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Abstract

Francesc

We begin by studying the dynamic generated by iteration of birational maps in R¥

with & — 1 independent rational first integrals. We prove that each level curve can

be desingularized and compactified being homeomorphic to a finite union of disjoint

circles and open intervals. Furthermore, the map can be extended homeomorphically

in a natural way to this space. After, we focus our attention in the case that the map

has a rational invariant measure and we see that in most cases the orbit of a point or

it is periodic or it fulfills densely some connected components of its corresponding level

set. Some applications in dimension two and three are presented.
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1 Introduction

In this paper we study the dynamic generated by iteration of birational maps F(z), 2 € R*

having k& — 1 functionally independent rational first integrals.

A birational map is a map with rational components such that it has an inverse also

rational. Recall that a first integral of the dynamical system generated by a map F is a non-
constant R-valued function H which is constant on the orbits of F. That is, H(p) = H(F(p))
for all p such that the above equality has sense. A set Hy, Ho,...,H, of first integrals of
F is said to be functionally independent if the rank of the matrix (DH)(p) is ¢ for all p

, Hy). Clearly,

*The authors are partially supported by grants MTM2008-03437, MTM2008-01486 and 2009SGR-410.
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the maximum number ¢ of functionally independent first integrals for F' is k. When ¢ = k
it can be proved that in most cases there exists some p € N such that FP = Id, see [4].
The case £ = k — 1 is sometimes called in the literature, the integrable case. So we are
interested in integrable birational maps having rational first integrals. Examples of such a
maps are studied in a large number of papers, see for instance [1], [2], [9], [10], [12], [15],
[16],[17],[18],[19] and [26] for maps defined in R? and [5],[7],[11],[14], [21], [22] and [23] for
maps defined in R* with k& > 2.

In general a birational map F is not defined in all R*. In some points || F|| goes to infinity
when we approach to these points. This fact suggests to consider the extension of F' on the
projective space P(R¥). But also in this case there are some points of indeterminacy, i. e.,
points in which F' can not be extended in a continuous way. To avoid this problem most
of the above cited papers reduce the study on some invariant open regions of R* in which
the birational map F is well defined. The goal of this paper is to determine the behavior
of the orbit of every point 2 € R¥ such that F™(x) is well defined for all n. Our approach is
the study of the dynamics of F restricted to each invariant level, that in the integrable case
is a curve that can have several connected components. Roughly speaking our results say
that each level can be compactified and desingularized obtaining a finite union of disjoint
circles and intervals. Moreover F' can be redefined in this compactified space in such a way
that it is a homeomorphism.

Although the results that we get could also be obtained by using results of real algebraic
geometry (see [9], [20] and [24] for the planar case), we prefer our approach which mainly
uses results and tools of dynamical systems.

To state the main results we need to introduce some notation.

For a birational map F' we will denote by G its rational inverse. Assuming F' birational
integrable on R¥, consider Hy, Ho, ..., Hj_1, a rational family of independent first integrals.
Clearly this family is also a rational family of independent first integrals for G. Given a first
integral H = 5 with P and @ coprimes and ¢ € R the set {z € R¥ : P(z) = cQ(z)} will
be called the c level set of H and it will be denoted by the equation H(x) = c. We also
consider the case ¢ = oo that corresponds to the set {z € R¥ : Q(x) = 0}. We denote by
R =R U {oc} and for any ¢ = (cq,...,cp_1) € RF 1 set

Ye={zeRF: Hy(z)=c¢i,fori=1,...k—1}.

For any ¢ € R*¥™! the set ¥, will be called a c level set of Hy, Hs,...,H_,. Note that
the level sets of Hy, Ho,..., Hy_1 are F-invariants and also G-invariants. Note also that
generically these level sets are one dimensional algebraic sets (this is due to the fact that
Hy, Ho,...,Hy_1 are functionally independents), and hence all the points except perhaps

a finite subset (the set of singular points) admit a neighborhood which is homeomorphic to



an open interval of the real line. However for some values of ¢, could have dimension
greater than one as algebraic set. For instance, consider the case where two first integrals
H, and Hj have the same denominator (this occurs in the 3-dimensional Lyness equation,
see Section 3.3). In this setting the equations H; = co and Hs = oo are the same equation
and hence the level set ¢ = (00,00, as,...,ax_1) will be defined by at most k — 2 polynomial
equations. Hence its dimension is at least 2. Nevertheless this situation can occur only in
a negligible subset of the levels. In fact for a level ¢ consider x € ¥ such that the map
H = (Hy,Hy,...,Hy_4) is well defined. Then either the rank of D(H)(z) is kK — 1 and in
this case the implicit function theorem implies that ¥, has dimension one locally at x, or
D(H)(z) has rank less than k& — 1. In this last case Sard’s theorem implies that ¢ belongs
to a negligible set in RF~1.

Given a birational map F' consider the determinant of the jacobian matrix of F' at =z,
which clearly is a rational function. Let C(F) (respectively D(F)) be the set of points
x € R¥ such that det(DF)(x) = 0 (respectively det(DG) = 0). We say that the level set
Y¢ is regular if it has dimension one and ¥, N C(F') and X N D(F') are finite sets.

For a one-dimensional algebraic set X we denote by S(X) the set of singular points of
X. It is known that S(X) is a finite set. In all the paper “almost all p € A” means for all
p € A except, perhaps, for a finite subset of A.

We begin by distinguishing between two algebraic subsets of Y., being one of them
the good set for the study of the iterates of F. After, we prove that this good set can be
desingularized and compactified in such a way that the study of F' reduces to the study of
some orientation preserving homeomorphisms on circles and intervals.

Our main result is the following theorem:

Theorem A. Let F(x), x € R¥ be a birational map having Hy, Hs, ..., Hy_1 rational first
integrals functionally independent, let G(x) be its rational inverse, and let X be a regular
level set of H = (Hy,Ha,...,H_1). Then

1. ¥ can be decomposed as the union of two algebraic sets ¥L and Y2 that do not share

wrreducible components satisfying the following properties:

(a) For all points x € XL\ ¥2 the birational maps F and G are well defined at x.
Moreover for these points F(z),G(z) € L.

(b) For each x € X2 there exists n and m such that F™ and G™ are not defined at x.

2. Let x € S(BL) not isolated in XL such that F™(x) is defined for all n > 0. Then
the orbit of x is periodic and contained in S(3L). Moreover in this case x has not

preimages outside S(XL).



3. There exists a compactification il: of L1\ S(L) obtained by adding a finite set of
points to XL\ S(XL) and an extension F : ii — itl: of F' such that:

(a) i}: has a finite number of connected components, which are, topologically, circles
and closed intervals:
=1
Yo = (Ui=1 Si) U (Uj—1 ) -
(b) F is a homeomorphism from i(l: to itself. Thus, for alli=1,...,s (respectively,
for all j =1,...,r) there exists a natural number m such that S; (resp. 1) is

invariant by F™ and F™ restricted to S; (resp. I;) is an orientation preserving

homeomorphism.

Observe that all the maps studied in the above mentioned papers belong to the class
in which we are interested in, but all of them have an extra property: the existence of (at

least) one rational function p satisfying:

p(F(p)) = det (DF)(p) - p(p) (1)

for all p such that F' and p are well defined.

The existence of a function p satisfying condition (1) is related with the existence of an
invariant measure of F' absolutely continous with respect the Lebesgue measure given by
m = [ Adx where A\ = 1/u, and X is the Radon-Nikodym derivative of m with respect to
dx (see [[25], Section 0.4]).

A preliminary result related with these kind of integrable maps, is the next one.

Theorem. (See [6]). Let F : U — U be a diffeomorphism having k — 1 functionally
independent first integrals Hy, Ho, ..., H,_1, where U is an open connected set U C R¥ and
let p be a function satisfying condition (1). Then the following statements hold:

(i) The vector fields

Xulp) =

{ 1(p) (—Huy, Hiz), vk=2; (2)

1(p) (VHi(p) x VHy(p) x -+ x VHn1(p)), if k> 2.
share with F' the same set of functionally independent first integrals.

