module M € 1im S, consider the following
statements.

(1) M is Q-Mittag-Leffler.

(2) Every direct system of finitely presented right R-modules (Fy, Up,«)p,xer with
M = lim(Fu, Upn) pact has the property that for any o € I there exists B >
such that g« dominates the canonical map W: Fx — M with respect to Q.

(3) For every finitely presented module F (belonging to S) and every homomorphism
u: F — M there are a module S € S and a homomorphism v: F — S such that
u factors through v and ker(u ®g Q) = ker(v ®g Q) forall Q € Q.
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(4) For every countable (finite) subset X of M there are a countably presented
Q-Mittag-Leffler module N € lim S and a homomorphism v: N — M such
that X < V(N) andv ®r Q isa monomorpbzsmfor allQ € 9.

(5) For every finitely generated submodule Mo of M there are a finitely presented
module S € S and a homomorphism w: My — S such that the embedding
€: My — M factors through w and ker(e ®g Q) = ker(w ®r Q) for all
QeQ.

Then (1), (2), (3), and (4) are equivalent statements, and (5) implies the other state-

ments. Moreover, if R € Q, then all statements are equivalent.

Proof- (1) = (2). Assume for a contradiction that there is a direct system of
finitely presented modules (Fu, Uga)p,xcr with M = lﬁl(Fa, UBx) B,xel such that
there exists f € I satisfying that for any = « there exists Qg € Q such that

ker(ux ® Qp) & ker(ugx ® Qp).

If x1,...,xn is a generating set of Fy, then for each = o« we can choose

n
ag = Z xXi ® qg € ker(uy ® Qp) \ ker(upy ® Qp).
i=1

Set x = D'y xi ® (qli;)gza € Fx ® [[p-«Qp. Consider the commurtative
diagram:
uo“X’HﬁzaQﬁ

th®nQB M®HQ5

Bz« B>«
d g

H(Fa‘X’Qﬁ)M' H(M®Qﬁ)

B>« B>«

As ([1g=a(a ® Qp))p’(x) = 0 and, by hypothesis, p is injective, we deduce
that (uy ® Hthx Qp)(x) = 0. Since M ® Hﬁza Qp = lﬂl(Fy ® Hthx Qp),
there exists By > o such that x € ker(ug,x ® [[g>a Qp). The commutativity of
the diagram

Fa® []Qp ol g [Tas
B>« B>«
;l ;l
[ (Fa ® Qp) —z0e®) I (e @ Q)

B>« B>«
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implies that, for any B > «, apg € ker(ug,x ® Qp). In particular, ag, €
ker(ug,x ® Qg) which is a contradiction.

(2) = (1). Fix a direct system of finitely presented right R-modules
(Foi, Uga) el with M = @(Fa, UBx) B,ael -

Let {Qk}kek be a family of modules of @, and let x € kerp where p: M ®
[Tkex Qk = Tlkex (M ® Qi) denotes the natural map. Since M ® []ieg Qk =
lim(Fy ® [[xek Qk), there exists & € I and xo = Stixi ® (q,i()keK € Fy ®
[Tkex Qk such that x = (ux ® [[rex Qk) (X«). The commurtativity of the dia-
gram

Fy ® 1—[ Or ua®[lrekx Qk M® 1—[ o
kekK keK

/| |

ek (Ua )
H(Fa®Qk)M’ H(M®Qk)
kek kek

implies that, for each k € K, SHPixi® q,l; € ker(uyg ® Q).
Let B = o be such that ugy dominates the canonical map u with respect to
Q. The commutativity of the diagram

uga®[Irex Q
Fa® an _ Mpa®llkek ok, Fg ® an

kek kek

=| =|

[Tkek (Upa®Qi)
[T (Fa ® Qi) —Z2220 T (Fs © Qu)
kek kek

implies that (ugy ® [Irex Qk) (Xa) = 0. Hence x = (upupa ® [lxex Qi) (X) =
0.

By Proposition 4.4, we already know that (2) and (3) are equivalent state-
ments.

(3) = (4). Let X = {x1,x2,...} = M. We shall construct inductively a
countable direct system (Sn, fn: Sn = Sn+1)n=0 of modules in S and a sequence
of maps (V. : Sy — M)nso such that vy, = Vi1 fn and {x1,..., X0} S Vn(Sn).

Set So = 0 and let vy be the zero map. Let n = 0 and assume as inductive
hypothesis that Sy, and v, have been constructed for any m < n. Let u: Sy @
R — M be defined as u(g,7) = vn(g) + Xp17v forany (g,7) € Sp ® R. By
(3), there exist Sp.1 € S, V: Sy ® R — Sus1, and Vypy1: Spe1 — M such that
U = VpvV and ker(v ® Q) = ker(u ® Q) forall Q € 9. Let e: S5, —
Sn ® R denote the canonical inclusion and set f,;, = v o €. Then vy, = ue =
Un+1(VE) = Vi1 fn. This completes the induction step. Note moreover that also

ker(v,, ® Q) = ker(f,, ® Q) forall Q € 9.
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Set N = lim Sy, and v = lim v,. Then N is countably presented. As for any
Q €9, ker(v ® Q) = lim ker(vy, ® Q) and ker(vy, ® Q) = ker(f, ® Q), we
deduce that v ® Q is 1nJectlve

To show that N is Q-Mittag-Lefller we verify that N satisfies (2), as we already
know that (1) and (2) are equivalent. By Proposition 4.4 it is enough to check the
condition for the direct system (Sy, fr)n>0 and the canonical maps uy: Sn — M.

Notice that vu, = vy. Therefore, forany Q € @

from which we conclude that f,, dominates u,, with respect to Q.
(5) = (4) is proven similarly.

(4) = (1). Consider a family (Qx)kek in Q, and an element x in the kernel
of p: M ® [lxex Qk — [lxex (M ®r Qk). Then there are a Q-Mittag-Leffler
module N and a homomorphism v: N — M such that x lies in the image of
(v ® [Ikek Qk), and v ®g Q is a monomorphism for all Q € 9. In the commu-
tative diagram

v®[lrex Qk

N®an M®1_[Qk

kek kek
d a

ek ( )
[T(N ®r Q) — 222 TT (M @5 Q)
keK kekK

we then have that p’ is injective because N is Q-Mittag-Lefler, and
[Txex (v ® Q) is injective by assumption on v. This shows that x = 0.

Assume now that R € 9. To show (3)=(5), we proceed as in the proof of
(2)=(3) in [11, Theorem 6]. We take an epimorphism p: F — M from a finitely
generated free module F, set u = €p, and construct v as in condition (3). Note
that ker u = ker v since Q contains R. We thus obtain w: My — Sandt: S - M
such that v = wp and € = tw. To show ker(e ®g Q) = ker(w ®r Q) for all
Q € Q it is enough to verify the inclusion <. So, take a left R-module Q € Q
and v € ker(e ® Q). Note that ¥ = (p ® Q)(x) for some x € F ® Q. Then
(u®Q)(x)=(ep®Q)(x)=0,hence (w®Q)(¥)=(v®Q)(Xx)=0. O

Condition (4) in Theorem 5.1 gives the following characterization of Q-Mittag-
Leffler modules.

Corollary 5.2. Let Q be a class of left R-modules, and let S be a class of finitely
presented right R-modules. For a fixed right R-module M € 1im S denote by C the
class of its countably genemted submodules N such that N is Q—Mztmg—qulZer and the
inclusion N = M remains injective when tensoring with any module Q € Q.
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Then M is Q -Mittag-Leffler if and only if M is a directed union of modules in C.
Moreover, if R € Q, the modules in C can be taken countably presented and in
lim S.

Proof. For the only-if implication, we follow the notation of Theorem 5.1
(4). We only have to prove that v(N) is a Q-Mittag-Leffler module and that
the inclusion €: v(N) — M remains injective when tensoring with any module
Q € 9. Let {Qk}kek be a family of modules in Q. Consider the commutative
diagram:

ve[lkek Qk e®[lrek Qk
ERALLL T SN ST kek ok,

N® [] ok v(N) ® ] Qx M® []x

keK keK keK

or| o 0|

[Tkex (v®©Q)) [Trek (£@Qk)

[TON ®g Qi) [Tw(N) ®& Qi) [1(M ®k Qk)

keK keK kek

Note that v ® [[rex Qk : N ® [lxex Qk — V(N) ® [lrex Qk is surjec-
tive, therefore if x € V(N) ® [lrex Qk satisfies (¢ ® [[xex Qx)(x) =
then there exists ¥ € N ® [[rex Qk such that x = (v ® [[xex Qk)(») and

(ev ® [kex Qr) () = 0. Since p(ev ® [[rex Qk) = ([lkex (Vv ® Qk))p1 is
an injective map, we infer y = 0, so x = 0. This shows that € ® [[ycx Qk is

injective.

Then also ([Txex (€ ® Qk))p2 = p(e ® [xek Qi) is injective, and so is ps.

To prove the converse implication proceed as in the proof of (4)=(1) of The-
orem 5.1.

