Non Existence of Principal Values of
Signed Riesz Transforms of

Non Integer Dimension

ALEIX RUIZ DE VILLA ¢ XAVIER TOLSA

ABSTRACT. In this paper we prove that, given s > 0, and a
Borel non zero measure p in R™, if for p-almost every x € R™

the limit
lim X~y

—— < 4
e=0J|x-y|>¢ [x — y[s+] Hy)

exists and 0 < limsup, _, u(B(x,7)) /7S < oo, then s in an in-
teger. In particular, if E ¢ R™ is a set with positive and bounded
s-dimensional Hausdorff measure H® and for H*-almost every
x € E the limit

X-y
li 7dH
fli% [x-y|>€ [x — y|3+1 (y)

exists, then $ is an integer.

1. INTRODUCTION

Given a Borel measure p in R and 0 < s < m, the s-Riesz transform of i is
Rou(x) = JW du(y), x ¢ supp().

Since for x in the support of u the integral may not be convergent, for € > 0 one
considers the truncated Riesz transform

Rip(x) = J |S+1 du(y), xeR™

[x-yl>¢ |X y
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The lower and upper s-dimensional densities of u at x are defined by

H(B(x,7))

. (B(x,7)) .
05, (x) = hm)nf“T, 03 (x) = limsup £

r—0

In the case where 0] «(x) = Q,f,‘* (x) one calls this quantity the (s-dimensional)
density of the measure p at x, denoted by 0} (x).
The main result of this paper is the following.

Theorem 1.1. For 0 < s <m, let 4 be a finite Radon measure in R™ such that
0 < Gf,’* (x) < o0 and lime_o R (x) exists for all x in a set of positive p-measure.
Then s € Z.

Consider now the case where p coincides with the s-dimensional Hausdorff
measure H* on a set E with 0 < H¥(E) < oo. Recall that for HS-almost every
x € E we have 0 < Qil“sz(x) < 00. So one deduces the following corollary.

Corollary 1.2. For0 <s <m, let E C R™ be a set satisfying 0 < H*(E) < oo
such that for HS-almost every x € E the limit

. xX=y
1 -~ 7 S
EliI(l) ‘X7y|>€ |X—y|5+1 dH‘E(y)

exists. Thens € 7.

Let us remark that Mattila and Preiss [5] already proved that if one assumes
(1.1) 0 +(x) >0 p-almost every x € R"

(instead of 0, (x) > 0 p-almost everywhere), then the p-almost everywhere ex-
istence of the principal value limg_o Riu(x) forces s to be an integer. Later on,
Vihtild [12] showed that this also holds if one assumes (1.1) and

(1.2) sup |[R{p(x)| < oo p-almost every x € R™

>0

(instead of the existence of the principal value limg_g Rip(x) p-almost every-
where). The proofs in [5] and [12] rely on the use of tangent measures, and for
these arguments, and for all usual arguments involving tangent measures, the as-
sumption (1.1) on the lower density is essential. So to prove Theorem 1.1 we
have followed a quite different approach, inspired in part by some of the tech-
niques used in [10] and [11]. However, we have not been able to use the weaker
assumption (1.2) instead of the one concerning the existence of principal values.

On the other hand, the case 0 < s < 1 of Theorem 1.1 follows from Prat’s
results [6], [7]. In this case, the so called curvature method works, and one can
even assume (1.2) instead of the fact that principal value limg—o Rip(x) exists
p-almost everywhere.

If one combines Corollary 1.2 with the results in [4] and [10] one gets the
following result:
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Theorem. For 0 <s <m, let E C R™ be a set satisfying 0 < H*(E) < co. The
principal value

. X -y
1 s
51—['1(1) [x-y|>€ [x — y|s+1 dH‘E(y)

exists for H* -almost every x € E if and only if s is integer and E is S-rectifiable.

Recall that E ¢ R™ is called s-rectifiable if it is contained H*-almost every-
where in a countable union of s-dimensional C!-submanifolds of R". See also [5]
for other previous results concerning the case s integer, and [3], [9], for the case
s=1.