(11) The function p satisfies condition (1) if and only if the vector field X,, satisfies
Xu(F(p)) = (DF)(p) - Xu(p)- (3)

(i11) For each p € U there is a natural number m, such that the integral curve of X,, passing

thought p, ~yp, is ivariant by F™ and:



(a) If vy, is a critical point of @ = X,, (x), then p is a fized point of F™.
(b) If vp is a periodic orbit of & = X, (x), then F™ restricted to ~y, is conjugated to

a rotation of the circle.

(c¢) If ~p, is diffeomorphic to the real line then F™ restricted to vy, is conjugated to a

translation of the line.

Some authors say the vector field X, in the above theorem is a Lie-symmetry of F'
(see, for instance, [13]). This theorem cannot be applied directly to our context, because in
general, birational mappings are not defined in the whole R¥. However we can generalize it
to obtain a more precise description of the dynamics in the algebraics sets XL. In order to
state our result accurately we need to introduce some more notations.

Given an integrable birational map F on R* with rational first integrals and given a
rational function p satisfying condition (1), for each ¢ such that ¥ is a regular level, we

denote by
E.={x¢€ il: : X, is not defined at z} U {x € il: : X, (z) =0},

where il: is defined and constructed in Theorem A, and X, is the vector field defined in
Theorem 1. We call E. the exceptional set of Y. Notice that F. contains the points in X}
at which the vector field X, is not defined as well as the points added to ¥! to compactify
and desingularize it.

On the other hand we say that a fixed point x of a map f is weakly-isolated if for any
neighborhood V of x there exists some y € V such that f(y) # y. We will say that a n-
periodic point x of f is weakly-isolated if x is a weakly-isolated fixed point of f™. Notice
that if = is an isolated fixed point in the usual sense, then it is also a weakly-isolated fixed
point.

Theorem B. Let F(z), z € R* be a birational map having Hy, Ho,. .., Hy_, rational
first integrals functionally independent and an associated vector field given by (2) with u a

rational function satisfying condition (1). Let X be a regular level, and let

=1
Y. = (Ui Si) U (Ui )
be the set defined in Theorem A. Assume that itl: N E¢ is a finite set. Fori=1,...s set m;
the smallest natural number such that F™ is an orientation preserving homeomorphism of
Si and for j = 1,...,r set l; the smallest natural number such that FY s an orientation

preserving homeomorphism of I;. Then the following assertions hold:

(a) F™i|g, is either conjugated to a rotation or there is some weakly-isolated periodic orbit

contained in E.NS;. In this last case all weakly-isolated orbits in S; are contained in



E¢, the rotation number is rational, and the alpha and omega limit of all non-periodic

points are some of these weakly-isolated orbits.

(b) Flf|1j is either the identity or it has some weakly-isolated fized point x. In this case
x € E¢ and the alpha and omega limit of all non-fized points are some of these weakly-

isolated fixed points.
In the view of the result established in Theorem B, we give the following definition:

Definition 1. We say that the dynamic of a point p is standard if either, the orbit of p is

periodic or it fulfills densely some connected components of its corresponding level set.

We notice that if the exceptional set E. does not contain finite invariant subsets, then
the dynamics of any point of ¥} is standard.

In order to do a description of the dynamic of a concrete birational integrable map
with rational first integrals and with a rational function u(p) satisfying condition (1), it is
necessary to study the topology of its level curves and apply Theorems A and B. In Section
3 we give some examples in order to show how to apply the general results. Specifically, we
study the two and the three dimensional Lyness equation and a family of area preserving

mappings.

Finally we propose the following problem:

Open problem. Given a birational integrable map with rational first integrals, does al-
ways exists a rational function p(p) satisfying condition (1), and therefore a rational Lie-
symmetry?

In all the exemples that we have found in the literature the above question has an
affirmative answer. On the other hand we point out that if the map is integrable but not
rational then there are examples with a negative answer to the problem, see [8].

The paper is organized as follows. In Section 2 we prove Theorems A and B while in
Section 3 some examples and applications are given.

Acknowledgements We want to thank Joaquim Roé for his advising in the results of Real
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2 Proofs of Theorems A and B

First of all we recall some notations and results on real algebraic geometry which we freely
will use trough the paper. An algebraic set X on R* is the set of common real zeros of
a finite set of polynomials pi,...,ps € Rlz1,...,xk]. As usual we call X the variety of

p1,...,ps and we will write X = V(p1,...,ps). Clearly V(p1,...,ps) = V(< piy...,ps >)



where < p1,...,ps > denotes the ideal generated by pi,...,ps. We say that an algebraic
set X = V/(I) is irreducible if X =Y U Z with Y and Z algebraic sets, implies that either
X =Y or X = Z. It is well known that this occurs if and only if rad(I) is a prime real
ideal (see [3]). It is also well known that any algebraic set X decomposes as a finite union
of irreducible algebraic sets called the irreducible components of X.

We will say that an algebraic set X has dimension 0 if it is a finite set. We will say that
an irreducible algebraic set X has dimension 1 if it is not a finite set of points and if any
algebraic set Y & X has dimension 0. We will say that an algebraic set has dimension 1 if all
its irreducible components have dimension 1 or 0 and at least one of them has dimension 1.

Let X be a one-dimensional algebraic set. It is well known that there exists a minimal
finite subset of X, S such that X \ S is a differentiable sub-manifold of R*. The elements
of S are called the singular points of X.

Next proposition is the first step to prove Theorem A.

Proposition 2. Let F : RF — R* be a birational map having Hy,Ho, ..., Hy_1 ra-
tional first integrals functionally independent, and let ¢ be a regular level set of H =
(Hi,Hs,...,Hx_1). Then X can be decomposed as the union of two algebraic sets 2‘1: and

Y2, that do not share irreducible components, satisfying the following properties:

(a) For each x € X2 there exists n and m such that F™ and G™ are not defined at x.
(b) The set Bt N Y2 is a finite set.

(c) For all points x € L1\ X2 the birational maps F and G are well defined at x. Moreover
for these points F(x),G(x) € BL.

Proof.

Denote by A (respectively B) the set of points where F' (respectively G) is not defined.
Clearly A and B are algebraic sets. Let M be a irreducible one dimensional component of
e Thus AN M C M is an algebraic set and since M is irreducible it follows that either
ANM = M or ANM is a finite set of points. Thus, given an irreducible component M either
F' is not defined at each point of M or F is defined in almost all points of M. The same
situation holds for G. We denote by F~1(M) the set F~1(M) = {x € ¥, : F(z) € M}.
Note that F~'(M) = X \ A where X is a one dimensional algebraic set contained in Y.
Note also that each irreducible component of X either is contained in A or cuts A in a finite
set. It implies that either F~1(M) is empty or adding a finite set of points to F~1(M) (in
fact, the closure of F~!(M) in the Zariski topology) we get an algebraic set. In this last
case we still denote by F'~1(M) the algebraic set obtained adding these points. Clearly the

same situation holds for G.



