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CENTERS AND ISOCHRONOUS CENTERS FOR TWO
CLASSES OF GENERALIZED SEVENTH AND NINTH
SYSTEMS

JAUME LLIBRE' AND CLAUDIA VALLS?

ABSTRACT. We classify new classes of centers and of isochronous centers
for polynomial differential systems in R? of arbitrary odd degree d > 7
that in complex notation z = x + iy can be written as

d—7—2j5 . . . . . . .
5= (Mi)et(22) 7 (AT 4 B AR L 03I 4 pFTH),

where j is either 0 or 1, A € R and A, B,C € C. Note that if j = 0 and
d = 7 we obtain a special case of seventh polynomial differential systems
which can have a center at the origin, and if j = 1 and d = 9 we obtain
a special case of ninth polynomial differential systems which can have a
center at the origin.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

In this paper we consider the polynomial differential systems in the real
(z,y)-plane that has a singular point at the origin with eigenvalues A\ + i

and that can be written as
d—7-2j

(1) 2= (\+i)z+(22) 2 (ALPTIZ*T L B3 L 03174 4 DzTH2),
where j is either O or 1, z = x+iy, d > 7 is an arbitrary odd positive integer,
A€ Rand A, B,C € C. When j = 0 we are considering the class of systems
f= (N +i)z+ (22)T (A2PF2 + B2 4 0374 + DFY),
while when j = 1 we are considering the class of systems
L= (A i)z + (22) T (A255 + B2 + 02435 + D2Y).
The vector field associated to this system is formed by the linear part (A+i)z
and by a homogeneous polynomial of degree d formed by four monomials in
complex notation. The origin is either a weak focus or a center if A = 0, see
for instance [1, 15].

For such systems we want to determine the conditions that ensure that
the origin of (1) is a center or an isochronous center. Of course these systems
for 5 = 0 and d = 7 coincide with a class of seventh polynomial differential
systems. So we call the class of polynomial differential systems (1) of odd
degree d > 7 the generalized seventh systems. When 7 =1 and d = 9 these
systems coincide with a class of ninth polynomial differential systems. So
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we call the class of polynomial differential systems (1) of odd degree d > 9
the generalized ninth systems.

The problem of characterizing the centers and the isochronous centers
has attracted the attention of many authors. However there are very few
families of polynomial differential systems in which a complete classification
of centers or of isochronous centers has been done. Quadratic systems were
classified by Dulac in [6], Kapteyn in [10, 11], Bautin in [2], Zotadek in [19],
and Loud in [14], while the cubic systems with homogeneous nonlinearities
were classified by [13, 18, 20]. But we are very far to obtain a complete
classification of the centers for the polynomial differential systems of degree
3. As far as we know there were no results about centers and isochronous
centers for degrees 7 or 9.

The main result in this paper is the following one, which provides families
of centers and of isochronous centers of arbitrary high degree.

Theorem 1. For d > 7+ 25 odd the following statements hold for system

(1).

(a) It has a center at the origin if and only if one of the following three
conditions holds.
(al) A=b=(+j)A+(B+5)C=04fj=01,
(a.2) A = b = Im(AC) = Re(A*D) = Re(C'D) =0 if j = 0,
(a.3) A =b; = Im(AC) = Im(4°D) = Im(C°D) = 0 if j = 1.
Note that when condition (a.1) holds we have a Hamiltonian center
and when either condition (a.2) or condition (a.3) holds we have a
reversible center.
(b) It has an isochronous center at the origin if and only if one of the
following two conditions holds.
(b.1) \=B=D=0,C=A4,
(b2) A\=B=D=0,C=3—-d)A/(d+1).

Note that if in Theorem 1 condition (a.1) holds and D = 0, then we have
a special center that also satisfies either condition (a.2) if j = 0, or condition
(a.3) if j = 1. This is a special center that is simultaneously Hamiltonian
and reversible.

The families of centers obtained in Theorem 1 were not known. Moreover
the families of isochronous centers were not known till now because they did
not appear in the well-known survey on the isochronous centers [3].

The paper is devoted to the proof of Theorem 1. To do it we have divided
the paper as follows. In Section 2 we introduce some preliminaries that will
be used later on. In Section 3 we provide the proof of Theorem 1(a), while
the proof of Theorem 1(b) is given in Section 4.
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2. PRELIMINARIES

The proof of Theorem 1 needs the effective computation of the Liapunov
constants as well as of the period constants. We write

A=a1+iaa, B=0b +iby, C=c1+ico, D =di+ids.

Writing system (1) in polar coordinates, i.e, doing the change of variables

r? = 2%z and 6 = arctan(Imz/Rez), it becomes

@) dr M+ F(6) r?
0~ 1+ GO)rd 1

F(0) = (a1 + ¢1) cos(20) — (ag — c2) sin(20) + b1+
di cos((8 4 27)0) + da sin((8 + 27)0),

G(0) = (ag + c2) cos(20) + (a1 — 1) sin(260) + be
+ do cos((8 +24)0) — dy sin((8 + 25)60).

Since § = 14 G(0)r¢!, sufficiently close to the origin 6 > 0. So if system
(1) has a center at the origin the same occurs for system (2).

The transformation (r,0) — (p, ) defined by
Td_l

p= 1+ G(6)rd-1t

is a diffeomorphism from the region # > 0 into its image. If we write equation
(2) in the variable p, we obtain the following Abel differential equation

9 (a - 1)G(O)NGO) — F(O)]5+
(4) (4~ 1)(F(0) = 22G(0)) = G'(O)]p* + (d —~ 1)p
= A(9)p® + B(0)p* + Cp.

These kind of differential equations appeared in the studies of Abel on the
theory of elliptic functions. For more details on Abel differential equations,
see [9], [4] or [8].

