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CLASSIFICATION OF THE CENTERS AND THEIR
ISOCHRONICITY FOR A CLASS OF POLYNOMIAL
DIFFERENTIAL SYSTEMS OF ARBITRARY DEGREE

JAUME LLIBRE! AND CLAUDIA VALLS?

ABSTRACT. In this paper we classify the centers localized at the origin of
coordinates, and their isochronicity for the polynomial differential systems in
R? of degree d that in complex notation z = x + iy can be written as

3= (>\+Z)Z +Az(d7n+1)/2z(d+nfl)/2 + Bz(d+n+1)/25(d7n71)/2

+ CRldt1)/25(d=1)/2 Dz(d*(2+j)n+1)/25(d+(2+j)n*1)/2’

where j is either 0 or 1. If 5 = 0 then d > 5 is an odd integer and n is an even
integer satisfying 2 <n < (d+1)/2. If j = 1 then d > 3 is an integer and n is
an integer with converse parity with d and satisfying 0 < n < [(d+1)/3] where
[] denotes the integer part function. Furthermore A € R and A, B,C,D € C.
Note that if d = 3 and j = 0, we are obtaining the generalization of the
polynomial differential systems with cubic homogeneous nonlinearities studied
in [17, 25, 15], and if d = 2, j = 1 and C = 0, we are also obtaining as a
particular case the quadratic polynomial differential systems studied in [2, 26].
So the class of polynomial differential systems here studied is very general
having arbitrary degree and containing the two more relevant subclasses in
the history of the center problem for polynomial differential equations.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

One of the main problems in the qualitative theory of real planar polynomial
differential systems is the center—focus problem; i.e. to distinguish when a singular
point is either a focus or a center. The notion of center goes back to Poincaré in [20].
He defined it for a vector field on the real plane; i.e. a singular point surrounded by
a neighborhood filled with closed orbits with the unique exception of the singular
point.

The classification of the centers of the polynomial differential systems started
with the quadratic ones with the works of Dulac [7], Kapteyn [11, 12], Bautin [2]
and others. Schlomiuk, Guckenheimer and Rand in [24] described a brief history of
the problem of the center in general, and it includes a list of 30 papers covering the
topic and the history of the center for the quadratic case (see pages 3,4 and 13). Here
we are mainly interested in finding new families of centers of polynomial differential
systems of arbitrary degree and in studying their cyclicity and isochronicity. There
are other interesting problems related with the centers that in this paper we do not
consider as for instance, their phase portraits in the Poincaré disc, or the kind of first
integrals that the centers can have, or the bifurcation diagram of the different phase
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portraits of centers in the parameter space, ... In the case of quadratic centers these
last problems were studied by several authors, see for instance Schlomiuk [22, 23]
and the references there in.

In this paper we consider the polynomial differential systems in the real (z,y)-
plane which has a singular point at the origin with eigenvalues \ 44 and that can
be written as

3= ()\+Z~)Z+Az(d7n+1)/2z(d+n71)/2 JrBZ(Ul+n+1)/22(d7n71)/2

(1) 4 02D /25(d=1)/2 4 P (d=(@4i)n+1) 25(d+2+5)n=1)/2,

where j is either 0 or 1. If j = 0 then d > 5 is an odd integer and n > 2 is
an even integer satisfying n < (d + 1)/2. If j = 1 then d > 3 is an integer and
n > 0 is an integer with converse parity with d and satisfying n < [(d + 1)/3].
Furthermore A € R, and A,B,C,D € C. When j = 0 we are considering the
polynomial differential systems

L= (A +1)z + Ap(d=nHD/25(d+n=1)/2 4 B (d+nt1)/25(d-n—1)/2

4 C2AHD/25(d=1)/2 | b (d=2n41)/25(d+2n=1)/2

and when j = 1 we are considering the polynomial differential systems
5= ()\+Z~)Z+Az(d7n+1)/2z(d+n71)/2 4 Bpldtntl)/25(d—n-1)/2

1 0pdtD)/25(d=1)/2 | p,(d=3n+1)/25(d+3n-1)/2,

The vector field associated to system (1) is formed by the linear part (A + i)z and
by a homogeneous polynomial of degree d formed by four monomials in complex
notations. Since the eigenvalues at the singular point located at the origin of system
(1) are A £ ¢, the origin is either a weak focus or a center if A = 0, see [1, 8].

