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ABSTRACT. We continue the research on reiteration results between in-
terpolation methods associated to polygons and the real method. Ap-
plications are given to N-tuples of function spaces, of spaces of bounded

linear operators and Banach algebras.

1. INTRODUCTION

This paper deals with interpolation methods for finite families (N-tuples)
of Banach spaces defined by means of a convex polygon II in the plane
R? and a point (a,3) in the interior of II. These methods were intro-
duced by Cobos and Peetre in [13], further investigations have been done
by Cobos, Kiithn and Schonbek [10], Cobos, Ferndndez-Martinez and Schon-
bek [9], Cobos, Ferndndez-Martinez and Martinez [7], Ericsson [15], Cobos,
Fernandez-Martinez, Martinez and Raynaud [8], Cobos and Martin [11] and
Fernédndez-Cabrera and Martinez [18], among other authors. Thinking of
the Banach spaces as sitting on the vertices of II they introduced K- and
J-functionals with two parameters and then they define K- and J-spaces by
using an (o, §)-weighted L,-norm (the precise definitions are recalled in Sec-
tion 2). For the special choice of IT as the simplex, these methods give back
(the first nontrivial case of)) spaces introduced by Sparr [26], and if IT is the
unit square they recover spaces studied by Fernandez [16]. Other references

2000 Mathematical Subject Classification: 46B70, 46E30, 47B10.
Keywords: Interpolation methods associated to polygons; reiteration; Lorentz spaces;

Besov spaces; interpolation of Banach algebras; spaces of operators.
1



2

on interpolation methods for N-tuples can be found in the monographs by
Triebel [27] and Brudnyi and Krugljak [4].

It was shown in [7] and [15] that reiteration formulae between methods
associated to polygons and the real method are important to describe K- and
J-spaces in certain cases. In the present paper we continue their research.
First we complement a result of Ericsson on interpolation using the unit
square of a 4-tuple formed by spaces of class 6; with respect to a couple
{X,Y}. As we show with an example, in this result is essential that («, ()
does not lie in any diagonal of the square. The example refers to a 4-tuple
of the kind {X,Y)Y, X} with X — Y. We also characterize the K-spaces
generated by this 4-tuple and we show that they are extrapolation spaces
when («, () is in the diagonal = 1—«. Then, assuming a mild condition on
the 6; and that g takes only the value 1 or oo, we establish results that work
for general polygons II and for any («, ) in its interior, even if («, 3) lies
in any diagonal of II. Applications are given to 4-tuples of Lorentz function
spaces, Besov spaces, Lorentz operator spaces and IN-tuples of spaces of
bounded linear operators. We also establish a result on interpolation of
Banach algebras.

The paper is organized as follows. In Section 2 we review some basic
notions on K- and J-spaces associated to polygons. In Section 3 we show
the reiteration results for the unit square and their applications to function
spaces and to Lorentz operator spaces. Finally, in Section 4, we establish
the results for general polygons.

2. PRELIMINARIES

By a Banach N-tuple A = {A;j,..., Ay} we mean N-Banach spaces
Aj,j = 1,...,N, which are continuously embedded in a common Haus-
dorff topological vector space. We put X(A) = A1 + -+ + Ay and A(A) =
AiN---NAyx. When N = 2 we simply call {4, A2} a Banach couple.

Let IT = P, - - - Py be a convex polygon in the affine plane R?, with vertices
P; = (xj,y;). Given any N-tuple A we imagine each space A; as sitting on
the vertex P; and we define K- and J-functionals by

N

N
K(t,s;a) = K(t,s;a; A) = inf{Ztmfsyf|]aj|]Aj Ca= Zaj, a; € Aj},
j=1 j=1

J(t,s;a) = J(t,s;a; A) = max {txjsyjHaHAj 1< < N}.



Here ¢ and s stand for positive numbers.
Now let («, 3) be an interior point of I, (c, 3) € Int II, and let 1 < ¢ < o0.
The K-space Z(aﬂ)’q; & consists of all those a € $(A) for which the norm

_ _ —a 3¢ at ds
lallz,, o . = //(t s K(t,s,a)> .
0 0

is finite (the integral should be replaced by the supremum if ¢ = o).
The J-space Z(a,ﬁ),q; 7 is formed by all those a € X(A) which can be
represented as

TT Jdi ds
(2.1) a://u i
0 0

where u(t,s) is a strongly measurable function with values in A(A4) and

Q[

satisfies

(2.2) // Ot s u(t, )" %ﬁ < 0.