Let M be an irreducible one-dimensional component of ¢ and assume that F' is defined
on M. We claim that in the same sense as before (that is perhaps adding a finite set of
points) F(M) is an algebraic set having only one irreducible one dimensional component
of Y. Since F' is defined in M and 3. is regular it follows that F is defined at = and
det(DF)(x) # 0 for almost all z € M. Then from the inverse function theorem we get that
G is defined at F(z) and F~Y(F(z)) = G(F(x)) = x for almost all x € M. Set = € M, not
isolated in M and such that F is defined at x. Also from the regularity of X it follows that
F(z) is not isolated on its level set and hence it belongs to some one-dimensional component
of the level. Then a neighborhood V' of z in M has the property that F/(V) cuts at least
one dimensional irreducible component of ¥¢ in one arc. Denoting this component by N
we claim that N C F(M). Note that from the previous observation G is defined on N and
G~1(M) is a one dimensional algebraic set which cuts N in one arc. Since N is irreducible
then N C G~Y(M) and also from the above observation it follows that N C F(M). This
proves that F'(M) is an algebraic set. Now to finish the claim it remains to prove that
F(M) has only one irreducible one dimensional component. Assume that F(M) has more
than one irreducible one-dimensional components, say Ni,..., Ng. Then G(N;) = M for
it =1,..., k. This implies that almost all points on M have more than one preimage by G
which implies that det(DG) = 0 in these preimages which contradicts the regularity of X.
Thus the claim follows. Note also that the same argument proves that F~(M) has at most
one dimensional irreducible component when M is irreducible.

Recall that ¥, N A is an algebraic set. Assume that it has some one dimensional irre-
ducible component M. We claim that there exists k > 0 such that F~*(M) is a finite set
of points. If F~1(M) is not a finite set, then from the above observation it is an irreducible
component of ¥¢. Since the number of irreducible components is finite it follows that either
there exits k such that F~%(M) is a finite set or there exists 7 < s such that F~"(M)
and F~*(M) are irreducible one dimensional components and F~" (M) = F~°(M). In the
second case, it follows that M = F"~%(M). This is a contradiction, because by construction
F' is defined at F"~*(M), and M C A. Thus the claim is proved.

Notice that if k is the first natural number such that F~*(M) is finite then for almost
all y € F=*1(M), G is not defined at .

Let My,..., M, be the set of irreducible components of ¥, N A. For j = 1,...,n let i;
be the largest natural number such that F~% (M) is not a finite set. We define

2= U (UL P ().

By construction Y2 satisfies (a).

Let us denote by B the set of irreducible components of ¥¢ not contained in ¥2. Then



we define
Yl =Up.esBi.

Clearly ¥} is an algebraic set and ¥ = X! U 2. Since by construction both algebraic sets
do not share irreducible components, statement (b) follows. This implies that F is defined
for all € X! except for the points in XL N X2

Set B; € B. We have that F(B;) is also a 1-dimensional irreducible component. If
F(B;) C X2 then by construction B; C ¥2 which gives a contradiction. Thus F(B;) € B.
So F acts on B. Moreover this action is injective, because if F(B;) = F(Bj) then JF is
identically 0 on B; U B; which contradicts the hypotheses.

To finish the proof it suffices to show that G also acts on B. Suppose to arrive a con-
tradiction that G is not defined at B € B. Then since B; = F(B) € B it follows that
G~Y(B) = By. Iterating this argument and since F acts injectively on 1 we will obtain that
there exists k& be such that G=%(B) = B. But this implies that G is defined on B which
gives a contradiction. This ends the proof of the proposition. O

In order to illustrate how the decomposition established in Proposition 2 works, we
consider the three dimensional Lyness equation.

Example 1. Consider the three dimensional Lyness equation

a+y+z)

F x’ ) z = b Z?
(z,y,2) = (y .
which is a birational map of R3, having as a rational inverse

at+xr+vy
G(xvya Z) = (Taxa y)

Its first integrals are given by:

Hl (ﬂf7 ’y7 Z) = (x+1)(y+1)(2+1)(a+$+y+z) ’

TYz
_ (dety)(+yta) (atety+ztaz)
Hy(z,y,z) = e

We notice that the level (0o, 00) has dimension two and that the level (0,0) contains the
line {(z,1 —a,—1), x € R} where det(DF') = 0 and also the line {(—-1,1 —a,z2), z €
R} where det(DG) = 0. Some simple computations imply that for all ¢ = (¢1,c2) with
(c1,c2) # (00,00) and (c1,c2) # (0,0), 3¢ is a regular level.

Fix a level ¢ = (¢1,¢2) which is defined trough

@+ Dy +1(z+1)(a+z+y+2) —azyz =0,
I+z+y)Ql+y+2)a+z+y+z+x2)—coxyz =0.
The map F is not defined when x = 0. This implies that (y +1)(z +1)(a+y + z) = 0 and
1+y)(1+y+2)(a+y+z) =0. We get the two one-dimensional components:

M; ={(0,-1,z) : z€ R} and My ={(0,y,—a—vy):y € R}.



The preimages of M; are:

F-Y(M;) = {(\0,—1): A€ R, A # 0},
F=2(My) = {(—(a + \),\,0) : A € R, X # 0},

and in general F~3(My) has a finite number of points in X: these are the points (z, —(a +
A),A\) with z # 0 and A # 0 which satisfy H; = ¢; and Hy = ¢3. Only when A +1 = 0,
F~=3(M;) has a continuum of points: the set {(x,1 — a,—1)} which is contained in H; =

0, Hy = 0. The preimages of My are:

F_l( ): {(_1,073/) ) ER},
F72(Ms) = {(\,—1,0) : A€ R, X\ # 0},

and the only point in F~2(My) which has preimage is when A = 1 — a. In this case all the
straight line (z,1 —a, —1) collapses to (1 —a,—1,0) via F. If x # 0 then H;(z,1 —a,—1) =
0 = Hy(z,1 — a,—1), while the point (0,1 — a,—1) € ¥, for all regular level c. Hence, in

My
My

general, F~3(Ms) reduces to the point (0,1 — a, —1). So, in this example,
52 = (UoF~ () ) U (UL P (M)

for all regular level c.
In the case that ¢ = (0,0) some simple computations show that the preimages of the
set in which F is not defined run all the set ¥ ), that is, the orbit of the points in X )

is not entirely defined.

Notice that from the above Proposition we see that if ¥ is a regular level then the
dynamics of F' and G are concentrate on the algebraic set ¥l. However there is a finite
subset of X! in which F or G are not defined.

Our next step is to extend F' and G to these points. Recall that since ! is a one

dimensional algebraic set it has only a finite number of singularities.

Lemma 3. Let Y¢ be a reqular level and let x be a non-singular point of XL. Assume that
F is not defined at x. Then either
lim F =00
Jim PG

or

lim F
y—z,yel (y)

exists and F can be extended analytically at x.

10



Proof. Since z is a non-singular point of 3. it follows that there exist neighborhoods U of
x in X! and I of 0 € R and an analytic map ¢ : I — U such that ¢(0) = 2 and ¢'(0) # 0.
Let F;, i =1,...k to denote the components of F. Thus
lim  Fi(y) = lim F;(p(t)).
o i(y) e i(0(1))
The result follows from the fact that F;(¢(t)) is a meromorphic function in one variable. [
From now on we denote again by F' the extension of F' that ensures the above lemma. So
at this point we can assume that if F' is not defined at = € ! then either limy . yest |[F(y)]]| =
oo or z is a singular point. Clearly the same situation holds for G. Next lemma shows that

when F' is defined then it is a local homeomorphism.

Lemma 4. Let S¢ be a regular level set and let x € XL, Assume that F is defined at v and
x and F(x) are non singular points in XL. Then there exists an open neighborhood U of x

in Y such that F' maps homeomorphically U on its image.

Proof. Since F(x) is non singular we can consider a small neighborhood W of F(x) in .}
homeomorphic to an open interval. Since F'is continuous at = there exists U, a neighborhood
of z in 3¢, homeomorphic to an open interval, such that F(U) C W. If F|y is not injective
then either, there is a subinterval of U in which F is constant or there is a subinterval of
W which is covered two times by F|y. In the first case U contains an interval in which the
det(DF) is zero. In the second one we get the same situation for W and the det(DG). Both

conclusions contradict the properties of 3. ]

The next step is to desingularize and compactify ¥L. With this aim we denote by S(X.)
the set of singular points of Y.
Consider XL\ S(X!). This set can be described as

B\ S(Ze) = (Ui L) U (Ui Si) (4)

where each I; is homeomorphic to an open interval of the line and each S; is homeomorphic to
a circle. We consider r disjoint open intervals J; = (a;, b;) in R without common boundaries

with an homeomorphism ¢; from J; to I; for each ¢ =1,2,... k — 1. Set
Qe = (Uimy Ji) U (UiZ; S))

and
v : Qe —>Ei\5(2i)

defined by

11



vi(x), if z € J; for some i
p(z) =

x, otherwise.

