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THE BIANCHI VIII MODEL IS NEITHER GLOBAL ANALYTIC,
NOR DARBOUX INTEGRABLE

JAUME LLIBRE! AND CLAUDIA VALLS?

ABSTRACT. We consider the Bianchi VIII model. This model has been studied
during these last years but very few is known up to now on its integrability. We
show that the Bianchi VIII system has neither a global analytic first integral nor
a Darboux first integral which is not a function of its Hamiltonian.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

When cosmological models are modelized by differential systems through a set
of ordinary differential equations they can be studied using the rich theory of finite
dynamical systems. But the differential systems coming from cosmological models
present many special features which distinguish them from the typical differential
system.

The Bianchi relativistic homogeneous cosmological models are presented in four
dimensional manifolds, three for the space and one for the time. Here we continue
the study of the integrability or non-integrability of the Bianchi VIII models which
can be formulated as a Hamiltonian system with three degrees of freedom with
Hamiltonian

H = H(Py, P2, P5,Q1,Q2,Q3) = —P{Q35 — Q1(1 + P§) — 2Q1 P1(Q2P2 — Q3P3)

+ Q2Q3(2PP3 — 1) — i@%(l + 4P3),

see for more details Maciejewski, Strelcyn and Szydlowski [5]. In this paper the au-
thors proved that the Bianchi VIII model as a Hamiltonian system is not completely
integrable with meromorphic first integrals, for a precise statement of their results
see Theorem 2 of [5].

Doing convenient non-canonical changes of variables (see for more details [5]) the
Hamiltonian system of the Bianchi VIII model can be written as

. 1
U1 = Q(ym + y221),

. 1

Yo = 5(3/121 + y222),
(1) U3 = Y323,

z1 = —4y1(2y2 + y3),

Zo = 2y3(2y2 + y3),
i3 =4yt — u3,
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in RS. It has the first integral

A 1

H = —4y? — y3(4yo + y3) + 2223 + z(zg — 2.
For convenience we do the linear change of variables

T1=y1—Y2, T2=y1tY2, T3=Ys,
and hence
y1=(z1+22)/2, y2= (22— 11)/2, y3=uz3.
Then in these new variables system (1) becomes

1
T, = 5(22 — z1)x1,
. 1
To = 5(22 + 21)x2,
(2) .fg = I3z3,

= 2(x1 + l’g)(xl — X9 — 1‘3),
Z9 = 2%3(—$1 + 20 + .7}3),
z3 = (xl + :L'2)2 — x%,

in RS. It has the first integral
1
(3) H = —(z1 +x2)% — 23(2(x0 — 1) + x3) + 2023 + Z(zg — 2.

The change of variables has been done in order that the hyperplanes z; = 0 for
i = 1,2,3 become invariant by the flow of the system.

Assume that U is an open and dense subset of RS, H : U — R is a nonconstant
function at less of class C', and X is the polynomial vector field in R® associated to
system (2). Then H is a first integral of X in U if H is constant on the solutions of
X contained in U; i.e. if YH = 0 in U. Additionally, when H is an analyic function
we say that H is an analytic first integral. For instance if H is a polynomial, then
H is an analytic first integral. These last first integrals are called polynomial first
integrals. If H is a formal power series satisfying XY H = 0, then H is called a formal
first integral. If now we choose U as a neighborhood of a singular point p of X and
H : U — R is an analytic first integral in U, then H is called a local analytic first
integral of X at p.

The following well-known proposition (easy to prove) reduces the study of the ex-
istence of formal and analytic first integrals of the homogeneous polynomial differen-
tial system (2) of degree 2 to the study of the existence of homogeneous polynomial
first integrals.

Proposition 1. Let F be either a formal series, or an analytic function, or a
polynomial function in the variables x1,x2,x3,21,22 and z3 and let F' = Y, F; be
its decomposition into homogeneous polynomials of degree i. Then F is a formal,
analytic or polynomial first integral of system (2) if and only if each F; is a first
integral of system (2) for all i.

Our main result about formal, analytic and polynomial first integrals of the ho-
mogeneous polynomial differential system (2) is the following.
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Theorem 2. The unique homogeneous polynomial first integrals of the Bianchi VIII
system (2) are H™ for some positive integer number m where H is given by (3).

Another different class of functions from the analytic ones but with intersection
with them is the class of the Darboux functions. The study of the Darboux first
integrals is a classical problem of the integrability theory of the polynomial differ-
ential equations which goes back to Darboux [2]. Inside the class of Darboux first
integrals there are the subclasses of the polynomial and rational first integrals, see
for more details [3]. Since the Bianchi VIII system (2) is a polynomial differential
system its Darboux first integrals can be studied.