The solution p(6,~) of (4) satisfying that p(0,v) = v can be expanded in
a convergent power series of v > 0 sufficiently small. Thus

(5) p(0,7) = p1(0)y + p2(0)7* + ps ()7 + ...

with p1(#) = 1 and pg(0) = 0 for &k > 2. Let P : [0,70] — R be the
Poincaré map defined by P(y) = p(2m,v) and for a convenient vy > 0.
Then the values of pg(27) for k > 2 controle the behavior of the Poincaré
map in a neighborhood of p = 0. Clearly system (1) has a center at the
origin if and only if p1(27) = 1 and pg(27) = 0 for every k > 2. Assuming
that pa(27) = -+ = ppm—1(2m) = 0 we say that v, = pn(27) is the m-th
Liapunov or Liapunov—Abel constant of system (1). These constants were
also considered in the paper of Gasull, Guillamon and Mafosa [7].
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The set of coefficients for which all the Liapunov constants vanish is called
the center variety of the family of polynomial differential systems. By the
Hilbert Basis Theorem the center variety is an algebraic set. Necessary
conditions to have a center at the origin will be obtained by finding the
zeros of the Liapunov constants.

We note that the centre manifold, i.e., the space of systems (1) with
a centre at the origin is invariant with respect to the action group C* of
changes of variables z — £z :

(6)

A —s (ld9-2)/2(d=T-2))/2¢54] 2245 o B _y ¢(d=9-2)/28(d=T-2))/2¢4+i g3+i g,
C — €@=9-2))/28(d=T-2))/2¢3+igA+ix D _y ¢(d=9-2))/2¢(d=T=2))/2gT+2i )

To show the sufficiency of the found conditions we look for the existence
of a local analytic first integral defined in a neighborhood of the origin, or we
will show that system (1) is reversible. We recall that system (1) is reversible
with respect to a straight line if it is invariant under the change of variables
W = ez, T = —t for some 7 real. For system (1) we have the following
result whose proof can be found in [5].

Lemma 2. System (1) is reversible if and only if A = —Ae*, B = —B,
C =—Ce 27 and D = —De~ 82D for some v € R. Furthermore in this
situation the origin of system (1) is a center.

Once we have proven the existence of the so—called center variety of sys-
tem (1) we also want to compute which of the centers are isochronous. In
that case, let z = 0 be a center (that is, we assume that we are under the
hypothesis that guarantee that z = 0 is a center) and let V be a neigh-
borhood of z = 0 covered with periodic orbits surrounding z = 0. We can
define a function, the period function of z = 0 by associating to every point
z of V the minimal period of the periodic orbit passing through z. The
center z = 0 of system (1) is isochronous if the period of all integral curves
in V'\ {0} is constant.

If we take the equation of ¢ = df/dt and we apply the change of variables
in (2) we obtain

21 do 21 1
T = —_— =
/0 0 /0 T Gor@eT
27

_ /2”@ —GO)p(0))do = 27 — / G(0)p(6) b,
0

0

where p(6) = Z p;(0)7 is given in (5) and p;(0) are the terms giving rise to
j=21

the Liapunov—Abel constants p;(27). Then system (1) has an isochronous

center at the origin if it is a center and satisfies

/ T G0)00)d0 = Y ([ 7 G(0)p;(0) ) =0,

Jj=1



CLASSIFICATION OF THE CENTERS 5

that is, if
27 d@ .
(7) T:/ ?:27T—ZTJ-VJ:2W,
0 i>1
with
27
(8) T = G(0)pj(0)do =0, for j>1.
0

The constants T); will be called the period Abel constants.

3. PROOF OF THEOREM 1(A)

We divide the proof of Theorem 1(a) into different parts.

3.1. Sufficient conditions for a center. In this subsection we will see
that conditions (a.1), (a.2) and (a.3) are sufficient to have a center at the
origin. For this we will prove that system (1) under one of these conditions
either has a first integral defined in a neighborhood of zero, or is reversible.

Under conditions (a.1) if we rescale system (1) by |2|¢"7=% it becomes
D L R Y e R (53++j)_A i | paTH
J
O0H
= 277’
0z
where for d > 7 4 2j odd we have
2 9+2j—d _ ; A 5+7 53+ b2 avjavi A 345 55+3
= ——|z — i TIFT = AN izt
9+2j—d‘| 347 447 3+

- ﬁ(pzwﬂ' — DAY ford £ 9+ 2
j
and

H =log|z|? — ii,z‘r’ﬂé?’ﬂ + b72,z4+j§4+j + iiz3+j25+j
+ 4+ 3+
-3 : 5 (D324 — D22 for d =9 + 25.
Note that the integral exp(H) for d = 9425 and H for d > 7+ 2j odd (with
d # 9+ 2j), are real and well defined at the origin. Therefore the origin is
a Hamiltonian center.

From conditions (a.2) and (a.3), we have that

(9)

B = -B, i = g, <j>4+j = (—1)'ti (g) <g>4+j = (1)t (g).
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Now let 61, 62 and 63 such that €t = —A/A, €2 = —C/C and ¢ =
—D/D. Then by (9) we obtain

1
(10) 01 = —03(mod.27w) and 6y = g -03(mod. 27r).
J

Now take v = —#1 /2. Using (10) we have

621’)/ _ 6—191 _ _Z? 6—227 _ 6201 _ 6—192 _ _57
and

o~ (B+25)iv _ i(4+i)01 _ —i(4+5)02 _ ,—if3 _ _%7
which clearly implies that system (1) under condition (a.2), or (a.3) is re-

versible and thus it has a center at the origin.

3.2. Necessary conditions for a center. In this subsection we will see
that conditions (a.1), (a.2) and (a.3) are necessary to have a center at the
origin. For this we first compute the Liapunov constants up to some or-
der and then show that the zeros of those Liapunov constants provide the
conditions either (a.l), or (a.2), or (a.3).

Proposition 3. Let j = 0. The Liapunov constants of system (1), with
d>"T odd, are

V= e27‘r(d—1))\

‘/2 = b17
Vs = _Im(AC)7
Vi= 0,
Vs = 0,

Vs = Re((54+3C)D[(d —4)A + (d+2)C][(d — 9)A + (d + 7)C]
[(3d - 7) A+ (3d +1)C)),

Vr = Im((54 +3C)BD[A — C][(55d2 — 400d + 657) A2
+ (1102 — 220d — 514) AC + (55d% + 180d + 77)C"]),

We remark that Vi, = p(27) (mod. {V1,Va, ..., Vk_1}) for k=1,...,8 and
also modulo a positive constant.