It is interesting to compare the last theorem with well-known results in geo-
metric measure theory due essentially to Marstrand [2] and Preiss [8]:

For 0 < s <m, let E C R™ be a set satisfying 0 < H¥(E) < oo. The
density O3y g (X) exists for HS -almost every x € E if and only if's is in-
teger and E is S-rectifiable.

Notice the analogies between this statement and the previous theorem.
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FIGURE 1.1. Example of the function @ with parameters p =
and s =6

2. MAIN TOOLS

Given two different quantities a, b we use the notation a < b if there exists a
fixed constant C > 0 satisfying a < Cb, with C depending at most on m and s.
If also b < a, then we write a = b. Given x € R™ and v > 0, B(x,7) stands
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for the open ball of center x and radius 7, and 6°(x,7) := u(B(x,7))/r* stands
for the (average) s-dimensional density of the ball B(x, ). In the case x = 0 we
write 0% (¥) = 0°(0,7). Throughout the paper n will denote an integer satisfying
n<s<n+lcx< m
Given 0 < p < 5 small enough, which will be fixed below (depending on s),
consider a function (p € C%(0, ») satisfying:
() pr)=rED2ifo<r <1,
i) ) =—r/p+1+p+1/pifl+p2<r<1+p+p?
(iii) supp(@) C [0, 1+p+2p?], [@(1)| < C, @' (¥)| < 2/p, and |@" ()| <
C, for all ¥ > 0, where C,, depends on p.
See Figure 1.1. The precise values of the function @ on the intervals (1, 1+p?)
and (1+p+p?, 1+p+2p?) do not matter. Roughly speaking, the reader should
think of @ as a smoothed version of another continuous function @ which equals
r+D/2 on [0,1] and is affine in [1, 1+p] with slope —1/p, with support on
[0, 1+p].
Given € > 0, consider the operator:

s _ lx->I*\ x-y
Ry e (x) = Jcp < ) x =yt du(y)

52
= chp,g(x - ) du(y).

Notice that k¢ is a kernel supported on B(0, 3¢) satisfying [|[kg llo < C/€® and

@.1) 1Vkellow = 2V
Also observe that
wek () = ffo<t<|x e v dtl IS+1 du)
= [0/ R: o de.

If limg_o R{p(x) exists, using that Jl(p'(t)ldt < oo and sup,. o [R{p(X)| < oo,

we conclude that lime .o RS, (u(x) also exists.
Given Cy, 19, €0 > 0,and 0 < & < 1, set

(2.2) Fs:={x € R™ | p(B(x,7)) < 20" (x)r* forall < r,

IR, 1 (x) = R, o u(x)| < & forall &, & < &, and 07 (x) < Col.
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If 79 and &y are small enough and Cy is big enough, the fact that 0" (x) < o
and the existence of the principal value lim¢ .o R, .1(x) for x in a set of positive
p-measure imply that p(Fs) > 0. Also observe that if x € Fs, forall v > 0,

(2.3) u(B(x,r)) < Mr?,

where M = max{2Co, u(R™) /7§}.
Lemma 2.1. Suppose that O € Fs and let x € B(0, £/4); then:

(2.4) Ry, M(x) = Ry, u(0) = T¥(x) + E(x),

where

= o2 )

’ 2 2 )
+q>CZJ> Q?f”y]dMOO

N
and |E(X)| SC19 (36)7

The constant Cy only depends on p (and also Cp).

Proof: We will prove equality (2.4) as in [11, Lemma 7.2]. Applying Taylor’s
formula to the function g(t) = @ (t)/t“*1V/2 at a point ty > 0 we have

@(1) @(ty) | to@'(to) — (s + D p(to)/2 ey (E = t0)?
Fs1)/2 = (502 (5 (t—t)+g" (&),

for some € € [t,to]. Notice that if 0 < t < 1, then g (t)/t5*D/2 = 1, Setting
t =|x-y|?/e*and ty = |v|?/€?, and multiplying by the vector (x —y)/es*1/2
we get

Ix -y’ x-y
@ 2 s+1
3 [x — ¥l

R Y yI?) _x
:(p< 82 |y|$+1 +(p 62 |y|$+1

2 2
I’ ('z—z') /&= (s+ D@ (%) /2
! |y[s+3 (Ix* = 2x - )G =)

1% (|X|2—2x3’)2
+4 (Ex,y) Ses+s (x-),
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where Ex, € [Ix — y|2/€2,|y1?/€?]. Integrating with respect to ) we obtain

(2.4) with
E(x) = jE(x,wdu(y),

1 v (lyl?) s+1 |y |?