Now we shall recall the main ingredients of the Darboux theory of integrability.
A Darbouz polynomial of system (2) is a polynomial f € Clxy,z2,x3, 21, 22, 23]\C
such that
(4)

1 af 1 af of af

5(2:2 — Zl)m@ixl + §(z2 + zl)asga—l"2 + xgz;),a—mg +2(x1 + x2) (21 — 29 — $3)871+
0 )
223(—1 + 22 + x3)352 + ((z1 + 22)* — x%)az‘i = Kf,

where K is a polynomial of degree at most 1, called the cofactor of f. Note that
f = 01is an invariant algebraic hypersurface for the flow of system (2). Again it is
easy to prove the next result.

Proposition 3. Let f be a polynomial function in the variables x1,x9,x3, 21, 22 and
z3 and let f =), fi be its decomposition into homogeneous polynomials of degree i.
Then f is a Darbouz polynomial of system (2) if and only if each f; is a Darbouz
polynomial of system (2) for all i with a homogeneous polynomial of degree one as
cofactor.

From Proposition 3 we can restrict our attention to homogeneous Darboux poly-
nomials f = f(x1, ze, x3, 21, 22, 23) having cofactor

(5) K = a1x1 + aswo + asxs + agz1 + aszo + agzs.

We note that for real polynomial differential systems, as system (2), when we
look for their Darboux polynomials we are also looking for their complex Darboux
polynomials and not only for their real ones. This is due to the fact that their
complex Darboux polynomials for real polynomial differential sysetms appear in
pairs (one and its conjugate). The fact that they appear in pairs forces that the
Darboux first integral that we get using the Darboux theory of integrability will be
real. So the complex Darboux polynomials are also necessary for obtaining the real
first integrals. For more details about this see [3].

The Darboux polynomial or equivalently the invariant algebraic hypersurfaces are
important because a sufficient number of them forces the existence of a first integral.
This result is the basis of the Darboux theory of integrability, see [3] and [4]. As
we will see in Section 2 (see Proposition 8) for studying the existence of Darboux
polynomials we can reduce to study the irreducible Darboux polynomials.

Proposition 4. The Bianchi VIII system (2) has no irreducible homogeneous Dar-
boux polynomials different from x1, xo and x3.
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An exponential factor F of the polynomial differential system (2) is a function
F =exp(f/g) ¢ C with f,g € Clz1,x2, 3, 21, 22, 23] satisfying that
1 oF 1 oF OF oF

a0 — B il 49 o — e
2(22 271)931aml + 2(22 + z1)x2 D9 + z323 D +2(x1 + 22) (21 — 22 $3)azl+

oF oF
2x3(—$1 + 22 + xg)% + ((:Ul + x2)2 — x3)a—zg =

for some polynomial L € C[x1, z2,x3, 21, 22, 23] of degree at most one. For the same
reason that we work with the complex Darboux polynomials we also work with the
complex exponential factors.

2 LF,

The existence of exponential factors exp(f/g) is due to the fact that the multi-
plicity of the invariant algebraic surface g = 0 is larger than 1. If g is a non-zero
constant then the existence of exponential factors is due to the multiplicity of the
plane at infinity, for more details see [1] and [4]. In particular if exp(f/g) is an expo-
nential factor, then g is a Darboux polynomial. The exponential factors contributes
as the Darboux polynomials to the Darboux theory of integrability.

A first integral G of system (2) is called Darbouz, if G is of the form
G=f{". . fF" . Fba,
where f1,..., f, are Darboux polynomials and F7,..., Fj are exponential factors of
system (2), and \j,pu, € C, for j=1,...,p, k=1,...,q.
Our main result on Daboux first integrals is the next result.
Theorem 5. The Bianchi VIII system (2) has no Darbouz first integrals except the

ones which can be written as H* exp(P(H)/H™)* where H is given by (3), m is
some positive integer number and X and p are complex numbers.

The proof of Theorem 2 is given in Section 3. The proof of Proposition 4 is given
in Section 4, and the proof of Theorem 5 in Section 5. In Section 2 we provide some
preliminary results that will be used through all the paper.

2. PRELIMINARY RESULTS

Lemma 6. Let x and y be one—dimensional variables. Given a polynomial f(z),
there exists a polynomial g(x,y) such that

f@)+ fly) = flx+y)+ f(0) —zyg(z,y).
Proof. Writing f(z+y) = 31" o fi(z+y)* and using the binomial’s formula for every

(x + ), the proof follows easily. O
Lemma 7. Let zy, be one-dimensional variables fork =1,...,n withn > 1. Let f =
f(z1,...,2n) be a polynomial and let f = f(z1,...,2n)|e=c,, where cg is a constant.