The statement for the case when R € Q is clear because then the map v in
Theorem 5.1 is injective, so N is isomorphic to v (N). O

Corollary 5.3. Let Q be a class of left R-modules containing R. Then every
countably generated Q -Mittag-Leffler right R-module is countably presented.

Now we can start relating Q -Mittag-Lefller and B-stationary modules.

Lemma 5.4. Let Q be a class of lefi R-modules, and let B, M be right R-modules.
Assume that M is B-stationary. Write M = hmF(X where (Fy, Upx) B,acl 15 a direct
system of finitely presented modules. If for all x, o BeTlwithB>xandallQ € Q

ker(upa ® Q) = [ ker(h ® Q),

h€Huy,, (B)

then M is a Q -Mittag-Leffler module.

Proof. Fix & € I, and denote by u«: Fx — M the canonical map. As M is
B-stationary, we infer from Proposition 4.8 that there exists B > « such that ugx
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B-dominates the canonical map U, that is

ker(uy ®r Q) < ﬂ ker(h ®g Q)

hE€Huy,, (B)

for all left R-modules Q. Our assumption implies that

forall Q € Q, so Theorem 5.1 gives the desired conclusion. O

Before we continue our discussion of the general case, let us notice the following
projectivity criteria for countably generated flat modules that improves [3, Propo-
sition 2.5], and clarifies the proof of [16, Theorem 2.2].

Corollary 5.5. Let M be a countably generated right flar module. Then M is
projective if and only if M is R-stationary.

Proof. To see that a countably generated projective module is R-stationary, use
for example Theorem 3.11.

Assume that M is countably generated, flat and R-stationary. Then M is also
R™)_stationary by Corollary 3.9. Let (Fu, Ugx) w,per be a direct system of finitely
generated free modules such that M = lim F. Notice that for each B € I we have
a split monomorphism tg: Fg — R™), hence tg ® Q is a split monomorphism
for any left R-module Q. This implies that the criterion of Lemma 5.4 is fulfilled
for any left R-module, hence M is a Mittag-Lefller module. Now we can con-
clude either by using [36, 2.2.2] or arguing that then M is R-Mittag-Lefller, hence
countably presented by Corollary 5.5, and then use [3, Propostion 2.5]. O

Example 5.6 ([27]). 1f Q denotes the class of flat left R-modules, condition
(5) in Theorem 5.1 is equivalent to:

(5") For any finitely generated submodule My of M there are a finitely presented
module S and a homomorphism w: My — S such that the embedding
&: My — M factors through w.

We thus recover a characterization due to Goodearl of the modules that are Mittag-
LefHler with respect to the class of flat modules [27, Theorem 1]. In particular, if
R is right noetherian, then (5°) is trivially satisfied, and so any right R-module is
Mittag-Leffler with respect to the class of flat modules (cf. [27]). See Example
9.16 for an alternative proof and for related results.

6. RELATING B-STATIONARY AND Q-MITTAG-LEFFLER MODULES

Throughout this section, we fix a right R-module M together with a direct system
of finitely presented modules (F, Uga) g acr such that M = lim Fy.
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Lemma 6.1. Let B be a class of right R-modules closed under direct sums, and
let Q be a class of left R-modules. Assume that M is B-stationary. If for any pair ,
B €I with B = & and for any Q € Q there exists B = Bga(Q) € B such that

ker(uga ®r Q) = () ker(h ®r Q),
heHyg, (B)

then M is a Q -Mittag-Leffler module.

Proof. Let Q" = {Qi}kex be any family of modules in Q. To prove the
statement, we verify that Q" satisfies the assumption of Lemma 5.4 for

B=F P Bs(Q) es.

QeQ’ «,Bel, B>

By hypothesis and by the construction of B, if we fix a pair &, B € I with f = & €
I, then forall Q € 9’

ker(uga ®r Q) = (]  ker(h ®& Q).

he€Hy, (B)

As M is B-stationary, we conclude from Lemma 5.4 that M is Q'-Mittag-Leffler™

Proposition 6.2. Let B be a class of right R-modules closed under direct sums,
and let Q be a class of left R-modules. Assume that M is B-stationary. If for every
Q € Q and every & € I there exists a map fx: Fx — Bu such that By € B and
Sfo ®r Q is a monomorphism, then M is a Q -Mittag-Leffler module.

Proof. We verify the condition in Lemma 6.1. Let B = «in I and Q € Q. By
hypothesis, there is fg: Fg — Bg € B such that fg ®r Q is a monomorphism. Set
hg = fpuga. Then hg € H"/LBO( (Bg), so

(| ker(h ®r Q) < ker(hg ®r Q) = ker(ugy ®r Q)
hEH"‘th (Bg)

and the reverse inclusion is always true. O

We have seen several conditions implying that a B-stationary module is Q -Mittag-
Leffler. Let us now discuss the reverse implication. We will need the following
notion.

Definition 6.3. Let B be a class of right R-modules, and let A be a right
R-module. A morphism f € Homg(A,B) with B € B is a B-preenvelope (or
a left B-approximation) of A provided that the abelian group homomorphism
Homg (f,B’): Homg(B,B") — Homg (A, B’) is surjective for each B € ‘B.



2490 LIDIA ANGELERI HUGEL ¢ DOLORS HERBERA

Lemma 6.4. Ler B be a class of right R-modules, and let w: M — N and
v: M — M’ be right R-module homomorphisms. Assume that M has a B-preenvelope
[+ M’ — B. Consider the following statements.
(1) v B-dominates u.
(2) ker(u ®g B*) c ker(fv ® B*).
(3) ker(u ®f B*) < ker(v ®g B*).
Statements (1) and (2) are equivalent, and statement (3) implies (1) and (2). More-
over, if there is a class of left R-modules Q such that the character module B* € Q and
S ®r Q is a monomorphism for all Q € Q, then all three statements are equivalent
to

(4) v dominates w with respect to Q.

Proof. (1) = (2). Since h = fv € Hy(B), we have ker(u ®g Q) <
ker(h ®g Q) for all left R-modules Q, so in particular for Q = B*.

(2) = (1). By 4.5 we have ker(u ®g Q) < ker(h ®g Q) for all left
R-modules Q. Let B € B. Since every h € H,(B’) factors through h, we

further have ker(h ®z Q) c ker(h ®g Q) forall h € H,(B’) and all gQ, hence
(1) holds true.

(3) = (2) holds true because ker(v ®g B*) < ker(fv ® B*).
Assume now that B* € Q and f ®g Q is a monomorphism for all Q € 9.

We prove (1)=(4). As above we see ker(u ®r Q) < ker(h ®g Q) for all left
R-modules Q. Moreover, if Q € 9, then ker(h ®g Q) = ker(v ®r Q), which
yields (4).

Finally, (4)=(3) as B* € Q. O

Proposition 6.5. Let B be a class of right R-modules. Assume that for every
« € I there exists a B-preenvelope f: Fo — Bw. Assume further that M is Q-Mittag-

Leffler for
Q=D B
xel

Then M is B-stationary.

Proof. Forany « € I, denote by un: Fx — M the canonical map. By Theorem
4.8 we must show that there exists B > « such that ugyx B-dominates U, which
means ker(uy ®g BE‘) c ker(upgy ®r BE) by Lemma 6.4. So, it is enough to
find B > « such that

ker(ua ®r Q) = ker(u,g,x ®r Q)
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To this end, we take a generating set (xx)kek of ker(ux ®g Q) and consider the
diagram
u(x®l_[keK Q

Fx®[]Q Me []Q

keK keK
P(Xl Pl

ek (Ua®Q)
[ (Fa ®r Q) 28D TT (M @4 Q)
keK kekK

Since py is an isomorphism, there is x € Fy ® []xex Q such that py(x) =
(Xk)kek € [lkex (Fa ®r Q). Then (uq ® [[xex Q) (x) = 0 because p is injec-
tive, and thus x € ker(uga ®r [Irex Q) for some B = «. From the diagram

Fy ® 1_[ Q uga®[ ek Q FB ® 1—[ Q

keK kek
p(xl pﬁl

[Tkek (upa®Q)
[T (Fa ®r Q) —=22220 [T (Fs ®& Q)
kek kek

we deduce that (xXi)kek = pa(x) € ker[Txeg (Upx ®r Q), thatis,
xx € ker(upy ®r Q) forall k € K,

and we conclude ker(ux ®r Q) < ker(ugx ®r Q). O
The previous observations are subsumed in the following result.

Theorem 6.6. Let B be a class of right R-modules closed under direct sums, and
let Q be a class of left R-modules. Assume that for every finitely presented module
F there exists a B-preenvelope f: F — B such that the character module B* € Q
and f ®r Q is a monomorphism for all Q € Q. Then the following statements are
equivalent for a right R-module M.

(1) M is B-stationary.
(2) M is Q-Mittag-Leffler for all Q € Add Q.
(3) M is Q-Mittag-Leffler.

Proof. (1) implies (3) by Proposition 6.2, (2) implies (1) by Proposition 6. 5
and (3) implies (2) by Theorem 1.3.

