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CAPACITARY FUNCTION SPACES

JOAN CERDA, JOAQUIM MARTfN, AND PILAR SILVESTRE

ABSTRACT. These notes are devoted to the analysis on a capacity space,
with capacities as substitutes of measures in the study of function spaces.
The goal is to extend to the associated function lattices some aspects of
the theory of Banach function spaces, to show how the general theory
can be applied to classical function spaces such as Lorentz spaces, and to
complete the real interpolation theory for these spaces included in [15]
and [14].

1. INTRODUCCTION

The purpose of this paper is to present some basic developments connected
with properties of function spaces defined on capacity spaces, instead of
measure spaces. It is our feeling that these developments, because of their
relations with important aspects of mathematical analysis on one hand and
their simple and basic character on the other, deserve to be widely known.

The emphasis of our exposition is placed upon the study of the essential
functional analytic elements such that a satisfactory theory can be developed
in the context of quasi-Banach spaces. One of the main problems is that
we are forced to work with a non-additive integral, the Choquet integral, so
that the dual spaces are not easily identifiable and some basic properties,
such as the dominated convergence theorem, are not longer available.

In the literature, a capacity on a space €2 is usually supposed to be an
increasing set function C' : ¥ — [0, oo], with ¥ a family of subsets in 2, with
different properties depending on the context, and the Choquet integral is
defined as

/de = /OOOC{f>t}dt

if f > 0 is a measurable function in the sense that {f > ¢t} € ¥ for every
t>0.

In many important examples of capacities the domain ¥ of C is a o-
algebra. This is the case of the variational capacities, and of the Fuglede [18]
and Meyers [21] capacities of nonlinear potential theory. They are countably
subadditive set functions on all subsets of R™ which include the Riesz and
the Bessel capacities. Although they are not Caratheodory metric outer
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measures, they satisfy a Fatou type condition and, by a general theorem due
to G. Choquet (cf. [16, Chapter VI]), every Borel set B C R™ is capacitable,
this meaning that

sup{C(K); K C B, K compact} = C(B) = inf{C(G); G D B, G open}.

Then the class of all Borel sets turns out to be a convenient domain for all of
them. We refer to [2] and [20] for an extended overview of these capacities.

Another well known class of capacities are the Hausdorff contents. If h
is a continuous increasing function on [0, 00) vanishing only at 0, which is
called a measure function in [11], denote u; the corresponding Hausdorff
measure on R", and let I or I represent a general cube in R™ with its sides
parallel to the axes. The use of the corresponding Hausdorff capacity or
Hausdorff content,

En(A)i=  inf {Zh 1A }

is often more convenient than py,, and Ep(A) = 0 if and only if p,(A) = 0.
If h(t) = t* (a > 0), it is customary to write HS° instead of Ej, and this
capacity is called the a-dimensional Hausdorff content. The case h(z) :=
xlog(1l/z) on [0, 1/e] corresponds to the Shannon entropy considered in [17].
New examples appear when studying interpolation properties of function
spaces as in [15]. If E is a quasi-Banach function space on the measure space
(Q,%, 1), then

Cp(A) = |xalle (A€X) (1)

defines a capacity and, as in the case of Hausdorff capacities, there is a
measure 4 such that Cg(A) = 0 if and only if u(A) = 0.

The goal of these notes is to clearly set the basic properties of the capacity
spaces (§2,%,C) and their associated Lebesgue spaces LP(C) and LP4(C),
to show how the general theory can be applied to function spaces such as
classical Lorentz spaces, and to complete the real interpolation theory for
these spaces started in [15] and [14].

Further applications of the use of these capacities will appear in forth-
coming work. In [3] it will be shown how they are a useful tool to extend
the Riesz-Herz estimates concerning the Hardy-Littlewood operator.

The notation A < B means that A < B for some absolute constant
v>1,and A~ Bif A< B < A. We refer to [7] for general facts concerning
function spaces.

2. CAPACITARY FUNCTION SPACES

Let (£2,%) be a measurable space. Sets will always be assumed to be in
the o-algebra ¥ and functions will be real mesurable functions on (2, %).

From now on, by a capacity C' we mean a set function defined on X
satisfying at least the following properties:
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(a) C(0) =0,

(b) 0<C(A) < o0,

(¢) C(A) <C(B)if AC B, and

(d) Quasi-subadditivity: C(AU B) < ¢(C(A) 4+ C(B)), where c > 1is a

constant.
If ¢ = 1, we say that the capacity is subadditive.

If C is a capacity on X, we will say that (£2,%,C) is a capacity space.
It will play the role of a measure space (£2,%, 1) in the theory of Banach
function spaces. We are going to check which of the properties for measure
spaces are still satisfied by capacity spaces.

The distribution function C'y and the nonincreasing rearrangement f7 are
defined as in the case of measures by

Cy(t) = C{If| > 1),
and .
fa(@) = inf{t; C{If| > £} < 2} = /0 Xo.ctl e (@) di,

since {t; C{|f| > t} < x} is the interval [f5(x), o0] .
Many of the basic properties remain true in this capacitary setting. The
following ones are easily proved:
(&) (xa)& = Xp,c(a))-
(b) Ifs:zgzlakXAk, AynNAj=0ifk#jand a; >ay > - >an >

N N
0 =an+1, then sg = ;1 (@ — ak—1)X[0,0(A,U-UAL))-
(c) If ¥ : [0,00) — [0,00) is nondecreasing and right-continuous, then

()G = ¢(fE)- For instance, (|f[P)e = (f&)F (p > 0).
Note that

x T
* < o= x [
(f+9)e@ < fo(5) +9e(5)- 2)
Indeed, let A := f&(z1) 4+ g¢&(22) < oo and 21,29 > 0. Then
2)

C{If + gl > f&(x1) + gt (2)} < cCp(fE(21)) + cCy(g5(22)) < cx1 + caa,
so that

(f +9)c(car +cx2) < (f+9)t(x) < A= fé(w1) + g5 (w2).