Clearly ¢ is a homeomorphism between Q. and XL\ S(2L). Let F = ¢! o F o and
G = ¢! 0 G o ¢ be the natural versions of F and G in Q. Since F' (respectively F~!) and
F (respectively F ~1) are conjugated we fix our attention to the dynamics of F and F1.
Note that F and F~! are continuous and monotonic in the points where they are defined.

Set J; = [a;,b;] and Q. = (Uf:1 7¢) U (U, Si). Then the boundary of Qe, 0(Qe) =
Uiy {ai, b}

Definition 5. We say that a point x € XL\ S(XL) is a fork point for F if either, its image
under F is a singular point of XL or limy o yes1 [|F(y)|| = oo. If x is a fork point for F

we will say that ¢~ (x) is a fork point for F.

Let z € X1\ S(2L) be a fork point for F. If F(z) is a singular point then F is not defined
at ¢~ (x). However limyﬁwl(ggﬁ(ﬁ’(y)) and limy_wfl(m)f(ﬁ’(y)) exist, and both belong to
0(2¢). We point out that these limits are distinct. Otherwise some points on the left and on
the right side of ¢~!(x) have the same image under F. This implies that there are infinitely
many points near F'(z) in which G is not defined, a contradiction with the regular character
of X¢. Clearly the same situation occurs for ¢! (z) when lim,_,, yes1 [[F(y)| = oc. Then the
only possible continuous extension of F at the fork points, gives us a bivaluated “function”.

Also when z € 9(Q) the map F' can be easily extended to x through F(x) = lim, ., F(y).
This limit exists by compacity and monotonicity arguments. Note that if z € 9(£2) verifies
that F(z) ¢ () then F(z) is a fork point for G.

In short we have extended F' to €. with the pathology that it is bivaluated at the fork
points. Moreover in the non-fork points it is continuous and monotone. We have to do
some identifications in order to obtain a well defined function. First, we prove the following

lemma.

Lemma 6. Given a fork point x of F there exists a finite number of pairs (P, Qi), i =
1,2,...,1 with P;,Q; € 00 and a fork point y ofé such that the following scheme works:

P - P = - = B

/! N\

N\ a
Qr — Q2 — -+ — @

where the arrows mean images under F. Furthermore all the points P;, Q; which appear in
(5) are distinct.
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Proof of Lemma 6. Take z a fork point and let P;, @1 be the two lateral limits of F(y)
when y — . First of all we claim that there exits n € N such that F"(P;) ¢ 9(€). If not,
since 9(Q) is finite, in the sequence F™(Py) there are some repetitions. Let i > 0 the first
natural number such that F'(P,) € {Py, F(P,),...,F"~'(P;)} and let 0 < j < i be such that
Fi(Py) = Fi(P)). If Fi(P,) # P; we get that j > 1 and then F(F/~1(P)) = F(F'~1(P)).
Note that by construction F9—1(P;) # EF*~1(Py). This fact implies that points near F7~1(P;)
have the same image that points near ﬁ’i_l(Pl). Translating this behavior to ¥ this implies
that there are infinitely many points in which G is not defined contradicting our assumption
that X is regular. If Fi(Pl) = P we get the same situation related to points near P; and
points in one side of . Thus the claim follows.

Let n be the first natural number such that F™(P;) = y ¢ 9(€). Now we claim that
F™(Q1) = y and for all 0 < i < n, F'(Q1) € d(Qe). First of all note that since for all
0<i<mn, Fi(Pl) € 0(Q), we get that = is a fork point for F*+1 This implies that
F(Q1) € 9(). On the other hand since one lateral limit of F"*! at z is y ¢ ()
this implies that the other lateral limit also is equal to y. Lastly the fact that all the
boundary points appearing in this scheme are different follows again from the fact that >

is regular. U

Definition 7. Given P,Q € 0(Q.), we say that P ~ Q if and only if either, P = Q or it
exists a fork point x and a natural number k such that F*(z) = {P,Q}.

Lemma 8. The relation P ~ @Q defined above in 0(€)c) is an equivalence relation. FEach

equivalence class has at most two points.

Proof Assume that P ~ @ and Q ~ R, i. e., Fk(x) = {P,Q} and Fs(y) = {Q, R} for
certain k,s € N and z,y fork points. From Lemma 6, using the local injectivity of F' and
G, it follows that k = s, x = y and consequently P = R. U

Let il: be the set Q. with the above identifications. We notice that since the points of

()¢ are unique in its equivalence class we can consider {2 as a subset of il:.
Proposition 9. With the above notations the following hold:

(1) ii = (U_,K;) U (U, S;) where K;, i = 1,...1 are disjoint closed intervals and
S, i =1,...,m are disjoint topological circles. The connected components of il: are

precisely K1,...,K;,51...,5m.

(2) The map F can be extended to a homeomorphism F on ii and for each connected
component M of X there exists a natural number k such that F* is an orientation

preserving map from M to itself.
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Proof. Statement (1) follows from the fact that Q. = (U/_;.J;) U (Ui_; S;) and we have
identified some of the boundary points of the intervals J;. Since each boundary point can
be identified at most with another boundary point it follows that, with this procedure, we
only can obtain intervals or circles.

Now we prove (2). We begin by proving that F is well defined and injective on ilz.

Assume that z € El: is not a fork point for F. Then F(z) = F(z) and F is injective in
this set.

Let = be a fork point and consider its corresponding scheme (10). Then F(z) = P, = Q.
Since P; = @, for i = 1,2,...,] we see that F is compatible with the identifications. We
notice that if z,y is a pair of distinct fork points, then F(x) # F(y).

Now assume that P € 0(f2¢) and that the equivalence class of P has two different
elements P and Q. Then, P,Q are contained in a scheme like (10), so they are identified
and F(P) = F(Q). If two of such points have the same image, then necessarily they are in
the same equivalence class and so, they coincide.

Finally if a point P € 9().) is the only one in its equivalence class, then we define
F(P) = lim,_,p F(zx). In this case F(P) € 9() and also F(P) is the only one in its
equivalence class. So F just gives a permutation on the set of these points. Moreover no
different points of this type can have the same image under F.

Until now we have seen that F is well defined and injective on i(l:. For the same reason
the map G is well defined and injective on il:. And of course, F' (and G) are continuous
in Ei. Since F is an homeomorphism it must be a permutation in the set of connected

components. This ends the proof of the proposition. O

Proof of Theorem A. Statements (1) and (3) follow from Proposition 2 and Proposition
9. Now we prove statement (2). Assume that x € S(X1) is not isolated in XL. Let I be the
number of branches of 32 at x, that is the number of connected components of (3¢ \ {z})NV
where V is a small neighborhood of z in R*. Clearly [ > 2. If F(x) = z then the orbit of =
is periodic. Assume that F'(x) # x. Since X, is a regular level then the number of branches
at F'(z) is greater or equal to . Hence F'(z) is a singular point. Iterating this argument it
follows that F(z) is a singular point for all 4 > 0. Denoting by /; the number of branches
at F'(x) it also follows that I; < I; when i < j. Since the number of singularities is finite
it follows that there exists a first pair i < j such that F'(x) = F7(z) and from the above
observation l; = l,,, = ; for all m between i and j. We claim that i must be 0. If not F'(x)
has two different preimages F'~!(z) and F’~1(z). Since [; = l;_1 and l;_1 > 2 the result
follows from the regularity of the level. So the claim is proved and the orbit of z is a periodic
orbit of singular points. Furthermore since x has a singular preimage with the same number

of branches, by the same argument as before, x can not have a regular preimage. This ends
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the proof of Theorem A. O
In order to prove Theorem B, we consider the vector field X, defined in Theorem 1,

where the function p satisfies the equation 1, i. e.:

u(F(p)) = det (DF)(p) - p(p) (6)

for all p such that I and p are well defined. Then, the vector field X, satisfies:

Xu(F(p)) = (DF)(p) - Xu(p), (7)

(see [6] for a proof). Let ¢(t,p) be the solution of & = X,,(x) such that ¢(0,p) = p defined
in its maximal interval I,,. Taking derivatives in respect to ¢t and using condition (7) we

easily get
F(o(t,p) = o(t,F(p)) , ¥t € I, N Ixg). (®)

Proof of Theorem B.