Then there exists a polynomial g = g(x1,...,xs) such that f = f + (z; — co)g.

Proof. Do the expansion in Taylor series of the function f(x1,...,z,) in the variable
x; in a neighborhood of z; = ¢. O

S

Proposition 8. Let f be a polynomial and f = Hf;-xj its decomposition into
j=1

irreducible factors in Clxy,...,xy,]. Then, f is a Darboux polynomial if and only if
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all the f; are Darbouz polynomials. Moreover, if K and K; are the cofactors of f

and fj, then K = ZajK

j=1
Theorem 9. Suppose that a polynomial differential system defined in R™ of degree m
admits p invariant algebraic hypersurfaces f; = 0 with cofactors K; fori=1,...,p
and q exponential factors F; = exp(g;j/h;) wzth cofactors L forj=1,...,q. Then,

there exist \j, u; € C not all zero such that Z/\ K+ Zu] j = 0 if and only if
i=1 7=1
the following real (multi—valued) function of Darboux type

A A
I P S o L
substituting f{\i by | fi|M if i € R, is a first integral.

Proposition 10. System (2) has exactly three irreducible Darboux polynomials of
degree 1, namely x1, ro and x3.

Proof. It follows easily by direct computation from the definition of Darboux poly-
nomial. 0

Let 7: Clx1,x9,x3, 21, 22, 23] — Clx1, 29,23, 21, 22, 23] be the automorphism de-
fined by
T(xi) = =z, 7(2) =2, 1=1,2,3;
and let o: Clzy, z2, 3, 21, 22, 23] — Clz1, 22, 23, 21, 22, 23] be the automorphism de-
fined by

o(x1) = x9, o(xe) = x1, o(x3) = —x3, 0(21) = —21, 0(2) = 2, 1 =2,3.

Proposition 11. If g is an irreducible homogeneous Darbouz polynomial of degree
> 1 for system (2) with cofactor K given by (5), then f = (g-0(g))-7(g-0(g)) is a
homogeneous Darboux polynomial invariant by T and o with a cofactor of the form
daszo + 4dagzs. Moreover x; is not a factor f fori=1,2,3.

Proof. Since system (2) is invariant under 7, 7g is a Darboux polynomial of system
(2) with cofactor 7(K) and og is a Darboux polynomial of system (2) with cofactor
o(K). Therefore, by Proposition 8, the cofactor of g - o(g) is (a1 + a2)(x1 + x2) +
2a523 + 2agz3 and then the cofactor of f is 4aszo 4+ 4agzs. Finally, x; is not a factor
f for ¢ = 1,2,3, otherwise some z; would be a factor of g, and g is irreducible of
degree > 1. O

3. HOMOGENEOUS POLYNOMIAL FIRST INTEGRALS

Let h = h(x1,x2,x3, 21, 22, 23) be a homogeneous polynomial first integral of sys-
tem (2). Without loss of generality we can assume that h is invariant by 7 and o
since otherwise, making f = (h-o(h)) - 7(h-o(h)) we get that f is a homogeneous
polynomial first integral invariant by 7 and o. We first prove some auxiliary results.

Lemma 12. Let u = u(x1, x2, 21, 22, 23) be a homogeneous polynomial satisfying

1 ou 1 ou ou
o 5(22 - Zl)xlaTcl + 2(22 + Z1)$28 +2(21 + 22) (21 — 1152)87,21

ou
+ (x1 + x2)2—823 = —(a(22 —z1)+ bz;:,)u,
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with (a,b) € C2\ {(0,0)}. Then u = 0.

Proof. We assume u # 0 and we will reach to a contradiction. We consider two
different cases.

Case 1: u is not divisible by x1. Then we have that if we denote by ug the restriction
of u to 1 = 0, that is, up = u(0, z2, 21, 22, 23) then we have that uy # 0. In this
case uq satisfies (6) restricted to 1 = 0, that is,
1 auo 2 8u0 9 auo
7 — _ _— _— =
( ) 2 (Z2 + Zl)x2 81‘2 72 82’1 * 2 823
Hence from (7) we have that up must be divisible by xo. We write ug = x4*h where
m > 1, h # 0 and h is not divisible by z2. From (7) we obtain that h satisfies
1 oh 5 Oh 9 Oh

- I g I
2 (22 + Zl)$2 8332 2 6z1 2 823

Hence h must be divisible by x9, a contradiction. Thus, Case 1 is not possible.