S

The norm on Z(a,ﬁ),q;J is

q
_ 5 7 di ds
T E—— // Ttsiu(t ) TN Y,

where the infimum is taken over all representations u satisfying (2.1) and
(2.2).

These spaces were introduced by Cobos and Peetre in [13]. If we take
IT equal to the unit square {(0,0),(1,0),(0,1),(1,1)}, we recover spaces
studied by Fernandez [16], [17] for 4-tuples. If II is equal to the simplex
{(0,0),(1,0),(0,1)}, then K- and J-spaces coincide with those considered
by Sparr in [26] for 3-tuples.

Note the analogy of these constructions with the real interpolation space
(X,Y)p,, for Banach couples {X,Y}. The space (X,Y )y, can be described
by a similar scheme, but working with R instead of R?, with the segment
[0, 1] taking the role of the polygon IT and 0 < 6 < 1 being an interior point
of the segment [0,1]. The space X should be imagined as sitting on the



point 0 and Y on the point 1. The relevant functionals are now

K(t,a) = K(t,;X,Y)
= inf{ljao|lx + tl|la1lly :a =ao+ai,a0 € X,a1 €Y}, a€ X +Y.
and

J(t,a) = J(t,0; X, Y) = ma{[|al[x, t]aly}, e XNV

It turns out that

(X,Y)gq = {a € X +Y :allxy),, = / (t‘%?(t,a))tl% < oo}
0
= {aGX—l—Y:a:]Ou(t)%with 7<t_9J(t,u(t))>q% _ <oo}

0 0
(see [2] or [27]).

A Banach space Z is said to be an intermediate space with respect to the
Banach couple {X,Y}if XNY — Z — X 4Y, where < means continuous
inclusion. The intermediate space Z is said to be of class Cx(0; X,Y) if
there is a constant C' > 0 such that

K(t,a) < Ct||a||z for all a € Z,

and Z is said to be of class Cs(0; X,Y") if there is a constant C' > 0 such
that
lallz < Ct7%J(t,a) for alla € X NY.

Here 0 < 0 < 1. If Z is of class Cx(0; X,Y) and of class C;(0; X,Y) then
we say that Z is of class C(6; X,Y). Clearly X is of class €(0; X,Y) and
Y is of class C(1; X,Y). It is also well-known that for 0 < # < 1 the real
interpolation spaces (X, Y')g , and the complex interpolation spaces (X, Y )y,
are spaces of class C(6; X,Y) (see [2] or [27]).

Working with the methods associated to polygons, K- and J-spaces do
not coincide in general, but we have that Z(a,ﬁ),q;J — Z(a,ﬁ),q;[{ (see [13],
Thm. 1.3).

If R is any affine bijection on R? then K- and J-spaces defined by means
of IT and («, 3) coincide (with equivalence of norms) with those defined by
means of R(IT) = RP; ---RPy and R(a, B) (see [10], Remark 4.1). We call
this fact the property of invariance under affine bijections.

The geometrical elements play an important role in the theory of K- and
J-spaces. Indeed, let P, g be the set of all triples {7, k,r} such that (c, )



Figure 2.1

belongs to the triangle with vertices P;, Py, P, (see Fig. 2.1). For each
{i,k,7} € Pop let (¢, cp,cr) be the (unique) barycentric coordinates of
(v, B) with respect to P;, Py, P,. It was shown in [6], Thm. 1.3, that there

is a constant C' > 0 such that for any a € A(A) we have

@3)  llalls, ., < Cmax{llall§, lall% lall5, : {6k} € Pag).

We also recall that, for any N non-negative real numbers M,..., My we
have

2.4 su min {t% %% PNV =  min  {MS MM

(2.4) t>07sp>0[1§j§N{ i}l {i7k7r}e%ﬂ{ i MMy

(see [9], Thm. 1.11).

It is possible to relate J- and K-spaces generated by an N-tuple A with
those spaces generated by a subtuple A of A. Next we discuss the case when
the subtuple is a 3-tuple.

