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1 Introduction

During the last 80 years and after the works of Lotka [17] and Volterra [23] one of
the main topics in mathematical ecology has been the study of ditrophic food chains
by analyzing a big number of second-order differential equations (see for instance
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[2]). Recently some interest appears in the search of tritrophic food chain models
composed by prey, predator and top-predator. We refer the reader to [11, 12, 10]
and the references therein. The model that we consider in this paper describes a
tritrophic food chain composed of a logistic prey x, a Holling type II predator y
and a Holling type II top-predator z. After rescaling of the variables it is given by
the following system of ordinary differential equations (see [13, 20, 14, 19] for more
details):
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In order to preserve the biological meaning of the model, the 8 parameters of this
system are assumed to be strictly positive. After a rescaling of time by (b +x)(b2+y)
system (1.1) becomes the polynomial differential system

a' =z (p(by + x) (b2 +y) — %(In + @) (b2 +y) — ary(b2 +y)),

y = ylarz(bs +y) — asz(by + x) — dy(by + 2) (b2 + y)), (1.2)
7' = z(azy(by + ) — da(b1 + z)(b2 + ).

One of the main tools for studying the dynamics of a differential system like
system (1.2) is to know the existence of first integrals for some values of the param-
eters. The existence of one first integral reduces the complexity of the dynamics
of the system and the existence of two first integrals solve completely the problem.
In general for a given differential system it is a difficult problem to determine the
existence or non—existence of first integrals.

The aim of this paper is to study the existence of first integrals of system (1.2)
that can be described by formal series or by rational functions by using the Darboux
theory of integrability (see [6], [4] and [8]). The use of formal series in the study
of differential equations and, in particular for studying the existence of analytic
first integrals is a classical tool. Then, for instance, solutions described by formal
series around singularities have been studied by Siedenberg [22], the existence of
first integrals given by formal series have been studied by Nemytskii and Stepanov
[21], Moussu [18], .... However the greatest success in using formal series to study
differential equations has been achieved by Ecalle [9] who used them to prove the
Dulac’s conjecture.

A polynomial first integral f = f(x,y, z) of system (1.2) is a polynomial in the



variables x, y and z such that

z[p(by + ) (b2 +y) — %(bl +z)(ba +y) — ary(bs +y)] %4—
ylarx(bs +y) — azz(by + x) — di (b1 + z) (b2 + y)] %4— (1.3)
z(asy(by + x) — do(by + x)(be + y))% = 0.

A formal first integral f = f(x,y,z) of system (1.2) is a formal power series in the
variables z, y and z such that f satisfies (1.3).

A global analytic first integral f = f(x,vy, 2) of system (1.2) is a function f: R3 —
R which is analytic in the variables x, y and z such that f satisfies (1.3).

A local analytic first integral f = f(x,y, z) of system (1.2) is an analytic function
f defined only in a neighborhood of some point of R? satisfying (1.3).

A rational first integral of system (1.2) is a rational function f satisfying (1.3).

The first main results of this paper are the following ones.

Theorem 1.1. System (1.2) has no formal first integrals.
An immediate consequence of Theorem 1.1 is the next result.

Corollary 1.1. System (1.2) has neither global analytic first integrals, nor polyno-
mial first integrals, nor local analytic first integrals at the origin.

Theorem 1.2. System (1.2) has no rational first integrals.

To prove Theorem 1.2 we will use the Darboux theory of integrability. The
Darboux theory of integrability in dimension 3 is based on the existence of invariant
algebraic surfaces (or Darboux polynomials) and on the existence of exponential
factors (that control the multiplicity of the invariant algebraic surfaces). For more
details see [3]-[7] and [16]. This theory is one of the best theories for studying the
existence of first integral for the polynomial differential systems.

A Darboux polynomial of system (1.2) is a polynomial f € C[z,y,z] \ C such
that

2 (p(br + ) (b2 +y) — %(bl +z)(ba +y) — ary(bs + y))g—i+
of

y(arz(b2 +y) — azz(by + ) — di (b + ) (b2 + Z/))anyr (1.4)
ary(br + ) — do(br +2) (b +y) O = K,

for some polynomial
K=ap+ a1z + asy+ asz + a4x2 + asry + agrz + a7y2 + agyz + a922+
102> 4+ a112%y + a2z + arzry? + anuryz + a5z + agyt+ (1.5)
a17y’z + onsyz” + a1e2”.

Note that f = 0 is an invariant algebraic hypersurface for the flow of system (1.2)
and a polynomial first integral is a Darboux polynomial with zero cofactor.



Theorem 1.3. The unique irreducible Darboux polynomials with non—zero cofactor
are x, y and z.

An exponential factor F = F(z,y, z) of system (1.2) is a function F' = exp(h/f) &
C with h, f € C[z,y, 2] satisfying that
oF . OF. OF,

T+ — —Z%=0LF,

Ox Oy Y75, ’ (16)

for some polynomial L € Clz, y, z] of degree at most 3, called the cofactor of F. Of
course in equation (1.6) &, y and Z are the ones given in (1.2).
A Darboux first integral G of system (1.2) is a first integral of the form

G:flkl...f;\ppf‘l...péﬁq,

where fi,..., fp are Darboux polynomials, Fy, ..., F, are exponential factors and
Aj,up €Cforj=1,...,p,k=1,...,q.

Theorem 1.4. The unique exponential factors of system (1.2) are of the form e’

with h = h(y, z) a polynomial. Its cofactor is
Oh. Oh. Oh,

Ly, = — 3.
h axx+8yy+8zz

(a) Ifdy # a1, then €Y and e* are exponential factors, and all the other exponential
factors are e®¥+b% with (a,b) € C\ {(0,0)}. Moreover Lay+p. = aL, + bL..

(b) If di = a1, then ¥, e* and " with
h = 2by(as — do)?y — (ag — do)?y? — 2as(az — d2)yz — a§z2,

are exponential factors, and all the other exponential factors are e®¥Tbztch
with (a,b,¢) € C\ {(0,0,0)}. Moreover Lyytpztch = aLy + bL, + cLy. Note
that if additionally dy = as, then h reduces to z2.

Theorem 1.5. System (1.2) has no Darbouz first integrals.

In Section 2 we state and prove preliminary results that will be used in the
proofs of Theorems 1.4 and 1.5. In Section 3 we prove Theorems 1.4 and 1.5.

