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RATIONAL FIRST INTEGRALS IN THE DARBOUX THEORY
OF INTEGRABILITY IN C"

JAUME LLIBRE! AND XIANG ZHANG?

ABSTRACT. In 1976 Jouanolou showed that if the number of invariant algebraic
hypersurfaces of a polynomial vector field in R™ or C™ of degree d is at least

d+n—1

n + n, then the vector field has a rational first integral. His

proof used sophisticated tools of algebraic geometry. We provide an easy and
elementary proof of Jouanolou’s result using linear algebra.

1. INTRODUCTION

Nonlinear ordinary differential equations appear in many branches of applied
mathematics, physics and, in general, in applied sciences. For a differential system
or a vector field defined in R™ or C" the existence of a first integral reduces the
study of its dynamics in one dimension; of course working with real or complex
time, respectively. So a natural question is: Given a vector field on R™ or C™,
how to recognize if this vector field has a first integral? This question has no a
satisfactory answer up to now. Many different methods have been used for studying
the existence of first integrals of vector fields. Some of these methods based on:
Noether symmetries [4], the Darboux theory of integrability [7], the Lie symmetries
[13], the Painlevé analysis [2], the use of Lax pairs [11], the direct method [8] and [9],
the linear compatibility analysis method [14], the Carlemann embedding procedure
[3] and [1], the quasimonomial formalism [2], etc.

In this paper we shall study the existence of rational first integrals of a polynomial
vector field in R™ or C™. The best answer to this question was given by Jouanolou
[10] in 1979 inside the Darboux theory of integrability. This theory of integrability
provides a link between the integrability of polynomial vector fields and the number
of invariant algebraic hypersurfaces that they have.

Darboux [7] showed how can be constructed a first integral of polynomial vector
fields in R? or C? possessing sufficient invariant algebraic curves. In particular he
proved that if a planar polynomial vector field in R? or C? of degree d has at least

2
computed using these invariant algebraic curves. Jouanolou [10] shows that if the
number of invariant algebraic curves of a planar polynomial vector field in R? or
d+1
2
integral, which also can be computed using the invariant algebraic curves.

< d+1 ) + 1 invariant algebraic curves, then it has a first integral, which can be

C? of degree d is at least ( ) + 2, then the vector field has a rational first
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In fact the results of the previous paragraph for polynomial vector fields in R?
or C? extend to polynomial vector fields in R™ or C". Thus it is known (see for
instance [12]) that if a polynomial vector field of degree d in R™ or C™ has at least

d+ Z -1 + 1 invariant algebraic hypersurfaces, then it has a first integral,
which can be computed using these invariant algebraic hypersurfaces. Jouanolou
[10] shows that if the number of invariant algebraic hypersurfaces of a polynomial
vector field in R™ or C™ of degree d is at least d+ Z -1 + n, then the vector
field has a rational first integral, which again can be computed using these invariant
algebraic hypersurfaces.

The proof of Jouanolou uses sophisticated techniques of algebraic geometry. For
polynomial vector fields in R? or C? an elementary proof of Jouanolou’s result was
given in [5, 6]. Up to now an easy proof of Jouanolou’s result in R™ or C™ was not
given. The goal of this paper is to provided such elementary proof. Our proof is
shorter, self-contained and only uses linear algebra.

The paper is organized as follows. In Section 2 we provide the notation and
definitions, and we state the Jouanolou’s result. In Section 3 we work with the
notion of functionally independence and first integrals. Finally in Section 4 we
prove Jouanolou’s result.

2. DEFINITIONS AND STATEMENT OF THE MAIN RESULT

Since any polynomial differential system in R™ can be thought as a polynomial
differential system inside C™ we shall work only in C”. If our initial differential
system is in R", once we get a complex first integral of this system thought inside
C™ taking the square of the modulus of this complex integral we have a real first
integral. Moreover if that complex first integral is rational, the real one defined as
before also is rational. In short in the rest of the paper we work all the time in C™.