Example 6.7. Let B be a right R-module with the property that all finite
matrix subgroups of B are finitely generated over the endomorphism ring of B,
for example an endonoetherian module. Then a right R-module M is B*-Mittag-
Leffler if and only if it is B-stationary.
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Proof. Set B = AddB and @ = AddB*. By Theorem 1.3 and Corollary
3.9 we know that M is B*-Mittag-LefHler if and only if it is Q-Mittag-LefHler,
and M is B-stationary if and only if it is B-stationary. Moreover, by [1, 3.1]
every finitely presented module F has a B-preenvelope f: F — B’ with B’ €
add B, hence (B")* € Q. Finally, Homg(f,B) is an epimorphism, thus apply-
ing Homz(—,Q/Z) and using Hom-®-adjointness, we see that f ®g Q is a
monomorphism for all Q € 9. So the claim follows immediately from Theo-
rem 6.6. O

Definition 6.8 ([15, 2.3]). Let R be a ring. A full subcategory C of Mod-R
is said to be definable if it is closed under pure submodules, direct limits and
products.

To each definable category C of right (left) R-modules we associate a dual
definable category of left (right) R-modules C¥ which is determined by the property
that a module M belongs to C if and only if its character module M* € CV. This
assignment defines a bijection between definable subcategories of Mod-R and of
R-Mod. For details, we refer to [31, Section 5] and [33, Section 4.2].

We now observe that when B is definable, the class @ in Theorem 6.6 can be
taken to be BY. Hereby we recall that definable categories are always preenvelop-
ing by [35, Proposition 2.8, Theorem 3.3].

Corollary 6.9. Let B be a definable subcategory of Mod-R, and ler @ = BY
be the dual definable category. Let further S be a class of finitely presented right
R-modules. Assume that for any F € S there exists a B-preenvelope f: F — B such
that f ®r Q is a monomorphism for all Q € Q. Then the following statements are
equivalent for a right R-module M € lim S.

(1) M is B-stationary.
(2) M is Q-Mittag-Leffler for all Q € Q.
(3) M is Q-Mittag-Leffler.

Proof. Proceed as in Theorem 6.6, keeping in mind that if B € B, then B* €
9. O

Further applications of Theorem 6.6 are given in Section 9.

7. BAER MODULES

Throughout this section, let R be a commutative domain. A module M is said to
be a Baer module if Extllz (M, T) = 0 for any torsion R-module T.

Kaplansky in 1962 proposed the question whether the only Baer modules are
the projective modules. He was inspired by the analogous question raised by Baer
for the case of abelian groups, which was solved by Grifhith in 1968.

In the general case of domains, a positive answer to Kaplansky’s question was
recently given by the authors in joint work with S. Bazzoni [3]. The proof uses
an important result of Eklof, Fuchs and Shelah from 1990 which reduces the
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problem to showing that countably presented Baer modules are projective (cf.
[25, Theorem 8.22]).

Aim of this section is to give a new proof for the fact that every countably
generated Baer module is projective, which uses our previous results. In fact,
we are going to see that a countably generated Baer module is Mittag-Leffler.
Then the result follows because countably generated flat Mittag-Leffler modules
are projective (cf. [36, Corollaire 2.2.2, p. 74]).

So, let us consider a countably presented Baer module M. By Kaplansky’s
work, we know that M is flat, of projective dimension at most one. So M can be
written as a direct system of the form

Fli.pzi,&_,..._,pnﬂ,pnﬂ_,...

where, for each n = 1, Fy is a finitely generated free R-module. As the class of
torsion modules is closed under direct sums, it follows from [12], see Theorem
3.11, that M is a Baer module if and only if for any torsion module T the in-
verse system (Homg (Fy, T), Homg (fn, T)) satisfies the Mittag-Leffler condition,
in other words, if and only if M is T-stationary.

Lemma 7.1. Let R be a commutative domain.

(i) Let Q be a finitely generated torsion module. For any n = O there exist a torsion
module T and a homomorphism h: R™ — T such that h ® Q is injective.

(ii) Let Q be a finitely generated torsion-free R-module. For any n = 0 there exists a
torsion module T such that

(1  ker(h® Q) =0.

heHom(R",T)

Proof. (). If n = 0, the claim is trivial (we assume that 0 is torsion). Fix
n = 1. As Q is finitely generated and torsion, I = anng (Q) is a nonzero ideal of
R, so that T = (R/I)" is a torsion module. Note that R/T ® Q = Q/IQ = Q.
Hence the canonical projection R™ — T satisfies the desired properties.

(ii). First we show that for any 0 +# x € R"™ ® Q there exist a torsion module
Tx and h: R™ — T, such that (h ® Q)(x) = 0. Let K denote the field of
quotients of R. As Q is torsion-free and finitely generated, it can be identified
with a finitely generated submodule of K™ for some m. Moreover, as Q is finitely
generated, multiplying by a suitable nonzero element of R, we can assume that
Q <R™,

The claim is trivial forn = 0. Fixn > 1. As0# x € R* ® Q = Q", there
isie {1,...,mn} such that the i-th component of x is nonzero. Let 11;: R™ — R
denote the projection on the i-th component. As (11; ® Q) (x) # 0, we only need
to prove the statement for n = 1.

Set x = (x1,...,Xm) ER® Q =Q < R™. Letj € {1,...,m} be such that
xj # 0. As R is a domain, there exists 0 # t € R such that tR ¢ x;R. Hence
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x ¢ tQ < tR™. Thatis, if p: R — R/tR denotes the canonical projection, x is

notin tQ = ker(Q 2% R/tR ® Q).
To prove statement (ii) take T = Dy crn®\ 0y Tx- O

Theorem 7.2. IfR is a commutative domain, then any countably presented Baer
module over R is Mittag-Leffler. Therefore any Baer module is projective.

Proof. Let Mg be a countably presented Baer module. Then My, is flat, hence
a direct limit of finitely generated free modules.

Denote by 7" and F the classes of torsion and torsion-free modules, respec-
tively. By Theorem 3.11, Mg is T -stationary. Since 7 is closed under direct
sums, the previous Lemma 7.1(i), together with Proposition 6.2, implies that M is
Q-Mittag-Leffler where Q is the class of all finitely generated modules from 7. By
Theorem 1.3, it follows that M is T -Mittag-Leffler.

Next, we show that M is also F-Mittag-Leffler. Again by Theorem 1.3, it
is enough to show that M is Mittag-Lefller with respect to the class of finitely
generated torsion-free modules. So, let Q be a finitely generated torsion-free
module, and let u € Homg(F,F’) be a morphism between finitely generated
free modules F, F’. By Lemma 7.1(ii) there exists a torsion module T such that
Nhetom(r,1) ker(h ® Q) = 0. So, if x € F ®¢ Q and y = (u ®r Q)(x) # 0,
then there must exist i’ € Homg (F’, T) such that (h" ®g Q)(y) # 0, which
means (h'u ®g Q)(x) # 0 and shows that x & ey, (1) ker(h ®r Q). Thus
we deduce that ker(u ®g Q) = Npen, (1) ker(h ®g Q). Our claim then follows
from Lemma 6.1.

Since M is flat, we now conclude from Corollary 1.5 that M is Mittag-LefHler
and thus projective. O

8. MATRIX SUBGROUPS

In [36] Raynaud and Gruson also studied modules satisfying a stronger condition,
which they called stricr Mittag-Leffler modules. In this section, we investigate the
relative version of this condition and interpret it in terms of matrix subgroups.
Hereby we establish a relationship with work of W. Zimmermann [40].

We start out with a stronger version of Proposition 4.4.

Proposition 8.1. Let B be a right R-module, and let S be a class of finitely
presented right R-modules. For a right R-module M € lin S, the following statements
are equivalent.

(1) There is a direct system of finitely presented right R-modules (Fx, Wpx) g,acr With
M = lim(Fu, Uga) g,act having the property that for any & € I there exists p > «
such that the canonical map Wy : Fo — M satisfies Hy, (B) = Hyy, (B).

(2) Every direct system of finitely presented right R-modules (Fx, Wgw) g,xe1 with M =
li_n}(FD(, UBx) B,ael has the property that for any & € I there exists B = & such
that the canonical map Wy : Fo — M satisfies Hy, (B) = Hy,, (B).
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(3) For any finitely presented module F (belonging to S) and any homomorphism
u: F — M there exist a module S € S and a homomorphism v : F — S such that
u factors through v, and Hy (B) = H, (B).

Proof. Adapt the proof of Proposition 4.4 replacing Lemma 4.2 by Lemma
2.3(2) and Lemma 2.5(1). O

In view of the characterization of B-stationary modules given in Theorem 4.8, we
introduce the following terminology.

Definition 8.2. Let B be a right R-module. We say that a right R-module M
is strict B-stationary if it satisfies the equivalent conditions of Proposition 8.1 (for
some class of finitely presented modules S).

If B is a class of right R-modules, then we say that M is strict B-stationary if
it is strict B-stationary for every B € B.

Remark 8.3.