Proof. Solving p}(0) = (d — 1)\p1(f) and evaluating at § = 27 we obtain
v = p1(2m) = e2m(d=DA Then 1} = e2™@=DA T order to have a center at
the origin p;(27) = 1, so in what follows we take A = 0.
Substituting (5) into (4) we get that the functions pg(6) must satisfy
ph = Bpi,
Py = Ap? +2Bpips,
oy = 3Ap3p2 + B(p3 + 2p1p3),
s = 3A(p1p5 + pips) + 2B(p2ps + pi1pa),
p6 = A(p3 + 6p1p2p3 + 3p7pa) + B(p3 + 2p204 + 2p105),
ph = 3A(p3p3 + p1p3 + 2p1p2p4 + pips) + 2B(p3pa + p2ps + p1ps),

(11)
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where we have omitted that all the functions depend on 6. Note that all
these differential equations can be solved recursively doing an integral be-
tween 0 and 6, and recalling that p(0) = 0 for £ > 2. We have done all
the computations of this paper with the help of the algebraic manipulator
mathematica. These computations are not difficult but sometimes are long
and tedious.

Solving the equation p) = Bp? we get that pa(27) = 27(d — 1)b;. Then
Vo = b1. From now on we take b; = 0.

Now we compute the solution p3(#) of py = Ap3 + 2Bp1p2, and we get
that p3(27) = 27(1 — d) Im(AC). Then V3 = —Im(AC).

Computing the solution pg (@) for k = 4,5 from the differential equation
for pr(0), we get pr(f) and in particular we obtain that Vi = 0, being Vj
equal to pg(27) when po(27) = p3(27) =0 for k =4, 5.

Solving the differential equation for pg(6) we get pg(f) and in particular
we obtain from the expression of vg = pg(27) the value of Vg given in the
statement of Proposition 3 modulo p2(27) = p3(27) = 0 and a positive

constant. More precisely we can check that if we multiply vg by —768/((d —
1)) then

ve =V + 2V3 (1551 + 783d — 687d% + 81d%)az(asds — ardy)+
(—354 4 860d + 142d? — 72d3)dy(azcy + arcy)+
(=181 — 117d + 85d° + 21d%)c3ds
(=517 — 261d + 229d% — 27d%)dya?+
(543 4 351d — 255d? — 63d>)cy (dgey — cady)+
(177 — 430d — 71d? + 36d°)d1 (caa1 — 5asc1)).

We compute the solution pr7(6) from the differential equation for p7(6), we
get p7(0), and in particular we obtain the expression for v; = p7(27) given
in the statement of Proposition 3 modulo p2(27) = p3(27) = ps(2m) = 0
and a positive constant. The computation of V7 is done in the same way as
V. This completes the proof of the proposition. O

Proposition 4. Let j =0. Ford> T odd if V1 =1,V =0 fork=2,...,7,
then one of the following conditions holds.

(a.1) A=b; =5A+3C =0,
A = by = Im(AC) = Re(A4D) = Re(C'D) =
B=C=0,d=9 and Re(A*D) # 0,
B=(d-9A+(d+7)C =0,d#9 and condition (a.2) does
hol

(a.2)
(c-3)
(c4)

<~
=~

0
and condition (a.2) does not hold,

B=(d—4)A+(d+2)C =0 an
B = (3d—T7)A+ (3d + 1)C = 0 and condition (a.2) does not

A
A
(c:5) A
(c.6) A
h

S
S
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Proof. From the fact that V; = 1 we get that A = 0. The condition Vo =0
implies that b1 = 0. Furthermore to do V3 = 0 we will consider two different
cases: C' =0 and C # 0. In this last case we have that A = uC with p € R.

Case 1: C' = 0. Therefore
Vs = 5(d — 4)(d — 9)(3d — 7)Re(A*D).

In view of the factors of Vi and since d > 7 odd, we need to consider two
different subcases.

Subcase 1.1: Re(A*D) = 0. Then we are under the hypotheses of condi-
tion (a.2).

Subcase 1.2: Re(A*D) # 0 and d = 9. We have

Vi = 7560 Im(BDA%*) = 7560 byRe(A’D).

To have V7 = 0 we must impose by = 0, that is, B = 0. In this case we are

under the hypotheses of condition (c.3).

Case 2: A= puC, p€ R and C # 0. Then
Vo = (5u+3)((d—4)p+d+2)((d—9)pu-+d+7)((3d—7)pu+3d+1)Re(C*D).
In view of the factors of V5 we need to consider five different subcases.

Subcase 2.1: = —3/5. So we are under the hypotheses of condition
(a.1).

Subcase 2.2: Re(€4D) = 0. Therefore we are under the hypotheses of
condition (a.2).

Subcase 2.3: = —(d+2)/(d—4), Re(€4D) # 0. Since by = 0, we have
~ 1008(d —1)3(d + 11)

(d—4)*

Then, since d > 7 odd, we get that V7 = 0 if and only if by = 0, that is
B = 0. In this case we are under the hypothesis of condition (c.5).

Subcase 2.4: = —(d+7)/(d—9), Re(C'D) # 0 and d # 9. Since by = 0,

we have

Vi =

byRe(C D).

24192(d — 1)3(d + 31)
T @9y
Then, since d > 7 odd with d # 9, we get that V7 = 0 if and only if by = 0,
that is B = 0. In this case we are under the hypothesis of condition (c.4).

Subcase 2.5: p = —(3d+1)/(3d —7), Re(@4D) # 0. Since by = 0, we
have

bsRe(C D).