—(a(zz —2z1)+ bzg)uo.

_(a(22 —21) + bz + %(22 + 21))h.

Case 2: u is divisible by z;. In this case we write u = x]*h where m > 1, h # 0 and
h is not divisible by x;. Clearly h satisfies

(8)

1 oh 1 Oh Oh 5 Oh

5(22 — zl)xla—xl + §(z2 + zl)xga—x2 +2(x1 + x2) (21 — xz)a—Zl + (1 + x2) 97
2

= —( a;—m(ZQ — Zl) +b23)h.

We write hg = h(0, x9, 21, 22, 23), that is, hg satisfies (8) restricted to x; = 0, that is
1 ah 2 8h() 2 aho 2a +m

9 = T 9200 4 2000

9) 2(22 + z1)xo 92 x5 9on + x5 . ( 5

Then hg must be divisible by z2. We can write ho = zhh, where [ > 1, h # 0 and h
is not divisible by zs. Clearly, h satisfies

(22 — 21) + ng) ho.

1
(10) 5(22—’—21)1‘267%2_21‘2672’1—1—%2872’3_ 5 (22_21)+b2’3+5(22+21) h.

It follows from (10) that A must be divisible by z2, a contradiction. Thus, Case 2 is
not possible. This concludes the proof of the lemma. O

oh 5 Oh 2871__(2a+m l )—

Lemma 13. Let f = f(x1,22,0, 21, 22, 23) be a homogeneous polynomial first integral

of system (2) restricted to x3 = 0 that is invariant by 7 and o. Then f = f(22, H),
where H = H|y,—o = — (21 + 22)? + 2023 + (23 — 2}).
Proof. We consider system (2) restricted to 3 = 0, that is,

1

T1 = 5(22 —21)71,

. 1
To = 5(2’2 + z1)x2,

= 2(:(}1 + .%‘2)(.%1 — xg),
2.2 = Oa

z3 = (561 + .132)2.
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Let f be a homogeneous polynomial first integral of system (11) and let f1 be the
restriction of f to 1 = 0. Then f; is a first integral of system (11) restricted to
x1 = 0, that is, of system

. 1
o = 5(22 + Zl)$2,

(12) 3 = =223,
29 =0,
23 = .’/U%

Clearly if we denote by Hj the restriction of H to z1 = 0 we get that Hy = —x3 +
2923 + (25 — 22)/4 and is a first integral of system (12). In addition we have that
g = 223+ 21 is also a first integral of system (12). Since zo, H; and g are independent
polynomial first integrals, we have that

fl = f_l(ZZaﬁlag)a

where fi is a polynomial first integral. Therefore in view of Lemmas 7 and 6 (note
that H = Hy — x1(2x2 + 1)) we get

(13) f = fi(ze, Hi,9) + w191 = fi(z2, H, g) + w19
Since f must be invariant by 7 and ¢ and g = 223 + 21, we get that
filze, H, 223 + 21) + 192 = [ = o(f) = fi(z2, H, 223 — 21) + 220(g2),

which is impossible unless f; = fi(z2, H). Hence it follows from (13) that

(14) [ = fi(ze, H) + 2192

Then, imposing that f, zo and H are first integrals of system (11), we get that go
satisfies (6) with @ = 1/2 and b = 0. From Lemma 12 we get that go = 0. The
lemma follows now from (14). O

Lemma 14. Let h be a homogeneous polynomial first integral of system (2) invariant
by 7 and 0. Then h = H™ + x3g for some non-negative integer m and with g =
g(z1, 2,23, 21, 22, 23) a homogeneous polynomial of degree 2m — 1.

Proof. In view of Lemmas 7, 6 and 13 (note that H = H + x3(2(z1 — x2) + 3)) we
can write h as

(15) h:B(227H)+$3g:B(Z%H)_‘_x?)ga

where g = g(z1, 72,3, 21, 22, 23) is a homogeneous polynomial in its variables. We
denote by r the degree of h and we write

[r/2]
h(z, H) = Z hzy 2 HE.
1=0
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Using that h and H are first integrals of system (2), after removing the common
factor x3 we have

[r/2]
- 1 0
2(—x1 + x2 + x3) Z hy(r — 2025 2 HY 4 23 4 = (20 — zl):vl—g
=0 2 833‘1
(16) 1 99 99 o — e 9
+ 2( 2+ 21)12 914 + x323 s +2(21 + 22) (21 — T2 st)azl
+2x3(—21 + 22 + x:),)aazg2 + ((z1 + 29)* — x%)gzgg = 0.