X [1x1*x = [x]?y = 2(x - ¥)x]

where

’r (|X|2_2X ) )2
+9" (Ex,y) 2£5+5 Y (x-v)

=Ei(x,y) + Ex(x,y).

For i = 1, 2 consider the decomposition

[ i) du) - (j‘yw v LM/Z JEix, ) du(v) = A+ B

Let us estimate E; first.
(a) If [v| < €/2, using that @(r) =r*D/2 for 0 <r < 1,

12 L flyP\ s+1 (IyI?
2 P\ a2 ) 2% e =0,
thus A; = 0.

(b) If |y| > £/2, we have

12 (1P s+l [yl
g2 L g2 2 P g2
Since |x| < €/4, then | |x|2x —|x |2y —2(x-y)x| < C|y||x|?. Moreover,

recall that supp(@) c [0, 3]. As a consequence,

<C=C(p).

|x |2
B sCxZJ d < CO5(3e)—-.
|B1| [x| e2<lyi<3e [V ]72 H(y) ( )62
We now estimate E,. Recall that
. x|% = 2x - y)?
Ex(x,7) = 9" (Eey) S22 (- ),

with &, € [1v1%/€2, |x — ¥|?/€%] and

"(r) = @ (r) = (s + Dre'(r) + (s + (s +3)/49) @)
g’ (r) = 750/ '
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(@) If |y| < &/2, we have |&x,, | < 1 and thus |g"" (§x,,)| = 0. So A, = 0.

(b) If|y| > €/2, wehave Ex, ~ |¥12/€%,and so |g” (Ex,y)| < C(p) (/1 ])$*5.
Moreover, if [y | > 3¢, then [x — ¥| > 2¢ and so Ex,, > 4, which implies
that g” (Ex,y) = 0. On the other hand,

[(Ix1? = 2x - ¥)*(x = )| = ClUx > + Ix| |y D> (x| + |¥D] < Clx|* [y]°.

Therefore,
|X|2 c $+5 3d
B < <
| B2 <CEHS L/2S|y|£3£<|y|> |y 7 du(y)
< CIXIZJ Ldu(y) < Cef(ss)ﬁ. O
£/2<|y|<3¢ |J’|5Jr2 g2

To prove Theorem 1.1, we will find a ball with high average s-dimensional density
and an n-dimensional affine plane L such that all the points in the ball are close
to L. Estimating densities from above and below, we will get a contradiction when
n <s <n+ 1. We need the following auxiliary result.

Lemma 2.2. Suppose that p(B(xo,v) NFs) = Covs andn <s <n+1<m.
Then there exist a constant C3 > 0 depending on n,s, Cy and M (from the equation
(2.3)), and n+2 points Vo, ..., Yn+1 € B(x0,7) NFs such thatforj = 1,...,n+1

(2.5) dist(yj,Lj-1) = G37,

where Lj stands for the j-dimensional affine plane that contains yy, ..., y;.

Proof. The proof of this lemma can be found in [1, Chapter 5, p. 28]. For
completeness we recall the arguments. We will use induction. Take 1 < j < n
and suppose that there exist ¥y,...,¥; € B(xo,¥) N Fs satisfying (2.5) and such
that for all ¥ € B(xy,7) N Fs, denoting Lj = (), ..., ¥;),

dist(y,Lj) < vr

with v > 0 to be chosen below. Then B(xy, %) N Fs can be covered by C/v7 balls
with radius v¥, so using the polynomial growth of degree s of the measure,

Cor® < u(B(xg,v) NFs) < C;}—];./I(vr)s.