(1) The modules that are strict B-stationary for every right R-module B are exactly
the strict Mittag-Leffler modules of [36]. In particular, every pure-projective
module is strict ModR-stationary, see [36, 2.3.3].

(2) By Proposition 4.6 and Theorem 4.8, every strict B-stationary module is
B-stationary.

(3) By Lemma 3.3 a countably presented module is strict B-stationary if and only
if it is B-stationary.

The class B in the definition of a strict B-stationary module enjoys slightly
weaker closure properties with respect to the class B in the definition of B-station-
ary modules.

Proposition 8.4. Let {Bj}jc; be a family of right R-modules. Let
(Fo, WBx) Bxel be a direct system of finitely presented right R-modules and M =
lim Fo. Then the following statements are equivalent.
(1) M is strict [ | jcj Bj-stationary.
(2) For any o« € I there exists B = & such that the canonical map Wy : Fx — M
satisfies Hy (Bj) = Hyg, (Bj) for any j € J.
(3) M is strict  jej Bj-stationary.

Proof. Proceed as in Proposition 3.8, cf. Remark 2.2. O

Corollary 8.5. Let B be a class of right R-modules. Let M be a strict B-stationary
right R-module. Then the following statements hold true.

() M is strict B’ -stationary where B’ denotes the class of all modules isomorphic
either to a locally split submodule or to a pure quotient of a module in ‘B.

(ii) M is strict Add B-stationary if and only if it is strict Prod B-stationary if and only
if there exists a direct system of finitely presented right R-modules (Fy, Upx) B,xcl
with limFo = M having the property that for any & € 1 there exists B >
such that the canonical map Wy : Fo — M satisfies Hy, (B) = Hy,, (B) for ﬂny
B e B.
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(iii) M is strict Add B- and strict Prod B-stationary for every B € ‘B.

Proof. Adapt the proof of Corollary 3.9 replacing Lemma 2.5(2) by Lemma
2.5(4), and Proposition 3.8 by Proposition 8.4. O

We now recall some notions from [40].

Definition 8.6. Given two right R-modules A, B, an integer n € N, and an
elementa = (ay,...,an) € A", we consider the End B-linear map

€a : Homg(A,B) — B", f~ f(a) = (f(a1),...,f(an))

and define
HaaB) =Imeyz = {f(a) | f € Homgr(A,B)}.

If n =1, then Haq(B) = Haq(B) is called a matrix subgroup of B, and it is called
a finite matrix subgroup if the module A is finitely presented.

The subgroups H 4 (B) are related to H-subgroups as follows.

Lemma 8.7. Ler A, B, M be right R-modules, n € N, and a = (ai,...,an) €
AN,
(1) Ifan,...,an is a generating set of A, then €4 is a monomorphism.
(2) Ifv € Homg (A, M), then e4(Hy (B)) = Hym (B) wherem = v(a) € M™.
(3) Ifm = (my,...,my) € M", then Hym(B) = €.(Hy(B)) where e =
(e1,...,en) is given by the canonical basis ey, . . ., en of the free module R™, and
U : R™ — M is defined by u(ry,...,vn) = DiL myri.

Proof- The proof is left to the reader. O

We will need some further terminology from [40].

Definition 8.8. Let n € N. A pair (A, a) consisting of a right R-module A
and an elementa = (ay,...,an) € A" will be called an n-pointed module. A mor-
phism of n-pointed modules h : (A,a) — (M, m) is an R-module homomorphism
h:A — M such that h(a) = m.

Consider now a direct system of right R-modules (Fy, Ugx)g,xer with direct
limit M = li_rr}(FD(,uBo(),g,o(eI and canonical maps Uy : Fx — M. If for every
« € I the elements x, € Fx" are chosen in such a way that the ugy : (Fy, X)) —
(Fp, xpg) are morphisms of n-pointed modules, then ((Fx, X ), Ugx) g,acr is called
a direct system of n-pointed modules. Setting m = uy(xy) for some x € I, we
have that also the uy : (Fx,Xy) — (M, m) are morphisms of n-pointed modules.
We then write (M, m) = li_n}(Fo(,g‘x).

We now show that the strict B-stationary modules are precisely the modules
studied by Zimmermann in [40, 3.2]. Like the Mittag-Lefller modules, they can
be characterized in terms of the injectivity of a natural transformation.
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Let sBg be an S-R-bimodule, and let sV be a left S-module. For any right
R-module My there is a natural transformation

v=v(M,B,V): M ®g Homgs(B,V) - Homgs(Homg (M, B),V)

defined by
vim® @) : f— @(f(m).

Notice that when B = V and gBg is faithfully balanced, then v is induced by the
evaluation map of M inside its bidual.

If My is finitely presented and sV is injective, then v is an isomorphism (cf.
(20, Theorem 3.2.11]). The case that v is a monomorphism for all injective mod-
ules sV was studied by Zimmermann in [40, 3.2]. We are going to see below
that this happens precisely when M is strict B-stationary. So, like Q-Mittag-Leffler
modules, strict B-stationary modules can be characterized in terms of the injectiv-
ity of a natural transformation, in this case the injectivity of v. Let us first discuss
how the injectivity of v behaves under direct sums.

If M = @;c; M; then, for each i € I, the canonical inclusion M; — M induces
an inclusion

Homg(Homg (M;, B),V) — Homs(Homg (M, B),V).

This family of inclusions induces an injective map

@ : @ Homg (Homg (M;, B),V) — Homg(Homg (M, B), V)

iel

given by the rule
®((giier,) : f — D, gi(f )

i€l
This allows us to deduce the following result.

Lemma 8.9. The map v(Dic; My, B,V) is injective if and only if, for any i € I,
v(M;, B,V) is injective.

We observe the following relationship between the injectivity of the natural
transformations v and p.

Lemma 8.10. Let M be a right R-module, let sBr be a bimodule, and let {Vi}ict
be a family of left S-modules. Then the map v = v(M, B, 1;c; Vi) is injective if and
only if so are all maps vi = v(M,B,V;), i € I, and the map

p: M ®g [ [Homs(B,V;) — [ [ M ®g Homgs (B, V;).

iel iel
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Proof. The claim follows from the commutativity of the diagram

M ®g Homs (B, Vi) v___ Homs (Homg(M,B),[ Vi)

iel iel

nHomg(HomR(M,B),Vi)

iel

1

(Vi)ier

M ®g [ [Homg (B, V;) p [ [M ®r Homg(B, V)

iel iel

using that the v; are injective if so is v because V; is a direct summand of
[Tier Vi. m

Theorem 8.11. Let B and M be right R-modules. The following statements are
equivalent.

(1) M is strict B-stationary.

(2) For every n € N, every element m € M"™ and every direct system of n-pointed
modules ((Fx, X &), W) B,ael With all Fy being finitely presented and (M, m) =
lim(Fo, X o) there is B € I such that Hym (B) = Hpy x, (B).

(3) For everyn € N and every element m € M" there are a finitely presented right
R-module A, an element a € A™ and a morphism of n-pointed modules h :
(A,a) — (M, m) such that Hymm(B) = Haa(B).

Let S be a ring such that sBg is a bimodule, and ler U be an injective cogenerator of
S-Mod. Then the following statements are further equivalent.

(4) For every injective left S-module V, the canonical map
v: M ®g Homg(B,V) - Homg(Homg (M, B), V)

defined by vim ® @): f — @(f(m)) is a monomorphism.
(5) For any set I, the canonical map

v: M ®g Homg (B, U") -— Homg(Homg (M, B), U")

is a monomorphism.

(6) The canonical map
v: M ®g Homg(B,U) - Homg(Homg (M, B),U)

is a monomorphism and M is Homg (B, U)-Mittag-Leffler.
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Proof. The equivalence of (2), (3) and (4) is due to Zimmermann, see [40,
3.2].

(1) = (3). Asin Lemma 8.7(3), we write Hy,m(B) = & (Hy(B)) where
e = (ey,...,en) is given by the canonical basis ey,...,e, of the free module
R",and u : R"™ — M, (11,...,7n) — D1y MiTi. By assumption there exist a
finitely presented module A, a homomorphism v : R" — A and a homomorphism
h: A — M such that u = hv, and H,(B) = H,(B). Seta = v(e) € A™
Then h(a) = u(e) = m. So, we obtain a morphism of n-pointed modules
h: (A,a) - (M,m). Moreover, we see as in Lemma 8.7(2) that Hym(B) =
fg(Hv(B)) = HA,Q(B)-

(2) = (1). Take a direct system of finitely presented right R-modules
(Fo, upa) p,xer with M = lim(Fw, ugw) g,aer» and fix o« € I. Moreover, choose
a generating set dr, ..., an of Fy, and set X, = (a1,...,an). Set further xg =
Uga(Xy) for all B > &, and m = uqs(x,). Then (Fg,xg)per p=a is a di-
rect system of n-pointed modules with direct limit (M, m). So, by assumption
there is B € I such that Hym(B) = HFy,xg (B). By Lemma 8.7(2) this means
&x,(Hy,(B)) = &x, (Hygz (B)). Since &y, is a monomorphism, we conclude
Hy, (B) = Hy,, (B).