Evaluating (16) on x1 = x5 = 23 = 0, and after removing the common factor x3 we
get

a2 20—1 9, 1, 9 o)} dg dg
17) 2 E hi(r =200 — - — = — 2—= — =
( ) =0 l(r >Z2 ( 3 " 4 <Z2 Zl>) s ( 822 82’3) r1=x2=23=0

Evaluating (17) on 23 = 0 we get

(18) S il -2 (33 - ) =0

If r is odd, then computing the different powers of 27 in (18) we get that h; = 0 for
[=0,...,[r/2] and then h = 0. If 7 is even then computing the different powers of
22 in (18) we get that oy =0 for [ =0,...,7/2—1 and then h = BT/QHT/Z. Without
loss of generality we can assume that h,. s2 = 1. This completes the proof of the
lemma. O

Proof of Theorem 2. Let h be a homogeneous polynomial first integral of system
(2). It follows from Lemma 14 that

h=H"+x3g9, with g¢g=g(x1,x2,x3,21,22,23)

a homogeneous polynomial of degree 2m — 1. Then since h and H are first integrals
of system (2) we have that g satisfies

(19)
1 0 0 0 0
5(2’2 — Zl)$1873391 + 5(2’2 + Zl)xgaia'i + $3Z387$g3 + 2(331 + .732)(.731 — X2 — $3)8751
0 0
+ 2x3(—x1 + 22 + xg)a—i + ((z1 + 22)* — x%)a—zgg = —23¢.

We claim that g = 0. We note that if we prove the claim the theorem is proved. In
short we are left with the proof that ¢ = 0. We proceed by contradiction. Assume
that g # 0. We consider two different cases.

Case 1: gis not divisible by 3. Then we have that if we denote by gy = g(z1, 22,0, 21,
29, 23) the restriction of g to 3 = 0, then gy # 0 and it satisfies (6) with a = 0
and b = 1. Then using Lemma 12 with u replaced by gy we get that gg = 0 a
contradiction. Hence this case is not possible.
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Case 2: g is divisible by x3. We write g = mgh where j > 1, h # 0 and h is not
divisible by x3. Furthermore h satisfies

(20)
1( _ ) @_,_1( + ) %_,_ @_}_2( + )( _ _ )@
5 29 — 21)T1 o0, T3 29 + 21 xga@ azgzgamg 1+ x9)(x1 — 29 — 23 9o
oh oh
+ 2x3(—21 + 29 + 23)=— + (21 + 22)? — 23) =— = —(1 + ) 23h.
0z9 0z3

Then if we denote by hg = h(z1, 2,0, 21, 22, 23) we get that hg # 0 and satisfies (20)
restricted to x3 = 0. That is ho satisfies (6) with @ = 0 and b = 1 4 j. Therefore
using Lemma 12 with u replaced by hg we get that hg = 0 a contradiction. Hence
this case is not possible. This completes the proof of the theorem. O

4. HOMOGENEOUS DARBOUX POLYNOMIALS WITH NON—ZERO COFACTOR

The objective of this section is to study the homogeneous Darboux polynomials
of system (2) with non—zero cofactor.

Proposition 15. System (2) has no homogeneous Darboux polynomials invariant
by T and o with cofactor K = aszs + agzs with (as,ag) € C2\ {(0,0)} that are
coprime with x1, xo and x3.

Proof. Let f be a homogeneous Darboux polynomial invariant by 7 and o with
cofactor K = aszo + agzs, (as,as) € C2\ {(0,0)} that is coprime with 21, x5 and
x3. By Proposition 10, the degree n of f satisfies that n > 1, and z; is not a factor
f for i = 1,2,3. Now the proof of the proposition will be completed if we reach a
contradiction. We consider different cases.

Case 1: Either ag # 0, or ag = 0 and a5 # j/2 for some j € N. In this case we write
fo = fo(x1, 29,21, 29, 23) = f(x1,22,0, 21, 22, 23). Since x3 is not a factor of f, then
fo # 0. We divide the proof in two different cases.

Case 1.1: fp is not divisible by z;. In this case we write foo = fo(0,x2, 21, 22, 23).
Then the polynomial fyg is a Darboux polynomial of system (2) restricted to z1 =
x3 = 0, and thus it satisfies the equation

1 9fo,0 O0foo = 20fo0
(21) 5(22 + 21) T2 i 021 + x5 D23
Hence fy is divisible by 2. We write fy o = 25'g where 1 < m < n, deg(g) = n—m,
g # 0 and g is not divisible by x2. We have that m < n; otherwise, foo = bxy with
b e C\ {0}, and from (21) we get a contradiction. From (21) and Proposition 8,
we obtain that ¢ is a Darboux polynomial of system (2) restricted to x; = z3 = 0
satisfying
1 dg 5 0g dg
5(22 + zl)xga—m - an—Zl 92
Therefore, since m < n and either ag # 0, or ag = 0 and a5 # j/2 for some j € N,
then ¢ is divisible by z9, a contradiction. Thus, Case 1.1 is not possible.