The paper is organized as follows. In Section 2 we prove Theorem 1.1 and
Corollary 1.1. In Section 3 we prove Theorem 1.3 and in Section 4 we prove Theorem
1.2. Furthermore, in Section 5 we state and prove preliminary results that will
be used in the proofs of Theorems 1.4 and 1.5. Finally, in Section 7 we prove
Theorems 1.4 and 1.5.

2 Proof of Theorem 1.1 and Corollary 1.1

Proof of Theorem 1.1. Let f be a formal first integral of system (1.2). Without loss
of generality we can assume that f has no constant terms. Then f satisfies (1.3).



We write f = ij(x,z)yj, where every f;(z,z) is a formal power series in the
>0
variables x and z. We consider two cases:
Case 1: f is not divisible by y. In this case we have that fo = fo(z,2) #0is a
formal first integral of system (1.2) restricted to y = 0. System (1.2) restricted to
y = 0 becomes

&' = (by + )bz (p — %), 2 = (b1 + )badsz. (2.1)

Then, if fy is a formal first integral of (2.1) after rescaling the time by b2 (b1 + z)
we obtain that fj is a first integral of the system

/ z r_

x :x(p—E), Z' = —dsz. (2.2)

It is easy to check that all the first integrals of system (2.2) are functions in the
variable G = (z — k)z~?/% /. Since k,p and dy are positive, any function in the
variable G cannot produce a formal power series in the variables x and z. So fj is
not a formal first integral of system (2.2), and we have a contradiction.

Case 2: f is divisible by y. Then f = y'g with [ > 1 and g is not divisible by ¥.
Then, from (1.3), after simplifying by 3’ we get that g satisfies

elp(br + )b+ 9) — L1+ ) (s ) — arybs + )] St

dg
ylarz(bs +y) — azz(by + x) — di (b1 + 2)(b2 + y)] 87y+ 03
z(agy(by + ) — da(by + ) (b2 + y))% =

—l(arz(b2 +y) — agz(by + ) — di(by + z)(b2 + y))g

Now we write g = Z g;(z,2)y’. We have that every g; = g;(z, 2) is a formal power
>0
series in the variables x and z. Furthermore gg # 0, otherwise g would be divisible
by y, a contradiction. Moreover gy satisfies (2.3) restricted to y = 0 that is,
x,0 9]
b(by+2) [w(p— =) 22 — dy2ZI0] = i(araby — azz(by + ) — diba(by +2))go- (2.4)
k' Oz 0z
Now we consider two cases.
Case 2.1: gg is not divisible by b; 4+ x. In this case since go # 0 and a1bs > 0,
from (2.4) we get a contradiction.
Case 2.2: gq is divisible by b + x. We write go = (b1 + x)™h with m > 1 and
h = h(x, z) being a formal power series in the variables x, z that is not divisible by
b1 +x. Then from (2.4) after simplifying by (b1 + )™ we obtain that kA must satisfy

x . Oh oh
, .
— [ba(lay + mp)z — aglz(by + x) — bal(by + x)dy — mbg%] h.



Since bym/k > 0 and ba(la; +mp) > 0 we have from (2.5) that h must be divisible
by b1 + x a contradiction. This is the end of the proof.

Proof of Corollary 1.1. We proceed by contradiction. Assume that g is an analytic
first integral of system (1.2) in a neighborhood U of the origin. Clearly there exists
a neighborhood V' of the system contained in U such that gy can be written as
a formal power series which converges. Hence in V' g is a formal first integral of
system (1.2), a contradiction with Theorem 1.1.

Clearly if system (1.2) has a global analytic first integral or a polynomial first
integral it has a local analytic first integral in a neighborhood of the origin. So the
proof of Corollary 1.1 in these cases is reduced to the above proof. This is the end
of the proof.

3 Darboux polynomials with non—zero cofactor

The proof of Theorem 1.3 is divided into several lemmas. We denote by Z* the set
of non—negative integers.

Lemma 3.1. Let f = f(z,y,2) be a homogeneous polynomial of degree n satisfying

P) P = Q. 2)f (3.1)

where P(x,y) is a polynomial of degree k > 1 in the variables x,y and Q(x,vy, z) is
a polynomial in the variables x,y, z of degree k — 1 which is not divisible by P(x,y)

opP
and such that for any m € 2, Q(=z,y, z) — m# is not divisible by P(x,y).

Then f = 0.

Proof. We proceed by contradiction. We assume that f # 0 and we will reach a
contradiction. We consider two cases. Since P does not divide @), P divides f.
Therefore we write f = P™g, where m > 1 and deg(g) = n — mdeg P and g is not
divisible by P. It follows from (3.1) after simplifying by P™ that ¢ satisfies

dg opP

1 PGy)

oP
Then from (3.2) taking into account that P does not divide Q — Mo we get that
x
P divides g, a contradiction. This is the end of the proof.

Lemma 3.2. Let f be an irreducible Darboux polynomial of degree > 2 with a
non—zero cofactor K as in (1.5). Then

Q1p = Q2 = Qi3 = Qg = Q15 = Q16 = Q17 = Q18 = 19 = 0.
n
Proof. Suppose that f has degree n > 2. We write f = ij where each f; =

j=0
fi(z,y,2) is a homogeneous polynomial of degree j. Clearly f,, # 0. Computing



the terms of degree n + 3 in (1.4) we have that

1 5 Ofn
—%I y% = K3z fn, (3-3)

where

K3 = a107® + an2?y + a122’z + azzy® + anzyz + azzz® + aey® + ary?e+

2
a18yz® + a1gz”.

(3.4)

Note that deg(K3) = 3. We separate the proof in two cases.

Case 1: Kj is not divisible by z. If in addition K3 is not divisible by y, then
from (3.3) using Lemma 3.1 with P(z,y) = 2%y and Q(x,y) = K3 we get that
fn = 0 a contradiction. Thus K3 is divisible by y. We write K3 = yf(g. Note that
K3 has not z as a factor. We obtain that (3.3) becomes

—%ﬁ% = Ksf, (3.5)
In this case from (3.5) using Lemma 3.1 with P(z,y) = 2* and Q(z,y) = K3 we
get that f, = 0 a contradiction.