Ve — 9984(d — 1)3(13 + 3d)
(3d —7)%
Then, since d > 7 odd, we get that V7 = 0 if and only if by = 0, that is
B = 0. In this case we are under the hypothesis of condition (c.6). This
completes the proof of Proposition 4. O

bsRe(C D).
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Now we show that conditions (c.k) with & = 3,...,6 do not provide a
center at the origin.

Proposition 5. Let j = 0. Condition (c.3) does not provide a center at the

orLgin.
Proof. System (1) with d =9, A = B = C' =0 and Re(A*D) # 0 becomes
(12) i =iz + 22(A2°7% 4+ DZ").

Now if we make the change z — w = £z with ¢ = A3/16/45/16 and use (6),
then we have that system (12) can be written as

- - DA3?
with the condition Re(D) # 0. We write D = dy + idy. For system (13) (in
view of Proposition 3) we have that Vo = --- = V7 = 0. Now using p1,..., p7

computed in the proof of Proposition 3 and using that

14 Pk = BA(p2p3 + ppa + 2p1p3pa + 2p1p2p5 + P1ps)
+ B(pj + 2p3p5 + 2paps + 2p197),

we get that ) )
Vs = d1(295|D|* — 252),
which Vg = ps(2m) (mod. {Vi,V3,...,V7}), and also modulo a positive con-

stant. Therefore, in order that Vg = 0, since d; # 0, we need to impose
that

- 252 ~ 252 ~ 252
D> = =22, thati = /== =/ ==—i
|D| 505 that is  d; 505 cos(v), ds 505 sin (),
with ¢ € [0,27) \ {m/2,37/2}. Therefore condition (c.3) becomes

(€3 A=B=C=0,D=/22% ¢ e 0,2n) \ {n/2,37/2}.
Now (13) becomes

252 .
W = iw + ww <w5w2 +4/ 2956“%17), Y € [0,2m) \ {w/2,37/2}.

For this system and using that
(15)
po = A(p3 + 6papspa + 3p1pi + 3p3p5 + 6p1p3p5 + 6p1p2p6 + 3p1p7)
+ 2B(paps + pspe + p2p7 + p1ps),
Pho = BA(p3pa + papi + 202p3p5 + 201p4p5 + P36 + 201p3P6 + 201p2p7
+ pips) + B(p2 + 2paps + 2p3p7 + 2p2ps + 2p1p9),

we get that Vo = 0 and Vig = cos(¢), where Vi, = pg(27) (mod. {V1, Va, ..., Vk_1})
for kK = 9,10, and also modulo a positive constant. However by hypothesis
we have that cos(¢) # 0 and thus Vig # 0. This implies that system (12)
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does not have a center at the origin and consequently condition (c.3) does
not provide a center. O

Proposition 6. Let j = 0. Condition either (c.4), or (c.5), or (c.6) does
not provide a center at the origin.

Proof. System (1) with A = B = 0, C = A/u (where y is defined in the
Case 2 of the proof of Proposition 4) and Re(A4D) # 0 becomes

(16) Z=1iz+ (22 ) (Az5z + Az 4+ Dz").

Now if we make the change z — w = £z with £ = Z(d_3)/(4(d_1))/A(d+1)/(4(d*1))
and use (6), then we have that system (16) can be written as

d— 5.2 1 = DA3/?
(17) w—zw+(ww)2( +Mww + Da"), D_W ,
with the condition Re(D) # 0. We write D = dy + idy. For system (17) (in
view of Proposition 3) we have that Vo = --- = V7 = 0. Now using p1, ..., pr

computed in Proposition 3 and using that pg satisfies (14) we get that
Vs = di(Rq + R D|?)
with R}j and R?I equal to
16128(d — 1)? if (c.4) holds,
R) =146048(d —1)2  if (c.5) holds,
16896(d — 1)? if (c.6) holds,
and
5d* — 190d3 — 6180d? — 51730d — 136465 if (c.4) holds,
R? = { 55d* + 110d° — 4305d2 — 16780d — 16340 if (c.5) holds,
—1215d* — 6030d3 + 7140d? + 6590d + 1195  if (c.6) holds.
We want to make Vg = 0. Since d; # 0 we get that |D|?> = —R}/R2. Since
R}i > 0 we have to restrict to the values of d for which R% < 0. Therefore,
in order that Vg = 0 we need to impose that
N R}
D= —R2 e,

Y € [0,2m) \ {m/2,37/2},

with some restrictions on d such that R3 < 0. Therefore conditions (c.4),
(c.5) and (c.6) become

(c4) X = B = (d=9)A+(d+7)C =0, D = /Rj/(-Rj)e”, ¢ €
[0,27) \ {7/2,37/2} and d € {7,9,...,61};

(¢5) A =B = (d-4)A+ (d+2)0 =0, D = \/R}/(-R)e™, v €
[0,27) \ {m/2,37/2} and d € {7,9};
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(c6) A =B = (3d—TA+ (3d+1)C =0, D = \/RL/(—R%)e", ¢ €
[0,27) \ {7/2,37/2} and d > 7 odd,;

respectively. Now (17) becomes

d—7 1 R .
(18) W= iw + (ww) 2 <w5w2 + —w3wt + d e“/’w7>,
H -1
with ¢ € [0,27) \ {n/2,37/2} and the corresponding restrictions on the
values of d given above. From (18) using the equations for pg and pyg in
(15) we get that Vo = 0 and V39 = cos(¢)). However by hypothesis we have
that cos(¢)) # 0 and thus Vig # 0. This implies that system (16) does not

have a center at the origin and consequently conditions either (c.4), or (c.5),
or (c.6) does not provide a center. O

Proposition 7. Let j = 1. The Liapunov constants of system (1), with
d>9 odd, are

Vi = e27r(d—1))\

V2 = b17
V4 = 07
Vs = 0,
‘/6 — 07
Ve = —Im((34 4 2C)D[(d — 2)A + dC][(d — 11)A + (d + 9)C]

[(d—5)A+ (d+3)C][(d - 3)A+ (d + 1)C])
Vs = Re((34 + 2C)BD[A - C][(25d° — 284d2 + 974d — 1023) A
+ (75d® — 434d? + 162d + 1121) A%C
+ (75d3 — 16d* — 674d — 309) AC
+(25d° + 13442 + 1384 + 11)C7),

We remark that Vi, = pr(27) (mod. {Vi, Va, ..., Vik_1}), for k=1,...,8 and
also modulo a positive constant.