(a) First assume that E.N.S; = (. Then S; is a periodic orbit of the vector field X,,. Fix
p € S; and let 7 be the less positive real number such that ¢(r,p) = F™i(p). Then, from
(8) we get that

F™i(p(t,x)) = o(t, F™ (x)) (9)

and hence op(7,z) = F™i(z) for any x € S;. Thus F™ is conjugated to the rigid rotation
R(e) = ¢!t+277/T) where T denotes the period of S; as a periodic orbit of the vector field
and being H(e) = ¢(2t,p) the conjugation.

Now assume that E.NS; # 0 and let y € E.N.S;. In the case that F™i(y) ¢ E., although
X, is not defined at y, we claim that we can extend the flow ¢ at the point y, in such a
way that condition (9) remains true.

To this end, for any t € Izm, (y) We define

o(t,y) = F~™ (o(t, F™ (y)).

Let K and L be the two connected components of S;\ E. having y in its closure. Now we
are going to extend the flow ¢ at any point z € KUL. Set z € K, and consider I, = (t;,t}),
the interval of definition of ¢(¢, z). Then we have that lim; 4+ (¢, 2)) = y where ¢t* is one of
the endpoints of I,. Assume for example that t* = tJ. Now we claim that ¢; < co. Clearly
it suffices to show that the right endpoint of I, is finite for some w € K. Since E.N.S; is a
finite set, we can choose w € K such that F™i(w) ¢ E.. Furthermore we choose w near y in
such a way that F™i(y) and F™i(w) are in the same connected component of S; \ E.. Then

if ¢ is such that (¢, F™i(y)) = F™i(w), it is clear that #' =t and hence, ¢} is finite.
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Now for any ¢ € (t7,tF +tF,., (y)) we define
o(t, 2) iftel,;
Pt z) =< vy, if t =tF;

F=mip(t —th, F™i(y)) ift >t}

This new map ¢ is an extension of the previous  and by construction it has the standard
properties of the flows and it satisfies condition (9). Iterating this procedure we can extend
the map ¢ to all the points in F. except perhaps to a finite invariant set. If the map can
be extended to all S; then arguing as in the previous case we obtain that F™ is conjugated
to a rotation. If not this implies the existence of a finite invariant subset of E., which we
denote by P. In this case the rotation number of F™ restricted to S; is rational and all
the points of P are periodic points with the same period. If we denote by r its period we
get that F"™i(p) = p for all p € P. Although in this situation the map F™™ could be the
identity map and F™ would be conjugated to a rotation. But, if it is not the case, there is
a weakly-isolated fixed point for F.

To end the proof of statement (a) it remains to prove that all the weakly-isolated orbits
are contained in F¢. But it is an easy consequence of condition (9): if p ¢ E., then the
equality F™i(p(t,p)) = o(t, F™ (p)) = ¢(t,p) implies that o(t,p) is a fixed point for any
t € Ip, so p is not a weakly-isolated point of Frmi,

(b) In the case of the interval we point out that by construction I; N E. # 0. Set
J; = I; \ E.. Clearly J; is a finite union of disjoint open intervals. If F5 is not the identity
map, then it exists some fixed point = of F% which is weakly-isolated. But as in the
previous case, condition (8) let us to deduce that if x ¢ E¢ then x is not a weakly-isolated
fixed point. U

3 Examples

3.1 The map F(x,y) = (y, —x + (2y)/(a? — y?)).
The area-preserving rational family of mappings

ﬂy2+6y+§)

any —(y,—x—
(@9) ay? + By + v

preserves the foliation
V(z,y) = ax®y® + B(a?y + 2y?) +7(a® +y°) +ery +&(z +y) = ¢,

and the dynamic of F is studied in some regions of R? and for some values of the parameters
in different papers (see [2], [12], [17],[18],[19], for instance).
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The method established in the above sections make possible to know the full dynamic
of the map for all the values of the parameters. To avoid too many cases, we restrict our
attention to the uniparametric family

2y
a?—y

2) , with a>1

F($>y> = (ya -+
which has the first integral
Viz,y) = z2y? — a2(x2 + y2) + 2zy.

In order to implement our compactification let us introduce the following points, each

one of them having the natural meaning:
P =(a,—0) , Py=(-00,—a) |, Py =(—-a,00) , Py=(—00,a)

Ql = (a’v OO) ) QZ = (OO, —CL) ) Q3 = (—CL, _OO) s Q4 = (OO,CL).
2

Furthermore note that when y? = a? the function F is not defined. Also when z2 = a2,

the formal inverse of F,
2x
G = - -
(z,9) < Y+ _xQ,x>

is not defined. For all ¢ we consider the four points in X :

c+at c+at c+a c+at
Xc = 2 ,a y Ye = —a, — 2, y Ze = | — 2 , —a ) tc =\a, 2 . (]—O)

Lemma 10. With the notations introduced above, the following schemes work:

P1 — P2
e N\
Xc Ye (11)
hV /
Q1 — Q2
and
P3 — P4
/ hV
Zc tc7 (12>
N\ e
Qs — Q4

where the arrows mean images under F.

The proof of Lemma 10 follows straightforward just taking limits on .
From the above lemma we see that for each ¢ € R, we have to do the identifications:
P~ Q; fori=1,2,3,4.
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On the other hand we notice that since the family of maps F' are preserving measure,
i.e., det (DF)(p) = 1 for all p, then any constant function p satisfies condition (1) and we
can apply Theorem B. To this end we can consider the vector field X := (—V},, V,) which
has the following expression:

X(z,y) = (—2x2y+2a2y —21) 9 + (2xy2 - 2a2x+2y) g
ox oy

Its critical points are:

Ry = (£V1+a?, FV1 + a?)
Sy = (Va2 —1,+Va? - 1),
0 :=(0,0),

which correspond to the levels:

cg = 0.
We point out that the points { R4, R_} form a two-periodic orbit of F' while S, S_ and
O are fixed points of F.

From now on we write a(p) (respectively, w(p)) to denote the « (respectively, w) limit

set of the point p.

Theorem 11. Assume that a > 1 and let p be a point such that F"(p) is defined for all
n € Z. Then,

(1) For all ¢ # ¢1,co the dynamic of p is standard.
(2) Forpe€ X, a(p) =w(p) = {R4+,R_}.
(3) For p € ¥, either, w(p) = S+ and a(p) = S— or viceversa.

Proof. For ¢ # c1, co and with the above notations, the set E. reduces to E, = { Py, Py, P3, Py}
(where we have identified P; with @; for i = 1,2,3,4) and the set ii is a finite union of
circles. Notice that the point O is isolated in the level curve Xg. Therefore in spite of O is
a critical point of the differential equation, the set Fy does not contain O. From Lemma 10
the extended orbit of each one of P; is not periodic. Hence, from Theorem B we know that
for each circle S of ii there exists a natural number m such that S is invariant for F™ and

F™ restricted to S is conjugated to a rotation of the circle. So, statement (1) follows.