In particular, (f + ¢)5(x) < f&(x/2¢) + g5 (x/2¢) as announced.

A property is said to hold quasi-everywhere (C-q.e. for short) if the
exceptional set has zero capacity.

Pointwise convergence f,, — f will mean C({f, 4 f}) = 0. Similarly,
fo T f that f,, = f and C({fn > fo+1}) = 0. Also, we write A, T A or
A, | A when x4, T x4 or xa, 4 xa in the above sense, respectively.

If f > 0, the Choquet integral

/de::/OOOO{f>t}dte[0,oo]
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satisfies [ fdC' = 0if and only if f = 0 C-q.e. and it is positive-homogeneous,

/ade:a/de (o> 0).

Moreover, by Fubini’s theorem,

/ " jete)ds = [ gac. 3)

The relation {f+g >t} C {f > t/2}U{g > t/2} shows that this integral,
defined on nonnegative functions, is quasi-subadditive with constant 2c,

/(f+g)dC’§2c</de+/gdC). (4)

Observe that, if f = g C-g.e. and C is subadditive, then [ fdC = [ gdC
since, if A = {f # g}, then

C{f>t}gc(({f>t}mAc>u({f>t}mA)> < C0{g >t}

This will be also true if C'(A,) — C(A) whenever A, T A. In this case
we say that C has the Fatou property (or that it is a Fatou capacity).

If C' is a Fatou capacity, the countable unions of C'—null sets are also
C'—null. Indeed, C'(A1U---UA,,) < "(C(A1)+--+C(A4,)) =0if C(A;) =0
(k € N), and then C(Up—; Ax) = limy 00 C(A1U---UA,) = 0.

If xa = xp C-q.e., then C(A) = C(B) by the Fatou property, since
fn=x4 — xB C-q.e. and C(A) < C(B). Similarly, C(B) < C(A).

We consider equivalent two functions, f and g, if they are equal C-q.e. In
this case [ |f|dC = [|g|dC, since C{|f| >t} = C{|g| > t} for every t > 0.
Thus, [|f|dC =0 if and only if f =0 C-q.e.

Note that if a Fatou capacity is subadditive, then it is o-subadditive.

The Fatou property can be presented in several equivalent ways:

Theorem 1. The following properties are equivalent:
(a) C is a Fatou capacity.
(b) |f| < liminf, |f,| = f& < liminf,(fn)5-
(¢) [(liminf, |f,])dC <liminf, [ |f,|dC.
@ o< futf = (f)o 1 fE
Proof. (c) follows from (b) and (3), and (a) follows from (c) by taking

fn = XAn‘
Suppose now that C satisfies (a) and that |f| < liminf, |f,|. Let A’ :=
{|f] >t} and At :={|fn| > t}. Then,

A’ Climinf AL = ] () 4,
" m=1n=m
and, by (a),
C(Ah < 1imC< N A;) < lim inf C(A!),

n=m
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so that x[o,c(aty) < liminf, x[0,c(az)) and (b) follows:

(e 9]

fo(@) :/0 X[0,0(at)) (T) dtélirqlinf/o X[o,c(ay)) (#) dt = lim inf(f,)5 ().

Moreover, (d) implies (a) by taking f, = xa, and f = xa.
Finally, suppose now that C satisfies (a) and that 0 < f, 1 f. Then

(fn)t < f& and hence limy, o0 (fn)&(2) < f&(x). Let At = {|fs] >t} and
At :={|f| > t}. From (a) we obtain that C(A") = lim,_, C(AL) and

fo@) = [ xXocuny@di= [ m Xocy(e) dt < lim (55 ()
0 0

Theorem 2. If1 <p < oo and p' = p/(p— 1), then the following versions
of Holder and Minkowski inequalities hold:

/Q|fg\d0< 2C</Q‘f|pdc)1/p</g\g\p/d0)l/p/
([ir+arac)™ <ae[( [ irrac)” +( [ larac)™]

If the Choquet integral is subadditive (cf. Section 4), then the Hdélder and
the Minkowski inequalities are satisfied with constant 1:

[ trglac < ( [ ieac)”( [1grac)” )

(L1 +arac)™ < ( [1apac) ™+ ( [1orac)™ @

Proof. We write |fg| = (|f|?)"/?(|g|"")}/?". Since the inequality a < b%c'~?
holds if and only if a < 8e?~1b + (1 — )€’ for all € > 0, by taking 6 = 1/p,
a=|fgl,b=|fP, c=|g|”" we obtain |fg| < '[P + (1 - O)e’|g|""

Hence, in the subadditive case (in the general case the proof is the same
but the constant 2¢ from (4) has to be included), we have

/ gl dC < 01 / P dC + (1 — 6)e? / 9"’ dc.
Q Q Q

and

Denote A = [, |f|PdC, B = [, |g[P dC and ~(¢) = 0/ * A+ (1 — 6)’ B we
have that [, |fg|dC < (e), and ’y(e) > ~v(eg) with eg = A/B. Hence

/p /p
[ 151 <) = g = ([ 1w ac) ([ 1a ac)

The Minkowski inequality (6) follows from (5) in the usual way. O
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One could wonder if these estimates are always true with constant 1. We
will see in Section 4 that subadditivity holds only if C is concave. It is easily
checked that Holder’s inequality is always true for sets, since

/XAXB dC = C(ANB) < C(A)PC(B)Y/7,
but the following example shows that it is not longer true for functions:

Example 1. Consider the “Lorentz-type” capacity C(A) := O‘Al w(t) dt on
(0,1) with w(t) = tx(,1)(t), and the functions

fx) =272 g(z) =22 (on (0,1)).