Taking v < C(Cy/M)V=D) we get a contradiction. O
Below we will use the following notation. Given points Yy, ..., Yk, the k-dimen-
sional affine plane which contains these points is (),...,¥k). On the other
hand, given vectors uy, ..., ux, the subspace spanned by u1, ..., ux is denoted by

[u1,...,ux]. Sowe have (yo,..., k) = Yo + [V1 = Yo,.--, k — D0l.
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Lemma 2.3. Suppose thar u(B(xo,v) N Fs) = Cov* and v < €/20. Consider
points Yo, ...

, Yn+1 € B(x0,7) N Fs5 and affine planes Ly,
like in Lemma 2.2 (in particular Ly, = (o,
Then we have

oy L+t satisfying (2.5),
oy Yn) and Ly =

- (yo;---;ynﬂ))-
2.6)  distnsr, L) IUF ()]
n+1 1,2
< i X IR () = Ry ev0) | + 0° (300,30 5 ),
j=1

where C4 depends on Cy and M, and denoting by 11, (z) the orthogonal projection
of z onto Ly 41,

U(0) = J |Z_31,0|5+1 [(D('Z _y°|2)

62

_ 2
X ((n+ - (s+1) |HL’E*21(_ZyO|3;O)| )

_ 2 II _ 2
+2q),(|2 63’0| >| Lo (Z = 20)1 ]du(z)

52

Proof. Suppose without loss of generality that ¥ = 0. Consider orthonormal
Vectors €1, ...,en+1 such that Ly = [ey,...,ex] for k = 1,
take en+1 = (Yn+1 — U /[ Yn+1 —

.,n + 1. Moreover
of .1 onto Ly,.

>
u|, where u denotes the orthogonal projection
Observe that, denoting z(j) = z - ej fori = 1

E 1 |Z|2 _2n+1 5
U(O):JW @ (5 ) (n+ D=+ Dzl kZz(k))
=1
2|2 n+l ntl
+ 29 (e )Ezkzzﬁk) du(z) = > T(ex) - ex.
=1

LSn+1,

k=1
To show (2.6), we will estimate U# (o) from above using Lemma 2.1. Let us
prove by induction on k (k < n) that

(2.7) |T¢(ex) - exl < IT*(ex)] =

ﬁl»—‘

k
Z T (i)l
For k = 1 we write e; = y1/|y1|. Since |y;| = dist(y1,0) = Cr

1
IT¢(e1)] 5;|T€(J’1)|-
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Now suppose that (2.7) holds for k — 1. There exist A, 5\j € R, with Ax # 0, such
that

k-1 k—1
ex = )\kyk + z AJ_’)/J = Akyk + Z ?\ j€js
Jj=1 Jj=1
and so
k-1 %
1 Aj
Yk e k—; AkeJ
Then,
1 .
= = |k - exl = dist(yk, Ly-1) = Cr,
[Ak]
o)
1
[Ak] S —.
v

On the other hand, for j = 1,...,k = 1,0 = ex - ej = AxVk - €j + 7\j, and so
1A;| = [Akyk - ¢j| < C. Finally,

k-1
T (@] < LT )] + | Z T(e;) |
= —Z|Tf<y,-)|.
Y&
J

Now, since u € L, = [ey,...,ey,] there exist Aly...,An with |A;| < Cr for
i=1,...,nsuchthatu = > | Aje;. Therefore,

1

IT¢(en+1)| = IT(Yn+1) — T(w)]

diSt(J’nH,Ln)

W(Z T+ 1T (i) )

Applying Lemma 2.1, since || < v fori=1,...,n + 1, we finally have

n+1

US0)] = | > T(er)ex|

1 n+1

1,-2
- ) L) s s -
< (2 B B 01 000 %), o

The following key lemma gives us an estimate from below of the term [U®(y)|.
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Lemma 2.4. Suppose that 1(B(xo,7)) = Cov* and consider points vy, ..., Yn+1
€ B(xo,7) N Fs as in Lemma 2.3, and let & = v|T with T < ;. If
p > 0 is a constant small enough (depending only on s), then there exists an wq =
wo(T,$,p,M,C2) = 1 such that we can find an € > 0 satisfying &1 < € < W&,
0% (yo,4€) < COS (¥, €), 0% (0, &) = CoT°/2, and