Case 2: Kj is divisible by x. We write K3 = 2K3 with deg(K3) = 2. Then (3.3)
becomes

1 2 afn

R = Ksfn. (3.6)

We consider two subcases.

Subcase 2.1: K3 is not divisible by . Then repeating the arguments of Case 1
we arrive to a contradiction.

Subcase 2.2: K is divisible by x. We write K3 = K3 with deg(K’g) = 1. Then
(3.6) becomes

1 0fn -
- - = n- .
=Y o Ksf (3.7)
We first assume that K3 is divisible by z. Then K3 = K5 with K3 € C. Then
1 0fn  —
_Z = Ksfn, 3.8
ky o 3f (3.8)

and thus f,, must be divisible by 3. Therefore we can write f, = y'g, with [ > 1,
deg(g) = n —1, g is not divisible by y and satisfies, after simplifying by ¢!, equation
(3.8) with f,, replaced by g. Thus g must be divisible by y a contradiction.

Then Kj is not divisible by 2. Furthermore, if K3 is not divisible by y, by (3.7)
and using Lemma 3.1 with P(z,y) = zy and Q(z,y) = K5 we get that f, = 0 a
contradiction. Thus K3 must be divisible by y, that is, K3 = yK3 with K5 € C. So
Kg = ngzy. By (34) we have that Q10 = 019 = (13 = (X4 = 15 = 1 — 17 =
a1s = a9 = 0. This is the end of the proof.

In view of Lemma 3.2 we get that

K = ap+aiz+agy+asz+aga’ +asry+asrz+ory’ Fagyz+agz? a1y, (3.9)



Lemma 3.3. Let f be an irreducible Darboux polynomial of degree > 2 with a
non—zero cofactor K as in (3.9). Then

b
(Tllk‘p — n2b1), oy = —f(nl + Tlg),

_bk

0402(1320462(19:0, (&3] k

for some ni,ng € Z7T.

n
Proof. Assume that f has degree n > 2. We write f = ijyj where each f; =
j=1
fj(z, z) is a polynomial in the variables « and z. Since f is irreducible, we get that
fo # 0. Furthermore fj is a Darboux polynomial of system (1.2) restricted to y =0
with cofactor K as in (3.9) restricted to y = 0, i.e.,

K =ag+ a1z + azz + aux® + agrz + agz>.

Then by (1.4)

Let m = deg(j;o). We assume that ag # 0 or ag # bjag. This implies that b; + =
cannot divide K. Therefore, by (3.10) we obtain that fo must be divisible by by + .
We have then that fo = (by + x)'h with 1 <1 < m, deg(h) = m — [ and h is not
divisible by by + . From (3.10) and after simplifying by (b; + x)! we obtain

Oh
ox

T

—doz = (K — lboz(p — k))h (3.11)

k

ba(by + ) [gc(p— 2 %]

0z

By hypothesis we have that by + 2 does not divide K — lbya(p — %). Then by (3.11)
h must be divisible by b1 + =, a contradiction. Hence,

K =ag+ oz + agz(by + ) + auz?. (3.12)

Now if we restrict (3.10) to = 0 and denote by g the restriction of fy to x = 0 we
obtain

d
—blbngZIZ = ((Xo + agblz)g.

Hence . oo
g = Le %242 z 7 ti2d> with L € C.

Since g must be a polynomial and by, b2,ds > 0 we must have ag = 0 and ag =
—jb1b2d2 Wlthj c ZJr, aIE thus a3 = 0.
From (3.12) we have K = —jbibads + oy + aux?. Restricting equation (3.10)
to z = 0 and denoting by h the restriction of fy to z = 0 we obtain
x dh

ba(b1 + z)x(p — E)% = (—jbibady + crx + aux?)h,



and thus

jdo k(ag —ayby)+bodag) jbibodo—kp(aytagkp)

h = Lq;_JT(bl + 1’) bo (b1 +kp) (x — pk;) bop(by+kp) , L eC.

Since da,p > 0 and h must be a polynomial we get that j = 0 (i.e. ap = 0) and
that

b b
o = f(nlkp— nobi), s = —f(m + na),

for some nq,ne € Z*. This is the end of the proof.
In view of Lemma 3.3 we get that

b b
K= f(nlkp —ngby)x — %(nl +ng)z® + y(az + asz+ a7y +agz +ax?). (3.13)
Lemma 3.4. Let f be an irreducible Darbouzx polynomial of degree > 2 with non—
zero cofactor K as in (3.13). Then

ar=ag =0, o= —n3bidy,

for some n3 € Z7".

n
Proof. Assume that f has degree n > 2. We write f = ijxj where each f; =
j=1
fi(y, z) is a polynomial in the variables y and z. Then fy # 0, otherwise f would be
divisible by z, a contradiction. Furthermore fj is a Darboux polynomial of system
(1.4) restricted to = 0, that is

0 0]
b1y(—asz — dy(by + y))aiy0 + byz(asy — da(bg + y))% = ylag + azy + agz) fo.
(3.14)
Assume a7,ag # 0. We write fy = Zfo:j where each fo; is a homogeneous
j=1

polynomial in the variables y and z of degree j and 0 < m < n. Clearly fo,m,m # 0
because fy # 0. Computing the terms of degree m + 2 in (3.14) we get

y(ary + agz) fom =0,

and since ar, ag # 0, we deduce fy ,, = 0, a contradiction. Hence a7 = ag = 0.
Now we restrict (3.14) to z = 0 and we denote by h the restriction of f, to z = 0.
Then after simplifying by y we have

dh _ g
~(b2+y)dibig = ash, thatis g = L(b+y) Tt with L e C.

Then ay = —n3byd; for some ns € Z1. This is the end of the proof.
In view of Lemma 3.4 we have that

by

K =
k

b
(n1kp — noby)x — f(m +n2)z® +y(— nsbidi + asz + a12”).  (3.15)



Lemma 3.5. Let f be an irreducible Darboux polynomial of degree > 2 with non
zero cofactor K as in (3.15). Then

np=n2=0, a;1=0 and a5 =ng(a —dy),

fornz € ZT as in (3.15).