— 273 = (asz2 + a623) fo,0-

m
+ :c% = (a522 + agz3 — 5(22 + 21))9.

Case 1.2: fy is divisible by z1. In this case we write fy = z]"¢g where 1 < m < n,
deg(g) =n—m, g # 0 and g is not divisible by z1. We have that m < n; otherwise,
fo=0bzx]" with b € C\ {0} and from (4) with z3 = 0 we obtain

m
E(Zz — 21)bx" = (asz2 + agz3)bxy",
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a contradiction with the hypotheses of Case 1.

Since m < n, and fy and z; are Darboux polynomials of system (2) restricted to
xs = 0, from Proposition 8, g is also a Darboux polynomial of system (2) restricted
to 3 = 0 satisfying

1 dg 1 dg dg 5 Og

2 — Y9 42 29 19 — ) 2L 79

2(22 21)$18x1 + 2(Z2 + z1)x2 Dis +2(z1 + z2) (21 332)821 + (21 + x2) 023
m

= (G5ZQ + agz3 — 5(2’2 — 21)>g.

We write go = ¢(0, z2, 21, 22, 23). Since g is not divisible by z; we have that gy # 0.
Clearly go is a Darboux polynomial of system (2) restricted to 1 = x3 = 0, and go
satisfies

1 990, 2090 . 2090
22) - G900 9p2290 4 (2290
(22) 2 (22 + 21)22 Oxo 2 021 T 0z3 (
Hence, gg is divisible by x5 and we can write gg = ﬂ:lzh, where 1 <l <n—m, h#0
and h is not divisible by x2. We have that [ < n — m; otherwise, go = bxy ™" with
b e C\ {0}, and using (22) we get a contradiction with the assumptions of Case 1.
Again from (22) we have that

m
aszo + agz3 — 5(2’2 — z1)>go.

l(z + 2z )[E % —2%2@4-%2%

m l
= (a522 + agzy — 5(22 — 2’1) — 5(22 + Zl))h.

Note that since either ag # 0, or ag = 0 and a5 # j/2 for some j € N, we get
from (23) that A must be divisible by z3, a contradiction. Thus, Case 1.2 is not
possible.

Case 2: ag = 0 and a5 = j/2 for some j € N\ {0}. In this case we write fp =
fo(x1, x3, 21, 29, 23) = f(x1,0, 23, 21, 22, 23). Since z is not a factor of f, then fy # 0.
We divide the proof in two different cases.

Case 2.1: fp is not divisible by z;. In this case we write foo = fo(0,x3, 21, 22, 23).
Then the polynomial fyg is a Darboux polynomial of system (2) restricted to z1 =
x2 = 0, and thus it satisfies the equation

dfo 9foo  20fo0 _J

0 2
24 2 2 == .
(24) 323 D3 + 223 D22 x3 D23 222f0,0

Hence fy o is divisible by 3. We write fy o = 25'g where 1 < m < n, deg(g) = n—m,

g # 0 and g is not divisible by x3. We have that m < n; otherwise, foo = bz with

b e C\ {0}, and from (24) we get a contradiction. From (24) we obtain that g is a
Darboux polynomial of system (2) restricted to x; = x9 = 0 satisfying
dg 2 g 2 Og J

1‘3238—363 + 231336722 — x?’@izg = (§z2 — m23)g.

Therefore g must be divisible by x3, a contradiction. Thus Case 2.1 is not possible.

Case 2.2: fy is divisible by x7. In this case we write fy = 27"g where 1 < m < n,
deg(g) =n—m, g # 0 and g is not divisible by z1. We have that m < n; otherwise,
fo="bzx" with b € C\ {0} and

m

5(22 — 2z1)bz " = %@bx’ln,
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a contradiction. Since fy = z"¢g with m < n we have that g is also a Darboux
polynomial of system (2) restricted to 2 = 0 from (4) we get

1 dg dg dg dg 2 2,09
OV Y9 29 49 _ I 9 (— _ -
2(2:2 21)3}1 8331 + x323 8.%'3 + 1'1(.%1 .%‘3)821 + 1’3( xr1 + $3)8Z2 + (1'1 xg) 82’3
_(F,_m,

= (2z2 5 (22 21))g.