Let {i,k,r} € P, and suppose that (o, 3) belongs to the interior of the
triangle PP, P,. If we put A = {4;, Ay, A, } and we designate by K, J the
K- and J-functionals defined by means of the triangle, then we have

K(t,s;a;A) < K(t,s;a; A) for any a € A; + Ay + A,
J(t,s;a; A) < J(t, s;a; A) for any a € A; N Ay N A,.

This yields the continuous embeddings

(2.5)
Z(oz,,@),q;J — (Aw Aka A?‘)(a,,@),q;J — (Aza Aky Ar)(a,,@),q;K — Z(oz,,@),q;K-
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If {i,k,7} € Pop but (o, () is not in the interior of the triangle, then
(a, B) should be in a diagonal of II. Say, for example, that («, 3) belongs to
the diagonal joining P; and Py (see Fig. 2.2). The barycentric coordinates
of (a, 3) with respect to the points P;, Py, P, are (1 — 6;x,0;,,0) for some
0 < ;. < 1. Then it turns out that

(26)  Apyis = (A Ar)ay1 s (Ai Ak)oy.co = Aa) ook

(see [7], Thm. 1.5).

Figure 2.2

Assume that the polygon II is placed in such a way that y; > 0 for
j=1,...,N, and let A be an N-tuple formed by spaces A; of class 6; with
respect to a given Banach couple {X,Y}. Suppose also that there are real

numbers 4,8, p, p’ such that 66’ > 0, p,p’ #0, 0 < da+ pB,0a+p'B <1
and

bxj+py; < 0; < 8axj+ply; for j=1,...,N.
It was shown in [15], Lemma 2, that if A; is of class Cx(0;; X,Y) then
(2.7) Z(oc,ﬁ),q;K = (X, Y)sa+4p8,g + (XY )satp,q
and if A; is of class €;(6;; X,Y) then
(2.8) (XY )sar08q V(XY )statpsq — Z(aﬂ)vq;J'

The following result is a consequence of (2.7), (2.8) and the invariance
under affine bijection (see [15], Cor. 4).

Let IT = PP, P3 be a triangle, let (o, 3) € IntII with barycentric coor-
dinates (c1, c2,c3) with respect to Py, P, P3 and let 1 < ¢ < oo. If A is a
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space of class C(6;; X,Y) with 0 < 6; <1, j =1,2,3, and the 6; are not all
equal then we have with equivalent norms

(2.9) (A1, A2, A3)(0,8),0:7 = (A1, A2, A3) (0,8),0:8 = (X, Y )aq

where 0 = c101 + c205 + c305.

3. INTERPOLATION OVER THE UNIT SQUARE.

In this section we take II = P; P,P3 P, equal to the unit square, that is to
say, Pi = (0,0), P = (1,0),P; = (0,1), Py = (1,1). Let (o, 8) € IntII such
that («, 3) does not lie on any diagonal of II and let Q = (1/2,1/2). The
point (a, B8) is in only one internal triangle P;P,Q@ and so it is in the two
triangles P; P P,, P; P, P, formed by vertices of II. Figure 3.1 illustrate the
situation for i = 1,k = 2,7 = 3,s = 4. Let (¢;, ¢k, ¢;) and (d;, d, ds) be the

Figure 3.1

barycentric coordinates of («, ) with respect to P;, Py, P, and P;, Py, Ps,
respectively. The following results improves [15], Thm. 6, by removing
several restrictions on the class of the spaces A;.

Theorem 3.1. Let {X,Y} be a Banach couple, let A; be a space of class
CA; X,Y),0 < 6; <1,j =1,2,3,4, and let 1 < q < oco. We suppose
that 0; # 0y where i,k are the indices of the vertices P;, P, of the (unique)
internal triangle P;P,Q containing («, 3). Put

(3.1) Oikr = Ci0i + k0 + 0, Oips = di0; + di0x + dsOs.
Then we have, with equivalent norms,

(3.2) (A1, Az, As, A4)(a,ﬁ),q;K = (va)t‘)m,q + (X7Y)9iks7q
and

(33) (A17 A27 A37 A4)(a,ﬁ),q;] = (X7 Y)lgi;w-,q N (X7 Y)9

iks>q"
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Proof. First we assume that («, 3) lies in Py Q). Then 6 # 05 and («, 3)
is in the triangles Py Po P3 and Py P,P;. Using (2.5) and (2.9) we get