Proof. Assume that f has degree n > 2. We write f = ijzj where each f; =
j=1
fj(z,y) is a polynomial in the variables & and y. Since f is irreducible we deduce
that fo # 0. Moreover f; is a Darboux polynomial of system (1.2) restricted to
z =0, that is
x 0 0

() (ap(0r-0)~ £ 0r+0) =) Tty o) G ) = Koo (3.0
where K has given in (3.15). Let m = deg(fy). Assume that aq1 # —(n1 + n2)/k
or as # (n1kp — n2b1)/k + ns(a; — dq). This implies that bs + y cannot divide K
because if ay; # —(ny1 + ng)/h it is clear, if ng # 0 also it is clear, and if n3 = 0
and a5 # (n1kp — naby)/k again is clear. Therefore, by (3.16) we obtain that f
must be divisible by by + 3. We have then that fo = (by + y)'h with 1 < I < m,
deg(h) = m — [ and h is not divisible by by + y. After simplifying by (b + y)! we
deduce that h satisfies

(2 +9) (s(p(01-+ ) = £(b1 4 0) = ) 5 + s — tn + ) ) =

Ox dy (3.17)

(K — ly((CLl — dl)CE — dlbl))h

By hypothesis we have that by + y does not divide K — ly((a; — dy)z — d1b1)) and
by (3.17) h must be divisible by bs 4+ y, a contradiction. Therefore we have

1 1
a1 = 7E(n1 + TLQ) and a5 = %(nlkp - ngbl) +’IL3(0,1 - dl) (318)

We assume that nq,ne # 0 and we will reach a contradiction. if | < ng and n3 # 0
then, from (3.17), by + y divides h, a contradiction. So I = ns and fo = (bs +y)™3h
with deg(h) = m —nz :=n. In view of (3.15), (3.17) with | = n3 and (3.18) we get
that h satisfies, after simplifying by bs + y, the equation

oh Oh
2(p(by + ) — T (b +2) — ary) o +ylarz — da(by + 1)) 5 =
%((nlkp —ngby) — (n1 + ng)x)h

Now we write h = Z hj(x)y’ where each h; = hj(x) is a polynomial of degree in
j=1

the variable z. Computing the terms of degree 7 + 1 in the variable y in (3.19) we

obtain

dh
—a1x—— =0 thatis hz=cz€C.
dx

10



Now computing the terms of degree 7 in the variable y in (3.19) we obtain

dhm—1

—a1xT

+n(arz — di (b1 + x))er = = ((n1kp — ngby) — (ny + n2)x)cm. (3.20)

&R

Evaluating (3.20) on = 0 we get that
—ndibicz =0 and thus ¢z =0, and hz_1 =cr_1 €C.

Now proceeding for hz_; as we did for hz (changing @ by m — 1) we get that
hzm—1 = cqz—1 =0 and hz_2 = cz_o € C. Therefore, doing this 7 times we get that
h = ¢y € C. By (3.19) and since ny,nq # 0, we get that ¢ = 0 and thus fo =0, a
contradiction. This implies that n; = ny = 0. Then ay; = 0 and a5 = ng(a; — dy).
This concludes the proof of the lemma when ng # 0.

Assume that ng = 0 and ny,ne # 0. Then, from (3.16) and (3.18) we obtain
again (3.19) and the proof follows in a similar way. This is the end of the proof.

In view of Lemma 3.5 we have that

K= ngy( — bidy + (al — dl)l‘), ns € VA (3.21)
Lemma 3.6. System (1.2) restricted to y = 0 has no polynomial first integrals.
Proof. Note that system (1.2) restricted to y = 0 and after the rescaling of the time
by the quantity bs(b; + ) can be written as
T !

o =x(p— E)’ 2 = —dyz.

kp —

T
Then any first integral must be a function of F = “2—=>7°/42 and any function

x
of the variable F' cannot be a polynomial. This concludes the proof of the lemma.
This is the end of the proof.

Lemma 3.7. Let f be an irreducible Darbouzx polynomial of degree > 2 with non—
zero cofactor K as in (3.21). Then ng = 0.

Proof. We proceed by contradiction. We suppose ng # 0. Assume that f has
n

degree n > 2. We write f = ijyj where each f; = f;(z,z) is a polynomial in
j=1

the variables  and z. Since f must be irreducible we deduce that fy # 0. Moreover,

fo is a Darboux polynomial of system (1.2) restricted to y = 0, with cofactor K as

in (3.21) restricted to y = 0. Since K restricted to y = 0 is equal to zero we have

that

ba(by + ) [x(p S

Clearly fy is either a constant or a polynomial first integral of system (1.2) restricted
to y = 0. In view of Lemma 3.6 this last case is not possible, hence it must be a
constant. Thus

f=co+yg wherecy € C and g = g(z,y, 2) is a polynomial.

11



Note that ¢y # 0 otherwise it would be irreducible, a contradiction. Then, after
simplifying by y, g satisfies
x

z (b1 +2)(b2 +y) — ary(bs + y)} %9

@ [p(bs + ) (b2 + ) 2t

ylarz(bs +y) — agz(by + z) — di(by + 2)(bs + )] %+
z(agy(by + ) — da(by + ) (b2 + y))% =
n3(—di (b1 + ) + a1x) (co + yg) — (ar12(bz + y) — azz(by + ) — di(by + z) (b2 + y))g.

(3.22)

Now if we restrict equation (3.22) to = y = 0 and denote by go the restriction of
g to x = y = 0 we obtain, after simplifying by b1, that

d
—d2b22£ = —dinsco + (agz + dlbg)go. (323)
Since cong # 0 we have that gg # 0. Solving (3.23) we get that
= — g—a22/(b2da) [ [ ,—di/d2 _ Codln?’E (22 3.94
9o go(Z) e ( Z bods d2d2d1 ( b2d2) ) ( . )
where L € C and - .
e—w
E = —dt
)= [ St

is the exponential integral function, see for more details [1]. Computing the limit
of go(#) given in (3.24) when z — oo we get that

lim go(2) =0,

a contradiction with the fact that gg # 0 is a polynomial in the variable z. This is
the end of the proof.

In view of Lemma 3.7 we have that K = 0. In other words, there does not exist
any irreducible Darboux polynomial of degree > 2 with non—zero cofactor.
Proof of Theorem 1.3. Clearly x, y, z are irreducible Darboux polynomials of system
(1.2) with non—zero cofactor. A direct easy but tedious computation using equation
(1.4) allows to prove that if there are invariant planes ¢o + c1z + coy + c32 = 0
different from x = 0, y = 0 and z = 0, then some of the eight parameters of system
(1.2) are zero. Hence such invariant planes do not exist when the parameters are
positive.