(4) < (5). Since products of injective modules are injective, statement
(4) implies (5). As sU is a cogenerator, any injective left S-module V is a direct
summand of U’ for a suitable set I. Since v(M, B, U') is injective, so is v(M, B, V),
and we conclude that (5) implies (4).

(5) = (6). Follows from Lemma 8.10. O
Here are some consequences of the previous theorem.

Corollary 8.12. Let B be a right R-module.

(1) [40, 3.6] The class of strict B-stationary modules is closed under pure submodules
and pure extensions.

(2) A direct sum of modules is strict B-stationary if and only if so are all direct sum-
mancds.

(3) [40, 3.8] The module B is S-pure-injective if and only if every right R-module is
strict B-stationary.

The characterization of strict B-stationary modules in terms of the injectivity
of v allows us to provide a wide class of examples of such modules. It is the analog
of the class discussed in Proposition 1.9.

Proposition 8.13. Let S be a class of right R modules that is strict B-stationary
with respect to a class B < S*. Then any module isomorphic to a direct summand of
an S U Add R-filtered module is strict B-stationary.
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Proof. As projective modules are strict Mod R-stationary and S* =
(S UAddR)*, so we can assume that S contains AddR. By Corollary 8.12, the
class of strict B-stationary modules is closed by direct summands. So, we only
need to prove the statement for S-filtered modules. Also by Corollary 8.12, we
know that arbitrary direct sums of modules in § are strict B-stationary.

Let M be an S-filtered right R-module. Let T be an ordinal such that there
exists an S-filtration (My)x<r of M. Observe that for any B < & < T, My and
My /Mg are S-filtered modules, so they belong to +B by [26, 3.1.2]. For the rest
of the proof we fix B € B, aring S such that sBg is a bimodule, and an injective
left S-module V. We shall show that M is strict B-stationary proving by induction
that, for any « < T, the canonical map

Va: My ®r Homg(B,V) - Homg(Homg (Mg, B),V)

is injective.
As My = 0, the claim is true for & = 0. If @ < T, then the exact sequence

0~ M(x - Ma+1 - M(x+1/Mo< -0
and the fact that B < $* yield a commutative diagram with exact rows

My ®g Homs(B,V) —  Mys ®g Homg(B,V) —

Vo(l Va+1 l

O - HOmS(HOmR(Ma,B),v) - HOmS(HOmR(MO(+1,B),v) -

—  (Mu+1/M«) ® Homg(B,V) — 0

|
— Homg(Homg (My+1/Mu,B),V) — 0

The natural map v is injective because M+1/M is strict B-stationary. So, if Vi
is injective, then V1 is also injective.

Let o < T be a limit ordinal, and assume that vg is injective for any f < «.
We shall prove that v is injective. Let x € Ker v. There exists B < «and y €
Mg ®g Homg (B, V) such that x = (g ® Homg(B,V))(y), where €g: Mg —
My denotes the canonical inclusion. As My/Mg € *B, &g induces an injective
map €: Homg(Homg (Mg, B),V) — Homgs(Homg (M, B), V). Considering the
commutative diagram

H B,V
Mg ® Homg(B,V) —22msBY) @k Homs (B, V)

vs| ve |

Homg(Homg (Mg, B),V) ——  Homg(Homg(My,B),V)
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we see that 0 = evg(y). As Vg and ¢ are injective, )y = 0. Therefore x = 0, and
V« Is injective. -

Next, we further investigate the relationship between relative Mittag-Leffler mod-
ules and strict stationary modules. It was shown by Azumaya [10, Proposition
8] that a module M is strict Mittag-Leffler if and only if every pure-epimorphism
X — M, X € Mod-R, is locally split. We will now see that also the dual prop-
erty plays an important role in this context. According to [42], we will say that
a right R-module B is locally pure-injective if every pure-monomorphism B — X,
X € Mod-R, is locally split.

Moreover, in the following, for a right R-module B, we will indicate by B*
a left R-module which is obtained from B by some duality, that is, by taking a
ring S such that ¢Bg is a bimodule together with an injective cogenerator sV of
S§-Mod, and setting kB* = Homg(B, V). For example, B* can be the character
module B* of B. But it can also be the local dual B* of B, which is obtained as
above by choosing S = Endg B. For a left R-module C, the notation C* is used
correspondingly.

Proposition 8.14. Let M and B be right R-modules, and let C be a left

R-module. The following statements hold true.

(1) [40, 3.3(1)IM is a C-Mittag-Leffler module if and only if M is strict C* ~station-
ary.

(2) If M is strict B-stationary, then M is B*-Mittag-Leffler. The converse holds true if
B is locally pure-injective.

Proof. (2) The first part of the statement is shown by Zimmermann [40,
3.3(2)(a)] and it follows also from Theorem 8.11. For the converse, assume that B
is locally pure-injective. Let gkB* = Homg (B, V) where S is a ring such that sBg is
a bimodule and sV is an injective cogenerator of S-Mod. Consider a ring T such
that sV is a bimodule, let Ur be an injective cogenerator of Mod-T, and assume
without loss of generality that Vi < Ur. Then gB7 is also a bimodule, and we can
consider B** = Homr (B*,U). By (1), M is strict B**-stationary. Furthermore, the
evaluation map B — B** is a pure monomorphism (see e.g. [43, 1.2(4)]), hence
locally split. By Corollary 8.5(i) it follows that M is strict B-stationary. O

Example 9.11 shows that the converse of Proposition 8.14 (2) is not true in gen-

eral.

Example 8.15. Let B be a locally pure-injective right R-module with the
property that all finite matrix subgroups of B are finitely generated over the endo-
morphism ring of B. Then a right R-module M is strict B-stationary if and only if
it is B-stationary.

In particular, this applies to the case when B is a pure-projective right
R-module over a left pure-semisimple ring R.

Proof. The statement follows by combining Example 6.7 with Proposition
8.14(2).
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When R is a left pure-semisimple ring, all finitely presented right R-modules
are endofinite [30]. Hence every pure-projective right R-module B is locally pure-
injective by [42, 2.4], and endonoetherian by [44]. So, the assumptions are satis-
fied in this case. O

Restricting to local duals, we can employ recent work of Dung and Garcia [18] to
obtain a criterion for endofiniteness of finitely presented modules.

Proposition 8.16. Let RC be a finitely presented left R-module. The following
statements are equivalent.
(1) C is endofinite.
(2) C is Z-pure-injective, and C* is C-Mittag-Leffler.
(3) C is Z-pure-injective, and all cyclic End C* -submodules of C* are finite matrix
subgroups.

Proof. (1) = (2). C is endofinite if and only if it satisfies the descending and
the ascending chain condition on finite matrix subgroups. Hence C is Z-pure-
injective, and every right R-module is C-Mittag-LefHler, see Example 1.6(3).

(2) = (3). By Proposition 8.14 the module C* is strict C*-stationary. By
condition (3) in Theorem 8.11 for n = 1, it follows that all matrix subgroups
of C* of the form Hc+ m (C*) with m € C* are finite matrix subgroups, and of
course, the matrix subgroups of such form are precisely the cyclic
End C*-submodules of C*.

(3) = (1). Since C is E-pure-injective, the module C* satisfies the ascending
chain condition on finite matrix subgroups, see [44, Proposition 3]. Furthermore,
every finitely generated End C*-submodule of C* is a finite sum of cyclic submod-
ules, hence a finite matrix subgroup, because the class of finite matrix subgroups
is closed under finite sums, see e.g. [43, 2.5]. So, we conclude that C* satisfies
the ascending chain condition on finitely generated End C*-submodules, in other
words, C* is endonoetherian, see also [41]. Now the claim follows from [18, 4.2],
where it is shown that a finitely presented module is endofinite provided its local
dual is endonoetherian. o

Using [17, 4.1], we obtain the following observation.

Corollary 8.17. A left pure-semisimple ring has finite representation type if and
only if the local dual C* of any finitely presented left R-module C is C-Mittag-Leffler.

Before turning in more detail to pure-semisimple rings, let us apply our results
to the following setting.

9. COTORSION PAIRS

In this section, we shall see that the theory of relative Mittag-Leffler modules and
(strict) stationary modules fits very well into the theory of cotorsion pairs.
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Definition 9.1.

(1) Let M, £ = Mod-R be classes of modules. The pair (M, £) is said to be a
cotorsion pair provided M = + L and £ = M*.

The cotorsion pair (M, L) is said to be complete if for every module X there
are short exact sequences 0 = X =L = M - 0and0 - L - M - X -0
where L, L’ € £ and M, M’ € M.

(2) If S is a set of right R-modules, we obtain a cotorsion pair (M, £) by setting
L =8+ and M = +(S8*). Itis called the cotorsion pair generated! by S, and it
is a complete cotorsion pair (cf. [26, Theorem 3.2.1]).

(3) We will say that a cotorsion pair (M, L) is of finite type provided it is generated
by a set of modules S = mod-R. Note that we can always assume S = M N
mod-R.