(Xv Y)91237q + (X7 Y)9124,q — (A17 A27 A37 A4)(a,6),q;K

and
(Alv Ag, As, A4)(a,,8),q;J — (Xa Y)9123,q N (Xv Y)91247q :
In order to check the converse embeddings we consider the affine bijection
R x _ 91 4 92 — 91 —91 -2 x '
Y 0 0 03+ 2 Y
Let RP; = P = (2},y;). Then P| = (61,0), Py = (62,0),P;5 = (=2,05 +
2), Py = (02— 61 —2,05+2),s0y; >0 for j =1,2,3,4. Put
(@, 3) = R(e, B) = (01 + (B2 — 01) + B(—01 — 2), B(63 +2)).
Now we distinguish two cases. If
0123 < 6124 , that is , 03 — 01 < 6y — 09

then we choose

04— 0o+ 61 +2
S=1,p=1,8=1,p = .
7p ) 7p 93+2
We have
(3.4) Sxy 4+ pyy < 0; <8+ o'y, j=1,2,3,4,

with da/ + pf' = 6123 and &'’ + p/B' = 0124. Therefore, by (2.7), (2.8) and
the invariance under affine bijection, we derive

(3'5) (Al’ A2’ A3’ A4)(a75)7¢I;K — (Xv Y)91237q + (X’ Y)9124,q

and

(3'6) (Xv Y)91237q N (X’ Y)9124,q — (Al’ A2’ A3’ A4)(a,6),q;J'
If

0124 < 0123, so, Oy — 03 < 03— 061
then we choose
Oy —0s+6;+2
- 03 +2
Again (3.4) holds. This time 6o/ + p’ = 0194 and 8’ + p'8' = 6123. Hence,
(3.5) and (3.6) follows as in the previous case.

d=1,p 0 =1,p=1.

If (c, B) lies in an internal triangle different from P; P>() then we use the
symmetry of the unit square to lead the situation to the result that we have
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just established. Assume, for example, that (a, ) is in PoPyQ (see Fig.
3.2). The remaining cases can be treated in the same way. Then we know

P3 P4
N s
N %
N %
N %
N //
\\ Q//
g (o, B)
4 N
4 N
4 N
’ N
//(1—671—0é) \\
% o N
Pl P2
Figure 3.2

that 6 # 4. The relevant numbers for (3.2) and (3.3) are 6oy, 0124. It
follows directly from the definition of K-spaces over the unit square that

(A1, A2, A3, As)(a.8),q:x = (A1, A3, A2, Ad)(B,0),0:K

and

(A1, A2, A3, Ad)(a,8),q:5 = (A, A3, A2, A1) (1—a1-8),g:K
with analogous formulae for J-spaces. Hence

(A1, A2, A3, Ad)(a,8),q:5 = (A, A2, A3, A1) (1-81—a) gk
and the point (1—f,1—«) is in P; P>Q). Consider the 4-tuple By = Ay, By =
Ay, By = A3, By = Ay, write 07 for the class of B; with respect to {X,Y} and
define 6, as in (3.1) but using the barycentric coordinates of (1 — 3,1 — «)

and the 9;. We have ] = 04 # 02 = 0, hence we can apply the result that
we have established in the first part of the proof and derive that

(Al, Ag, Ag, A4)(a“3),q;[( = (Bb By, Bs, B4)(1—,371—04)7Q§K
= (X, Y)9{23,q + (X, Y)Gi‘ = (X, Y)9234,q + (X, Y)91247¢I‘

2494

This proves the K-formula. The J-formula follows similarly.
The proof is complete. O

Using Theorem 3.1 we can complement [15], Example 1, by reducing the
conditions on the parameters. Let us write down the outcome. Take any
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o-finite measure space (€2, 1) and for 1 < p < oo and 1 < g < o0, let L, 4 be
the Lorentz function space

o0 t q =
= = ([ (#7 [rom) ) <)
0 0
where
ff(s)=inf{y>0: p{z e Q:|f(x)] >~} < s}

(see [2] or [27]). We have (L1, Lc)gq = Lpg for 1/p =1—0. As a direct
consequence of Theorem 3.1 we obtain the following.