/f2d0/92d0< (/fgdc>2.
Just note that [ fgdC = C((0,1)) = 1/2, [ f2dC = [ f(z)*zdx =1
and [ ¢g>dC = fol(l —z)?zdr =1/6.

Then

Hence, there is no hope to obtain the Holder and Minkowski inequalities
with constant 1 in the general case. We do not know whether the subadditiv-
ity of the Choquet integral is a necessary condition to get Holder’s estimate
with constant 1.

3. LEBESGUE CAPACITARY SPACES

From now on, C' will represent a Fatou capacity on (£2,%) and ¢ > 1 its
subadditivity constant.

In this section we study the completeness of the spaces LP7(C) (p,q > 0)
defined by the condition

< e 1/q
| fllzeacoy = (tJ/O ttof|f] > t}q/pdt> < 00

if ¢ < 00. If ¢ = 00, || fll o0y 1= SUpysg tC{| f| > t}/P.
Observe that || f||zr.a(c) = 0 if and only if f = 0 C-q.e. and equivalent
functions (in the sense of C-g.e. identity) have the same || - || 1p.¢(¢)-norm.

Moreover [[Afl|zracy = A fllracey and ||f + gllracy < 2¢(l|fllppaqey +
9l zra(c))-
. . . 1/p
We write LP(C) = LPP(C) if p < oo with ||f|lzrc) = (fQ |f|pdC> .
L*>°(C) is defined as usually by the condition
| flloo :=1nf{M > 0; |f| < M C-g.e.} < 0.

4

As for function spaces, there are several descriptions of these “norms”:

50 1/p
Theorem 3. | flluocy = &l = 177117 = (o 5= =011 > 1y ar) "
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Proof. Let ¢(t) = t*. Then [;°¥(f& =[S (| f)E(t) dt and, if we
denote g = ¢(|f|), an application of Fublnl theorem gives

/ go(t)ydt = / / X[0,0{g>=}) (1) dx dt
0 0 0
- /0 /0 No.Clgsey) (1) dt dz = /O Clg > o} da,

this is, [o~ ¥()et) dt = [~ C{o(1f]) > t} dt.
Also, if z = 1(t), then

| ctn =i = [ clrn> v @rde= [T otwin > o ds
and [0 C{T| > k(o) = [ Cu1S]) > 1} do. :

Theorem 4. ||-|| := [|-[|L»(c) s quasi-subadditive, with constant c, = (2¢)'/P
if 1 <p<ooandc,= cH/P2@-p)/p if 0 < p < 1.

Proof. Suppose 1 < p < co. By (2),
& T T\\P
£+ 9l < [ (52(5) + 06 (50)) do =26l + g2
0 (& C

and the results follow from the estimates for LP(R™").
If p < 1, then, since a? + b < 217P(a + b)? (a,b > 0), we conclude that

116+ gellp < /0 fey)P dy +/0 go)P dy < 277P(I Ml + Ngelp)?s

and || f + gl| < (2¢)/P207PP(| £ + [lgl)- O

Now, recall that if || - || is a quasi-seminorm with constant ¢ > 1 and
(2¢)? = 2 then, by Aoki’s theorem (cf. Section 3.10 of [8]),

17 = int { S 0> 1, ny f}

7j=1

is a 1-norm || - ||* such that

IA15 < Nf1e < 2[[f]%, (7)
and it follows that

St <2 () <2 (s )

In the special case f; = x4, and p =1 we obtain

c( fj Ai)g < zi C(A)e. 9)
=1 =1

We say that {f,} converges to f in capacity if C{|f, — f| > ¢} — 0 as
n — oo, for every € > 0.
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Note that if the sequence {f,} converges in capacity, then it is a Cauchy
sequence in capacity, that is, for every € > 0, C{|f, — f4] > €} — 0 as
p,q — oo. The converse is also true:

Theorem 5. A sequence {f,} is convergent in capacity to a function f if
and only if it is a Cauchy sequence in capacity. In this case, the sequence
has a subsequence which is C-q.e. convergent to f.

Proof. If {f,} is a Cauchy sequence in capacity, then there exists ny € N
so that
C{lfy— fol > 27"} < 27" (pyq > ng > ng_1).

Denote Ay := {|fn, — fronsa| > 1/27} and Fyy := Upsyn Ak Ifj >0 >m,
then |fn, — fn;| < 1/2™7 1 on Q\ F,. So {fy,} is uniformly Cauchy on
Q\ F,, and it is simply convergent to a function f on E :=J;._;(2\ Fy,).
By (8) and the Fatou property,

COQ\E) < lim C(Fn) = lim |xp, e = 1o xy,.,, e

< Jim 1Y e < Jim 2203 el o)

k>m k>m
— ; 1/e o\l/o _
lim 2 (’; C(A)9) 0.

By the Fatou property
C{lfue — fI >n} = C{jlinolo | frs — fn]’ >n} < ]ligloc{‘fnk - fng‘ >} <e

Since {f,} is a Cauchy sequence in capacity which has a subsequence
which is convergent in capacity to f, {f,} converges also to f in capacity. O

The topology and the uniform structure of LP(C') are given by the metric
d(f,g) = ||f — glI*, where [| - [|* is associated to || - || Lr(cy as in (7).

Theorem 6. LP(C) (0 < p < 00) is complete.