Moreover, in view of Lemmas 3.2-3.7 there are no Darboux polynomials of degree
> 2 with non—zero cofactor. This is the end of the proof.

4 Proof of Theorem 1.2

To prove Theorem 1.2 we recall two auxiliary results. The first one was proved in
[4] while the second one was proved in [15].
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Lemma 4.1. Let f be a polynomial and f = H fjaj its decomposition into irre-
j=1

ducible factors in Clz,y, z]. Then f is a Darbouz polynomial if and only if all the

f; are Darboux polynomials. Moreover, if K and K; are the cofactors of f and f;,

then K = ZajKj'
j=1

Lemma 4.2. The existence of a rational first integral for a polynomial differen-
tial system (1.2) implies either the existence of a polynomial first integral, or the
existence of two Darboux polynomials with the same non—zero cofactor.

Proof of Theorem 1.2. By Theorem 1.3, Lemma 4.1 and the non—existence of poly-
nomial first integrals (see Corollary 1.1), it follows that every Darboux polynomial
of system (1.2) is of the form z™y"z! with cofactor

xT

% (b1 4 =) (b2 + y) — ary(b2 +y))+
n(alx(bg + y) — agz(bl + IE) — dl(bl + I)(bg + y))+ (31)
I(agy(by + z) — da(by + 2) (b2 + ),

K =m(p(b1 +z) (b2 +y)

where m,n,l are non—negative integers. From Lemma 4.2 and the non—existence
of polynomial first integrals, the existence of a rational first integral implies the
existence of two coprime Darboux polynomials with the same non-zero cofactor.
So the first integral must be of the form R/S = z™iy™ 2l /(z™2yn2202) with at
least one of the integers mi — ms, n; — no and l; — Iy, positive and at least one
negative, and the cofactors of R and S must be equal.

According to equation (3.1), the equality of the cofactors of R and S imply that

x

(m1 —mya) (p(by + ) (b2 + y) 2 (b1 +2)(ba +y) — ary(be + y))+
(n1 —n2)(a12(by + y) — azz(by + x) — di(by +2) (b + )+ (3.2)
(I — Iz) (agy(by + ) — da(by + x)(ba +y)) = 0.

Computing the coefficient of z3y in (3.2) we deduce that m; = ms. Moreover,
computing the coefficient of zz in (3.2) we get that n; = ny. Therefore it follows
from (3.2) that I; = l. In short, there are no rational first integrals. This is the
end of the proof.

5 Preliminary results

The equation defining the exponential factor F' = exp(h/f) with cofactor L as in
(1.6) can be written as

.0 (h .0 (h .0 [h
75 (7) *iy () + 252 () =2 o
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where we have simplified the common factor F', and L is given in

L= po+pix+ foy+ B3z + fax® + Bsay + Bexz + Bry® + Peyz + Loz +
Biox® + Briz?y + Prax?z + Piazy? + Prazyz + Pisxz® + Prey>+
Bi7y?z + Pisyz? + Bio2>.

The following is a well-known result on exponential factors. Its proof is given
in [3] or [4], see also [5].

Proposition 5.1. If FF = exp(h/f) is an exponential factor for the polynomial
differential system (1.2) and f is not a constant polynomial, then f = 0 is an
invariant algebraic surface of system (1.2) with multiplicity higher than one.

When the exponential factor is of the form exp(h) then it is associated to the
multiplicity of some invariant algebraic curve at infinity, see [5].

According to Theorem 1.3, Lemma 4.1 and Proposition 5.1, if system (1.2) has
exponential factors, they must be of the form

F =exp (h/(z™y"22")), (3.2)

where h € C[z,y, z] and n1,n2,n3 are non—negative integers. We shall need the
following auxiliary results.

6 Exponential factors with ny =ny =n3 =0

Lemma 6.1. The unique exponential factors (3.2) of system (1.2) with n; = ny =
ns = 0, are the ones described in Theorem 1.4.

Proof. Taking F = exp(h) and doing y = 0 in (3.1) we have that
h h]
x, 0 87} _7

ba (b1 + ) {x(p — %)% — dgzaz

, (3.1)

where h is the restriction of h to y = 0, and L is the restriction of L to y = 0, i.e.
L = o+ Bra + Bax® + Brox® + 2(Bs + Bex + Poz + Praa® + PBisxz + Proz”).

If we restrict (3.1) to z = 0 and denote by h the restriction of h to z = 0, we have
that )
dh

T

ba(by + )z (p — E)% = Bo + Bz + Baz® + Proz®,
which implies 8y = 0 and
Brx + Bax® + Brox® = cox(by + ) (p — x/k), co €C, (3.2)

where bgdil/ dx = ¢g. Consequently

f1 =bicop, Pa=colkp—"01)/k, pio=—co/k.
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By (3.1) and (3.2) by + z divides L and B2 + B422 + Bioz?, since By = 0 it also
divides 5 + Boz + Boz + Br2a® + P52 + P192?, 50

Bs =b1(Bs — b1f12), Pis = %, Big = 0.

_ On the other hand if we restrict (3.1) to z = 0 and denote again by h (respectively
L) the restriction of h (respectively L) to z = 0, we get that

oz oh oh ~

(b2 +y) [z (p(br + ) k(bl +z) — aly)% +ylarx — di(by + x))@] =L=

cox(by +z)(p — x/k) + y(B2 + Bsx + Bry + fr12? + Bizxy + Bi6y?).

Clearly we have that L must be divisible by by + y, then ¢o = 0 (ie., B1 = Ps =
510 = 0) and
B2 = ba(Br — b2Bi6), Bs =b2f13, B =0.

Hence we have that

L= z(by +2)(b1fs — b3f12 + b1 12z + Boz) + y(b2 + )
(B7 — Breba + P13z + Brey) + yz(Bs + frax + Prry + Pisz).

Evaluating (3.1) on = —b; and y = —bs (i.e. evaluating L on = —b; and
y = —by and equaling to zero), we get that

by(Bs — b1 P14 + Birbe)z + Bighaz? = 0.

So
Big =0 and B = bi1B14+ b2Bi7.