Corollary 3.2. Let 1 < pj < 00,1 < g¢j,q < 00,5 =1,2,3,4. Suppose that
a>p0,a+ <1 and p1 # py. Put

1 l—a-— « 1 l-a o-—
P123 b1 b2 p3s  DPi124 b1 D2 P4

Then we have, with equivalence of norms,

(Lp1,q1’Lp27¢I2’ Lp:w]sv LP4,q4)(a,ﬁ),q;K = Lp123,q + LP124,q
and

(Lphth ) pr]zv LPS#]S? L;D47¢J4)(oc,6),q;J = L;D1237q N Lp1247¢I'

Corollary 3.2 refers to the case when (a, ) lies in the internal triangle
P P,Q. Similar results holds when («, 3) is in any of the other three internal
triangles.

In order to give a second application we recall the (Fourier-analytical)
definition of Besov spaces. Let S(R™) and S’'(R™) be the Schwartz spaces of
all rapidly decreasing complex infinitely differentiable functions on R™ and
the space of tempered distributions on R™, respectively. For f € &'(R™), the
Fourier transform and its inverse are defined in the usual way and denoted
by f and f, respectively. Let ¢ be a C* function in R” with

supp ¢ C {§ € R": [[{]lrn <2} and  o(§) =1 if [[¢[lzn < 1.

We put ¢p = ¢ and for j € N we write ¢;(£) = ¢(277€) — p(27771¢).
Let 1 <p<o00,1 <q<o0andsé€R. Thespace B}, is the collection of
all f € §'(R™) such that

115, = (323 T o) <
Z
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(with the usual modification if ¢ = o0). We refer to the monographs by
Triebel [28], [29], [30] for details on Besov spaces. It is clear from the defi-
nition that B; , < B, , if u < s. The following interpolation formula holds

(B Bl )o.q = Bs

P,q0° T P,q1 pq-

Here —oo < 59 # 51 < 00,1 < p < 00,1 < ¢qo,q1,9 < 00,0 < 6 < 1 and
s = (1 —6)sg+ 0s1. Consequently, according to Theorem 3.1, we obtain the
following.

Corollary 3.3. For j = 1,2,3,4, let —oo < 55 < 00,1 < ¢qj,q < 00 and let
1 <p<oo. Suppose that a > B, a+ [ < 1 and s1 # s3. Put

S123 = (1 —a— [3)31 + sy + 83, S194 = (1 — 04)81 + (Oé — ﬂ)SQ + B8y,

5 = min{si23, 5124} , &= max{si23,5124}.

Then we have, with equivalence of norms,

(BSl B82 B83 BS4 )((X’/B)’qu — BS

P,q1’ T Pp,q2° T P,q37 T Pyq4 p,q

and

(Bpiay» Bpan» By B;flqz;)(aﬁ),q;J:st),q‘

P,q1’ "7 P,q2° T P,q3?°

Similar results hold if («,3) lies in an internal triangle different from
P PQ.

If (o, ) lies in any diagonal of the square then it should be in two internal
triangles at least (see Fig. 3.3). In this case, Theorem 3.1 is not valid in

Ps Py
Ny /
N /
N /
N /
N //
\\ Q ,
N
&
7N
s/
Ve \\(aaﬁ)
4 N
s &
4 N
4 N
4 N
Py P
Figure 3.3

general even if we assume that ¢; # 6; for any triangle P;FP,( containing
(o, B). We show it with an example.
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Counterexample 3.4. Let ¢1(w,) be the weighted ¢;-space with weights
wy,. Put

X = El(n_1/2), Y = El(n_l), A1 = A4 = XandAg = A3 =Y.

Then X — Y so spaces (X,Y)g; increase with the parameter 6 (see [27],
Thm. 1.3.3). The spaces A; are of class C(6;;X,Y) with ; = 6, = 0 and
0y = 03 = 1. Take (o, ) = Q = (1/2,1/2). This point is in any of the four
internal triangles and ; # 6}, for each P, P,Q of them. However Z(l /2,1/2),1;K
does not coincide with (X,Y )y for any value of 6 because (see [9], Example
2.8)

1+logn
gl(ig

(51(71_1/2)751 (nh), &(nh), gl(n‘1/2)>(1/2 LK n

).