For calculating the Poincaré—Liapunov constants several algorithms have been
developed to compute them automatically up to a certain order (see for instance
[3, 10, 16, 19, 21] and the references therein). The main reason for working with
this class of polynomial differential systems is that for such class we can compute
the Poincaré-Liapunov constants and afterwards the conditions for center (i.e. to
determine the common zeros of the Poincaré-Liapunov constants), in general for
polynomial differential systems of arbitrary degree such computations are very dif-
ficult or impossible. We also note that if d = 3 and j = 0, we are obtaining the
generalization of the polynomial differential systems with cubic homogeneous non-
linearities studied in [17, 25, 15], and if d = 2, j = 1 and C = 0, we are obtaining
as a particular case the quadratic polynomial differential systems studied in [2, 26].
On the other hand there are partial results on the centers of polynomial vector
fields formed by a linear center with a homogeneous nonlinearity of degree 4 and 5
(see [4, 5]), but these vector fields are not contained in the ones studied here.

The resolution of these problems imply the effective computation of the Poincaré—
Liapunov constants. There are different methods for computing the Poincaré—
Liapunov constants, see for instance [9, 19], but here we prefer the one based
on Abel equations because using it, the computation of the isochronous centers
becomes easier.

We write

A=ay+ias, B=0b+iby, C=c1+ico, D =dy+ids.
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Indeed writing (1) in polar coordinates, i.e, doing the change of variables 72 = 2z
and 0 = arctan(Imz/Rez), systems (1) become

@) dr Ar + F(0) rd
o 1+G(0)ri-1’

F(0) = (a1 + b
dosin(2 + j
G(0) = (az + by
dy sin(2+ j

~—

cosnb + (az — ba)sinnb + c1 + di cos(2 + j)nb+
no,
cosnb — (ay — by)sinnb + co + ds cos(2 + j)nb—
nb.

—_ =

Note that equation (2) is well defined in a sufficiently small neighborhood of the
origin. Therefore if system (1) has a center, then equation (2) defined in the plane
(r,0) when 6 > 0 also has a center at the origin.

The transformation (r,0) — (p, #) defined by
pd—1

P15 GOyt

is a diffeomorphism from the region § > 0 into its image. If we write equation (2)
in the variable p, we obtain the following Abel differential equation

a0 (d—1)GO)[NG(0) — F())p>+
(4) [(d = 1)(F(0) — 2)G(0)) — G'(0)]p% + (d — DAp
= AW®)p" + BO)p* + Cp.

The solution p(6,~) of (4) satisfying that p(0,7) = v can be expanded in a
convergent power series of v > 0 sufficiently small. Thus

(5) p(0,7) = p1(0)y + p2(0)7* + p3 ()7 + . ..

with p1(0) =1 and pg(0) = 0 for k > 2. Let P : [0,70] — R be the Poincaré map
defined by P(vy) = p(2m,~) and for a convenient o > 0. Then, the values of pj(27)
for k > 2 controle the behavior of the Poincaré map in a neighborhood of p = 0.
Then clearly systems (1) have a center at the origin if and only if p;(27) = 1 and
pr(2m) = 0 for every k > 2. Assuming that pa(27) = -+ = pp—1(27) = 0 we say
that p,,(27) is the m-th Poincaré-Liapunov or Poincaré—Liapunov—Abel constant
of system (1).

The problem of computing the Poincaré-Liapunov constants for determining
a center goes back to the very beginning of the qualitative theory of differential
equations, see for instance [20] and [14]. In the case of polynomial differential
systems each of the Poincaré-Liapunov constants is a polynomial in the coefficients
of the system. The set of coefficients for which all the Poincaré-Liapunov constants
vanish is called the center space of the family of polynomial differential systems. By
the Hilbert Basis Theorem, the center space is an algebraic set. Furthermore, the
centre space, i.e., the space of systems (1) with a centre at the origin is invariant
with respect to the action group C* of changes of variables z — £z :

A— f(d—n—l)/Qg(d+n—1)/2A’ B — é—(d+n—1)/25(d—n—l)/23’

(6) O%5(c171)/2£(df1)/2§r407 D4)E(d*(2+j)n71)/2£_(d+(2+j)n71)/2D'
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A natural question arises: how to characterize the center space of a given family
of polynomial differential systems?

To distinguish between the centers and the foci is a very difficult problem. In
general it is not easy to compute Poincaré—Liapunov constants. These constants
are polynomials in the coefficients of the systems. They generate an ideal in the
ring of polynomials having as variables the coefficients of the systems over the real
field. So they determine an algebraic set in the affine space of the real coefficients
of the system. This is the algebraic set of the systems with center. There are two
things which are difficult in the problem of the center.

(i) Finding this algebraic set, i.e. explicitly finding where to stop in the calcu-
lations of the Poincaré-Liapunov constants.

(ii) Splitting this algebraic set into its irreducible components. In other words
finding the algebraic varieties which build this algebraic set.

Of the two parts the second one is more difficult.

We recall that systems (1) are reversible with respect to a straight line if they
are invariant under the change of variables w = ez, 7 = —t for some =y real. For
systems (1) we have the following result.