(4) Dually, if S is a set of right R-modules, we obtain a cotorsion pair (M, £) by
setting M = S and £ = (+S)*. It is called the cotorsion pair cogenerated by
S.

For more information on cotorsion pairs, we refer to [26].

In view of Theorem 6.6, complete cotorsion pairs provide a good setting for
relative stationarity and Mittag-Leffler properties. As a first approach we give the
following result.

Proposition 9.2. Let (M, L) be a cotorsion pair in Mod-R. Set C = MT. Then
the following hold true.

(1) If (M, L) is complete and L is closed by direct sums, then any L-stationary right
R-module is C-Mittag-Leffler.

(2) If (M, L) is generated by (a set of) countably presented modules and L is closed
by direct sums, then any module in M is strict L-stationary (and thus C-Mittag-
Leffler).

(3) Assume that (M, L) is generated by a class S of finitely presented modules with
the property that the first syzygy of any module in S is also finitely presented. Then
a countably generated module M belongs to M if and only if M belongs to lim S
and is (strict) L-stationary.

Proof. (1) The hypotheses in (1) imply that any right R-module X fits into
an exact sequence 0 - X — L — M — O where L € £ and M € M. Hence the
statement follows from Proposition 6.2.

(2) To prove (2) observe first that a countably presented module in M is strict
L-stationary by Example 3.13(1) and Remark 8.3(3).

Now if M € M then, by [26, Corollary 3.2.4], M is a direct summand of a
module N filtered by countably presented modules in M. By the observation
above, N is filtered by strict L-stationary modules. Then M is strict L-sta-
tionary by Proposition 8.13. As the cotorsion pair is complete by Definition
9.1(2), we infer from (1) that M is also C-Mittag-Leffler.

I'This terminology differs from previous use, cf.[26].
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(3) By [8, 2.3] M is included in lim S, and, by [20, Lemma 10.2.4], L is closed
under direct sums. So, the only-if part follows from (2). For the converse
1mphcat10n, let M be a countably generated module in hm S which is £L-sta-
tionary. Statement (1) implies that M is C-Mittag-Leffler. As R € C, we
deduce from Corollary 5.3 that M is countably presented. Therefore, and
because £ is closed under direct sums, we can apply Theorem 3.11 to conclude
that Extllz (M,L) =0 forany L € L. Thus M € M. -

From [39, 1.9] we immediately obtain the following consequence.

Example 9.3. Let R be an Ro-noetherian hereditary ring. If (M, £) is a co-
torsion pair in Mod-R such that £ is closed by direct sums, then any module in
M is strict L-stationary (and thus C-Mittag-LefHler).

In the following results, we use again the notation B*® to indicate a module
obtained from B by some duality, like the character module, or the local dual of
B. For a class of modules S, we write S* in order to indicate a class consisting of
modules that are obtained by some duality from the modules of S. Note that we
are not assuming a functorial relationship between S and S°.

Lemma 9.4. Let (M, L) be a cotorsion pair of finite type in Mod-R. Set S =
M N mod-R, and C = M. Then the following hold true.

(1) C =87, and7C = lim S = lim M,

(2) IfD = C*, then (C,D) is the cotorsion pair cogenerated by S°.

(3) A right R-module B belongs to L if and only if B* belongs to C.

(4) A lefi R-module C belongs to C if and only if C* belongs ro L.

(5) A right R-module B belongs to lim S if and only if B* belongs to D.

(6) Assume that the cotorsion pair (C,D) is of finite type. Then a left R-module X
belongs to D if and only if X* belongs ro lim S.

(7) If E = (li_n} S)L, then (li_n} S,E) is the cotorsion pair cogenerated by the pure-
injective modules from L.

(8) Let f : N — M be a monomorphism with M € limS. Then f ® C is a
monomorphism for all C € C if and only if coker f € th

Proof. (1) By [8, 2.3] we have S € M < lim S = 7(87), hence C = M7 = ST,
and 7C = limS. By the well-known Ext-Tor relations we further obtain C =
1(S*), hence (2), and also statements (3)—(5).

For statement (6), we assume that the cotorsion pair (C,D) is of finite type.
Then X € D ifand only if Ext(C, X) = 0 forall C € C n mod R, which is equiv-
alent to Tor(X*,C) = 0 forall C € Cn mod R. Butsince C < @(C N mod R)
by [8, 2.3], and Tor commutes with direct limits, the latter means that X* € 7C =
lim S.

Statement (7) is [8, 2.4].



Mittag-Leffler Conditions on Modules 2505

(8) If 0 — N—f> M — Z — 0 is exact, then Tor(M,C) = 0 forall C € C
by (1). Hence f ® C is a monomorphism for all C € Cifand onlyif Z € 7C =
lim$S. -

As an application of our previous results, we obtain the following result.

Theorem 9.5. Let (M, L) be a cotorsion pair of finite type in Mod-R. Set
S =Mnmod-R and C = M7, and denote by L' the class of all locally pure-injective

modules from L. Then the following statements are equivalent for a right R-module
M.

(1) M is L-stationary.

(2) M is C-Mittag-Leffler for all C € C.

(3) M is C-Mittag-Leffler.

(4) M is strict C* -stationary for all C € C.

(5) M is strict L' ~stationary.

Moreover, every M € M is strict L-stationary (and thus C-Mittag-Leffler). If M is

countably generated, then M € M if and only if M belongs to lim S and is (strict)
L-stationary.

Proof- First of all, as £ = S*, the class £ is closed under direct sums [20,
Lemma 10.2.4]. Moreover, the cotorsion pair is complete, see Definition 9.1(2).
Therefore for every right R-module F there is a short exact sequence

0-F-LB_B/F-0,

where B € £ and B/F € M. Of course, f is an L-preenvelope. Further, by
Lemma 9.4, B* € C, and B/F € 7C, hence the map f ® C is a monomorphism
for all C € C. The equivalence of the first three statements then follows directly
from Theorem 6.6. Furthermore, (2) is equivalent to (4) by Proposition 8.14.

(2) = (5). Let B € L be locally pure-injective. Then B* € C by Lemma 9.4,
so M is B*-Mittag-Lefller, hence strict B-stationary by Lemma 8.14(2).

(5) = (4) is clear since C* is a (locally) pure-injective module in £ by Lemma
9.4 and [43, 1.6(2)].
The rest of the theorem follows from Proposition 9.2. O

Corollary 9.6. Let (M, L) be a cotorsion pair of finite npe in Mod-R. Set
S = M N mod-R, and C = M. Then a module M € lim S is C-Mittag-Leffler if
and only if it is a directed union of countably presented submodules N that belong to
M and satisfy M/N € lim S.

Proof. By Corollary 5.2, the module M is C-Mittag-LefHler if and only if it
is a directed union of countably presented submodules N € lim S such that N is
C-Mittag-Leffler and the inclusion N € M remains injective when tensoring with
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any module C € C. The second condition means that M/N € lim S by Lemma
9.4(8). The statement thus follows immediately from Theorem 9.5. |

An important example of cotorsion pairs of finite type is provided by tilting theory.

Definition 9.7. Let n € N. A right R-module T is n-zilting provided

(T1) T has projective dimension at most 7,

(T2) Extliz(T, TW)Y =0 for each i > 1 and all sets I, and

(T3) there exist ¥ > 0 and a long exact sequence 0 — R — Tp — - -+ —
T, — O such that T; € Add T foreach 0 < i < r.

If T is a tilting module, the class £ = {X € Mod-R | Extlig (T,X)=0foralli> 1}
gives rise to a cotorsion pair (M, £), called the #lting cotorsion pair induced by T.
Note that (M, L) is generated by the set {QUT) | i = 0} of all syzygies of T.
Moreover, M N L =AddT.

Dually, one defines cotilting modules, and cotilting cotorsion pairs. If (C, D) is
a cotilting cotorsion pair induced by a cotilting module C, then C N D = Prod C.

Note that tilting cotorsion pairs are always of finite type, see [12] and [14].
Moreover, if (M, £) is an n-tilting cotorsion pair induced by the tilting module
T, then the cotorsion pair (C,D) constructed as in Lemma 9.4 is an n-cotilting
cotorsion pair induced by the cotilting module T*, see [4].

Corollary 9.8. Let (M, L) be a tilting cotorsion pair in Mod-R. Set S = M N
mod-R, and C = M. Let moreover T be a tilting right R-module inducing (M, L),
and C a cotilting lefi R-module inducing the cotorsion pair (C, D). Then the following
statements are equivalent for a right R-module M € lim S.

(1) M is L-stationary.
(2) M is T-stationary.
(3) M is C-Mittag-Leffler.
(4) M is C-Mittag-Leffler.

Moreover, every M € M is strict L-stationary (and thus C-Mittag-Leffler). If M is
countably generated, then M € M if and only if M belongs to lim S and is (strict)
L-stationary.