Thus L has the form

L= 2z(b1+z)(b1Bs — bif12 + b1B12x + Boz) + y(b2 + )
(B7 — Bigba + Bizx + Prey) + y2(bifra + b2f17 + frax + Biry).

n
We write h = Z hj(y, Z):Ej where each h; is a polynomial in the variables y
j=0
and z. Computing the coefficient of 2"*2 in (3.1), if n > 1 we get

n
_E(bQ +y)ha(y, z) = 0.
Therefore h,(y, z) = 0. Consequently h = hq(y, 2).
We write hg = Z ho.; (y)z? where each ho,; is a polynomial in the variable y.
3=0

If n > 2, then computing the coefficient of 2"*1 in (3.1) we have

dho,n .
—agy(by + x)ﬁ =0, ie. hon=con€<C.

15



Now computing the coefficient of z™ in equation (3.1), we obtain
dho,n—1
—azy(by + CU)T +n(br + 2)(azy — d2(b2 + y))con =0,

if n > 2. Since daby # 0, we get co,, =0, ie., ho,, = 0if n > 2. Son < 2 and we
write
ho = hoo(y) + ho,1(y)z + ho2(y)z>.

Now substituting hg in (3.1) we get a polynomial of degree 3 in z that we write

3

Z er(z,y)2F = 0.

k=0
Since e3(w,y) = —az(b1 + x)yhg o(y) = 0, it follows that ho2(y) = mo € C. Then

1
—— (blﬂg + 262badammg + (Bo + 2b1badamo)z—
1

21)%((12 — d2)m0y — 2b1(a2 — dg)moxy + agbl(bl + x)yh671(y)) =0.

ea(z,y) =

Solving this differential equation we get
1
(lgbl

ho,1(y) = (bl(_2d2m0y + az(2moy +lo)) — (Bo + 2b1badamy) log y)

Since ho1(y) must be a polynomial, By = —2b1badamg. Then

2(ag — do)m
(22— da)mo

h =1
0,1(y) o+ .

We have

eo(w,y) = ba(Bieba — Br)y — Prsbazy — Bry* — Pisay® — ey —
y(b1b2d1 —+ alng — bgdl.’ﬂ — bldly + arxry — d1$y)h670(y) = 0

Solving this differential equation and since we do not want independent terms in
ho,0(y) (because they only change the exponential factor multiplying by a constant),

we obtain

—2B16b2y + 267y + 28133y + Prey?
2(—b1d1 + (a1 — dl)ﬂi‘)

We separate the proof in two cases.

Case 1: dy # ay. Since ho o(y) must be a polynomial forcing that hoo(y) = ki1y we

get that

ho,o(y) = (3-3)

Br = —bidiky, Biz =arky —diky, P1s=0.
Finally from e;(x,y) = 0, we have that

+ (do — a9)l
klz_ﬁlzl (a22 2)07 B17=P12=mo =0, Bg= —badsly.
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Hence J l
ho = —BMHGZ —aloy e,
2

So if d; # a; the unique exponential factors (3.2) of system (1.2) with n; = ng =
n3 = 0, are the ones described in Theorem 1.4(a).
Case 2: dq = a;. From (3.3) it follows that

(B7 — Bieb2)y + 2B132y + 51692.

2
hoo(y) = — %rds

We consider two subcases.
Subcase 2.1: dy # as. Then solving e (z,y) = 0 we get

azfB16 a3f16

= —badsl = =0 = =

Be 252 0, ilzb (513 2d,) 7 4 —dy O arbi(as — da)?’
a7 a201602(G2 — 2d2

= — —(dy — a9)l

Bia a1y albl(ag—dg) ( 2 02) 05
Therefore
B7 Bie
hg = ——— l —(21) — ds)?y—
0 a1b1y+ 0%+ 20101 (a2 — do)? 2(as 2)%y

(ag — do)?y? — 2az(az — do)yz — a%z2>.

Hence if d; = dp and dz # a2 the unique exponential factors (3.2) of system (1.2)
with nqy = ng = n3 = 0, are the ones described in the first part of Theorem 1.4(b).
Subcase 2.2: dy = as. Now solving e (z,y) = 0 we get

a
B = —agbaly, Bi2= P13 =B1s = P17 =0, Biu= 267.
a1b1
Then
ho = —ﬁy + Loz + mo2>.
a1b1

Consequently if d; = ds and dy = as the unique exponential factors (3.2) of system
(1.2) with ny = ny = ng = 0, are the ones described in the second part of Theorem
1.4(b). This is the end of the proof.

6.1 Darboux polynomials of system (1.2) restricted to y =0
Equation (1.2) restricted to y = 0 has the form

. x
i =by(by +2)z(p— E)
z = —dzbg(bl + .’E)Z

(3.4)

where the parameters by, ba, p, k are taken to be positive.
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Lemma 6.2. System (3.4) has no polynomial first integrals.

(a) If p/dy is irrational, then the unique irreducible Darboux polynomials with
non-zero cofactor are x, z, x + by and x — kp.

(b) If p/dy is rational, then system (3.4) has the rational first integral H =
ﬂz*p/ % and consequently all its orbits are contained in invariant al-

x
gebraic curves.

Proof. Note that system (3.4) after the rescaling of the time by the quantity ba(by +
x) can be written as

= z(p - Z), 2= —dyz. (3.5)

kp —

x
Then any first integral must be a function of H = ~—=27?/% and any function

of the variable H cannot be a polynomial. This conclﬁdes the proof of the lemma
for the polynomial first integrals.

Clearly all the invariant curves of the system (3.5) are of the form hz = (kp —
x)zP/% with h € R, and with the exception of = 0. Then statements (a) and
(b) of the lemma follow easily. This is the end of the proof.

6.2 Darboux polynomials of system (1.2) restricted to z =0

Equation (1.2) restricted to z = 0 has the form

T

- (b1 + z) — ary)
9 =y(b2 +y) a1z — di (b1 + 7)),

T =ux(bs+y)(plbs +x
(b2 + ) (p(br + ) .
where the parameters aq, b1, b, dy, k, p are positive.

Lemma 6.3. System (3.6) has no polynomial first integrals. Furthermore, the
unique irreducible Darbouz polynomials with non—zero cofactor are x,y and by +y.

Proof. Let f be a polynomial first integral of system (3.6) of degree n > 1. We can
assume that f has no constant terms. We consider two different cases.