Proposition 1. Systems (1)£T€ reversible if and only if A = —Ae ™", B =
—Be", C = —C and D = —De~ )" for some v € R. Furthermore, in this
situation the origin of system (1) is a center.

Proof of Proposition 1. The proof follows directly from its statement. For more
details see [3]. O

Once we have proved the existence of the so—called center space of systems (1)
we also want to determine which of the centers are isochronous. In that case let
z = 0 be a center (that is, we assume that we are under the hypothesis which
guarantees that z = 0 is a center) and let V' be a neighborhood of z = 0 such
that V' \ {0} is covered with periodic orbits surrounding z = 0. We can define
a function, the period function of z = 0 by associating to every point z of V' the
minimal period of the periodic orbits passing through z. The center z = 0 of system
(1) is isochronous if the period of all integral curves in V' \ {0} is constant. The
study of the isochronous centers started with Huygens when he studied the cycloidal
pendulum. The existence of isochronous centers for several classes of polynomial
differential systems has been studied in [6].

If we take the equation of ' = df/dt we obtain

2m do 2m 1
T= / e / T a@ga—t ¥
0 0 o L1+ G(O)r)

2 2
~ [ a-cepeyw—2n- [ GO0,
0 0
where p(0) = ij(H)yj is given in (5), and p;(#) are the terms giving rise to the
Jj=1
Poincaré-Liapunov—Abel constants. Then systems (1) have an isochronous center
at the origin if it is a center and satisfies

“ae0 =3 ([ G o

0 §>1
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that is if
27
(7) T:/ d—.9227T—ZTj’yj:27r,
o 0 j>1
with
27
(8) T, = G(0)p;(0)do =0, for j>1.

0
The constants T are called the period Abel constants.

The main result in this paper is the following

Theorem 2. The following statements hold.

(a) A system (1) has a center at the origin if and only if one of the following
conditions hold:
(al) A=c;=A+(3—4j)B=0,
(a.2) A =c; = Im(AB) = Re(4%D) = Re(EQE) =0 when j =0,
(a.3) A= c; = Im(AB) = Im(A°D) = Im(B°D) = 0 when j = 1.
(b) A system (1) has an isochronous center at the origin if and only if one of
the following conditions hold:
(b1) A=C=D=0 and A= B,
b2) A=C=D=0and (n+d—1)A=(n—d+1)B,
(b3) \=A=C=0,D=-B/B,d=3n+1and j = 1.

The proof of Theorem 2(a) is given in Sections 2 and 3 and the proof of Theorem
2(b) is provided in Sections 4 and 5.

2. PROOF OF THEOREM 2(A): NECESSARY CONDITIONS FOR A CENTER

We prove in this section that conditions (a.1), (a.2) and (a.3) are necessary condi-
tions to have a center at the origin. For this we compute the Poincaré-Liapunov con-
stants up to some order and then show that the zeroes of those Poincaré-Liapunov
constants are precisely conditions (a.1), (a.2) and (a.3).

Proposition 3. The Poincaré—Liapunov constants of systems (1), when j = 0 with
d>5 odd, n>2 even and n < (d+1)/2, are

Vi = e27'r(d71))\7
‘/2 = (1,
V3 = —IHI(AB)7

Vi= Re((A+3B)D[(d+2n—1)A+(d—2n— 1)3]),
Vs = Im((A+3B)DC(A+ B)).

We remark that Vi, = pi(27) (mod. {V4,Va, ..., Vik_1}), for k = 2,...,5 and also
modulo a positive constant.

Proof. Solving p(0) = (d — 1)A\p1(0) and evaluating at § = 27 we obtain p; (27) =
e2md=1A Then V; = 27D In what follows we take A = 0.
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Substituting (5) into (4) we get that the functions py(#) must satisfy

py = Bp3,

ps = Ap} +2Bpipa,

Py = 3Ap3p2 + B(p3 + 2p1p3),

ps = 3A(p1p3 + pips) +2B(p2ps + p1pa),

(9)

where we have omitted that all the functions depend on 6. Note that all these
differential equations can be solved recursively doing an integral between 0 and 6,
and recalling that py(0) = 0 for & > 2. We have done all the computations of this
paper with the help of the algebraic manipulator mathematica. These computations
are not difficult but are long and tedious.

Solving the equation py = Bp? we get that ps(2m) = 2m(d — 1)c;. Then we take
Cc1 = 0.

Now we compute the solution ps3(#) of p§ = Ap? + 2Bp1p2, and we get that
p3(2m) = 27(1 — d) Im(AB). Then V3 = —Im(AB).

