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We answer a question raised by G. Ladas at the ICDEA 2009 conference, by showing that
the nonautonomous difference equation xn+1 = 1

xn+An
with xn, An > 0 and An → 0 with

the ratios An+1/An bounded can have solutions whose set of accumulation points contain a
nondegenerate interval.
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1. Introduction

At the ICDEA 2009 conference, G. Ladas raised the question whether the solu-
tions of the nonautonomous difference equation

xn+1 =
1

xn + An
, (1)

where

xn, An > 0, An → 0

with the ratios An+1/An bounded, have to converge to a period 2 or 1 cycle.
We will show that the answer to this question is negative. Namely, the following

theorem holds.

Theorem 1.1 . Let t, s be real numbers such that 1 < s < t <
√

2. Then there
exists a sequence (An) of positive numbers, with An → 0 and the ratios An+1/An

taking only values 1/2 and 2, such that the difference equation (1) has a positive
solution (xn) for which the set of accumulation points of the sequence (x2n) is equal
to the interval [s, t].
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2. Proof of the theorem

We fix s and t as above, x0 ∈ [s, t], and A0 ∈ (0, 1/9) such that t(A0 + t) < 2.
Then, for each n, we define A2n+1 and A2n+2 by induction, setting:

(a) A2n+1 = A2n/2 and A2n+2 = 2A2n+1, or
(b) A2n+1 = A2n/2 and A2n+2 = A2n+1/2, or
(c) A2n+1 = 2A2n and A2n+2 = A2n+1/2.

We will have Ak → 0 as long as Case (b) appears infinitely many times. Moreover,
A2n+2 ≤ A2n, so for every n we get A2n ≤ A0. Thus, t(A2n + t) ≤ t(A0 + t) < 2
and A2n < 1/9.

In order to determine when to use which case, let us find x2n+2−x2n in all three
cases. In all cases we have x2n+1 = 1/(x2n + A2n). Now, in cases (a) and (b) we
have

x2n+2 =
1

1
x2n+A2n

+ A2n

2

=
2(x2n + A2n)

2 + A2n(x2n + A2n)
,

so

x2n+2 − x2n =
2x2n + 2A2n − 2x2n −A2nx2n(x2n + A2n)

2 + A2n(x2n + A2n)

= A2n
2 − x2n(x2n + A2n)

2 + A2n(x2n + A2n)
.

If x2n ≤ t, then

2 ≥ 2 − x2n(x2n + A2n) ≥ 2 − t(A0 + t) > 0.

Moreover,

2 ≤ 2 + A2n(x2n + A2n) ≤ 2 + A0(A0 + t).

Hence,

c1 =
2 − t(A0 + t)

2 + A0(A0 + t)
∈ (0, 1)

and in cases (a) and (b) we get

A2n ≥ x2n+2 − x2n ≥ c1A2n, (2)

provided x2n ≤ t.
Consider now Case (c). We have

x2n+2 =
1

1
x2n+A2n

+ 2A2n
=

x2n + A2n

1 + 2A2n(x2n + A2n)
,
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so

x2n+2 − x2n =
x2n + A2n − x2n − 2A2nx2n(x2n + A2n)

1 + 2A2n(x2n + A2n)

= A2n
1 − 2x2n(x2n + A2n)

1 + 2A2n(x2n + A2n)
.

If 1 ≤ x2n ≤ 2 then

−8 ≤ 1 − 4(2 + A0) ≤ 1 − 2x2n(x2n + A2n) ≤ 1 − 2 = −1.

Moreover,

1 ≤ 1 + 2A2n(x2n + A2n) ≤ 1 + 2A0(2 + A0) ≤ 2.

Hence, in Case (c) we get

−8A2n ≤ x2n+2 − x2n ≤ −A2n/2, (3)

provided 1 ≤ x2n ≤ 2.
Now we can specify our sequence Ak. We start with arbitrary A0 ∈ (0, 1/9) and

x0 ∈ (s, t). Then we use Case (a) as long as x2n ≤ t. In view of (2) and the fact
that when using Case (a) A2n remains constant, we see that x2n grows, and at a
certain moment we will have x2n ≤ t and x2n+2 > t. For this n we use Case (b)
instead of Case (a). By (2), x2n+2 ≤ t + 1/9 < 2. Now we start using Case (c).
Again A2n remains constant, but this time by (3) x2n decreases, and at a certain
moment we get x2n ≥ s and x2n+2 ≤ s. Then x2n+2 ≥ s − 8/9 > 0, and we start
using Case (a) again, and so on.

In such a way we use Case (b) infinitely many times, so Ak → 0. This, together
with (2) and (3), implies that at the moments when x2n ≥ t or x2n ≤ s the distance
of x2n from the interval [s, t] goes to 0. Thus, by using again Ak → 0 together
with (2) and (3), we see that the set of accumulation points of the sequence (x2n)
is equal to the interval [s, t].
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