For ¢ = ¢; the following equality holds:
V(z,y) —c1 = (ax + zy + ay + 1 + a®)(—azx + zy — ay + 1 + a?).
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Let us call Hy := (ax + 2y +ay + 1+ a?®) and Hy := (—ax + 2y — ay + 1 + a?). In the
intersection of H; = 0 and Hs = 0 we find the singular points RL.

The curve H; = 0 (respectively Ho = 0) is compactified by adding Ps, Ps, Q2, Q3 (re-
spectively Py, Py, Q1,Q4) and it contains X, t. (respectively ye, zc.)

Simple calculations show that F' sends the hyperbola Hy = 0 to Hy = 0 and that
F(Ry)=R_, F(R_) = Ry. Hence the points Ry are two periodic by F.

Following the procedure explained in Section 2, each singular point R, and R_ must
be substituted by four points. Set M; and N;, i = 1,2,3,4 for the end points of 3¢, where
M, M3 (respectively Na, Ny) are the limits on H; = 0 and My, My (respectively Ny, N3)
are the limits on Hy = 0. From Lemma 10 it can be seen that F(M;) = N; and F(N;) = M;
fori=1,2,3,4.

Calling I := [My, No], Iy := [My, N1], I3 := [Ms, N4] and Iy := [My, N3] we get that
fi is the union of these four intervals. Each interval I; is invariant by F? and the action of
F? is conjugated to a homeomorphism of the interval with the two boundary points fixed
and no other fixed points. So, one of the points is an attractor point and the other one is
a repellor point for F2.

Then the exceptional set E., contains four isolated two-periodic orbits which are the
blow-up of the original two-periodic points Ry, R_. So, statement (2) follows.

The proof of the last case follows in a similar way. The basic difference is that each

interval appearing in the decomposition is invariant by the map. ]

In order to illustrate better the procedure explained in Section 2 and since the sets
V(z,y) = c can easily be drawn, we can do a more accurate description of the dynamics
of F' on Y. This description is synthesized in Figure 1 (case a > 1) which we are going to
explain when ¢ < ¢; = —(1 + a?)?, see (a) of Figure 1.

From Lemma 10 and taking into account the identifications P; ~ Q; for i = 1,2,3,4
we see that ii is the union of two circles, one of them containing P;, P; and y¢,t. and
the other one containing P, Py and Xc,z.. Again from Lemma 10 , we can see that each
circle is invariant by F?2, and that F? is conjugated to a rotation of the circle. Each one
of the circles either, it is densely covered by the orbits of F? when the rotation number is

irrational or it is full of periodic points of F2.

3.2 The map F(x,y) = (y, (a+y)/x).

The dynamic of the k-dimensional Lyness equation F(z1,z2,...,z;) = (x2,23,...,(a+
Z?:z x;)/x1) has been studied in several papers, specially the 2 and 3 dimensional cases

and mainly when the parameter a and the initial conditions are positive. In this section we
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describe de behavior of all the orbits of the two dimensional case for all the values of the
parameter a. We recall that when a = 1, the above map is globally periodic of period five.
It is well know that it has the first integral

Hiry) = (x+1)(y+;y)(a+x+y)_

The vector filed X = —pu(x,y) %H(w,y) + p(z,y) %H(w,y), with p(z,y) = zy satisfies
(7)-
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Q1 =P Py = Q4

Q2= P,
Py = Q3

(f)e>0

Figure 1: The level curves and its compactification
for the map F(x,y) = (y, —:L',+(122_—yy2) with a > 1.
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The critical points, when they are defined, are

17 ) ( _aa_l) (—1,1—&)},
1+\/m 1+M)}

{(-

{(

{<1—m Loylde )y
{( 1i\/m 71$\/F)}

which belong to the levels:

Cl1 = 0
_ (3+V1+da)? (1+a+\/1+4a)
(14++/1+4a)?
c (v1+4a—3)2 (1+a—\/1+4a)
3= (V1tda—1)2
cd=a-1,

respectively. The points of O U Os are fixed points of F'(x,y) while the points of Oy (resp.
O,) form a three (resp. two) periodic orbit of F(x,y).
The results that we obtain are summarized in the next theorem. Its proof follows in a

similar way that the proof of Theorem 11 and we omit the details for shortness.

Theorem 12. Assume that a # 1 and consider a point p € ¥, such that F"(p) is defined
for allm € Z. Then the following hold:

(1) Assume that a = —1/4. Then, if ¢ ¢ {0,27/4} then the dynamic of p is standard and
if c=0 (resp. ¢ =27/4) then a(p) = w(p) = O1, (resp. a(p) = w(p) = Oz = O3).

(2) Assume that a < 3/4, a # —1/4. Then, if ¢ # 0 then the dynamic of p is standard
and if ¢ =0 then a(p) = w(p) = O;.

(3) Assume that a = 3/4. Then, if ¢ ¢ {0,—1/4} then the dynamic of p is standard. If
¢ =0 (resp. c=—1/4) then a(p) = w(p) = O1 (resp. a(p) = w(p) = O3 = Oy).

(4) Assume that a > 3/4. Then, if ¢ # {0,a — 1} then the dynamic of p is standard and
ifc=0 (resp. c=a—1) then a(p) = w(p) = O1, (resp. a(p) =w(p) = O4).

3.3 The map F(x,y,z) = (y,z,(a+y +2)/x).

In this section we describe the dynamic of the Lyness equation for k£ = 3 considered in
the whole R3.

As we noticed in Example 1, the map F(x,y,2) = (y, z, “+y+z)

has the two independent

first integrals:

Hy(2,y,2) = (x+1)(y+1)(z+1)(a+m+y+z)

oo, ,7) = ettt yteten
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On the other hand, the function
ple,y,z) =x(z+Dz(z+1) —(a+z+y+2)yly+1)

satisfies condition (1), so we can apply Theorem B. The corresponding differential equation
is
X(wy,2) = |a@+ )1 +y+2)a+z+y-y:) & +yy+Da—2)a+aty+z+2) L
+2(z+ D1+ 2 +y)(a+y+2—zy) %} /(zyz).

In order to state the results we need to introduce the following subsets of R3.

We denote by a1, as and a3 the curves
ap= {(-1,t,-1): teR\{0,1—a}}

ag= {(t,—1—t,t): teR\{0,—1,1 —a}}
ag = {{(t,%f,t) t e R\ {0,1, —a} and P(t) < 0}

I

where P(t) = (t +1)(2t2 + Ba— )t +1—a)(2t +a—1)(t2 +t +a—1)2
Simple computations show that the points in o are 4-periodic for F and F?(a1) C ay.
The points in as are 6-periodic for F and F3(as) C as. Lastly points in a3 are 2-periodic

for F. Thus we also define the following invariant sets:

M= arUF(a),
2 = asU F(az) U F?(ag), ,
13 = azUF(a3).

And we denote by €21, Q5 and 23 the surfaces :

Ql = {Hl(%?/y Z) = Oa HQ(%% Z) Z _(all)Z ) HQ(‘,rvyv Z) 7é 0}7
Q= {HQ(JI,Q,Z):O, Hl(x,y,z);é()},
93 = {Hl(x7y7 Z) = cl(t)7 Hg(l’,y, Z) = CZ(t) tte R\{Oa ]_,—CL} and P(t) < O}a

3
(a+2t—1)%(t+1)> (t—1+t%+a)

where C1 (t) = t(—1)(att) and C (t) = m.
In our study we omit the case a = 1 and @ = —1. The case a = 1 is the famous Lyness
map which is a periodic map of period eight. The case a = —1 is omitted because although

its behavior is very similar to the general case, the computations are very different.

The result that we prove is the following;:
Theorem 13. Let p € R3 be such that the orbit of p under F(x,y,z) = (y,z, a+ay:+z) is
entirely defined, and assume that a # +1.