Solving the differential equation for p4(#) we get p4(#) and in particular we obtain
from the expression of p4(27) the value of Vj given in the statement of Proposition
3 modulo p3(27) = p3(27) = 0 and a positive constant factor. More precisely we
can check that

4m
(d—Dm

We compute the solution p5(6) from the differential equation for ps(0), we get
p5(27), and in particular we obtain the value of Vi given in the statement of Propo-
sition 3 modulo p2(27) = p3(27) = ps(27) = 0 and modulo a positive constant.
This completes the proof of the proposition. O

pa(2m) = Vi +4Va(n+d — 1)ds.

Now we want to check which are the solutions of V1 =1, Vo = V3=V, =V5 =0
in terms of A, ay, as, by, bo, c1, ¢, di and ds.

Proposition 4. For j =0, d > 5 odd, n > 2 even withn < (d+1)/2, V; =1,
Vo =V3 =V, =V5 =0 if and only if either (a.1) with j =0, or (a.2), or

(1) j=0,A\=C=0, (d+2n—1)A+ (d—2n—1)B =0 and Re(B°D) # 0.
holds.
Proof. From the fact that V; = 1 we get that A = 0. Since Vo = 0 we have ¢; = 0.
To make V3 = 0 we will consider two different cases: B =0 and B # 0.

Case 1. B =0. In that case
Vi = (d+2n — 1)Re(A%D).
So Re(A%D) = 0 and we are under the assumptions (a.2).
Case 2. B#0. Then A = B with p € R. In this case
Vi=(3+0)((d+2n—Du+(d—2n—1))Re(B D).
In view of the factors of V; we consider three cases.

Subcase 2.1. p = —3. In this case we are under the assumptions (a.l).

Subcase 2.2. Re(EZD) = 0. In this case we are under the assumptions (a.2).
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Subcase 2.3. = —(d — 2n — 1)/(d + 2n — 1) and Re(B°D) # 0. In this case

since ¢; = 0 we have

8n(dn+d—-1). —2 —  8n(dn+d—-1) 2=
Vs=————FIm(BCD)=————c3Re(B" D
T 2ntd—1)2 m( ) @n+d—1)2 2 e(B D),
and to have V5 = 0 we must impose co = 0 that is C = 0. Hence, we are under
assumptions (c.1). This concludes the proof of the proposition. a

Now we prove that condition (c.1) is not necessary in order that systems (1)
have a center at the origin.

Proposition 5. Condition (c.1) is not necessary for systems (1) to have a center
at the origin.

Proof. Systems (1) with the assumptions of condition (c.1) become

d72n7132d7g+1 _

d+n—1 d+n+1l d—n-—1 d—2n+1 d+2n-—1
— S 2 2 2
d+2n—-1

+ Bz 2z Z + Dz 2 Z ,
with Re(B2D) # 0. Now if we do the change z — w = £z with

z

(10) 2=iz

_ d-n-—1
B2nd-1

(11) §

- d+n—1
B2n(@-1)

then using (6) we have that systems (10) can be written as

(12) W — i — d—2n — 1wd—g,+lwd+72z—1 n wd+721+1wd—g—1 . Dw%5%7
d+2n—1
with
. DBRB1/2 N - -
(13) D= W = d1 + ’Ldg and d1 7é 0.
For systems (12) (in view of Proposition 3) we have that V1 = Vo = V3 =V, = V; =
0. Now using the expressions of p1, ..., ps computed in the proof of Proposition 3
and using that
(14) pi = A(p3 + 6p1p2ps + 3p3pa) + B(p3 + 2p2pa + 2p195),

with Vs = pe(27) (mod. {V1, Va, ..., V5}), and modulo a positive constant we get
Vo = di(Rg + R3|D|?),

with

RY =32(d—1)?n?, R% = (d—1)* +3n(d—1)* —8(d — 1)?n* + 36(d — 1)n® — 32n".

Therefore, in order that V5 = 0 we also need to impose that

D= R‘liQ eV, elo,2n)\ {r/2,3m/2}.
\ —R2

Note that Ré > 0 for any values because d > 5 and n > 2. Therefore, in order that
D be well defined we need to restrict the values of (d,n) such that R% < 0. For the
rest of values of (d,n) such that R? > 0 we have that V5 # 0 and thus condition
(c.1) is not a necessary condition in order that systems (10) (and consequently of
systems (1) under the assumptions (c.1)) have a center at the origin. We note that
n is an integer in the interval [2,(d + 1)/2]. Choosing d sufficiently large and for
instance n = 2, it is clear that R% > 0 because it is a polynomial of degree 4 in the
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variable d — 1 starting with (d — 1)*. This concludes the proof of the proposition
in these cases. For the other cases condition (c.1) becomes

(1) j=0,A=C=0,D = /%ew, ¥ € [0,2m) \ {x/2,31/2} and (d,n) are
such that Rﬁ < 0.