As usual Clz] = Clz1,. .., x,] denotes the ring of all complex polynomials in the
variables x1, ..., z,. We consider the polynomial vector field in C™
- 0
(1) X:ZPi(xl,...,xn)axi, (z1,...,2,) €C",

i=1
where P; = Pi(z1,...,2,) € Clz] for i = 1,...,n. The integer d = max{degP;, ...,
degP,} is the degree of the vector field X'. Usually for simplicity the vector field X
will be represented by (P, ..., P,).
Let f = f(z) € Cl[z]. We say that {f = 0} C C" is an invariant algebraic
hypersurface of the vector field X if there exists a polynomial k € C[z] such that
n
of
xf=S P2l =
f Z Ox;
=1
The polynomial & is called the cofactor of f = 0. Note that from this definition the
degree of k is at most d — 1, and also that if an orbit x(¢) of the vector field X’ has
a point on {f = 0}, then the whole orbit is contained in {f = 0}. This justifies the

name of invariant algebraic hypersurface, it is invariant by the flow of the vector
field X.

kf.
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Let D be an open subset of C™ having full Lebesgue measure in C". A non-—
constant holomorphic function H : D — C is a first integral of the polynomial
vector field X on D if it is constant on all orbits z(¢) of X contained in D; i.e.
H(xz(t)) = constant for all values of ¢ for which the solution z(t) is defined and
contained in D. Clearly H is a first integral of X on D if and only if YH = 0 on
D. Of course a rational first integral is a first integral given by a rational function.

The Jouanolou’s result mentioned in the introduction can be stated as follows.

Theorem 1. Let X be a polynomial vector field defined in C™ of degree d > 0.

Then X admits d+ Z -1 + n drreducible invariant algebraic hypersurfaces if

and only if X has a rational first integral.

Under the assumptions of Theorem 1 all the orbits of the vector field X are
contained in invariant algebraic hypersurfaces.

3. PRELIMINARY RESULT

Assume that H;(z) for j =1,..., m are holomorphic first integrals of system (1)
defined in a full Lebesgue measurable subset Dy of C". For each x € Dy let r(x)
be the rank of the m vectors VHy(z),..., VHy, () in C", where VHy(z) denotes
the gradient of the function Hy(x) with respect to .

We say that Hy,..., H,, are functionally independent in D if r(x) = m for all
x € Dy except possibly a subset of Lebesgue measure zero.

We say that Hi,...,H,, are k—functionally independent in D; if there exist
k of these Hy,...,H,, which are functionally independent in D, and any k + 1
elements of {Hy, ..., H,,} are not functionally independent in any positive Lebesgue
measurable subset of D;.

It is easy to check that if m first integrals Hi,..., H,, of a polynomial vector
field in C™ are k—functionally independent then k < n — 1.

Theorem 2. For k < m we assume that Hy, ..., H,, are k—functionally indepen-
dent first integrals of the polynomial vector field X given by (1). Without loss of
generality we can assume that Hy, ..., Hy are functionally independent.

(a) For each s € {k+1,...,m} there exist holomorphic functions Cs1(x), ...,
Csr () defined on a full Lebesque measurable subset of C™ such that

(2) VH,(z) = Co1(2)VH(z) + ... + Cap()V Hi(2).

(b) For everys € {k+1,...,m} and j € {1,...,k} the function Cs;(z) (if not
a constant) is a first integral of system (1).

Proof. Let D; be the full Lebesgue measurable subset of C™ where the first integrals
H,,..., H,, are k—functionally independent.

From the assumptions there exists a full measurable subset Dy C D; such that
for each © € Dy, VHy(z),...,VH(z) are linearly independent in C", and such
that for each © € Dy, s € {k+1,...,m}, the vector VH,(z) is linearly dependent
on VHy(z),...,VHi(x) in C™. So there exist functions Cs1(z), ..., Csk(x) such
that the equality (2) holds for every x € Ds. These functions Cs1(z), ..., Csr(x)
defined on D, can be expressed in function of the VH;’s for j = 1,...,k, s using
the Cramer’s rule. So they are holomorphic in Dy because the functions Hy, ..., Hy
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and Hg are holomorphic and the gradient vectors of the functions Hy, ..., H has
rank k. This proves statement (a).