Proof. We follow some usual arguments of measure theory combined
with (9):

Let {fn} € LP(C) be a Cauchy sequence. For each k € N, pick ny > ng_1
so that

‘fm_fn||p:/’fm_fn|pdc<;k (TTl,nan)

If A = {|fapes — fre[P > 1/2%}, then C(A) < 2%/3" since

Cc(A 1
( k) S/ ’fnk+1 _fnk’pdc < 37].;;
Ay

2k
Note that

D fnn () = fu (] <00 VEE [ A
k=1

k>N
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because | fn, ., (t) = fn, ()] < 1/2%/? if k > N. Therefore, there exists

F0) = Fur ()37 (s (8) = () =lim fo (6) Vi A= (] [ A
k=1

N=1k>N
and C(A) = 0 since, by (9),

(U w25 ()
k>N k>N
and >, v(2/3)%% < oco. Put f(t) :=0ift € A.
As g = 00, [ fo, (1) = fu(O)P = [f(t) = fu(®)[” C-g.e. and

/|f — falPdC < limkinf/ \frp — fulPdC < e
for n large enough. a

The proof of completeness of LP(C') can be easily adapted to show that
all LP4(C')-spaces are also complete.

Remark 1. The absence of additivity for the Choquet integral makes it
difficult to give a description of the dual of LP(C). See for instance [1,
Section 4], where duality in the case of Hausdorff and Bessel capacities is
studied.

If p' is the conjugate exponent of p € [1,00], Holder’s inequality shows
that every g € LP'(C)* defines a functional ug(f) = [ fgdC which is
homogeneous and bounded on LP(C)T,

ug(f) <2c(/ v dC /fpdC

but in general ug is not additive.

4. SUBADDITIVITY

The Choquet integral is subadditive on sets,

/(XA+XB)dC§/XAdC+/XBdCa

if and only if

C(AUB)+C(ANB) <C(A)+C(B).
Then the Choquet integral is also subadditive on nonnegative simple func-
tions. These facts were proved by Choquet in [16] (see also [15] or [14] for a
direct elementary proof).

In this case C' is said to be strongly subadditive or concave.

Variational capacities and those of Fuglede and Meyers are examples of
concave capacities. Shannon entropy is concave if n = 1, but not if n > 1
(see [17]). In the case of the entropies Cr associated to Banach function
spaces, examples and counterexamples of concave capacities are given in [15].
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Concave capacities give rise to normed LP-spaces, since the Minkowski
inequality holds with constant 1, and a natural question is to determine
when, for a non-concave capacity C, LP(C) is normable, this meaning that
there exists in LP(C) a norm which is equivalent to || - | (-

As for usual Lorentz spaces, one could try to substitute f£ by

t
Fr0 =1 [ s as

but unfortunately this average function is subadditive precisely when LP(C)
(p > 1) are normed spaces:

Theorem 7. f** is subadditive with respect to f if and only if C is concave.

Proof. It is clear that C¢(A) := min(C(A),t) is a Fatou capacity. For a
fixed t > 0, f**(t) is subadditive in f if and only if C} is concave, since

t o0 t 00
/0 f&(s) ds = /O dy /0 NoCtrog () ds = /0 min({C{f > y}.1) dy,

and the theorem follows. O

We do not have a satisfactory sufficient normability condition. Let us see
a restrictive one, which extends a known result for classical Lorentz spaces.

In the rest of the section u represents a measure on (£2,3) such that
w(X) =10, u(2)] C [0, 00], and we will suppose that C' is p-invariant, this
meaning that C(A) = C(B) if u(A) = pu(B).

A capacity C on (€,%) will be said to be quasi-concave with respect
to p if there exists a constant v > 1 such that, whenever p(A4) < u(B), the
following two conditions are satisfied:

e C(A) <~(C(B), and
C(B C(A
5 <<t
that is, for all A, B € 3,

< MEN oa).

C(B) < ymax (1, 1)CA

Example 2. If J : [0,4(R2)] — R is an increasing function such that
J(t)/t is decreasing, then it is readily seen that C(A) := J(u(A)) defines
a p-invariant and quasi-concave capacity with respect to . For instance,
C(A) = px(n(A)) when px is the fundamental function of an r.i. space.
Note that px is a quasi-concave function.

Theorem 8. If the capacity C is p-invariant and quasi-concave with respect
to pu, then

C(A) = Sup { i/\zC(Az) tnc N, i/\z = 1, /\i Z 0, zn:)\z,u,(Az) S M(A)}
i=1 i=1 i=1
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defines a concave capacity and

Cld):= Anwlxr,lfxnez {nh—{go C(A")}

a concave Fatou capacity. Both C and C are equivalent to C'.

Proof. It is clear that C'(4) > 0 and it is readily seen that C' is increasing.
Let us show that

C(A) < C(4) < 27C(4) (10)

Obviously C(A) < C(A). On the other hand, if € > 0 is given, we can find
Yo Aip(Ag) < p(A) with Y7 ;A =1 and A; > 0 such that

||M

- p(Ai)
i) <7 Ajmax (1, C(A) <2vC(A
gj ( T Joa) (A)
and (10) follows. )
To prove that C' is concave, let 0 <8 <1 ande > 0. If A, B € ¥, we can
find > Aip(Ai) < p(A) with > 1 A = 1 and A\; > 0 such that

(1-6 Z)\C

(1-6)C(4) -

w\m

and, similarly,

0C(B) — % <63 N.C(B;)
j=1

with 3770, Nu(By) < p(B) with 3500, N; = 1 and A} > 0.

Then (1— 8)u(A) + 0u(B) > S0, (1= O)Apa(A) + 37, ON;u(B,) and
doic (L= 0N + 377 0N, = 1. We can choose D € X such that wu(D) =
(1 =0)u(A) + 0u(B), and then

(1—0)C(A)+60C(B)—¢e < Z (1 - ONC(A) + i@)\;C(Bj) < (D),

so that B B B
(1-6)C(A)+60C(B) <C(D). (11)
Since C' is p-invariant, the same happens with C and we may define
@(s) := C(A) if s = pu(A), which is a concave function on [0, u(2)], by (11).
We claim that, if x,y >t > 0, then

el +y—1)+ ) < o(x) + oY), (12)
and the concavity of C follows by taking t = u(A N B), = u(A) and
y = u(B), since then o(t) = C(AN B), p(z +y —t) = (p(A) + p(B) —

WANB)) = p(u(AU B)) = C(AU B), and ¢(x) + ¢(y) = C(A) + C(B)
To prove the claim, we may assume that 0 < ¢ < x <y and write
r=01-7t+7(x+y—1t), y=0-7)t+7(x+y—1) (r,7" € (0,1)).
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Since ¢ is concave,
r—t r—t
1——————) )+ ———— —1) <
( pE—— ﬂ)+x+y_%¢m+y ) < p(z)

and

y—t ) y—t
l1-— t _— —t) < .
(1o )0+ o —gele Ty = 1) < oly)

Finally, by addition we obtain (12).