7 Wy, e)(n+1-3)
10 I3 '

U= (vo)| =

Remark 2.5. Notice that this lemma is useful only when s is non integer, that
is, when n < s < n + 1. This is one of the key steps of the proof of Theorem 1.1,
where there are differences between the integer and the non integer case.

Proof of Lemma 2.4. Clearly we may assume s + n + 1. Also, we suppose that
¥o = 0. For k = 0, let us denote

H(B,6)

Sk = o

g1 <t<dbke

Suppose that for all k > 0 we have 6k < Sk+1/(1+p?/4). Then, since 9 = CoT5,

N
P
G’ (1+Z) <0k <M,

which leads to contradiction for k big enough.

Thus, there exists wg = wo(T,s,p,M,Cz) > 0 and there exists 1 < k <
log, wo such that 6x = 6x41/(1 + p2/4). Take € € [e1,4ke] such that 6 <
05(e)(1 + p2/4). Then, 65(¢) = TSu(B(x0,7))/(2rS) = C,T5/2, and also for
all t such that € < t < 4¢& we have

p(B(0,1))

(2.8) 0°(t) = "

2
< Siit <6k (1 + ”4> < 0°()(1 + p?).

n+l1

Given orthonormal vectors {e;}"}" such that

e, ..., ene1) = [V1 =20, Vi1 — Dols

we denote

) 22 B n+l
ge(z) = |z|s+1 |:(P (?) ((n+ ) —(s+ Dz ’ Z Z%”)

i=1
1
’ |z|? _2n+ 2
+ 2@ (—52 3 Zz(i) ,
i=1

where z(j) = z - e;. Consider the following domains:
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Ay ={zeR™M:|z| <€},

Ay ={zeRM:e<|z| <& 1+ p?},

As ={zeRM:e T+ pl<|z|<eJT+p+p2},

Af ={zeRM:el+p+p2<|z|<e1+p+2p2}.

Then,
4
U¢(0) = z L‘ ge(2)du2) =L +L+13+ 14 =11 — |L| - |I3] - |14].
i=1""M

First we consider I;:

1 1
n-—=| :
6S+1 ‘Z‘<E |Z|S+

n+l1 n+l
X [Izl”l((nJr - (s+Dlz|™% > z(zj)) +(s+ D]z z(zj)] du(z)

j=1 Jj=1

1 1)6°
_ 7;;1 du(z) = M

|z|<& &

Now we estimate I, using the fact that for all ¥ > 0, |@(r)| < C and
@’ (r)| < 2/p, together with (2.8):

L] = Coru(BO, (1 +20%) | BO,€)

- CGS(E) <(1 +p?) (1 +2p?)* 3 1)_
€ P P

So, if p is small enough,

m+1-15)0%(e)
10& )

L] <

Let us deal with I5. Recall that in A3,
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Using that for z € A3, 1) 2% < (1 + p + p?) and |z = (1 + p?), we

obtain

n+1 n+1
2

|13| J W)(?’L-ﬁ-l) (s+1)|z| 222(21-)‘ + 672’ Zz(zi)’du(z)
i=1 i=1

p|z|$+l

(n+ 5+ 2)u(A;3) L+p+p*  2u(A;)
- ES+1(1 + p2)($+1)/2 6S+1(1 + p2)(5+1)/2

_13+I3

The estimate that we used for the first term inside the integral above could be
improved. However, we do not care about this detail because I is easy to estimate
using the fact p(Aj3) is small. Indeed, by (2.8), we have

p(As) _ 1

£5+1 - s+1

9(5)(

(2.9)

(H(B(O,e(1+p+pH)2) \ B(0,¢)))

I/\

(1+p?) (1+p+p?) 2 — 1),

So

. m+1-5)0%(¢)
51 < 10¢ !

provided by p is small enough.
Finally we turn our attention to I3. By (2.9),
2u(As) _ 20°(e)
gp T

(1+p)(1+p+pH2-1)

Since lim,_o(2(1 + p + p?)$/2 = 1)/p = s, we deduce

sO5(¢) N m+1-15)0%(¢)
£ 10& ’

2
[I5] <

for p small enough.