The next result characterizes the K-interpolation spaces for a 4-tuple
(X,Y,Y, X) with X — Y when («, ) lies in any diagonal. Recall that for
1 < ¢ < oo the extrapolation space (X,Y); 4 is defined to be the collection
of all @ € Y which have a finite norm

0 1e dt 1/q )
oo, = ([ ¢ Ry F) G 1<a<o0)

lallx,yy o = sup{t 'K (t,a)}
>1

(see [20] and [23]). Here K is the K-functional with respect to the couple
{X,Y}. Note that, since t"1K(t,a) is a decreasing function of ¢, we have
”CLH(X,Y)LOO = K(1,a) = ||a|]|x+y. Therefore, (X, Y)oo=X+Y.

Theorem 3.5. Let {X,Y} be a Banach couple with X — Y, let 0 < a <1
and 1 < q < oco. Then we have, with equivalent norms,

(X,Y)20,q if 0<a<1/2,
(X, Y, Y, X)aa)qx = § (X, Y)o(i—a)yg o 1/2<a<]l,
(X,Y)1,4 if a=1/2,
and
(X, Y)Y, X)ai—a)grx = (X, Y)1q forany 0<a<l
Proof. Take any a € Y and suppose that 1 < g < oo. It is easy to check that

K(t,s;a) = min{l,ts} K <%a> )
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Splitting the double integral of the norm of the K-space in the sets
O ={(t,s) eR?*:0<t<1,0<s<t},
Qo ={(t,s) eR*: 0<t<1,t<s< 1/t
Q3 ={(t,s) eR?:0<t <1, 1/t <s< o0},
Qi={(t,s) eR*: 1<t <o0,0<s<1/t},
Qs ={(t,;s) eR*: 1 <t <oo0, 1/t <s<t}
Qs ={(t,s) eR?*:1<t<oo,t<s<ool,
it follows that

a0 g et
B el ~ ([ 2R T)

+ (/01 K(t, a)q%>1/q + (/100(t—2aK(t, a))Q%>l/q.

Here ~ means equivalence of norms. For the other diagonal we have

o A
B8 lelixrytmsman ~ ([ K0T

T </Ol(t_(2"_1)K(t,a))q%>l/q + </Ol(t_(1_2°‘)K(t,a))q%>l/q.

We may assume, without loss of generality, that the norm of the embed-
ding X < Y is 1. Then

K(t,a) =t|jaly forall 0<t<1.

This yields that forany § > -1, 0<y<land 0< 0 <1

1 1/q
39 ([ @RearS) =@+ a00 laly

00 1/q
< ((1+ 5)7q2)_1/q </1 (ﬁk(t,a))q%>

and

o dt\ M/
(3.10) e, ~ ([ @B g)

Let a < 1/2, s0 —2(1 — ) < —2a. By (3.7), (3.9) and (3.10), we obtain

dt

[e¢) 90 = 1/q
lall vy x) e o ~ ( /1 (t aK(t,a»q?) ~ a6y -
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If 1/2 < o then —2a < —2(1 — ) and we get

> 2(1-a) & dt\ '
lelirmman ~ ([ E20RE01SE) T~ lall ey

For the other diagonal, from (3.8) and (3.9) we derive

o A
ol r s~ ([ RS ) = e,

The case ¢ = co can be treated analogously. O

Next we specialize Theorem 3.5 to two concrete cases. Let (2, ) be a
finite measure space with p(€2) = 1. Recall that the Zygmund spaces L log L
is formed by all y-measurable functions f on 2 for which

1 t
HfHLlogL :/0 (%/0 f*(S)dS)dt < 0

(see [1]). As it was pointed out in [20], Example 2.6, the space L log L can be
obtained by extrapolation from the couple {Lso, L1}. Indeed, by [2], Thm.
5.2.1, the K-functional for {L;, Ly} is given by

K(t, f;L1,Le) = /Ot f*(s)ds so (Loo,L1)1,1 = Llog L.
As a direct consequence of Theorem 3.5 we get the following result.
Corollary 3.6. Let 0 < o < 1. Then
(Loos L1, L1y Leo) (a1—a),1;5 = Llog L.