Now (12) becomes

. . d—2n—1 d—n+1  din-1 d4n+l  d—n—1 Rlli jp d=2nil__dfon-1
W=1W———F——Ww 2 W ? Ffw ?2 w 2 +yl—Fpew 2 w 2 |
d+2n—1 —R3

with ¢ € [0,2m) \ {r/2,37/2} and (d,n) are such that R? < 0. For these systems
and using that

7 = 3A(p5ps + p1p3 + 2p10204 + Pips) + 2B(p3pa + p2ps + p1pe),
(15) ps = 3A(p2p3 + p3pa + 2p1p3pa + 2p1p2p5 + Pips)
+ B(pi + 2p3ps + 2p2p6 + 2p197),

and proceeding as in the proof of Proposition 3 we get that V; = 0 and V5 = cos .
However by hypothesis we have that cos # 0 and thus Vg # 0. This implies that
neither systems (10) have a center at the origin, nor systems (1) under condition
(c.1). This concludes the proof of the proposition. O

Proposition 6. The Poincaré—Liapunov constants of systems (1) withj =1,d > 3
integer and n > 0 an integer with converse parity with d satisfying n < [(d+1)/3],
are

Vi = 627r(d71))\’

‘/2 = 0,

Vs = —Im(AB),

Vi =0,

Vs = _Im((A +2B)D[(d+n—1)A+ (d—n — 1)B]

[(d+3n—1)A+(d— 3n—1§)
Vs = Re((A+2B)DC’ A2y + B?) )

with
1 2 3 4 2 3
2n? 4 2dn? + 2d*n? — 2d3n? — 3n® + 3dn® — 2n* + 6dn*)
and

v=2d> —4d + 2 + 5n — 5dn + 4n>.

We remark that Vi, = pg(27) (mod. {V1,Va,..., Vk_1}), for k = 2,...,6 and also
modulo a positive constant.

Proof. Proceeding in the same way as in the proof of Proposition 3 using (9) we
get Vi, Vo, V3, V4 and V5 given in the statement of Proposition 6. More precisely,
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we can check that

6n> ) ,
A= em =V - ‘/3(8(1 —d)?asdy — 5(1 — d)*bady — 16(1 — d)nagd,

— 4(1 — d)nbady + 9n*bady + 4(1 — d)*ardy — 8(1 — d)naydy

+10(1 — d)bydy + 8(1 — d)nbydy — 18n2b1d1).

We compute the solution pg(f) from the differential equation for pg(6) in (14),
we get pg(0), and in particular we obtain Vi where Vg is pg(27) modulo pa(27) =
p3(21) = pa(27) = p5(27) = 0 and modulo a positive constant. This completes the
proof of the proposition. O

Now we want to check which are the solutionsof V1 =1, Vo =V3=V5 =15 =0
in terms of A, ay, as, by, ba, c1, c2, di and ds.

Proposition 7. For j =1, d > 3 an integer and n > 0 an integer with converse
parity with d satisfyingn < [(d+1)/3], Vi =1, Vo = V3 =V5 =V =0 if and only
if either (a.1) with j =1, or (a.3), or
(c2) j=1,A=C=0,(d+n—1A+(d-n—-1)B=0 andIm(ESE) #0, or
(€3) j=1,A=C=0, (d+3n—1)A+(d—3n—1)B =0 and Im(B°D) # 0,
holds.
Proof. We proceed as in the proof of Proposition 4 and we have that A =0, ¢c; =0
and either B is 0, or B # 0.

Case 1. B = 0. In that case
Vs =—(d+n—1)(d+3n—1)Im(A*D).

Therefore Im(A3D) = 0 and we are under the assumptions of condition (a.3).
Case 2. B#0. Then A = B with u € R. In this case

V= (u+2)((d+n—1p+(d—n—1)((d+3n—1)u+(d—3n—1))ImB D).
In view of the factors of V5 we consider four cases.

Subcase 2.1. = —2. Then we are under the assumptions (a.1).
Subcase 2.2. Im(?sﬁ) = 0. In this case we are under the assumptions (a.3).

Subcase 2.3. p=—(d—n—1)/(d+n—1) and Im(EBE) # 0. In this case since
c1 = 0 we have
(d—1)3(d+3n—1)
(d+n-1)3
and to have V3 = 0 we must impose co = 0 that is C = 0. Hence, we are under
assumptions (c.2).

Subcase 2.4. = —(d—3n—1)/(d+3n —1) and Im(§35) # 0. In this case
since ¢; = 0 we have

V(; = C2 Im (ESE)

(d—13*d+9n—1) —3—

Vo = — Im(B D

0 (d+3n—1)3 czlm( )
and to have V3 = 0 we must impose co = 0 that is C = 0. Hence, we are under
assumptions (c.3). This concludes the proof of the proposition. O




10 J. LLIBRE AND C. VALLS

Proposition 8. Conditions (c.2) and (c.3) are not necessary in order that systems
(1) have a center at the origin.