We write go = ¢(0, 3, 21, 22, 23). Since g is not divisible by x1 we have that gy # 0.
Since g is a Darboux polynomial of system (2) restricted to z1 = zo = 0, and go
satisfies
990 2090 2090 /] m

25 =+ 2x5 = — x5 = (229 — — (29 — )

(25) 3?3238963 + 273 929 373823 (222 5 (22 21))90

Hence, go is divisible by z3 and we can write gy = z5h, where 1 <1 <n—m, h #0
and h is not divisible by z3. We have that | < n —m; otherwise, gy = bz~ ™ with
b e C\ {0}, and we get a contradiction using (25). Again from (25) we have that

oh 9 Oh 5 Oh j m
:1:32387,133+ 2U36722—$38723 == (522—5(22—21) —l23>h.

Therefore h must be divisible by 3, a contradiction. Thus Case 2.2 is not possible.
This completes the proof of the proposition. O

Proof of Proposition 4. By Proposition 10, if ¢ is an irreducible homogeneous Dar-
boux polynomial of degree 1, it must be x1, z2 or x3. Now we assume that g is an
irreducible homogeneous Darboux polynomial of degree n > 1 for system (2) with
non-zero cofactor K of the form (5). Then, from Proposition 11, we can assume
that f = (g-0g)-7(g-0g) is a homogeneous Darboux polynomial invariant by 7 and
o, with degree 4n and non—zero cofactor of the form 4(asz2 + agz3) and such that z;
is not a factor f for ¢ = 1,2,3. From Proposition 15, we get that a5 = ag = 0, oth-
erwise we have a contradiction. Hence f is a homogeneous polynomial first integral
of system (2). By Theorem 2, f = aH?" with n even and a € C\ {0}. Therefore,
from the definition of f and since H and g are irreducible and invariant for ¢ and
7, it follows that ¢ = bH™/2, in contradiction with the fact that the cofactor of g is
not zero. ]

5. DARBOUX FIRST INTEGRALS

The equation defining an exponential factor F' = exp(h/g) with cofactor L is

dh, zdh, dh dh dh, , dh_7
drig ' Cdrag | Cdwsg  damg | Cdmg  Cdmg

where we have simplified the common factor F', and
(27) L =bg+ b1z + baxo + byxg + byz1 + bszo + bgzs.

According to Theorem 2 and Propositions 4 and 8, if system (2) has exponen-
tial factors, they must be of the form exp(h/(z}*z5%x5%)), exp(h/ (2] x5 x5> H™)),
where h is a polynomial in C[x1, z2, 3, 21, 22, 23], and n, ny, n3, ng are non—negative
integers.

We shall need the following auxiliary result.
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Proposition 16. The unique irreducible homogeneous Darboux polynomials with
non—zero cofactor of system (2) restricted to v1 = 0 are xo and x3. Moreover,
the unique irreducible homogeneous Darboux polynomials with non—zero cofactor of
system (2) restricted to xo = 0 are x1 and x3 and the unique irreducible homogeneous
Darbouz polynomials with non—zero cofactor of system (2) restricted to xs = 0 are
z1 and xsy.

Proof. The proof is analogous to the proof of Proposition 15. O

Proposition 17. The unique exponential factors of system (2) are of the form
exp(P(H)/H™), where P is a polynomial in C[H] and m is a non-negative integer.
Moreover such exponential factors have cofactor zero.

Proof. We start showing that if system (2) has an exponential factor of the form
exp(h/H™), with m a non-negative integer, then A is a polynomial in H. Using that
H is a polynomial first integral, applying (26) with h/g = h/H™ we get

dh dh dh dh dh dh
28 3 _— =LH™
(28) d1+$2d2+l‘3d3+Z1d +z2dZ +Z3d23 ,
with L given by (27). Taking 71 = x2 = 23 = 0 in (28), since H|;, —z,—z,—0 # 0, it
holds that by = by = b5 = bg = 0. Restricting (28) to 1 = z9 = 23 = 0, we get

=bswsH'",

- 4 (222
8z2 8Z3 r1=22=23=0

where H = —a2 + (23 — 22) /4. From (29) we obtain that either b3 = 0, or H = must
be divisible by x3. This last case is impossible and then b3 = 0. In a similar way
restricting (28) to 1 = x3 = 0, 20 = —21 we get bo = 0, and restricting (28) to
xo = x3 = 0 and 29 = z; we get by = 0. Thus we have L = 0. Therefore from (28)
h is a polynomial first integral. From Theorem 2, h is a polynomial function of H.