Proof. Proceeding in the same way as in the proof of Proposition 3 we readily
get V1, Vo and V3 in the statement in the proposition.

Computing the solution pg () from the differential equation for pg(f), we
get pi(0) and in particular we obtain that Vj = 0, being Vj, equal to pg(2m)
when p2(27) = pr—1(27) = 0 for k = 4,5,6.

Solving the differential equation for p7(6) we get p7(f) and in particular
we obtain from the expression of v; = p7(27) the value of V7 given in the
statement of Proposition 7 modulo pa(27) = - -+ = pg(27) = 0 and a positive
constant. More precisely we can check that if we multiply v7 by 640/((d —
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1)) then

vy =V7 — Vg( — 56a2d2a%d4 + 2602d2a%d4 — 216a2d20%d4 + 6602d20%d4+
56a3dyd® — 11¢3dod® + 48ascadad® — T8a3cadad® — 182andoarcid* +
T2codyaycid® + 14a3dyd* + 44c3dyd + 72013 dyd* — 84a3a,did*—
24c§a1d1d4 + 78@202a1d1d4 — 234a361d1d4 — 446%01d1d4 + 52@%01d1d4+
168ascocidid® + 768a2d2a%d3 — 17202d2a%d3 — 54a2dgc%d3+

450cedacid® — T68a3dad® — T5c3dad® + 12aac3dad® 4 516a3cadad®+
1204asdyar c1d® + 18cadyarc1d® — 192a3d,d® + 300¢3dyd>+
18aicidid® 4 1152a3a1d1d® — 6ciaydid® — 516agcoardyd®+
1548a2c1d1d® — 300cicidid® — 344a3cidyd® + 42azcacidyd®—
2640a9daatd? — 144codaa’d® + 4482andacid? — 234cadacid® +
2640a3dod? + 39c5dad® — 996ascidad® + 432a3codad®+
1008asdsaicid?® — 1494codsarcrd? + 660@‘1)al1d2 — 1560?d1d2—
1494a; c3dyd® — 3960a3a1dyd® 4 498c3aydid? — 432ascoa1dy d*+
1296a3c1dyd? 4+ 156¢3c1d1d? — 288atcidyd? — 3486ascocidid®+
832asdya’d + 1292codaatd + 5dagdacid — 2034codacid — 832a5dyd+
339¢3dyd — 12agcadad — 3876a3cadad — 9044asdyarcyd—
18codsarcid — 208a3did — 1356¢3dyd — 18a1cidyd + 1248a3a1dyd+
6caydid 4 3876ascaa1drd — 11628a3¢1dyd + 1356¢3¢1dy d+
2584a2ci1dyd — 42acocidid + 4296azdaat — 202¢odaa? — 4266agdact—
648codact — 4296aids + 108c3dy + 948ascids + 606a3cada+
1414agdaaicy + 1422codgarcy — 1074aidy — 432¢3dy + 1422a1 c3dy+
6444a3ardy — 474c3a1dy — 606agcoardy + 1818a2c1dy + 432¢5c1dy—

404@%01d1 + 33180,20201d1).

We compute the solution pg(f) from the differential equation for pg(f)
(see (14)), we get ps(0), and in particular we obtain the expression for vg =
ps(2m) given in the statement of Proposition 7 modulo p2(27) = p3(27) =
pe(2m) = p7(2m) = 0 and a positive constant. The computation of Vg is done
in the same way as V7. This completes the proof of the proposition. O

Proposition 8. Let j = 1. Ford > 9 odd if V1 = 1, and Vi = 0 for
f=2,...,8, then one of the following conditions holds.

(a.1) A=b; =34+ 2C =0,

(a.3) A =b; = Im(AC) = Im(4°D) = Im(C°D) = 0,
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(d3) A =B=C=0,d=11 and Im(A°D) # 0,

(d4) A\=B=(d—11)A+ (d+9)C =0, d # 11 and condition (a.3) does
not hold, does not hold,

(d.5) A= B = (d—2)A+dC =0 and condition (a.3) does not hold,

(d6) A\=B = (d—3)A+ (d+1)C =0 and condition (a.3) does not hold,

(d.7) A=B=(d—5)A+ (d+3)C = 0 and condition (a.3) does not hold,

Proof. From the fact that V3 = 1 we get that A = 0. The condition V5 =0
implies that by = 0. Furthermore to make V3 = 0 we will consider two
different cases: C' = 0 and C' # 0. In this last case we have that A = uC,
with € R.

Case 1: C'=0. Then
Vi =3(d — 2)(d — 11)(d — 5)(d — 3)Im(A5D).
In view of the factors of V7 and since d > 9 odd, we need to consider two

different subcases.

Subcase 1.1: ITm(A°D) = 0. Therefore we are under the hypotheses of
condition (a.3).

Subcase 1.2: Tm(A5D) # 0 and d = 11. In this case, we have
Vs = 25806 boIm(A° D).
To have V3 = 0 we must impose by = 0, that is, B = 0. In this case we are

under the hypotheses of condition (d.3).
Case 2: A= puC, n €R. So

Ve =(3u+ 2)Im(C°D)[((d — 2)p + d)((d — 1)+ d + 9)((d — 5)pu + d + 3)]
(d—3)p+d+1].

In view of the factors in V7 we need to consider six different subcases.

Subcase 2.1: p = —2/3. In this case we are under the hypotheses of
condition (a.l).

Subcase 2.2: Im(éBD) = 0. We are under the hypotheses of condition
(a.3).

Subcase 2.3: pp = —d/(d —2) and Im(€5D) # 0. Since by = 0, we have
_176(d — 1)*(d +4)
e

Then, since d > 11 odd, we get that Vg = 0 if and only if by = 0, that is
B = 0. Hence we are under the hypothesis of condition (d.5).