Since C is concave, it is also subadditive.

Let € > 0 and A, B € ¥. There exists {A,} with 4, T A such that
limy, 00 C(A,) < C(A) + €. Since C ~ C then there exists ¢ > 0 such that
for all C(A) < ¢C(A) for every set A; and hence,

= lim C(A,) < lim C(A,) < C(A) +¢

C n—oo n—00

and lim,,_,~, C(A4,) = C(A), since C has the Fatou property. We get the
equivalence of the capacities with the equivalence of C to C.
Moreover there exist increasing sequences {A,} and {B,} such that

lim C(A,) < C(A) +¢/2, limC(B,) < C(B) +¢/2.
Assume that C(A) + C(B) < co. By the concavity of C,

lim |C(A, UB,) +C(A,NB,)| < lim C(A4,)+ C(By)

n—oo n—o0

= lim C(A4,) + lim C(B,) < C(A)+C(B)+e

n—oo -

and then, from the definition of C, since A,UB,, T AUB and A,,NB,, 1 ANB,
we obtain

lim [5(An UB,) + C(A, N By)| > C(AUB) + C(AN B)

n—oo

and the concavity of C follows.

To prove that C' has the Fatou property, if {A,} with A, T A, we need
to prove C(A) < lim,_,o C(A,) if this limit is finite. For each n, there
exist Ay m T Ay so that limy, o 6’(Anm) < C(Ay) + e Since App, T A as
n — oo,

C(A) < lim C(By) = lim C(A,,) < lim C(A,)+e¢ O

n—oo n—o0 n—o0

Remark 2. C has the Fatou property if and only if C = C. Hence, Lr(C) =

LP(C) and LP(C) (1 < p < ) is normable.
Indeed, suppose that C has the Fatou property. If A, T A then
C(A) = lim C(Ay) > C(A)

and there exist A, 1 A such that C(A) = lim,_s C(A,) < C(A) +e.
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Remark 3. Suppose L'(C) = L(C) with equivalent quasi-norms, || - || and
|- |+, and suppose that C is concave. If || - ||« is p-invariant (||xall« = || x5l
when p(A) = u(B)), then C is quasi-concave with respect to fi.

~

Indeed, in this case C(A) := |xall« is a p-invariant capacity, C(A) ~
C(A) and C is concave:

C(AUB) +C(ANB) < C(A) + C(B).

We can suppose 0 < (AN B) < pu(A) < u(B) and define p(u(A)) := C(A).

Let t = wW(ANB), z = u(A) and y = pu(B), so that 0 < t < z < y and
olz+y—1t)+ ¢(t) <o)+ ¢(y). In particular, if m € N and r > 0, then
w(mr) < me(r). Moreover, if a < b, then there exists m > 2 such that
(m—1)a <b < ma and

p(b) _ p(ma) _map(a) . m _pla)
b — b T b a T m-—1 a
But z < y and there is some m € N such that

ply) - m p(2)
y ~ m-—1 «x

)

which means that C is quasi-concave respect to the measure y, with constant
~v = 2. Since C ~ C, C'is also quasi-concave with respect to pu. a

5. INTERPOLATION

If A = (Ag, Ay) is a couple of quasi-Banach spaces, 0 < ¢ < 1 and
0 < g < oo, the interpolation space Ag, is the quasi-Banach space of all
f € Ay + Ap such that

& — . dt\1/
flloa = ([0 KA 5) " <o

where K (t, f, A) is the K-functional,

Kt 3 A) 1= int {||folla, +t11lla: £ = fo+ fi}

We refer to [8] and [10] for general facts concerning interpolation theory.
Here we are wishing to extend the results on real interpolation of ca-
pacitary LP(C)-spaces included in [15] and [14], where the capacities were
supposed to be concave and p > 1, since only Banach couples were allowed.
The capacities will be still supposed to be Fatou but the Choquet integral
will not be necessarily subadditive anymore, and 0 < p < 1 is also allowed.
For the sake of completeness we include the details of the proof of the es-
timates of K (¢, f) = K(t, f; LP(C), L*°(C)) similar to those of [15] and [14].
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Theorem 9. Ifp > 0, then

1/p

K(t, f; I7(C), L*(C)) ~ ( / S min(C{f > y},tpmy)

tP 1/p
~ (0 f(*;(y)pdy> .

Proof. Let 0 < f € LP(C) + L*(C). For t > 0 given, let
y*i=inf{y > 0: C{f >y} <t} = fE(#),

and consider

*

o0 Yy
go(z) = / X @dy, i) = /O Xtpomy @)y
y*

Then f = go + g1 and {go >y} = {f >y +y"}. So

*

Yy 00
lgoll5ney = /O y”‘lC{f>y+y*}dy+/ YO >y + Yy
y*
y*
< [Cwetsas [ o s vy
0 y*

< P+ / PO > y)dy.
y*
Hence,

Kt f) < llgollrcy +tlglle(c)

00 1/p
< (tp(y*)p+/ ylo{f > y}dy> + ty*
y*

< yP~ 1C{f>y}dy> + (tp/ yp—1dy>
0
v 1/p
< ( Y- 1C{f>y}dertp/O ypldy)

1/p
< Yy~ min(C{f > y}, tp)dy) .