Proof. Systems (1) with conditions either (c.2) or (c.3) become

d—n+1_ dtn—1
2

(16) 2=iz—TyBz = =z

d+n+1 d—n— d—3n+1 _d+3n—1
2 2

1
zZ 2 4Dz 2 Z ,

+ Bz

where
o f@=n=1/@d+n-1) if (c.2) holds,
" \(@=3n—1)/(d+3n—1) if (c.3) holds,

and Im(?gﬁ) # 0. Now if we make the change z = w = £z with

__d—n—1
(1) =2
B2n@—D
then using (6) we have that systems (16) can be written as
(18) W =iw—Tpw 5w w T w o + DT w e,
with
(19) D:%—f:dﬁicﬁ and dy # 0.
For systems (18) (in view of Proposition 6) we have that V; = Vo = V3 = V; =
Ve = 0. Now using p1,...,pe computed in the proof of Proposition 3 and using

p7(0) in (15) and proceeding as in the proof of Proposition 6, we get that
Vs = do(Ry + R3|DP),
with
1 0 if (c.2) holds,
Rd = 2 9 .
240(d — 1)*n* if (c.3) holds,
and
R%2 =1, if condition (c.2) holds,
while if condition (c.3) holds, then
R%=(1—d)*+4(1 —d)*n —102(1 — d)*n? + 396(1 — d)n® — 459n*.

Therefore, since dy # 0 we get that if condition (c.2) holds, then V7 # 0. Hence,
condition (c.2) is not a necessary condition in order that systems (16) (and conse-
quently (1) under condition (c.2)) have a center at the origin. This completes the
proof of the proposition for condition (c.2). On the other hand, if condition (c.3)
holds, in order that V7 = 0 we also need to impose that

N R .
D=\ =Le®, ye(2m)\{n}
d

Note that Rcll > 0 for any values of d > 3 and n > 0. Therefore in order that D
be well defined we need to restrict the values of (d,n) such that R% < 0. For the
rest of values of (d,n) such that B2 > 0 we have that V7 # 0 and thus condition
(c.3) is not a necessary condition in order that systems (16) (and consequently of
system (1) under condition (c.3)) have a center at the origin. This concludes the
proof of the proposition in these cases. For the other cases condition (c.3) becomes
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€3 j=1,A=C=(d+3n-1DA+d-3n-1)B=0,D = ,/_R—I%ew,
¥ € (0,2m) \ {r} and (d,n) are such that R? < 0.
Now (18) becomes

. 3 d—n+1_dtn-—1 d+n+1  d—n-—1 Rtli “b d—3n+1_  d+3n-—1
w=1iw—Tqw 2 w 2 4w 2 w 2 -+ RQe w2z w 2
il

with ¢ € (0,27)\ {r} and (d,n) are such that RZ < 0. For these systems and using
ps(0) in (15) and

py = A(p3 + 6p2p3pa + 3p1pi + 3p3ps + 6p1p3ps + 6p1p2ps + 3pipr)
+ 2B(paps + p3pe + p2p7 + p1Ps),
we get that Vg = 0 and Vg = sinvy. However by hypothesis we have that sin # 0
and thus Vy # 0. This implies that neither systems (16) have a center at the
origin, nor systems (1) under condition (c.3). This concludes the proof of the
proposition. O

3. PROOF OF THEOREM 2(A): SUFFICIENT CONDITION FOR A CENTER

We prove in this section that for j = 0, d > 5 odd, n > 2 even with n < (d+1)/2,
conditions (a.1) and (a.2) are also sufficient for having a center, and for j = 1,d > 3
an integer with converse parity with d satisfying n < [(d + 1)/3], conditions (a.1)
and (a.3) are also sufficient to have a center at the origin.

Proposition 9. Under conditions (a.1) systems (1) have a center at the origin.