The points z which appear in the following expressions are points of Dy. For
any 4,7 € {1,...,n} from (2) we have

OH,

0H, 0H,
Bmi o 081 (33)

0Hj,

8(Ei

Derivating these two equations with respect to x; and x; respectively, and subtract-
ing the two resulting equations we get

0Cs1 0H1  0C4 0H, OCs, OHy — 0Cs, OHy,

(3) 3% 8xj B ij ail'z T 8x2 8xj aZL'j 8%1 o

Since k < n — 1. We consider two cases. First we assume that k = n — 1. From
(3) we get

3 0Cyy 0Hy  9Cy 0Hy | 0Cy 0Hy  OCw OHY
— 6951- (9.1‘]‘ 8.%‘]‘ Oxi (9.1‘z 8xj a(I}j 8371
1<i<j<n

S (Cay b 0 0y OHiy)
6xk1 6xk2 8xkn_2 ’

O‘(k‘l,k2...,kn_2)

where o is a permutation of {1,...,n}\ {i,7} and the second summation is taken
over all these possible permutations; 7 evaluated on a permutation of {1,...,n} is
the minimum number of transpositions for passing the permutation to the identity.
In fact this last equation can be written as

0Cs1 0C1 0C s
0z, Oza o oz,
0H; 0H; OH;
(4) 81‘1 8%‘2 o 8-Tn = 0
OH, 1 OH, OH,_,
0xy Ox9 T Oz

This equality follows from the following two facts

dz; Ox; - dz; Ox; Oz, Oxg,

1<i<j<n (k1 ko kn_2)
8051 8051 acsl
0xy Oxy T Oz
O0H, 0H, OH,
= 0z, Oza o 0z, )
3H;z—1 3H;L—1 . 6H.n—1
0z, Oza o 0z,

Z (acsl aI—Il acsl aHl) Z (_1)T(ijk71k72...,k}n—2) aHQ aH?: ) aanl

n—2
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and for Il =2,...,k

(_l)T(ijklkz...,kn,z)

0Hy OHj3 0H,_1

<8CSl OH;, 0Cy 8Hl)
1<i<j<n \ OT; Oz; Oxj Oz (k1 k2. kn_2)

8C’sl 8051 8Csl
0xy Ox9 T Oz
0z, Oza o 0z,
= =0.
0H, 0H, 0H,
0xy Oxy T Oz
OH, .\ OH,_, OH,
0xy 0x9 T Oz

From (4) we have that for each x € Dy the vector VCy (z) belongs to the n — 1
dimensional vectorial space generated by {VHi(z),...,VH,_1(z)}, denoted by
Pr—1(x). By the definition of first integral we have that for all z € Dy

OH,(x) OH;(z)

a7%Pl(:z:)+...+WPn(1’):0, forj=1,...,n—1

So for each z € Dy the vector X (z) = (Pi(x),..., P,(z)) is orthogonal to the n — 1
dimensional vectorial space P, _1(z). Hence we have

8031(1‘) 8051(.%‘) o
o, P(z)+...4+ oz, P,(z) =0, for all x € Ds.

This proves that the function Cy; (if not a constant) is a first integral of the vector
field X defined on Ds.

Similar arguments can verify that the functions Cy; (if not constants), j =
2,...,k, are also first integrals of X. Hence statement (b) is proved if k =n — 1.

Now we suppose that k < n—1. Working in a similar way to the proof of the case

k = n—1 and taking into account that the functions Hy, ..., H,, are k—functionally
independent in Ds, for any i1,...,ix4+1 such that 1 <i; <49 < ... <igy1 < mand
for each x € Dy we have that

0Cs1  0C4 0C1

Oxi,  Omiy 0wy,

8H1 8H1 aHl
(5) 6xil 6$i2 o 8$ik+1 =0.

8Hk aHk aHk

Oxi,  Omi, 1 Owy,

This implies for all z € Dy that Vs (z) belongs to the k-dimensional vectorial
space generated by {VHi(z),..., VHg(x)}, denoted by Py (z).

On the other hand since the functions H;(x) for j = 1,...,k are first integrals
of the vector field X, for each « € Dy the vector X' (z) is orthogonal to the vectorial
space Pi(z), and so X(z) is orthogonal to VCjsi(x). This means that Cg(x) is a

8xk1 8% o 8£Ck
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first integral of the vector field X’ defined on D,. Similar arguments show that Cl;
for j = 2,...,k are also first integrals of system (1). This completes the proof of
statement (b). O

4. PROOF OF THEOREM 1

The “if” part of Theorem 1 is obvious. In what follows we shall prove the “only
if” part.