Now take a Hilbert space H and let L(H) be the space of all bounded
linear operators acting from H into H. The singular numbers of T' € L(H)
are

sp(T) =inf{||T— R|| :rank R <n} , nelN

For 1 < p < oo, the Schatten p-class L, (H) consists of all T' € L(H) having

a finite norm

[e%¢) 1/p
TN e,y = (Z sn(T)p> :
n=1

We refer to [19] for details on these spaces. In a more general way, given
1 <p<ooandl < g < oo the Lorentz operator space L, ,(H) is defined as
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the collection of all T' € L(H) for which

1/q
T, = [ D mIPE> " sy (T))n ! < 0
n=1 j=1

(see [27]). Spaces L, ,(H) are the analogues for operators to the Lorentz
function spaces L, 4. From the point of view of interpolation theory, both
families of spaces behave in a similar way. Namely,

1

(CA(H), £(H))gy = £pg(H) , 5 =10, 0<0<1, 15q 0o

q

Hence, writing down Theorem 3.1 for these spaces we obtain a similar result
to Corollary 3.2 but replacing L, , by L, ;(H).

In order to specialize Theorem 3.5, we recall that for 1 < ¢ < oo the space
Looq(H) is formed by all T € L(H) for which

o0 l/q
1T\ goe gy = <Z Sn(T)qn_1> < o0
n=1

(see [22] and [14]). These spaces correspond to the limit case p = oo in the
Lorentz scale but the general theory of Lorentz operator spaces does not
cover the case of L 4-spaces (see [14], p. 325). It is shown in [12], Cor. 4.3,
that

(L1(H), L(H))1 4 = Looq(H)

Consequently, Theorem 3.5 gives the following formulae.

Corollary 3.7. Let 0 < a <1 and 1 < q < oo. Then

Llilza,q(H) if 0<a<1/2,
(L’l(H)vL’(H)vL’(H)aﬁ’l(H))(a,a),q;K =4 L a1717q(H) ’if 1/2 <a<l,
Loo,q(H) if a=1/2,

2
o
and

(L1 (), £(H), L), £1(H)) (01 -0y gk = Locg(H) for any 0<a < 1.

4. INTERPOLATION OVER GENERAL POLYGONS.

In this section we deal with general polygons Il = P; - -- Py. Assuming a
mild condition on the ¢; and that g takes only the values 1 or oo, we shall
establish results that work even if («, 3) lies in any diagonal.
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Recall that P, g is formed by all triples {7, k, 7} such that («, 3) € PP, P;.
We denote by (¢;, ¢k, ¢;) the barycentric coordinates of («, 3) with respect
to P;, P, P;.

Theorem 4.1. Let II = P, --- Py be a convex polygon with P; = (zj,y;)
and let (o, B) € IntTl. Assume that {X,Y} is a Banach couple and that A =
{A1,..., AN} is a Banach N-tuple formed by spaces A; of class C(6;; X,Y)
with 0 < 0; < 1,5 = 1,...,N. For each {i,k,r} € Pog with (o,0) €
Int P; P, P, we suppose that the numbers 0;, 0y, 0, are not all equal. If (o, 3) €
P, P, P, but (a, 3) is not in Int P;P,P,, say because ¢; = 0, then we suppose
that 0y #+ 0,.
For {i,k,r} € Po 5 we put Oipy = ¢i0; + cxbi + 10, and we let

0 = min{Oig, : {i,k,r} € Pagt = max{bix, : {i,k,r} € Pog}.

Then we have, with equivalent norms,

(Z) Z(oz,ﬁ),oo;K = (Xv Y)@,oo (X Y)@ ,007
(”) A(a,ﬁ),l;J = (Xv Y)é,l (Xv Y) 6,1

Proof. Let {i,k,r} € Pog. If (o, 3) € Int PP, Py, it follows from (2.5) and
(2.9) that

(4.1) (X, Y )g,000 — Z(a,ﬁ),oo;K-

If (o, B) € PP P, but it is not in its interior, we still obtain (4.1) but using
now (2.6). Hence

(X,Y)g00 + (X, V) o0 = Al ) 0K

To establish the converse embedding, take any a € Z(a,ﬁ),oo; x and let
a= Zjvzl a; be any representation of a with a; € A;. For any ¢,s, A > 0, if
K is the K-functional with respect to {X,Y }, we have

N
;LY < Tj Y
1£I}1<11N{t isYiNTYVK (N, a) Z;t isYNTYT K (N, a;).
J
Since A; is of class €(0;; X,Y") there is a constant C' > 0 such that
N N
thjsyj)\_ejl_(()\,aj) < CthjsyjHajHAj.
j=1 j=1
Hence