Subcase 2.4: = —(d+9)/(d—11), Im(€5D) # 0 and d # 11. Therefore
since by = 0, we have

Vi byIm(C’D).

137632(d — 1)*(d + 49) —5
= — I D .
Ve (d—11)5 boIm(C7D)
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Then, since d > 9 odd, d # 11, we get that Vg = 0 if and only if by = 0, that
is B = 0. Then we are under the hypothesis of condition (d.4).
Subcase 2.5: = —(d+3)/(d—5), Im(ésD) # 0. Since b; = 0, we have
2048(d — 1)*(d + 19)
R

Then, since d > 9 odd, we get that V3 = 0 if and only if b = 0, that is
B = 0. In this case we are under the hypothesis of condition (d.7).

Subcase 2.6: p=—(d+1)/(d—3), Im(ésD) # 0. Since by = 0, we have

byIm(C° D).

288(d — 1)*(d +9) —5
Vs =— boIm(C" D).
s (d—3)5 2m(C7D)
Then, since d > 9 odd, we get that Vg = 0 if and only if by = 0, that is
B = 0. In this case we are under the hypothesis of condition (d.6). O

Now we show that conditions (d.k) with & = 3,...,7 do not provide a
center at the origin.

Proposition 9. Let j = 1. Condition (d.3) does not provide a center at the

origin.
Proof. System (1) with d = 11, A\ = B = C' = 0 and Im(A4°D) # 0 becomes
(19) 5 =iz 4 22(A2%23 + DZ).

Now if we make the change z — w = &z with &€ = A'/5/A3/10 and using (6)
then we have that system (19) can be written as

) s = iw + wo(u$e® + Da®), D= DA cc
(20) W = jw + ww(ww’ + Dw’), =3 €C
with the condition Im(D) # 0. For system (20) (in view of Proposition 7)
we have that V; = .-+ = Vg = 0. Now using p1,..., ps computed in the

proof of Proposition 7 and using (15) we get that
Vo = da(9|D* - 8),

which Vo = pgo(27) (mod. {V3, ..., Vs}), and also modulo a positive constant.
Therefore, in order that Vo = 0 we also need to impose that

i)::gi{QGWg Y e (0,2m)\ {n}.

So condition (d.3) becomes
- 2V2
MWA:B:C:QD:?(W
Now (20) becomes

with ¢ € (0,27) \ {r} and d = 11.

u):¢w4-ww<uﬁw3+-2g§a¢a9>, e (0,20)\ {r}.
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For this system and using that p1p was computed in (15) and using also
(21)
Ph1 = 3A(papi + P3ps + 20204p5 + pLP5 + 2p2p3ps + 2p1p4p6 + P37

+ 210307 + 2p1p2ps + p1po) + 2B(p1p1o + pspe + papr + paps + p2p9),
we get that Vig = 0 and Vi1 = sin(v), with Vi, = pg(27) (mod. {Va, ..., Vk_1})
for £ = 10,11, and also modulo a positive constant. However by hypothesis

we have that sin(¢) # 0 and thus Vi; # 0. Consequently condition (d.3)
does not provide a center. O

Proposition 10. Let j = 1. Condition either (d.4), or (d.5), or (d.6), or
(d.7) does not provide a center at the origin.

Proof. System (1) with A = B = 0, A = uC (where y is defined in the case

2 in the proof of Proposition 8 and Im(A4°D) # 0 becomes

(22) f=iz 4 (22)T (uO25% + 02455 + DFY).

Now if we make the change z — w = £z with £ = C(d_g)/(4(d_1))/C(d+1)/(4(d_1))
and use (6) then we have that system (22) can be written as

. —\ 42 6,-3 4.5 1 79,59 ~_D62
(23) w=iw+ (ww) 2z (pw'w’ +w w’ + Dw?), D—ﬁe(@,
with the condition Im(D) # 0. For system (23) (in view of Proposition 7)
we have that Vo = --- = Vg = 0. Now using p1,...,ps computed in the

proof of Proposition 3 and using that pg satisfies (14) we get that
Vo = da(Rj + R3|DI),

with Roll and Rfl equal to

7680(d — 1)?  if we are in condition (d.4),

Rl —420(d — 1)?  if we are in condition (d.5),

d 0 if we are in condition (d.6),

33600(d — 1)? if we are in condition (d.7),

and

d* — 116d° + 942d? + 16060d — 150887 if we are in condition (d.4),
R 28d* + 46d> — 651d* + 456d — 524 if we are in condition (d.5),
471 if we are in condition (d.6),
73d* — 1412d3 — 5466d% + 124060d — 352775 if we are in condition (d.7).

We want to make Vo = 0. Then since dy # 0, we have that Vg # 0 if
condition (d.6) is satisfied. Therefore condition (d.6) does not provide a
center.
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For conditions (d.4), (d.5) and (d.7) we have that Vo = 0 implies |D|* =
—RY/R%. Since R} > 0 in conditions (d.4) and (d.7) while R} < 0 in condi-
tion (d.5), we must restrict the values of d for which R% < 0 in conditions
(d.4) and (d.7) and R2 > 0 in condition (d.5). Therefore

- RL
D= i‘égelwa w € (0727T) \ {ﬂ—}a
d

and with the restriction on d explained above. So conditions (d.4), (d.5)
and (d.7) become

(d4y A=B =0, (d—11)A+ (d+9)C =0, D = \/RY/(—R2)e™, ¢ €
(0,2m) \ {m} and d € {11,13,...,105};

(d.5) A=B =0, (d—2)A+dC =0, D = \/RL/(—R%)e™, ¢ € (0,2m)\ {7}
and d > 9 odd;

(7 A=B =0, (d—5A+(d+3)C =0,D = /Ry (~R2e", ¢ €
(0,2m) \ {7} and d € {7,9,...,19};

respectively. Now (23) becomes

_ RL
(24) W = iw + () T (,uw6w3 +who® + _]% e“pu_)9>,

with ¢ € (0,27)\ {r} and the corresponding restrictions on the parameter d
given above. From (24) using the equations for p;o and p11 of (15) and (21),
we get that Vip = 0 and Vi1 = sin(¢)). However by hypothesis we have that
sin(¢)) # 0 and thus Vi; # 0. This implies that system (24) does not have
a center at the origin and consequently condition either (d.4), or (d.5), or
(d.7) does not provide a center.