Proof. We write systems (1) with condition (a.1). Then

ntl _din—1

—_  d—
z=iz—(3—4)Bz 2 zZ 2z + Bz

d+n+1 d—n-—1 d+1 d—1
2

ZT 2 Hicez 2 Z72

(20)

d—(2+i)n+1  d+(2+i)n—1
2 z 2

+ Dz

d—(2+j)n+1

Then if we multiply it 1/(22) z it becomes

1z — n(i+1)
2 z

5= —(3-4)B=

n(3+j)—2 B n(+3) n(A+j)—2
- 2 z 2 =z 2
(22)[d—C@)n+1)/2

L (@t)n nEtd-2 _ N OH
ticgz 2z * 4 Dzl =i
0z

where for d # (2 + j)n + 1 we have

-9 ,
= )~ (d—(2+j)n—1)/2

i—er -1 +
%(3_3.?2%5@ B 2w2w>
n\3+j 14+

2¢9 e Giam ) (DE”(QH) B Ez"@“))
n(2+j) n(2+j)

—2

_ S\~ (d—(2+i)n—1)/2
i~ gn-1% +

21 ’ (Eznu;l)zn(s»;j)
n(l+ j)

2¢o @tin_ (2+i)n ) . — .
3z 2 7(D§"(2+J)_D2"(2+J)),

n(3+j) _n(+1) )
f— z 2 z 2

n2+g) n2+j)
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and for d = (24 j)n + 1 we have

2 — nG+D _nG+g)

H =log(zz —l—,i(Bz 2z 2 —DBz
2¢o @+i)n _ (2+i)n 1

————2z ® Z ? — ———

n(2+j) n(2+j)

Note that the first integral exp(H) is real and well defined at the origin. Therefore

the origin is a center. O

nB+j) n@G+1)
2 z 2 )

(Dz+) _ Dpn2+D)),

Proposition 10. Under conditions (a.2) or (a.3) systems (1) have a center at the
origin.

Proof. We will see that if conditions (a.2) or (a.3) are satisfied then systems (1) are
reversible systems and thus the proof of this case will follow from Proposition 1.
We consider that condition either (a.2) or (a.3) in Theorem 2 holds. Rewriting
these conditions as

. 24 S 24
(21) c--o 4_B (.4 __ Do (By T __D
A~ B A D B D

Now let 0y, 6o and 63 such that " = —A/A, e%2 = —B/B and €' = —D/D.
Then by (21) we obtain

(22) 01 = —03(mod.27) and 0y = -03(mod.27).
2+
Now, take v = 01 /n. Using (22) we have
_ . . . _ B
—iny _ ,—ib1 _ _ = mny _ L0 . —ify _=
e & A, € & € B )
and
o~ (2HD)iny _ o —(249)i _ ,(245)if2 _ ifs _ _%7
which clearly implies, using Proposition 1, that systems (1) under conditions (a.2)
or (a.3) are reversible and thus have a center at the origin. |

4. PROOF OF THEOREM 2(B): SUFFICIENT CONDITION FOR AN ISOCHRONOUS
CENTER

From the introduction for proving the sufficient conditions for an isochronous
center, it is enough to show that

27rd9
23 =~ o,
(23) /0 .

where 6 can be obtained writing systems (1) in polar coordinates under conditions
(b.k) for k=1,2,3.
Systems (1) with the hypotheses (b.k) for k = 1,2 have always A # 0, otherwise
it would be linear systems. Furthermore we can do the change of variables
Ald=n—1)/(2n(d—1))
&= F(@n=D/@n@-1)"

(24) w=¢&z where

Then systems (1) under the hypotheses (b.1) become

. . d—n+1__d+n—1 d+ntl  d—
(25) w=iw+w 2 w 2 +w 2

n
2
w s
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while systems (1) under the hypotheses (b.2) can be written as

. . d—n+1 _ din—1 n+d—1 dint1_ d—n—1
(26) w=iw+w > W 2 ——w 2 W 2
n—d+1

Systems (1) under the hypotheses (b.3) and after the changes of variables given by
(17) and (19) can be written as

(27) 3 =iz 4 22Tz — 7%

We rewrite systems (25) in polar coordinates and we obtain
i =2r%cos(nf) and 6 =1.
Then clearly (23) holds and thus systems (1) under condition (b.1) have an isochronous
center at the origin.
We write systems (26) in polar coordinates and we get
2(d—1)

2
n d .
n—d+1

(28) 7= pra s cos(nf) and 6 =1+ =1 sin(ng).
Therefore
dr 2nr? cos(nf)
- = ith 0) = rp.
dd n—d+1+2(d—1)ri1tsin(nd) with r(0) =ro
Integrating this differential equation and since r(6) > 0 for any 6 we get that
(29)

(6) = (2(d — 1) sin(nf) + \/(n —d+1)222 4 4(d — 1) Sin2(n0)>1/(1d)

n—d+1
Note that

\/(n —d+1)2r2724 4 4(d — 1)2sin®(nf) > |2(d — 1) sin(nd)|

and thus r(6) given in (29) is positive. Therefore introducing (29) into @ given by
(28) we have that

2r g9 2 2(d — 1) sin(nh)
Gy | %= (1 - ) v
/0 0 /0 \/4(d —1)2sin*(nf) + (n — d + 1)2rg >

because the function 2(d — 1) sin(n@)/\/él(d —1)2sin?(nf) + (n —d + 1)2r2 7% is
odd in 6. Therefore systems (1) under condition (b.2) have an isochronous center
at the origin.