Case 1. f is not divisible by y. We write f = ij(ac)yj where f;(x) is a

3=0
polynomial in = and fo(x) # 0. Then fj satisfies (3.6) restricted to y = 0 that is
z\ dfo
ba(b - =)=
wha(br @) e =),

Solving it we get fo = ¢p and since f has no constant terms, fy =
Case 2. f is divisible by y. We write f = y'g where 1 <
n—l
polynomial which is not divisible by y. We write g = Z gj(x)yj. Clearly go(z) # 0
j=0

0, a contradiction.
Il <nandygisa
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and go satisfies

x.\ dgo

xby(by + 2) (p — 7)— = —lby(arz — di (b1 + x))go-
k’ dx
Solving it we get
ldy —ark _bidj+(dg—ag)kp
go = Lx» (bl + gj) b1 +kp (g; — kp) p(b1+kp) , Le C.

Since z + by # x — kp and a1k/(by + kp) > 0, we get that go(x) is not a polynomial,
a contradiction. This shows that system (3.6) has no polynomial first integrals.
Let f be a Darboux polynomial of system (3.6). Then f satisfies
0 0
(b1+x) —aly) of +y(ba+y)(arz—di (b1 +2)) 875

2(ba+y) (p(b1+) o

- =Kf, (3.7)

where
K=ap+ a1z + asy + a3m2 + oy + a5y2 + a6x3 + a7x2y + ozgxy2 + agyg.

We note that z,z and by + z are Darboux polynomials of system (3.6) with
non—zero cofactor and of degree one. Furthermore any other invariant straight line
(ie. f =0 with f =70+ 712 + 72y) imply that some of the parameters in (3.6)
must be zero, so they do not exist.

We assume that f is an irreducible Darboux polynomial of system (3.7) with
non-zero cofactor and with degree n > 2. From (3.7) and since f is irreducible
bs + y divides K this implies that

2 3 2
Qo = Ckzbg — C¥5b2 + O[ng, Q] = Oé4b2 - Oéng, a3 = Oé7b2, Qg = 0.

Consequently
K = (ba+y) (042 — asby + by + (g — aghe) x4+ aza® + (a5 — agbo )y + agzy + 04992) .

On z = 0 if we denote by f the restriction of f to = 0, and restricting (3.7)
to z = 0, after rescaling by by + y, we get
af _ > 2 7
_ydlbld—y = (ag — asba + agbs + (a5 — agba)y + agy )f

Solving this differential equation we obtain

f: _ LeXp (2(015 - Oégbg)y + a9y2 ;)2d(a2 — a5b2 + Ongg) logy) ,
141

with L € C. Since f must be a polynomial we have that a5 = ag = 0 and that
ag = —nydiby for some positive integer n1. Therefore

K=—(by+vy) (b1d1n1 + (aghy — ag)z — arx? — agxy).

19



Now restricting (3.7) to ¥ = 0 and denoting by h the restriction of h to y = 0
we obtain, after simplifying by bs, that

x dh T
z(p— E)(bl + x)% = —(bidin + (agby — auy)z — aza®)h.

Then B
h = M:E*dlnl/p(bl + x)(k(fmfowbl*a8b2+d1n1))/(b1+kp)

(—kp+ x)(bldlnl*’CP(M*a8b2+a7kp))/(p(b1+kp))’
where M € C. Since h must be a polynomial we get
ny =0, oag=agby+nsp— (bing)/k and a7 =—(na2+n3)/k,

for some positive integers ny and nz. The cofactor becomes
1
K= %I(bg +y)(=bins + knop — (ng + n3)x + agky), (3.8)

and

h =M+ )" (x — kp)"™.
So
f=M(by + )" (x = kp)" +yg(z,y), (3.9)

for some polynomial g(z,y).
Let f,, = fu(z,y) the homogeneous part of the polynomial f of higher degree.
Then, from (3.7) and (3.8), we have that

dfy 1
z%y 57 = 2 (wy(-=naw = naz + ashy)) fr-

Solving this differential equation we obtain

fn = Nef(agy)/wxf(n2+n3)/k’

with N € C. Since f, is a homogeneous polynomial we must have ag = 0. So
fn = Na=(2t13)/k Therefore k = —(ny +n3)/n and f,, = Na™. Now, from (3.9)
it follows that n = no +n3. Hence k = —1, a contradiction because k is positive. In
short there are no irreducible Darboux polynomial with non—zero cofactor of degree
n > 2. This is the end of the proof.

7 Proof of Theorems 1.4 and 1.5

Proof of Theorem 1.4. Suppose that F' is an exponential factor. By (3.2) we have
that F is of the form exp(h/x™y"22"#) with h € C[z,y, 2] and n1,n2, ng are non—
negative integers and where h is coprime with z,y, z. We assume that at least one
of the ny, ne or ng is positive and we will reach a contradiction. In view of (3.1)
We have that h satisfies

L h L . . .
;0 9 9 (xnl + g’ﬂg + Zn3>h = La™y"™22"3, (3.1)
T Yy z

Yoz TVay T 70:
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where we have simplified the common factor exp(h/z"1y"22"3) and multiplied by
x™Mym22"3. We consider different cases. B
Case 1: ny > 0. Taking z = 0 in (3.1) and denoting by h the restriction of h to
x = 0, we conclude that h satisfies
oh Oh
—b1y(di(b2 +y) + azz)@ +biz(azy —da(b2 +y)) 5 =

(ﬂl(bz +y)(pb1 — a1y) — nabi(di(b2 + y) + azz) + n3by (agy — da(be + y))>E

Since by hypothesis h is coprime with 2 we get that h # 0. The part —nja;y?h of
the left hand side of the previous equality has degree one more than the right hand
side, so we have a contradiction.
Case 2: ny = 0 and ny > 0. Taking y = 0 in (3.1) and denoting by & the restriction
of h to y = 0, we conclude that h satisfies
box(by —&—m)(p—x/k)% — badaz(by +x)% = A (3.2)
(ng(alng — (bl —+ ZL’)(del + (122)) — TLngdQ(bl + fﬂ))h

Since by hypothesis h is coprime with y we get that h # 0. Then equation (3.2)
implies that h is a Darboux polynomial of system (1.2) restricted to y = 0 with
non—zero cofactor. From Lemma 6.2 we have two subcases.