4. PROOF OF THEOREM 1(B)
We divide the proof of Theorem 1(b) in two different parts.
4.1. Sufficient conditions for an isochronous center. In this subsec-
tion we will see that conditions (b.1) and (b.2) are sufficient to have an

isochronous center. For this we will prove that under conditions (b.1), or
(b.2) equation (7) holds.

Since in the assumptions (b.1), or (b.2), we can assume that A # 0 (oth-
erwise we will obtain a linear center), we can make the change of variables

743 1/(4(d—1)
(25) w=~E&z where §= <Ad+1> ,

and system (1) with hypothesis (b.1) becomes

(26) w' = iw + (ww) T2 2 (WG 4Pt
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Rewriting (26) in polar coordinates we obtain
' =2r%cos(20) and 6 =1.
and clearly (7) holds.
Now system (1) with hypothesis (b.2) becomes
W = iw + (w) @722 <w5+jw2+j n 3—dw3+jw4+j>_
d+1
In polar coordinates it has the form

4 2(d—1
(27) r = 1T 1rd cos(20) and 60 =1+ (d—i—l)rdl sin(26).

Therefore
dr 4r? cos(26)
d0 ~ d+1+2(d— 1)r¢Tsin(20)
Then integrating it and since r(6) > 0 for any 6 we get that
(28)
) (—2(d — 1)sin(20) + 1/ (d + 1)23 2 + 4(d — 1) sin*(20) ) 1/(1=4)
r(0) =

with  7(0) = ro.

d+1
Note that
V(d+ 12272 4 4(d — 1)25in%(20) > [2(d — 1) sin(20)|

and thus r(6) given in (28) is positive. Therefore, introducing (28) into (27)
we have that

27 40 2m 2(d — 1) sin(26) >
29 & 1— 6 = 2r,
(29) /o o' /o ( \/(d +1)2r2724 4 4(d — 1)2 sin(26)

To

since the function 2(d—1) Sin(29)/\/(d +1)2r3724 1 4(d — 1)2 sin?(26) is odd
in 6.

4.2. Necessary conditions for an isochronous center. In this subsec-
tion we will see that conditions (b.1), or (b.2) are necessary to have an
isochronous center. For this we will first compute the period constants up
to some order and then show that the zeros of those period constants are
precisely conditions (b.1), or (b.2).

We note that since p1(6) = 1, then from (3) and (8) we have 17 = 2mbs.
Since from the conditions to be a center we have that by = 0 from now on
we will assume that B = 0.

Now we compute T5, using p2(6) computed in the proof of Proposition 3
and equations (3) and (8), we get

Ty = 4(d — 3)|A]* + 16Re(AC) — 4(d + 1)|C)? — (d + 7)|D|?,

up to a non—zero constant. We distinguish two different cases.
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Case 1: A =0. Then T5 becomes
Ty = —(4(d + 1)|C|* + (d + 7)|D[?).

In order that 75 = 0 we must impose C = D = 0. Then A = B =(C =
D = 0, and the system (1) becomes linear. Therefore we do not consider
this case.

Case 2: A # 0. Since from V3 = 0 we have that Im(AC) = 0, we get that
C = pA with € R. We will consider two different subcases.

Subcase 2.1: p = —(5+7)/(3+ 7). Therefore C = —(5+j)A/(3+j) and
we are under the hypothesis (a.1). Then T» becomes

Ty = —(dg—m(GZL\AIQ +9|DP?).
Since A # 0, we get that T5 # 0. Therefore this case does not provide an
isochronous center.
Subcase 2.2: p € R\ {—=(5+7)/(3+j)}. Now C = A and we are under
the conditions either (a.2) or (a.3). We consider two different subcases.
Subcase 2.2.1: j = 0. By the change of variables in (25) we can rewrite
system (1) as

r_ d—7)/2, 5.2 34 7T - _ DA
w' = iw + (ww) 2w w? + pwtnt + Do), D:W.
Since we are in assumptions (a.2) we have that Re(A4*D) = 0. Therefore
- - DA®/? 1 s
di =Re(D) = Re( < > = ‘A|5Re(A D) =0.

In what follows we denote Jg simply by do. Computing T} for k = 2,3,4,5
we get

Ty = 4(d—3)+16p —4(d+ 1)pu® — (d + 7)d3,
T3 = 0,

Ty = 225d%u* + 1425d%u* — 1089dpu* — 2289t + 360d3 13 — 1952d? 143 —
8040dy> + 732813 — 90d> u? — 3570d%p? — 4608d3 > + 19242dp>+
989042 — 360d3 1 + 1952d%p + 4552du — 432644 — 135d3+
2145d% + 12800d3 — 14665d 4 28335,

Ts = —da( —1260p3d* — 3060u2d* — 2340pud* — 540d* — 5678u>d3+
645012d® + 20078ud? + 7950d% — 3231 putd? + 1114p3d%+
436082d? — 36666ud? — 48025d2 4 42390 d — 6583 d—
15622212d — 58830ud + 202120d + 42921 u* — 1835983 —
192000d3 + 69120d31% + 6410442 + 409918y — 340545),

where the period constant 7} has been computed modulo the constants
Ty=0forl=2,...,k—1 and modulo a non—zero constant.
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The period constants T, T, and 75 are polynomials in the variables d, da
and p. We want to study the zeros (d, da, ) of To, Ty and T5 with d > 7 an
odd positive integer. For doing that we consider the resultant of 75 and T}
with respect to pu. This resultant is a polynomial f; in the variables d and
ds. After we consider the resultant of 75 and T with respect to u. This
resultant is a polynomial fs in the variables d and ds. The polynomials f;
and f2 have in common the factors da. We define the polynomials g; and
go as the polynomials f; and fo omitting the common factor ds. Then we
consider the resultant of g; and go with respect to do. This resultant is a
polynomial h in the variable d. It easy to check that the unique positive
odd integer root > 7 of the polynomial h is d = 17. In short the common
zeros (d,dy, ) of Ty, Ty and T5 must have either do = 0, or d = 17.