Suppose now that exp(h/(z}'z5*x5* H™)) is an exponential factor of system (2),
where ni,ns, n3, n4 are non—negative integers with at least one of them positive, and
h is coprime with z1, o, 3 and H. Then h satisfies

Oh oh . Oh 1 To T3

I1— +To— + 23— — | —n1 + —no + —ng | h+
dxq dxo dzs T x

Coh L oh . Oh o

Z1d721 + Z2d722 + 23d723 = Lay'xy?xg® H™

where we have simplified by the common factor exp(h/(z]'z5?x5* H™)) and multi-
plied by 2 z5?z5* H™. We consider three different situations.

(30)

Case 1: ny > O. Taking 71 = 0 in (30) and denoting by h the restriction of h to
x1 = 0, we conclude that h satisfies

—(z2+ 2z1)x aﬁ—l—xz—aﬁ—%' (x +ac)—8ﬁ+2x (x —i—x)ah
1) g 72 21)T2 = Xazs 22+ 3) sl@2 +x3)
oh n n _
2 _ 2, — 72
+ (a3 $3)d23 < 5 (20 — 21) + 5 (22 + 21) + n323> h.

Since h is coprime with 1, we have that ko # 0. Therefore, h is a Darboux polynomial
of system (2) restricted to z; = 0. By Proposition 16 we get that h = cz3?x5" for
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some ¢ € C\ {0} where mg and m3 are non-negative integers such that mg+mg # 0.
Then, from (31) we get

m n n
0(72(22 +21) + mgzg):cg”xg”?’ = 0(71(2’2 —21)+ ?2(,22 +21)+ ngzg)xg”xg“

and consequently
m3 =mng, M2 ="n]+ng Mz =nz— N,

which implies n; = 0, a contradiction.

Case 2: ny > 0. Taking 22 = 0 in (30) and denoting by h the restriction of A to
x9 = 0, we conclude that h satisfies

(32) 2 2 1)41 d.Tl 3 3d1ﬁ3 1{41 3 le 3 1 3 dZQ
oh n n -
2 _ 2\ 1 - 2
+ (27 $3)dz3 ( 5 (22 — 21) + > (22 +21) + n323>h.

Since by hypothesis h is coprime with 3, we have that h # 0. Therefore h is a
Darboux polynomial of system (2) restricted to zo = 0. By Proposition 16 we get
that h = cz]"?25" for some ¢ € C\ {0} and my and m3 are non-negative integers
such that mg + mg # 0. Then from (32) we get
m n n
0(72(22 —2)+ m323)$§n21’§n3 = 0(31(22 —21) + g(zz +21) + ngzg)xg”acg”
and we get that
m3 =mn3, Mz="n1+n2 M2 ="n1—"N2
which yields ns = 0 a contradiction.

Case 3: n3 > 0. Taking z3 = 0 in (30) and denoting by h the restriction of & to
x3 = 0, we conclude that h satisfies

1 oh 1 Oh 9 5. Oh oh

Az — b (2 2 4 9 (— hutad

. (22 Z1)x1dx1 + 2(22 + 21) o s (27 mg)dzl + 2x3(—21 +x2)dz2
oh n n —
+ (.%'1 + .T2)2d723 = (21(Z2 — Zl) + ?2(,22 + Zl) + TL3Z3) h.

Since by hypothesis h is coprime with z3, we have that h # 0. Therefore h is a
Darboux polynomial of system (2) restricted to 3 = 0. By Proposition 16 we get
that h = cx]"?x5" for some ¢ € C\ {0} and mgy and m3 are non-negative integers
such that mg + m3 # 0. Then from (33) we get

m m n n
0(72(22 —21)+ —3(,22 —l—zl))xgmxgm = c(%(zg —21)+ —2(22 +21) +n323)£§n2$gn3

2 2
and in a similar way to the previous cases we obtain that ng = 0, a contradiction.
This completes the proof of the proposition. ]

Proof of Theorem 5. From Theorems 9 and 2, and Propositions 4 and 17, if system
(2) has a Darboux first integral G, then

G = 2 a2y HM exp(P(H)/H™), with A, A9, Az, M € C,
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where P is a polynomial in the variable H, and m is a non-negative integer. Since G
and H are first integrals and the cofactors of H and exp(P(H)/H™) are zero, using
Theorem 9, it must hold

A A
?1(2:2 — 21) + ?2(2’2 + Zl) + A3z3 = 0.

This implies A1 = Ay = A3 = 0, and completes the proof of the theorem. O
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