(a) If p ¢ 21 U Qo U3 then the dynamic of p is standard.
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(b) Fori=1,2,3, if p € Q; then the a and the w limit of p coincide and it is a periodic

orbit contained in ;.

We will prove the above result by studying, first, the map F2. The reason is because it

has a very simple first integral (see [22]), namely,

1 1
Yy
The three functions Hi(z,y, 2), Ha(z,y, 2) and W (x,y, z) are first integrals of F? and

they are functionally dependent. In fact, a simple computation shows that
(1 + W(CC, Y, Z)) Hl (I‘, Y, Z) = W(I‘, Y, Z) (CL -2+ HZ(xa Y, Z) - W(SC, Y, Z)) : (13)

For each k ¢ {0,00} the equation W(x,y,z) = k allow us to isolate y getting y =
W. This fact makes possible to work in dimension two. In fact, by substituting the
expression of y in F?(z,y,2) and in Hi(z,y,z) we are going to study the corresponding

dynamic, i. e., the iterations of the two dimensional integrable systems

e 2) = (z . +;Ejif)k+ 1) (14)
with inverse ot Dot 14 a
gk(x, 2) = < 2z + 1) ,x) (15)
and with
Hi(w, 2) = (1+ak+ (k+1Dz+k+Dz+z2)1+k+z+ 2+ 22) "

kxz

as a first integral.
The level sets are *%. = {(z, 2) : ¥y (2, 2) = 0} where

Vpelr,z) =1+ak+(k+1D)z+(k+1)z+22)1+k+az+2+22)—ckaz (17)

The other ingredient that we are going to use is the differential equation associated to
fr(z,2). A simple computation shows that the function u(x,z) = zz satisfies condition (1)

and that the corresponding vector field is

(a:+1+k)(—km—ak+z2x—1+z2—x) 9 (1+k+z)(—zk—ak—l+a}2+za}2—z) 9
Xp(w,2) = | = Rz oz T = vz

Now, we begin by studying the critical points of the vector field Xj. Note that since Xj
has Hy(z, z) as a first integral, a critical point of X} is isolated in his level set if and only

if it is a center.
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Proposition 14. Set a # +1 and k # 0,00. Then the following holds

(1) The vector field Xj has one, two, or three critical points of the form (t,t) with t

satisfying the equation
B34+ t2 —(1+k)t—(1+ak)=0. (18)
These critical points are centers if and only if P(t) > 0, where
Pit)=(t+1)22 +Ba—1)t+1—a)(2t +a— 1>+t +a—1)>
Moreover these critical points are fixed points of fi and its level set is kEcl(t).

(2) If k # —1,a — 2 then Xy has also the following critical points:

a—2—k a—2—-k

1 (1 _ 1. _1_ 2 _(_1_
ak—( 1 k, 1 k), (Ik ( 1 k, 1—|—k 1+k

)7 azz( 7_1_k)'

The three points are saddles and they form a three periodic orbit of fi.. Moreover these
three critical points belong to the level set kZC*(k) where ¢*(k) = W,;if;k) When a < %
and k = =iEyS—a V25—4a the three critical points collapse to a single critical point which is

not a center and it is a fived point of f.

(2)" If k = a—2 then Xy, has also the critical point (—1 —k,—1—k) which is a saddle and
it belongs to the level set “~2%. Moreover f;, is not defined at this point.

(3) If k > _(GT_?’)Q and k # a — 2 then Xi has also the following critical points

bl{: _ ( l1—a+va2—6a+9+4k 1—a—Va2—6a+9+4k )
- 2 ’ 2 ’

2 = ( 1—a—va?2—6a+9+4k 1—a+Va2—6a+9+4k )
k. 2 ’ 2 )

which are saddles and form a two periodic orbit of fi. Both points belongs to the level
set ¥¥g. When k = 7(%3)2 both critical points collapse to a single critical point which

1s not a center and it is a fixed point of fi.

Proof.
(1) Let t be a solution of equation (17). Easy computations show that (¢,¢) is a critical

point of X}, and its level set is ¢1(t). Then the algebraic curve Hy(z,z) = ¢1(t) writes as
Pyz—t,z—t)+ Ps(x —t,z—t)+ Py(z —t,z —t) =0,

where for ¢ = 1,2,3, P; is a homogeneous polynomial of degree ¢ with coefficients rational
functions on a and t.

A computation shows that d(t) = —%ﬁ is the discriminant of P». Thus if P(t) > 0
then the point (¢,t) is isolated in its level set and therefore it is a center of the vector field
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Xp.. Reciprocally, if P(t) < 0 then the point (¢,t) has two real straight lines tangent to the
level set, so the point (¢,%) is a saddle. Hence it only remains to prove that when P(¢) =0
the critical point (¢,t) is not a center (that is, it is not isolated in its level set). So assume
that P(t) = 0. This can be done in four different situations:

(a) t24+t+a—1=0. This implies that P is identically 0 and the level curve begins with
third order terms. So it has at least one real tangent at (¢,¢) and this point is not a

center.

(b) t = 152, This implies that when a # 3, Py(z,2) = A((z —t) + (2 — t))* with A # 0
which implies that the point (¢,¢) is not a center in this case. When a = 3, P, and
P3 are identically 0 and the level curve writes as B(z —t)?(z — t)2, B # 0 which has

two double tangents.

(c) 22 4+ (3a — 1)t + 1 — a = 0. This implies that Py(z,2) = C((x —t) — (z — t))? with
C # 0 which also implies that the point is not a center.

(d) ¢t = —1. This implies K = 0 or @ = 1 which are not under our hypotheses.

Statements (2), (2)" and (3) follow in a very similar way. We omit the details for
shortness. O

Now for each k # 0, co we define the finite set ¢(k) C R as follows. We say that ¢y € ¢(k)
if and only if ¢y = ¢;(¢) for some ¢ € R verifying k = k(t) and P(t) < 0. Notice that ¢(k)
can be empty and it has at most three elements. Also set ¢*(k) = k(ak_ifl_k)
lemma the only level sets ¥¥, containing critical points of the differential equation are when
c € &(k) U{0,¢*(k)}. Notice that S ),* So (when k > —@) and *¥. when ¢ € &(k)

contain the periodic orbits

k o L a—2—k a—2—k .
Oc*(k)_{( 1—k, -1 k:),< 1—k, 1 >,( Prl 1—-% ,

Ok{(l—ai\/(a—3)2+4k 1—a:p,/(a—3)2+4k>}
0 — 9 ) ) )

. From the above

and
Ok ={(t,1) : 2+ > = (k+ 1)t — (1 + ak) = 0 and P(t) < 0},

respectively.
The other main ingredient to describe the dynamics of fj is the study of the points
added to compactify the level sets.

As in the previous example we introduce the following points:
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Plz(—k‘—l,OO) 3 PQZ(OO>_1> ) P3:(_1,OO) y P4:(OO,—]~€—1),
Ql:(_k_lv_oo) 3 QQZ(_OO7_1) ) Q3:(_17_OO) ) Q4=(—OO,—,I€—1),

and

x=(0,-k—-1) , yz(O,—ijff) , zcz<(1k_fc)k,—1),
b= (k=10 . ve=(-12).

Notice that when k = —1, the point y disappears, when k = a — 2 the points x and y

coincide and when ¢ = —k, the points z., v disappear. Note also that the points x,y and

t belong to all the level sets while the points z¢, ve belong to the level ¥¥...
Lemma 15. For each k ¢ {0,00} the following schemes work:

(a) For c ¢ {—k,o0}

P1 — P2

Q1 — Qo

and
Pg — Py

Qs — Q4
(b) For ¢ = —k the points z. and v disappear, and

P1—>P2—>P3—>P4

/ h

¢ a
Q1 — Q2 — Q3 — Q4

(c) If k # a — 2 the extended map fi, on ¥¥, satisfies

k(k—a+2)?+c(l+k)(ka+1)
Tely) = k(a— 1)k —a+2)
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Proof. 1t is and easy computation. U

Proposition 16. For each k ¢ {0,00} consider the map (14)and set p € R2. Then the

following statements hold:
(a) If k ¢ {a —2,—1} and k > 7(%3)2 then

(a1) Ifp ¢ F¥o UF Ser iy U (Ueean) ¥$.) then the dynamic of p is standard.
(ag) If p € ¥¥g then a(p) = w(p) = OF.