Tj Y I < .
1g11<n]\[{75 isYiNTUYK (N a) < CK(t,s;a).
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This yields that

tri—agyi—=B\—0; < —
f;lﬁ][lg}? {t7 s PATBYK (N 0) < Cllallz, |,

By (2.4) we know that

sup [ min {t“’cJ @g¥i PN = min{ A0 ik, 1} € P gt
t,s>0 1SJ<N

SO

sup (NPE(\ @)} + sup (NPE(Na)) < 2Callz,, , ..«
0<A<1 1<A<o0 B

Now using Holmstedt’s formula (see [2], Thm. 3.6.1) we derive

Ha”(x,y— (XY )y o =K(1, CL’Y(;OO,Y“ )

< Cq[ sup {A™ K(A a) +SUP{>\ (>‘ a)}] < 02”&”2(04 8),00;K
0<A<1 A>1 R

This proves (i).
We turn to the proof of (ii). Using (2.5), (2.6) and (2.9), we obtain that
A(a,ﬁ),l;J — (Xa Y)@

ikrs

1 for any {i,k,r} € Py p. Hence
A(a,,@),l;] — (X7Y)9_,1 N (X7Y)§,1

To establish the converse inclusion we recall the discrete version of (X,Y)g 1,
0 < @ < 1, realized as a K-space (see [2] or [27]). The space (X,Y)g 1 consists
of all @ € X +Y such that

[e.e]
lallixyy,, = > 2K

V=—00

Moreover, || - [|(x,y),, and || - ‘|TX7Y)9,1 are equivalent norms.

Given any a € (X,Y)z, N (X,Y);,, by the fundamental lemma (see
[2], Lemma 3.3.2) there is a representation a = Y > wu, with {u,} C
XNY and J(2¥,u,) < 4K (2",a) for each v € Z. We claim that the series
S u,, is absolutely convergent in fl(aﬂ)J; J- Indeed, using (2.3) and

o0

V=—00
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that A; is of the class C(6;; X,Y’), we have

o0 o
Yo lwliapy s <€ Y max{u | lwl lulg, : {i k. 7} € Pas}

V=—00 V=—0o

o0
< Z max {29 J(2V u, )27k J(2V u, ) 270 J(2V )T

V=—00

: {i, k‘,T} € ﬂ)a,ﬁ}

<C Z max {270V J(2¥ ) : {i,k,r} € Po}

V=—00

<Oy ( STt w) + Y 2‘§”J(2”,uu)>

<40y ( SR a) + Y 2—5”1‘((2“,@).

Consequently, a belongs to Z(a,ﬁ),l; ;7 and

lallia.120 < 4C1 (llallixyy, , + laliixyy,, ) < 8Ctlallx vy, n06y,,
This gives (ii) and completes the proof. (]

Next we show some direct applications of Theorem 4.1. Assume first
that the Banach couple {X,Y} is formed by Banach algebras such that
multiplications in X and Y coincide on X NY. It was shown by Bishop [3]
(see also [21] and [5]) that for 0 < § < 1 the space (X,Y )y is a Banach
algebra. Multiplication in (X,Y)g 1 being the same as in X and Y on XNY'.
So Theorem 4.1 yields the following result.

Corollary 4.2. Let II = P, --- Py be a convex polygon and let (a,3) €
IntIl. Let {X,Y} be a couple of Banach algebras and let A = {Aq,..., An}
be an N-tuple formed by spaces A; of class C(6;; X,Y) where the 6; sat-
isfy the same assumptions as in Theorem 4.1. Then Z(a,ﬁ),lﬂ 1s a Banach
algebra.

Finally we consider a Banach couple {Hy, H;} formed by Hilbert spaces
such that Hy N Hy is dense in Hy and Hi. It was shown by Ovchinnikov
[24], [25] that

(L(Ho, Ho), L(Hy, H1))g oo = £((Ho, H1)g,1, (Ho, H1)6,00)-
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Hence, using Theorem 4.1, we derive the following.

Corollary 4.3. Let Il = P;--- Py be a convex polygon and let (o, ) €
Int1l. Take X = L(Ho, Ho),Y = L(Hy, Hy) and let A = {Aq,..., An} be
an N-tuple formed by spaces A; of class C(0;; X,Y') where the 8; satisfy the
same assumptions as in Theorem 4.1. Then we have

Z(a,ﬁ),oo;K = L’((H()? Hl)@,l? (H07 Hl)g,oo) + L((Hm ]:Il)eu,l7 (HO’ Hl)g,oo)'
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