For the reverse estimate we use that there exists €2¢(t) C €2 such that
K(t, f) = | fxa,mllee )+t xave,@ e ) = follec) + t fill e )

with fo = fXQf(t fi:= fXQ\Qf (ty (just consider f = fo + f1 such that

[follzeey + tlfillLee(c) < 2K(, f) and take Q¢(t) = {[fo| > [f1[})-
If f= XA7 then

K(t,xa) ~inf{C(Ap)+tC(A1); A= AgUA;, AgNA; =0} ~min(C(A),t).
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Since fo, f1 are disjointly supported, X{f>y} = X{fo>y} T X{f1>y}> and

min(C{f > y},t) = K(t, X{r>y)) S C{fo >y} + tixgnsp e

o) _ 1
and || f1| ey = PP (Jo~ v" I sot oo (o)) /. S0

0 1 1/10 0 1 1/10
( /0 Yy C{fo > y}dy> + (tp /0 yr HX{f1>y}\Loo(C)dy>

00 l/p
- ( /0 PO o >y} + tp||><{f1>y}||m0)>dy)

12

K(t, f)

1/p

v

(/Ooo y?~ min(C{f >y}, tp)dy>

1/
To prove that also K (t, f) ~ ( Otp f(*j(y)l?dy) p, let

folz) = { f@) = [0 Feh, if 1f ()] > f50)
0

, otherwise,

fi:=f—foand E = {z : fo(x) # 0} = {x : [f(x)| > f&#")}. Then
C(E) <t and since f£ is constant on [C(E), 7],

K(t, f)

IN

I follzr(c) + tll f1llLoo (o)

- < /E(If(w)l - fé(tp))pd0> )

1/p " 1/p
+ ( fé(tp)pds>
0

1/p

C(E)
/0 (fa(s) - fé(tp))”ds>

tP

P 1/p
/0 (J(s) — f2(7))Pds + fé(tp)pds}

0

< (| ") - oy ", ( Otp fo (s )
{
(

tP 1/p
| fetsras)
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Conversely, consider f = g+ h with g € LP(C) and h € L*°(C). Then

; fo(s)Pds = /0 (\f|p(3))*cd3§/0 (lgl” + [R[P)E(s)ds
S /0 [(1g/")E(s) + ([R[P)e(s)]ds
= [ atras+ [ tsras
S /0 (96(s))"ds + " (0 < NlglTn oy + NI
S (lglleey + tRl Lo ey)?
and then (fo fE(s pds) v S K(t, f). O

Once we have the description of K (t, f), real interpolation follows easily
as in [8], Theorem 5.2.1:

Theorem 10. Suppose 0 < 0 <1, 0<py < g< o0 or0<py<q< oo,

1_1-9
and 5= o Then

(L7(C), L=(C))g.g = LP(C)

Proof. We know from Theorem 9 that
0o tP
/O p min(Cf > )y = [ fey

so that, using the integral Minkowski inequality (¢/po > 1),

1floa = ( / oo, £ )

( / o Otpo f*<s>POd5)W°%)”q

= (/ 9p0+p0/ FE(ytoyro CZ)Q/pocit>1/q
/0 q/po/ MeE 9)q(f5(ytp0))qc?€)po/qdyy

(/ (S pogfc ))q%) Ha = (/OOO (sl/pfé(s))q%)l/q'

1/q
Then [ fllog S 1fllznagey since | fllznaey = (S5~ (s 12()) 4) .

12

174N

174N
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Conversely,
flewner = (" (7rse) ) = ([ (@) )"
(/Ooo <t179f5(tp0))q%)1/q _ (/OOO (t(pe)pofé(tpo)m)q/po%>1/q

< (LT[ s ™) N < sl

where we have used that f7 is decreasing. m|

12

In the case of a single quasi-subadditive Fatou capacity, Theorem 10 is
extended by reiteration:

Corollary 1. Let 0 < pg,p1,90,q1 < 00 and 0 <n < 1. Then
(L(C), I (C))yq = 19(C)
with 1/p = (1 —n)/po+n/p1 and 1/q = (1 —n)/q0 +n/q.

Proof. Let r < min(pg,p1,q0,q1) and choose (1 — 6;) := r/p; (i = 0,1).
Then, if 0 := (1 — 1)y + nb;, since 1/p = (1 — 0)/r, Theorem 10 gives

(LPO9(C), LPPH(C) ) g = (L7(C), L2(C))gg.00, (L (C), LZ(C))b1.01 )m.g-
Then by reiteration (cf. [8], Theorem 3.11.5) we obtain
((L7(C), LZ(C))go,q0, (L7 (C), L(C))oy .01 )mq = (L7(C), LZ(C)) g q-
and, again from Theorem 10, (LPo:%(C), LP14(C')), 4 = LP(C). O

We also want to consider interpolation with change of capacities. Let
(Co,C1) be a couple of capacities on the same measurable space with the
same null sets. Examples are given by Hausdorff capacities and the cor-
responding Hausdorff measures, or by couples of capacities associated to
quasi-Banach spaces, as in (1), on the same measure space.

We will denote

[Co + tC1](A) == K (t, xa; LY(Cy), L' (CY)),

which is a quasi-subadditive capacity.
In the proof of the following theorem we use the reiteration properties for
the triple (L"(Cp), L"(C1), L) that we describe in the appendix.