(a3) If p € "oy then a(p) = w(p) = OL. .-

(a4)

point contained in Oif(k).
(b) Ifk ¢ {a—2,—1} and k < =22 then;

(b1) If p ¢ kEC*(k) U (Ucea(k) kEc) then the dynamic of p is standard.

(be) Ifp e kZC*(k) then a(p) = w(p) = O’C“*(k).

(bs) If p € (Uceé(k) kEC) then the a and the w limit of p coincide and it is a fized
point contained in O]g(k).

(c) If k =a—2 then ¢*(a —2) =0 and

(c1) Ifp & “ 280U (Ueeg(as) “ ?2e) then the dynamic of p is standard.
(c2) If p € ©"2% then the orbit of p is not entirely defined.
(¢3) If p € (Ureata—a) “ *Bc) then the o and the w limit of p coincide and it is a fived

a—2

point contained in OE(a72)'

(d) If k = —1 then ¢*(—1) =0 and

(di) Ifp¢ ~'3oU (Uceé(—l) _IEC) then the dynamic of p is standard.
(d2) If p€ ~'Sg and a ¢ (1,5) then a(p) = w(p) = Oy .
(d2) Ifp € ~1¥g and a € (1,5) then the dynamic of p is standard.

(ds) Ifp € (Uceé(,l) _126) then the a and the w limit of p coincide and it is a fized
~1

point contained in 05(71)-
Proof. 1t is a direct application of Theorem B taking into account that from Lemma 15 it
follows that for any k and any ¢ ¢ ¢(k) U {0,c*(k)}, the set ¥E, has not invariant subsets.
On the other hand for ¢ € &(k) U {0,c*(k)}, the invariant subsets contained in *FE,. are

described in Proposition 14.
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We remark that the level ~2% is not regular because there is a straight line contained
in the level on which the determinant of the differential of f, o is identically 0. Then this
level is not under the hypotheses of the Theorem A. A simple computation shows that either
fa—o(x,2) = (0,a—1) or f2 4(x,2) = (0,a—1) for any (z,z) € “ 2%, so f>_, is not defined
at any point in the level. O
Proof of Proposition 13. For p € R? denote by ¢ = H1(p),k = W(p) and ¢ = Ha(p). Then
from (13) we get the relation

(1+k)e =k(ca+a—2—k). (19)

We begin by proving statement (b). Take p € 4, i.e., assume that ¢ = 0 and ¢ >
— =1 ith ¢y # 0. Then from (19) either, ¢ = 0 and k > — =3 with k ¢ {0,a — 2} or
c=0,k=0.

In the first case we consider the projection of p in the plane (z, z) and we apply statement
(a2) of Proposition 16. Notice that p = (z, %,z), so for k ¢ {0,a — 2} and k >
(@28 1o set

4
ék-{(l—ai (a—3)7+4k  1-aF (a—3)2+4k>}
0 — —1, 5

2 )

form a 2-periodic orbit of F2(x,y,2) in R3. So, if we consider

F(Og)—{(—l, 1—aq:\/(c2z—3)2+4k’_1>}

we get that Og U F(Oy) is a 4-periodic orbit of F(z,y,z) in R? and it is clearly contained
in 7. So, if the orbit of p is entirely defined, its alpha and omega limit are contained in ~;
as we wanted to prove.

In the second case consider a point p satisfying ¢ = 0 and k = 0. Then either, W (F'(p)) =
0 or W(F(p)) # 0. If W(F(p)) # 0, then we argue as in the previous paragraph taking the
point ¢ = F(p) and the result follows.

Now assume that W(p) = W (F(p)) =0, i.e., (z+1)(2+1) = 0 and (y+1)(at+z+y+z) =
0. Since through F' we get:

{z+1=0,y+1=0}—={z+1=0a+2+y+2=0}—>{2+1=0,a+x+y+2=0}
—-{y+1=0,241=0} > {z+1=0,y+1=0}

we are going to take into account the map F*(z, vy, z). Notice that the restriction of F* from
_ . _ 2—

(z +1)(z + 1) = 0 to itself reduces to (=1 —1,2) — (—1,—1,¢(2)) where p(z) = ;=1.

aEIiZ is known (see [6], for instance). This map has two fixed points

(resp., one fixed point), z = —1,2 =2 —a (resp. z = —1) for k # a — 3 (resp. k = a — 3).

The dynamics of z —
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For a # 2, these two points are one attractor and the other one repellor (resp. attractor).
And all the other points have this fixed points in the alpha and omega limit set. Since
through F':

(-1,-1,-1) » (1,-1,2 —a) = (-1,2 —a, ~1) = (2 —a,—~1 — 1) — (—1,—1,-1)

and this periodic set is contained in 71, the result follows and (b) is proved.
Now let p € Qo, i.e., assume that Ha(p) = 0, Hi(p) # 0. Int his case equation (19)
writes as

(1+k)c=k(a—2— k). (20)

Hence, ¢ # 0, k ¢ {0,a —2,—1} and ¢ = ¢*(k). As before we consider the following periodic

sets:

~ l—a a—2-k% a—2—-k 1—a
Ohpy =4 (-1—kk,—1—k),(-1—F, , : , ,—1—k
e (k) {( ) ( P+l ket > ( K+l k4l >}

and

~ 1—a l—-a a—2—k 1—a 1—a
Fok* = ku_l_ka 9 9 3 9 ) 7_1_k7k .
(Oc- ) {< k+1) <k+1 k+1 k+1> <k+1 )}

The set O U F (OC) form a 6-periodic orbit of F in R? and it is contained in 5. Now
applying (a3) and (bz) of Proposition 16 the result follows.

Lastly assume that p € Q3. That is Hi(p) = ci(t), H2(p) = ca(t) for some ¢t € R\
{0,1, —a} with P(t) < 0. Since the 2-periodic point v = (¢, $f, ¢) verifies that H(v) = c1(t)
and Ha(v) = ca(t), it follows that either W (p) = W (v) or W(F(p)) = W (v). Assume for
instance that W(p) = W(v) = k. Then it follows that ¢;(¢) € ¢(k) and the result follows
from the statements (ad),(b3),(c3) and (d3) of Proposition 16. Since the omega limit and

alfa limit of p and F'(p) coincide the result follows also in the other case.

In order to prove (a) consider a point p ¢ ; U Q9 U Q3. First of all note that since
p ¢ Q3 then ¢ ¢ é(k). Hence we have four cases: ¢ = 00, c=0= ¢z, c =0 with ¢ < —%
and ¢ # 0 # co.

Clearly when ¢ = oo the orbit of p is not entirely defined. Also as we noticed in
Example 1, when H;(p) and Hs(p) are zero the orbit of p is not defined. On the other hand
condition ¢y # 0 implies that ¢ # ¢*(k). Otherwise, since c¢*(k) = k(a,; f; k)
(k+1)c*(k) = k(a — 2 — k) and from (13) we get co = 0.

Now assume that ¢ = 0 and ¢y < —@ with co # 0. Then k < —% and since
¢ # c*(k) the result follows from (b;) of Proposition 16.

Finally if ¢ # 0 # ¢o then if k ¢ {a — 2, —1} since ¢ # ¢*(k) the result follows from (a;)
and (b1) of Proposition 16. If k = a — 2 (resp. k = —1) we apply (c1) (resp. (d1)). O

we have that
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