Proof. Write M as direct limit of a direct system (Fy, Uga) of modules in S.
Then for all & € I there is a short exact sequence

0 — Fy 2% By — By/Fy — 0,

where By € £ and By/Fx € M. Since Fy € S = M, it follows that By € LNM =
AddT. In particular, fx is an Add T-preenvelope. Further, Bx € L N @S, SO
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By € Cn'D = ProdC by 9.4. Finally, since Bx/Fx € 7C, the map f ® Cisa
monomorphism for all C € C.

(1) and (4) are equivalent statements by Theorem 9.5. Moreover, the impli-
cation (1)=(2) and (4)=(3) are trivial.

(2) = (4). Note that M is Add T-stationary by Corollary 3.9. Now this
implies (4) by Proposition 6.2.

(3) = (2). By Theorem 1.3, M is Q-Mittag-LefHler for all modules Q that
are pure submodules of products of copies of C. In particular, we can take Q =
@D «er By The claim then follows from Proposition 6.5. O

Corollary 9.9. Let T be a tilting module, S = Endg T. Then the following hold

true.

(1) Every finitely generated S-submodule of T is a finite matrix subgroup.
(2) sT is noetherian if and only if T* is Z-pure-injective.

Proof.

(1) Let (M, L) be the tilting cotorsion pair generated by T. We know that T
belongs to the kernel M N L. Thus T is strict T-stationary by Corollary 9.8.
By Theorem 8.11, all matrix subgroups of T of the form Hr x(T) withx € T
are finite matrix subgroups, and of course, the matrix subgroups of such form
are precisely the cyclic S-submodules of T. Observe that the class of finite
matrix subgroups is closed under finite sums. So, we infer that every finitely
generated S-submodule of T, being a finite sum of cyclic submodules, is a
finite matrix subgroup.

(2) We know from [44, Proposition 3] that T* is E-pure-injective if and only if T
satisfies the ascending chain condition on finite matrix subgroups. By (1), the
latter means that T is noetherian. O

If (M, L) is a cotorsion pair of finite type, then it follows from Theorem 9.5
that M is contained in the class of strict L-stationary modules. If § = MNmod-R,
then the countably generated modules in lim S that are strict L-stationary are
precisely the countably generated modules in ‘M, and they also coincide with the
countably generated modules in lim S that are L-stationary. Raynaud and Gruson
in [36, p. 76] provide examples showing that, in general M is properly contained
in the class of modules in lim S that are strict L-stationary, and the latter class is
also properly contained in the class of £-stationary modules. We explain these
examples for completeness’ sake. First we prove the following result.

Lemma 9.10. Let R be a ring, and let Fi and F, be flat right R-modules such
that there exists an exact sequence

0-R-—2F —F,—0.
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(i) Let Q be a class of left R-modules. If F, is Q -Mittag-Leffler, then so is F.
(ii) IfFy is strict R-stationary, then w splits.

Proof-

(i) The statement follows from Examples 1.6(4).

(ii) Assume that F; is strict R-stationary. Let S be the class of finitely generated
free modules. By Proposition 8.1 and since F; € li_n} S, there exist n > 0
and a homomorphism v: R — R", such that u = tv for some t: R" —
Fy and Hy(R) = Hy(R). Since u is a pure monomorphism so is v, but
being a pure monomorphism between finitely generated projective modules,
v splits. Therefore the identity map belongs to Hy, (R) = Hy (R), thus u also
splits. O

The easiest instance of tilting cotorsion pair is the one generated by the class S of
finitely generated free modules. Then S1 = Mod-R, and *(S*) = P is the class
of all projective modules. The ring R is a tilting module that generates the tilting
cotorsion pair (P, Mod-R). Note that li_n}S = F is the class of flat modules.
The relative Mittag-Leffler, strict stationary and stationary modules associated to
this cotorsion pair in Corollary 9.8 are the Mittag-Leffler, strict Mittag-Leffler and
(Mod-R)-stationary modules, respectively. If F; is a flat Mittag-Lefller module
and Extllg (F1,R) # 0, then there is a non split exact sequence

0-R—-F—-F —0.

In view of Lemma 9.10, F, is a Mittag-Leffler module that is not strict Mittag-
Leffler. An example for this situation is the following:

Example 9.11. For any set I, the abelian group 7/ is a flat strict Mittag-LefHler
abelian group. If I is infinite, there exist nonsplit extensions of Z! by Z, hence there
are flat Mittag-LefHler abelian groups that are not strict Mittag-Leffler.

Proof: Of course, Z! is flat. Since any finitely generated submodule of 7 is
contained in a finitely generated direct summand of Z! [23, Proof of Theorem
19.2], we deduce from Proposition 8.1 that Z! is strict Mittag-LefHler.

When I is infinite, Z! is not a Whitehead group, that is, Ext%(ll ,Z) # 0
(24, Proposition 99.2]. Then the claim follows by the remarks above. O

We remark that our results can also be interpreted in the framework of definable
categories. In fact, we are going to see that cotorsion pairs of finite type satisfy the
hypotheses of Corollary 6.9, as the class £ is definable and C coincides with the
dual definable category £V, cf. Definition 6.8.

Proposition 9.12. Let S be a class of right R-modules. Set C = ST.

(1) C is definable if and only if the first syzygy Q1 (M) of any module M € S is a
C-Mittag-Leffler module.
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(2) Let (M, L) be the cotorsion pair in Mod-R generated by S. If L is definable, then
C = LY is the dual definable category of L.

Proof. (1) The class C is always closed by direct limits. We claim that it is also
closed by pure submodules. Indeed, let C € C, and let C’ be a pure submodule of
C. Denote by €: C’' = C the inclusion. Given S € §, fix a projective presentation
of §

0-QY(S)—~P—~5-0,

and consider the following commutative diagram with exact rows

0 Tork (S, C") Ql(S) ®; C’ P®C
Tor}f(S,e)l Q‘(S)@el P®£l
0 0 = TorX (S, C) QL(S) ®, C P®rC

As ¢ is a pure embedding, Q'(S) ® &, and thus also Torf(S,E), are injective.
Therefore Torlf (S,C’) = 0 as wanted.

By Proposition 1.10, C is closed by products if and only if QY(M)isC -Mittag-
Leffler forall M € S.

(2) By the Ext-Tor relations a module C belongs to C if and only if C* € L.
So,if C € C,thenL = C* € Land L* = C** € L". Since C is a pure submodule
of C** and LV is closed under pure submodules, we infer that C € £V.

Conversely, if X € LY, then L = X* € LYY = £, and similarly L** € L. But
then L* € C. Since X is a pure submodule of X** = L* and C is closed under
pure submodules, we conclude that X € C. O

Corollary 9.13. Let S be a class of finitely presented right R-modules. Set C =
ST, and let (M, L) be the cotorsion pair in Mod-R generated by S. The following
statements are equivalent.

(1) L is definable.

(2) C is definable.

(3) Foranysetl, R € C.

(4) The first syzygy of any module in S is finitely presented.

(5) The first syzygy of any finitely generated module in M is finitely presented.

Proof. We shall repeatedly use the following observation: a module M is
finitely presented if and only if it is finitely generated and R-Mittag-Leffler. This
follows from the fact that M is finitely generated if and only if the natural trans-
formation pr: M ® R! — M! is surjective for any set I, and M is finitely presented
if and only if py is bijective for any set I.
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Let us now start the proof. By Proposition 9.12(2), statement (1) implies (2).
Since R € C, (2) implies (3).

(3) = (4). By Proposition 1.10, R € C for any set I if and only if the
first syzygy Q1(S) of any S € S is R-Mittag-Leffler. Since Q!(S) is also finitely
generated, we infer that Q! (S) is finitely presented.

(4) = (5). We proceed as in [13, Section 3]. First of all, we infer from
Proposition 9.2(2) that every module in M is C-Mittag-LefHler, and in particular
R-Mittag-LefHler. Thus all finitely generated modules in M are finitely presented.

Furthermore, by Proposition 9.12(1), condition (4) also implies that C is de-
finable. Next, we note that C = ST = MT. Indeed, it is clear that ST 2 MT,
and the reverse inclusion follows from the fact that every module in M is a di-
rect summand of an S-filtered module, see [26, Corollary 3.2.4]. Now, applying
again Proposition 9.12(1), we deduce that the first syzygy Q! (M) of any module
M € M is C-Mittag-LefHler, and in particular, R-Mittag-LefHler. So, if M is finitely
generated, we conclude that Q! (M) is finitely presented.

Finally, assume (5). As the cotorsion pair is generated by a class of finitely pre-
sented modules with all first syzygies being finitely presented, (1) holds
true. O

Applying Corollary 9.13 to the cotorsion pair generated by a single finitely pre-
sented module, we obtain the following result on coherent functors. Recall that
an additive functor from Mod-R to the category of abelian groups is said to be
coherent if it commutes with direct limits and products. It is well known that a
subcategory of Mod-R is definable if and only if it is determined by the vanishing
of some set of coherent functors [15, 2.3].

Corollary 9.14. The following statements are equivalent for a finitely presented
right R-module M.