Theorem 11. Let Cy, Cy be a couple of quasi-subadditive Fatou capacities
with the same null sets and 0 < n < 1. If 0 < pg,p1 < 00, 0 < qo,q1 < ©

1._1»m, n 1._1-n_, n
Cmdq‘_ q0 +q1’p'_ Do +p1’ then

(LPO,QO (00)7 LPLQI (Cl))n,q — LP’Q(C

np/pl,q/p)v

where Cyq(A) = [[xall(z1(Co),L1 (1)), -
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Proof. Choose 0 < r < min(pg,p1,q9o,q1). Then, by Theorem 10, for
(1 —ap)po =r and (1 — a1)p; = r we have

(LPO9(Co), LPYI(C1))ng = ((L7(Co), L*)ag,q05 (L7 (C1); L) ey g1 )nq
and, if X = (L"(Cy), L"(C1), L*°), by reiteration (cf. Theorem 13),

((LT(CO)a Loo)aoﬂoa (Lr(cl)’ L )al,th) X(Go,@l) q

with 6y = (1 — a1)n, 01 = ap(l —n) + ayn.
Since
K(t1,t2, f; X) ~ K(ta, f; L' ([Co + 11 C1]), L™)

and K(t, f; L7(C), L®(C)) = (Jg~y" " min(C{|f| > y},#")dy)"/" by Theo-
rem 9, we get

_ o0 /
Kltrnto fiX) 2 ([ min(Co+ O/ > ) t5)dy)

q
So, the value of ||f||)?(9 ”

R , o\ Y/radty dt
[ [t ([ tmindco+ geiis] > vh i) | 2
R2 0 toy t1
where
X RN . o \Y/radt
[l ([ tminden+ geis > vhiay) )1
0 0 2
o dt
= [P o (Co+ O L)
= Mz (g, o = I llira-enagopsie
oo _ - (
= [“yico+ o> v
by Theorem 10.
Thus
. ) dt
e = | %q/ G+ HOHIA >y Ty =
—%a a(1-61) 1d7’
= [T [Tt s > S T -
L[ g [T 5 a/pdT
RS A A [Co+ 7CLI{If| >y}t —dy =
I e A a/pdr
= [t [T o+ el > )
T Jo 0
where

/ _ [T ) a/pdr
HX{\f|>y}!I‘{L’I(CO),U(CO)%q/p —/0 (T L K(r, X{|f\>y}aL1(CO)aL1(Cl))) —
P1’
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Hence, from the definition Cp(A4) := [[xall(z1(co),L1 (1)),

0o q
q ~ -1 P ~
”fHX(GO,Gl),q — /0 yq HX{|f|>y}||€L1(CO)7L1(01))227%dy — ”fHLP,Q(C@ q) O
1

p1’P

6. SOME APPLICATIONS TO CLASSICAL LORENTZ SPACES

Let p,q > 0, i a measure or weight on R", and w a weight on R™. The
Lorentz spaces ALY (w) are defined by the condition

o . ds\ /4
g = ([ it ) <o

S

Here f; is the decreasing rearrangement of f with respect to p,

fi(s) = inf{t; p{|f] >t} < s}.
If p = g, AL(w) = ARP(w) and

1l a2 ) = (/Ooo fi(s)Pw(s) ds)l/P'

If w=1, A1) = LP(p) and ALP(1) = LP(p).

Some basic questions are to determine whether they are normed or quasi-
normed function spaces, to prove when ALY (w) c AR? (w) for 0 < gy <
q1 < oo, and to find the weights for which classical operators, such as the
Hardy operator Sf(z) = [ f(x)dx, are bounded from AJj(wo) to AJ} (w1).

Two good reference for these topics are [13] and [12].

Here we are going to show that, in fact, Lorentz spaces AP are Lebesgue
capacity spaces.

Denote V(A) = [, v(t) dt. Then we can write

g = ([ sitoroas)™ = ([~ o tviountis > opar) "

so Al (v) = LP(C) with C(A) = V[0, u(A)). It follows from our results that
A% (v) is a normed space when C' is concave, which means that V' is concave.

But such a remark can be also applied to new Lorentz spaces obtained
from some other well known symmetrization method of analysis:

e Spherical symmetrization: f5(y) = f(only[") = Io" Xq1p15sy+ if
xa* = X. Also for Steiner of order k (1 < k < n).

e Multidimensional symmetrization f5 is defined in [6] as follows: For
aset A CR? A5 = {(s1);0<t< X*E(s)}’ where E(s) is the s-
section {y € R; (s,y) € E}. Then s is defined for a simple function
s, and finally f5 := limy(sg)3.

[ lazy = /21l Lew)-

e Discrete rearrangements on trees as in [19].
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In [9], Boza and J. Soria consider increasing transformations A — R(A)
on measure spaces with the Fatou property, 4, T A = R(A,) T R(A), that
allow to define the corresponding rearrangements of functions

fr(y) 12/0 XR{|f|>t (y) dt

that allow to unify various Lorentz spaces found in the literature, included
all the mentioned above:

g = il = (o VRS > ey ar) "

Obviously A% (v) = LP(Cyr) if we define the capacity Cy,r as
Cvr(4) = V(R(A)),
and our results on capacities apply to this special case.

As a final example, let us show how interpolation of capacitary Lebesgue
spaces can be used in interpolation of Lorentz spaces, (AP°(vg), AP'(v1))y,p-

We know from Theorem 11 that if Cy and C7 have the same null sets,
0 < po,p1 < 00, and 0 < n < 1, then

(L(Co), (1), = L o) (L/p = (L= )30+ 1/p1),
where
Co.q(A) = lIxallacoracyo:
We start from the identity (Al(vo), AL (v1))a1 = AL(v), where V = Volfavle,
and we consider APi(v;) = LPi(Cj) with C; =VjoR (j =0,1). Then
(A7 (v0), APt (01)),p = (L7 (Co), LP(C1))yp = LP(Cp1)

with 6 = np/p1.
Recall that

Co,1(A) = lIxallzr(co).z1 (1)), = Ixallarw) =V o R(A)
and LP(Cp1) = AP(v), so that
(AP (09), A (01))p = AP(0)
with
V= ‘/01—9‘/19 _ Vo(l—n)p/povlnp/pl_

7. APPENDIX: INTERPOLATION OF TRIPLES

Let Cy and Cy be a couple of Fatou capacities on (2, 3) having the same
null sets and X = (L"(Cp), L"(C1), L>) with 0 < 7 < 0o, a triple of quasi-
Banach spaces. Here L = L>°(Cy) = L*°(C) and we write X; (i =0, 1, 2)
for the components of X, which are continuously contained in the sum space

¥(X) endowed with

Iflls = mf{[[follo + [ fills + I fall2s £ = fo+ fr + fo}-
If || flls = 0, it is readily seen that f =0 C-q.e. and | - ||y is a quasi-norm.
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For every f € ¥(X), the K-functional K (t, f) = K(t, f; X) is defined as

K(t, f) == inf{|[ follo+ta | frll+t2ll foll2; | = fotfrtfa} (6= (t1,t2) € RY).