Assume do = 0. Then 75 = 4(1 — pu)(d — 3+ (d + 1)) and T» divides T}
and T5. So dy = 0 and either p =1 or p = (3 —d)/(d + 1) vanish T», Ty
and T5. The case d2 = 0 and p = 1 corresponds to the condition (b.1) of
Theorem 1. The case dy = 0 and p = (3 —d)/(d + 1) corresponds to the
condition (b.2) of Theorem 1. Hence these two conditions are necessary for
having an isochronous center.

Assume d = 17 and dy # 0. Then

Ty= —8(3d3+9u®—2u—71),
Ty= —128( —11691u* — 8400u> + 36d3u> + 888212+
91444 — 100d3 + 2065).

Doing the resultant of T5 and T} with respect to d; we obtain the polynomial
1048576(m — 1)%(3m 4 1)%(9m + 7)%(1311m + 785)%.

Substituting d = 17 and p for every one of the four roots of the previous
polynomial in 75, Ty and T5 we get three polynomials in the variable ds.
Taking into account that ds # 0, the unique set of the three polynomials
which have a common root is the set corresponding to d = 17 and p = —1/3.
The common roots are dy = +4/3. But computing Ts and evaluating it at
(d, p,d2) = (17,—1/3,+4/3), it is not zero. Consequently there are no more
candidates for isochronous centers. This completes the proof of Theorem
1(b) when j = 0.

Subcase 2.2.2: j = 1. By the change of variables in (25) we can rewrite
system (1) as

DA?

73 .

=02 [y5%% 4+ puw'w® + Dw’), D= -

w' = iw + (ww)

Since we are in the assumptions of condition (a.3) we have that Im(A°D) =
0. Therefore,

. N 1

dy = Im(D) = Wlm(DA”’) =0.
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In what follows we write ds instead of ds. Computing Ty, for k = 2,3,4,5,6
we get
Ty = —dd? —9d? — 5du® — 5u% + 5d + 20u — 15,

T3 = 0,

Ty = 27d3u* + 177d%p* — 247dp* — 397t + 4543 — 221d2 13—
1005du> + 13413 — 9d3u? — 453d°u® — 800d2 2 + 2541dp2+
10812 — 45d3p + 221d%p + 661dp — 5877 — 18d> + 276d%+
1800d? — 1950d + 3852,

T5 = 07

T = —2374168320d2 15 + 4737709440du5 + 71118777605 —
6700703760d% > + 66277756320du> + 107348472d?dy j1° —
466924920dd; pi° — 574273392d 11® + 35034275760p° —
442707480d2 u* + 14809132800d2 i + 88626216560du* +
542685528d%d; it — 4269915188dd, 1t — 2086113260d j* —
153716853880 + 2592000d* 13 — 1961550043 143 —
106241520043 113 + 1051279942042 113 + 106010745600d7 1% —
104962054740dp>® — 3087315d°d i3 — 14482314d*dy i3+
102619440d3d; i — 378249256d%dy i3 — 514482969dd 113+
16954862694d; 11® — 1615332427803 + 2592000d* 11>+
2057529600d7 1> — 44829000d> 142 — 7823939200d 12+
5429876520d 2 + 142752174400d3 1u% — 151547440440dp>—
8139285d°dy i 4 18386676d*d, 12 + 185103072d3d; pi® —
2136073170d%dy 2 4 16421485773ddy 12 — 75958049861 1>+
3310976681202 — 2592000d* 1 + 19615500d3 1 + 2390434200d5 11—
3752713660d% 1 — 4528435680042 11 + 37737977620d 1 —
7016625d°d 1 + 65002014d dy o — 225114120d3dy pu+
205365160d%d; 1 4 2781415637ddy 1 — 37108488186d1 i+
963447672601 — 2592000d* — 4629441600d; + 44829000d°+
17603863200d3 — 2672382720d? — 106303896000d7 +
59129835240d — 1964655d°d; + 32133024d*d; — 264687192d3d; +
1861002066dd; — 14052617733dd; + 30430025010d; —

154338492240,
where the period constant T} has been computed modulo the constants
Ty=0forl=2,...,k—1 and modulo a non—zero constant.

The period constants T, T, and Tg are polynomials in the variables d, d;
and p. We want to study the zeros (d, di, ) of Ta, Ty and Tg with d > 7 an
odd positive integer. For doing that we consider the resultant of 75 and T}
with respect to pu. This resultant is a polynomial f; in the variables d and
di. After we consider the resultant of 75 and T with respect to u. This
resultant is a polynomial f5 in the variables d and d;. The polynomials f;
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and fo have in common the factors d;. We define the polynomials ¢g; and
go as the polynomials f; and fs omitting the common factor d;. Then we
consider the resultant of g; and go with respect to dy. This resultant is a
polynomial h in the variable d. It easy to check that the the polynomial
h has no odd positive integers roots d > 7. In short the common zeros
(d,dy, ) of To, Ty and Tg must have either d; = 0.

Assume d; = 0. Then T5 = 5(1 — p)(d — 3+ (d+ 1)) and 15 divides Ty
and T5. So d; = 0 and either p =1 or p = (3 —d)/(d + 1) vanish T5, Ty
and T5. The case d; = 0 and p = 1 corresponds to the condition (b.1) of
Theorem 1. The case d; = 0 and p = (3 — d)/(d + 1) corresponds to the
condition (b.2) of Theorem 1. Hence these two conditions are necessary for
having an isochronous center. This completes the proof of Theorem 1(b)
when j = 1.
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