(1) The functor Exty (M, —) is coherent.
(2) The first syzygy of M is finitely presented.
(3) The functor TorX (M, —) is coberent.

Proof. (1) implies that M* is definable, thus (2) follows by Corollary 9.13.
Moreover, (2) implies (1) and (3). To finish the proof note, for example, that (3)
implies condition (3) in Corollary 9.13. O

Example 9.15. Let P denote the class of all modules of projective dimen-
sion at most one. If S is a class of modules in P;, then C = S7 is definable by
Proposition 9.12(1). In particular, P is definable. Note, however, that in general
Py is not definable. We refer to [12] for a detailed study of the definability of Pj-.

Cotorsion pairs (M, £) where £ is definable will be studied in more detail in
a forthcoming paper. We now give an example of a cotorsion pair where £ is not
definable, but which still satisfies some of the statements of Theorem 9.5.
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Example 9.16. Let (M, L) be the cotorsion pair generated by the class of all
finitely presented right R-modules, and C = MT. In other words, £ is the class of
all fp-injective right R-modules, and C is the the class of all flat left R-modules.

We claim that the modules in M are strict £-stationary and C-Mittag-Leffler.
Indeed, by [26, Corollary 3.2.4], every M € M is a direct summand of a module
N filtered by finitely presented modules. Hence, N is filtered by strict £-station-
ary modules, and M is strict L-stationary by Proposition 8.13. Similarly, as N
is filtered by Mittag-Leffler modules, we deduce from Proposition 1.9 that N is
Mittag-LefHler with respect to the class of flat modules.

Assume now that R is right coherent. Then a right R-module is L-stationary
if and only if it is C-Mittag-LefHler. This is an application of Theorem 9.5.

In particular, if R is right noetherian, then the fp-injective modules coincide
with the injectives. So, any right R-module is strict stationary with respect to the
class of injective right R-modules, and it is Mittag-Leffler with respect to the class
of flat left R-modules, cf. Example 5.6.

10. THE PURE-SEMISIMPLICITY CONJECTURE

Throughout this section, we assume that R is a twosided artinian, hereditary, inde-
composable, left pure semisimple ring. It is well known that then every indecom-
posable finitely generated non-projective left R-module is end-term of an almost
split sequence in R-Mod consisting of finitely presented modules, and every inde-
composable finitely generated non-injective right R-module is the first term of an
almost split sequence in Mod-R consisting of finitely presented modules.

We adopt the notation A = TCand C =T Aif0 — A —B—C —0
is an almost split sequence, and define inductively T" respectively T7". We know
from [9] that there is a preprojective component p in Mod-R, that is, a class of
finitely generated indecomposable right R-modules satistying the following con-
ditions.

(1) For any X € p there are a left almost split morphism X — Z and a right
almost split morphism Y — X in Mod-R with Z, Y being finitely generated.

(2) If X — Y is an irreducible map with one of the modules lying in p, then both
modules are in p.

(3) The Auslander-Reiten-quiver of p is connected and has no oriented cycles.

(4) For every Z € p there is m = 0 such that T Z is projective.

Similarly, there is a preinjective component in R-Mod, i.e., a class of finitely gener-
ated indecomposable left R-modules with the dual properties. Moreover, the two
components are related by the local duality, that is, there is a bijection q — p,
RA — Ag. The modules in add p are called preprojective, the modules in add q are
called preinjective.

In [2], the cotorsion pair (M, L) in Mod-R generated by p and the cotor-
sion pair (C,D) in R-Mod cogenerated by q are investigated. In particular, it is
shown that there is a finitely generated product-complete tilting and cotilting left
R-module W such that C = CogenW = *W and D = GenW = W+. Note that
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C = M = p™ by Lemma 9.4(2). Moreover, (M, £) is a tilting cotorsion pair in
Mod-R with corresponding cotilting cotorsion pair (C, D) in R-Mod. But (C, D)
is also a tilting cotorsion pair in R-Mod, and the corresponding cotilting cotorsion
pair in Mod-R is (li_n} addp, F), see [2, 5.2 and 5.4].

We now apply our previous results to this setup, specializing to the case where
B* denotes the local dual of a module B. Let us fix a tilting module T such that
T+ ="L.

Proposition 10.1. The following statements hold true.

(1) T is noetherian over its endomorphism ring.
(2) All right R-modules in M are strict T -stationary (and hence W -Mittag-Leffler).

Proof.

(1) Any left R-module is pure-injective, thus X-pure-injective. In particular, T+
is X-pure-injective. By Corollary 9.9 we conclude that T is noetherian over its
endomorphism ring.

(2) holds true by Corollary 9.8. o

We remark that all left R-modules are Mittag-Leffler modules by [11], hence
strict Mittag-Leffler modules, see 8.14(2) and 8.3.

As shown in [2], the validity of the Pure-Semisimplicity Conjecture is related
to the question whether W is endofinite. We obtain the following criteria for
endofiniteness of W.

Proposition 10.2. The following statements are equivalent.
(1) W is endofinite.
(2) W is W-Mittag-Leffler.
(3) Every (countable) direct limit of preprojective right R-modules is W -Mittag-Leffler.
(4) Every (countable) direct system of preprojective right R-modules is T-stationary.
(5) Every (countable) direct system of preprojective right R-modules has limit in M.
(6) If A is direct limit of a (countable) direct system of preprojective right R-modules,

and L is a locally pure-injective module from L, then Ext}g (A,L) =0.

Proof. (1) = (5) follows from [2, 5.6], which asserts that W is endofinite if
and only if the class M is closed under direct limits.

(5) < (4) < (3) follows from Corollaries 3.12 and 9.8.

(3) = (2). W e Cn D, hence W* € lim add p by Lemma 9.4(6).

(2) = (1) holds by Proposition 8.16.

(5) <= (6). Of course, (5) implies (6). For the converse implication,

observe first that £ is a definable class, hence it is closed under pure-injective
envelopes. So, every module L € £ is isomorphic to a pure submodule of a
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(locally) pure-injective module in £. Note further that the class £ of all locally
pure-injective modules from £ is closed under direct sums, because this is true for
the tilting class £ and for the class of locally pure-injective modules, see [42, 2.4].
Consider now a module A which is direct limit of a countable direct system of
preprojective right R-modules. Then A is countably presented, and it follows
from (6) and [12, 2.5] that A* contains all pure submodules of modules in £’.
We conclude that Ext,lg (A,L) =0 forall L € £, which proves A € M. O

Remark 10.3. It is well known that every cotilting class is a torsion-free class.
So, let us consider the torsion pair defined by the cotilting class li_n} add p, denot-
ing by t the corresponding torsion radical. Assume the following condition holds

true (cf. [34, 4.1]):

If N is a finitely generated submodule of W™, then t (W*/N) is finitely
generated.

Then it follows that W is endofinite. In fact, since W* € lim add p, all its finitely
generated submodules are in M. Moreover, for every finitely generated submodule
N of W there is a finitely generated submodule N* = W* for which N = N’
and W*/N’ € lim addp. To see this, choose N” such that N'/N = t(W*/N)
and use that N'/N is finitely generated. So, we conclude that W is a dlrected
union of finitely generated submodules N” that belong to M and satisfy W* /N’
lim add p. But then W* is W-Mittag-Leffler by Corollary 9.6, which means that
W is endofinite by Proposition 10.2.

We close with a criterion for R being of finite representation type.

Proposition 10.4. Let P be the direct sum of a set of representatives of the iso-
morphism classes of the modules in p. Then the following statements are equivalent.

(1) R has finite representation type.
(2) Every countable direct system of preprojective modules is (strict) P-stationary,

Proof. It is clear that (1) implies (2). Indeed, R is of finite representation type
if and only if all right (and left) R-modules are Mittag-Leffler, hence stationary
with respect to any module [11].

Assume (2) holds. To prove that R has finite representation type, it suffices to
show that p is finite, see [2, 3.5]. Assume on the contrary that p is infinite. By
applymg [44, Theorem 9] to p, we know that there are an infinite family (P;);en
of pairwise non-isomorphic modules in p and a sequence of homomorphisms
(fi: Pi — Piy1)ien such that fi - - - fo # 0 forany i € N.

Since all modules in p are endofinite by [9, 6.2], the direct system

pli.pzﬁ.% cemp,np

is (strict) p-stationary, see Corollary 8.12(3). But by our assumption it is even
P-stationary, and since Add P = Add p, we infer from Corollary 3.9(3) that it is
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Add p-stationary. By Corollary 3.9(2) it follows that for any n € N there exists
m = n such that
Hpf,ooo (P = () Hpyooop, (P)

I=n

for all i € N. On the other hand, as our modules are preprojective, for any i € N
there exists [; such that Homg (P;, P;) = 0 for any | > I;, hence Hy,...r, (P;) = 0
for any | = ;. So, we deduce that Hy,,...f, (P;) = 0 for all i € N. In particular,
we have

Jm o =1dp,  fm - fn € Hppooo fy (Pms1) = 0,

which contradicts the choice of the sequence (f;)ien. Thus we conclude that p is
finite. O
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