_If © = (6o, 01) with 69,61 > 0 and 0y + 01 < 1, the interpolation space
Xeo,q;k is defined for every ¢ > 0 by the condition

HfH@,q;K = HK(7f)H(®,q) < 00,

where gt d )
— —bo4—01 g dt1 dia 14
lollon = ( [, (%6 a0 T 52) "

+
Also, the J-space Xg 4.s is defined by the condition

o . dty dts
Ifllo.qs = 1nf{||J(',U('))H(@,q)7 f= /Ri U(t)?g} < %0,

where w : Ra_ — A(X) = XoN X; N Xy is any measurable function such

that, in X(X),
dty dto
f=] ult)———,
RZ t1 12
and J(t,z) = max(||x[o, t1]|x[]1, to||x[]2) if € A(X).
To show that one can apply to X the methods of [4] and [5], let o € (0, 1]
be the parameter in Aoki’s theorem corresponding to a common constant c

in the triangle inequality for the quasi-Banach spaces in X.
Denote

(S0f) ()7 = /

[ (i (1,2 ’i?)f(s)]p@@ (t € R2),

%r 817 S9 S1 S2
a modified Calderén operator, which satisfies K (-, f) < S,K (-, f), and con-
sider the space

ao(X) = {f € (X); (SHE (., ))(1) < oo},

which allows to adapt the construction in [4] to our quasi-Banach triple,
since Xo gk = X000k — 0o(X). B
In our situation, the fundamental lemma with S, holds for X:

Lemma 1. Every f € 0,(X) admits a representation as a sum in 3(X),
F=> f (freAX))
keZ?

where Y g0 ||fk||§()—() < 00 and

J(2%, fr) < C(S,K (-, f))(2").

Proof. Exactly as in [4], one can find a family of sets B(k) (k = (k1, k2) €
Z?) such that the functions gy := |fIxB(x) satisfy

25 ||gill; S (S, K (-, ))(2%)  (=0,1,2 with ko := 0)
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and, using Aoki’s theorem, a straightforward but lengthy argument, similar
to the computations in [4] (Which corresponds to the case p = 1), shows that

D lolg ) S (SplSpK (- HNP(1) < e,
keZ?

SO Y rez2 gk = g exists in ¥(X) and |f| < g, and the decomposition is then
obtained by choosing fx = fgk/g. ad

Now the following equivalence theorem is proved as in the case p = 1 for
Banach function spaces:

Theorem 12. Let © = (6, 01) with 6p,01 > 0 and 6o +61 < 1, and consider
q > 1. Then for the triple X = (L"(Cy), L"(C1), L) the identity
X@,q;J = X@,q;K

holds with equivalent quasi-norms and we may write Xo 45 = Xogx =
Xoy-

To obtain Theorem 13 we will use the following simple result concerning
triples X = (X0, X1, X2) of quasi-Banach spaces (cf. [5]):

Lemma 2. If0 < ap,a1,n < 1, and 61 = n(1 —aq) and 03 = nag (1 —n)ay,
then
((Xo0, X2)ao,1: (X17X2)a1,1;K)n71;K C Xo1,x

and
Xo,1;0 C ((Xo, X2)ao,1575 (X17X2)a1,1;J)n71;J-

Finally, a reiteration theorem follows from the power theorem as in [5]:
Theorem 13. Let X = (Xo, X1, X2) = (L"(Cy), L"(C4), L) where 0 <
r < oo and0 < q,qo,q1 < 00, and suppose that 0 < ag, a1, 0 < 1. Then

X(90791)7q = ((X07X2)ao7q07 (Xl?XQ)OéhCIl)Ma‘P
with Oy = (1 — a1)n and 61 = ap(1 —n) + ain.
Proof. Observe that, by the power theorem,

((X07 XQ)OZO:QO? (le X2)0417Q1)u q ((XOv X2)a0 q0° (Xh X2)a1 q1>77,1>

if n = pg/qi. We choose 0 < By, 31 < 1 so that agqo/Bo = a1q1/51, and
if so = qo(1 —a0)/(1 = Bo), 51 = q1(1 —1)/(1 — B1) and s2 = qovo/Bo =
qia1/P1, then

((XO’ X2) (le XZ) ((X(}SO, XSQ),BO 1, (Xls 7X282)61,1)T],1

«0,90’ a1,q1 )777

From Theorem 12 and Lemma 2, it follows that
(X5, X3%)go,1: (X7, X5%) 1 1)n1 = (X3%, X7 X5%) (0 a0) 1
with \; = 17(1 — ﬁl) and g = (1 — 77)50 + np1.
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Now an application of the power theorem for triples of quasi-Banach
spaces (cf. [22]) gives

(Xgoa Xisl ) XSQ)(/\1,>\2),1 = X(G()ﬁl),q
with 6y = n(1 — o) and 61 = (1 — n)ag + nay. Thus
((Xo, X2)ao,qa (XI’X2)a1,q)n,q = X(qeo,el)ﬂ

as announced. O
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