Let {fi(z) =0} fori=1,..., < d+ Z -1 ) + n be invariant algebraic hyper-
surfaces of the polynomial vector field X with the cofactor k;(z). Then degk;(z) <
d—1. We note that each polynomial k;(z) is uniquely determined by its coefficients
and so it is a vector of the vectorial space V formed by all polynomials of C[z] of
degree less than or equal to d — 1. It is easy to check that N = ( d+ Z -1 ) is

the dimension of the vectorial space )V over the field C.

Let p be the dimension of the vectorial subspace of V generated by {k1(z),...,
kn4n(z)}. Then we have p < N. Now in order to simplify the proof and the nota-
tion we shall assume that p = N and that ki (x), ..., kx(z) are linearly independent
in V. If p < N the proof would follows exactly equal using the same arguments.

For each s € {1,...,n} there exists a vector (041, ...,0sn,1) € CN*! such that
(6) osiki1(x) + ...+ osnkn(z) + knys(z) = 0.

From the definition of the invariant algebraic hypersurface {f; = 0} we get that
k; = Xfi/fi. Now equation (6) can be written as X (log (f7*!... " fnts)) =
0. This means that the functions Hs = log (f{*! ... f'V fnvgs) for s = 1,...,n
are holomorphic first integrals of the vector field X', defined on a convenient full
Lebesgue measurable subset D3 of C™.

We claim that the n first integrals H;’s are functionally dependent on any positive
Lebesgue measurable subset of D3. Otherwise there exists a positive Lebesgue
measurable subset Dy of D3 where they are functionally independent, then from
the definition of first integral we have

0H;(z) O0H;(x)

s Pi(z)+...+ an(x) =0, fori=1,...,n and for all z € Dy,

and from the functionally independence this last homogeneous linear system of
dimension n only has the trivial solution P;(z) = 0 for i = 1,...,n on Dy, and
consequently the vector field X = 0 in C”, in contradiction with the fact that X’
has degree d > 0. So the claim is proved.

We define
r(z) = rank{VH;(x),...,VH,(z)} and m =max{r(xz): z € Ds}.
Then there exists an open subset O of Ds such that m = r(z) for each z € O and
m < n. Without loss of generality we can assume that {VH;(z),..., VH,,(z)} has

the rank m for all € O. Therefore, by Theorem 2(a) for each x € O there exist
Cii1(x), ..., Cgm(x) such that

(7) VH(z) = Cri(x)VH(2) + ... + Com(x)VHp(z), k=m+1,...,n.

By Theorem 2(b) it follows that the function Cy;(x) (if not a constant) for j €
{m+1,...,n} is a first integral of the vector field X" defined on O.
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From the construction of H;’s we know that each VH; is a vector of rational
functions. Since the vectors {VHy(z),...,VH,(z)} are linearly independent for
each z € O, solving system (7) we get a unique solution (Cki(x),...,Cgm(x)) on
O for every k = m +1,...,n. Clearly each function Cy;(z) for j € {1,...,m} is
rational and by Theorem 2(b) it satisfies

0C; 0C;

o P+...+ Bo.
Since O is an open subset of C™ and Cj;(z) is rational, it should satisfy the last
equation in C™ except possibly a subset of Lebesgue measure zero where Cy; is not
defined. Hence if some of the functions Cy;(z)’s is not a constant, it is a rational
first integral of the vector field X.

Now we shall prove that some function Cy; is not a constant. Equation (7)
implies that if all functions Cg1, . .., Ckm are constants, then Hy(x) = Cx1 Hy () +

P,=0 onO.

oo+ CemHp () + log Cy,, where Cj, is a constant. So we have f7* ... f[i* fyyn =
Cr (T f ) (0 fmY fygm) 5 for k€ {m+1,...,n}. This
is in contradiction with the fact that the polynomials fi,..., fy4+m are irreducible

and pairwise different. Hence we must have a non—constant function Cy,;,(x) for
some jo € {1,...,m} and some kg € {m + 1,...,n}. This completes the proof of
Theorem 1.
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