Using similar arguments to the ones used to estimate |I;| and |I3| we deduce
that
(n+1-:5)0%(e)

|I4] < 10z

for p small enough.
We conclude that

U¢(0) = +1—s—i(n+1—s)>

7 n+1 —5)95(5)
10 &

GS;‘S) (n

so taking p small enough we are done. |
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Remark 2.6. In the proof of the preceding lemma the special form of the
function @ plays an important role. The choice of this function is one of the key
points in our arguments.

Lemma 2.7, Given 0 < § < % X0 € R™ andv > 0, if €, v /6 < &, then for
all x, z € B(xg,7v) N Fs we have

|R, 1 (x) = RS, p(2) | < Cg6,

with Ce depending on p, s and M.

Proof. Take x, z € B(xy,7¥) N Fs and denote n = v/6. By (2.1) and using
that B(z,3n), B(x,3n) C B(xo,4n),

|RqH(X) = Ry, qu(2) | < J|kcp,n(X—y) —kon(z=y) | du(y)

IA

|z = x| [|VKgnlleott (B(x0,4n))

- —C(p)Mn'Z =Xl _ cpyms.

Now, since x, z € Fgs,

| Ry, et(x) — R, c11(2) |
< | Ry, (X)) =Ry, pu(x) | + |RG, nu(X) =Ry, nu(2) | + | Ry, p1(2) —Rg, c11(2) |
< Cé. =
3. PROOF OF THEOREM 1.1

Let 0 < 6, T < % to be chosen below and p and w(y = wo (T, p) as in Lemma
2.4. Consider the modified Riesz transform Rg, , depending on p. Suppose that
s is non integer, and so n < s < n + 1 < m. Let xy € F5 be a density point of
F5 with respect to u. Replacing p by /05" (xo) if necessary, we may assume that
05" (x0) = 1. Take

(3.1 r < T /wy  such that u(B(xo,v) N Es) = 7r°/2.

Applying Lemma 2.2 we can find n + 2 points Yy, ..., Yn+1 € B(Xo,¥) N Fs such
that

(3.2) dist(vi,Lxk—1) = Cr fork=1,...,n+1,

where Ly stands for the k-dimensional affine plane that contains ¥y, ..., Yk, and
C depends on s, m, Q,f,‘*(xo) and the constant M in (2.3) (which, in its turn,
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depends on the constants 7y and Cy in the definition of F5 in (2.2), but not on
&o!). Without loss of generality we suppose that ¥y = 0. Taking

& =r/T,

by Lemma 2.4, we can find € > 0 such that

(33) &1 < & = Wopéy,

(3.4) [U(0)| = CO°(¢) /¢,

and

(3.5) 0°(e) = CTt* and 05(4¢) < CO*(¢e).
If we take

S = TS+2/(U(),

(notice that wy is a large number, and so if T is small enough, 6 < %), then we
have

’
5 <€ by (3.1),

and

wov E()T'H'2
ESWpE = — < — < &)
T T

By (3.2) and (3.4), and Lemmas 2.3 and 2.7, we obtain

2
(3.6) 0% (e)r < e|U%(0)| dist(Vns1,Ln) < €6 + 95(35)%.

By the definition of ¢ and &;, and by (3.3) and (3.5), we get

s+2

€0 < woe; =T <7105 ()T,
Wo

and by (3.3) and (3.5), and the definition of &
2 2
0°3Be) = < 05(e) = = 05 (o).
& &1

Thus, by (3.6),
(3.7) O (e)r S TO ().

Finally, taking T small enough we get a contradiction.
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