Subcase 2.1: p/dy & Q. In this case h = Rx™ 2™ (by +a)™3 (x—kp)™*, with R a
constant and my, meo, mg, m4 non—negative integers such that my +mo+msz+my >
0. Substituting & in (3.2) we get that

mlbg(bl + .Z’)(p — a)‘/k‘) — mgbgdz(bl + l‘) + mgng(p — x/k) — %bgl‘(bl + .%‘)

= ’I’Lg(albgl‘ — (bl + .Z‘)(bgdl + agz)) — n3b2d2(b1 + l‘)
(3.3)

Computing the coefficient in (3.3) of the variable zz we obtain —asngs = 0, a con-
tradiction.
Subcase 2.2: p/dy € Q. Let p/da = u/v with u,v € N. By Lemma 6.2 all the

Darboux polynomials of system (3.4) are of the form h = ¢zVz% — (kp — x)” where

- b
c is a constant. The cofactor of h is —fvx(bl + ). So, from (3.2),

b
—fvx(bl + SU) = ng(alng — (bl -+ l’)(b2d1 + CLQZ)) — ngbng(bl + IZ?)

So ngas = 0, a contradiction. .
Case 3: ny = ny = 0 and n3 > 0. Taking z = 0 in (3.1) and denoting by h the
restriction of h to z = 0, we conclude that h satisfies

b+ 9) (plbr + ) = £ (0 +2) =~ aap) 5+ + 9)lars — dr(br +2)) g =
n3 (b1 + x)(agy — da(by + y))h.
(3.4)
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Since by hypothesis h is coprime with z we get that h # 0. Then equation (3.4)
implies that h is a Darboux polynomial of system (1.2) restricted to z = 0 with non—
zero cofactor. By Lemma 6.3 we have h = Rx™1 (be + y)™2y™3, with R a constant
and mj1, mg, mg non—negative integers such that mj + msa + mg > 0. Substituting
hin (3.4) we get that

xT

n3(b1 + ) (azy — dz (b2 +y)) = ma(bz +y)(p(b1 + ) — (b1 +2) — ary)+

may(arx — di(by + x)) +m3(be + y) (a1 — dy (b1 + x)).

(3.5)

Computing the terms of degree x2 in (3.5) we get
—%(bz +y)=0 thatis my =0.

Then, since —d1b; + (a1 — dy)x does not divide by + = when ay # d; we get from
(3.5) that ng = 0, a contradiction. If d; = a;, then we have again a contradiction
because the left hand side of the equality (3.5) depends on z and the right hand
side does not depend.

Case 4: n1 = ng = ng = 0. We have F' = exp(h) where h € C|z,y, z]. Then by
Lemma 6.1 the theorem follows. This is the end of the proof.

The proof of the next lemma is given in [4].

Lemma 7.1. Suppose that system (1.2) defined in R™ of degree m admits p in-
variant algebraic surfaces f; = 0 with cofactors K; fori=1,...,p and q exponen-
tial factors F; = exp(g;/h;) with cofactors L; for j = 1,...,q. Then there exist

P q

Aj, j € C not all zero such that Z MK+ Z wiL; = 0 if and only if the following
i=1 i=1

real (multi-valued) function of Darbouz type

A1 Ap 1 “w
1 ...fppFl ...qu

substituting f?" by |fi|* if \i € R, is a first integral of system (1.2)

Proof of Theorem 1.5. From Theorems 1.3, 1.4, Proposition 1.1 and Lemmas 4.1
and 7.1, if system (1.2) has a Darboux first integral G, then

G = aMy*2 2%t with  Ap, Ao, Mg, € C,
with h given in Theorem 1.4 and satisfying
MK+ MoKz + A3 K3 + pL =0, (3.6)
where
Ky = (b2 + ) (plbr +2) = L (b1 + ) — ary),
Ky = a1x(ba +y) — agz(by + x) — d1(by + x)(bs + y),
Kz = (b +z)(azy — da(b2 +y)),
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and L is given in Theorem 1.4. In view of Theorem 1.4 we consider different cases.
Case 1: d; = a;. In this case, using Theorem 1.4, (3.6) becomes

x
A1 (b2 +y) (p(by + ) — 7 (b1 +2) — ary) + Aa( — azz(by + x) — arby (b +y)) —
Asdaba(by + ) + ay(—azz(by + ) — ar1by(ba + )+

bz(b1 + x)(agy — d2(b2 + y)) —+ c(—2a1b1bg(a2 — d2)2y + 20‘,11)1 ((12 — d2)2y3+
2a2b1b2(a2 — dg)(a,l —as + 2d2)y2 — 2&2()2(&2 — 2d2)(a2 — dg)a:yz—l-

2a1a2b1 (a2 — dg)y2z + 2a§b1b2d222 + 2(1%[)2(121}22) =0,

where we have taken g = 1 due to the arbitrariness of a, b and c¢. The previous
equality is a polynomial in z,y, z. Taking all the coefficients of the monomials of
this polynomial equal to zero we get a system in the variables A1, A2, A3, a, b, ¢,
ai, ag, by, ba, dy, do, k, p. It is easy to check that this system has no solutions
except if either some of the coefficients a1, as, b1, be, di, d2, k, p are zero or
M =X =A3 =a=>b=c=0. So in these cases there are no Darboux first
integrals.
Case 2: ay # dy. In this case, using Theorem 1.4, (3.6) becomes case.

A1 (b +y) (p(by + ) — f(bl +x) —awy)+

(
Ao (ar(bs +y) — azz(by + z) — di (b1 + ) (bs +9)) +

(b1 + 2)(agy — da(ba + y)) + ay(arz(ba + y) — azz(by + ) — di (b + ) (b2 + y))+
(b1 +2)(azy — d2(b2 +y)) = 0,

>

3
bz

where we have taken p = 1 due to the arbitrariness of a and b. The previous
equality is a polynomial in z,y, z. Taking all the coefficients of the monomials of
this polynomial equal to zero we get a system in the variables A1, A2, A3, a, b,
ai, ag, by, ba, dy, do, k, p. It is easy to check that this system has no solutions
except if either some of the coefficients a1, as, b1, be, di, d2, k, p are zero or
A1 =Xy = A3 =a=>b=0. So in these cases there are no Darboux first integrals.
This is the end of the proof.
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