We rewrite systems (27) in polar coordinates and we obtain
(31) i = '3 (cos(nf) — cos(3nd)), =1+ %" (sin(nf) + sin(3nd)).
We introduce the change of variables
w=r" @p=nl, T=nt.
Then systems (31) become
(32) w' = w! (cos ¢ — cos(3p)) = 4w cos sin? ¢,
¢ =1+u? (sinp +sin(3p)) =1+ 4w sin @ cos? @,

where ' denotes the derivative with respect to 7.
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We note that systems (32) have an invariant (i.e. a first integral depending on
the new time 7) of the form

(33) I=1I(w,o,7)=3(p—7)+ 4w cos® p.
Indeed we have
3¢’ — 3+ 12w?w’ cos® ¢ — 12w> cos? psin p ¢’ = 0.
Now the invariant in the original coordinates becomes
I=1I(r0,t) =3n(0 —t) + 47" cos®(nh).
Then the time in function of the variables (r, 0, I) is

4 1
(34) t=60+ an 3" cos® (nh) — 3
Then taking into account that systems
dr 3" (cos(nf) — cos(3nd))

df 1+ 3n (sin(nd) + sin(3n0))

have a center at the origin, we have that r(0) = r(27). Therefore it follows from
(34) that the period T is given by

4 1 4 1

T =t(2m) —t(0) =2 —r(27)%" — — — | —7r(0)®>" — — | =2~.

Therefore systems (1) under condition (b.3) have an isochronous center at the
origin.

5. PROOF OF THEOREM 2(B): NECESSARY CONDITIONS FOR AN ISOCHRONOUS
CENTER

In this section we compute the necessary conditions to have an isochronous center
at the origin of systems (1). We note that since p;(#) = 1 then from (8) and (3)
we have T7 = 2mcy. Therefore in order to have 77 = 0 we must impose ¢y = 0.
Moreover since either (a.1), or (a.2), or (a.3) holds, we get that ¢; = 0. From now
on we take C' = 0. We consider two cases: j =0 and j = 1.

Case 1: 7 = 0. We also distinguish two different subcases.

Subcase 1.1: B = 0. In this case using pa(6) computed in the proof of Proposition
3 and also using (8) and (3), 75 becomes

T = (2|AP(d+n—1) +|D*(d + 2n — 1)).

™
2n
In order that T, = 0 we must impose A = D = 0. Then A = B =C = D = 0 which
is a linear system. Therefore this case does not provide an isochronous center.

Subcase 1.2: B # 0. Then since from V2 = 0 we have Im(AB) = 0, we can write
A = uB with u € R. We consider two different subcases.

Subcase 1.2.1: = —3. In this case A = —3B and we are under the hypothesis
(a.1). Then T» becomes

_m(d+2n—1)
2n

In order that 75 = 0 we must impose B = 0, a contradiction. Therefore this case
does not provide an isochronous center.

Ty = (16| B|? + |DJ?).
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Subcase 1.2.2: p € R\{—3}. In this case A = B and we are under the hypothesis
(a.2). By the change of variables in (11) and (13) we can rewrite systems (1) as

d—n+1l__ din-—1 dtntl _ d-n-—1 ~  d—2n+41_ d42n—1
2

(35) w=iw+pw 2 wW 2 4w 2 +Dw = w =2 ,

with D = DBI/Q/E?’/Q. Since we are under the assumptions (a.2) we have that

. — 1 o
di =Re(D) = ———=Re(B" D) =0.
1 = Re(D) poym=—p e(B" D)
Computing the period constants of (35) we get
Ty= —((d- 1)@ +d3 —2)+2(d5 + (n—1)%)n)/(2n),
Ts = —mdo(2(d —1)2(=2 + d3 + 2p + 4p2)+

(d— 1)(8E + (1 — 1)(7 + 23))n + 2(4d3 + 7(n — 1)2)n2) /(4n?),

Ty= —7(9(5d3 +4(p+ 1)(9p — 1)d3 +8(n— 1)(u + 1)%)(d — 1)>+

2(135d4 + 4(u(201p — 7) — 66)d3 + 156(u? — 1)*)n(d — 1)+

4(135d3 4 2(p — 1)(299u + 15)d3 + 78(p — 1)3 (1 + 1))n2(d — 1)+
72(5d5 + 14(pn — 1)2d3 + (u — 1)H)n?) /(96n°).

Now if we compute, using the Groebner basis of T, T3 and T, with respect to the
variables p and do we get that the following expression must be zero:

(36)  (d—1)%dy(=3+3d —2n)(—7+7d —2n)(d—n—1)(2d +n —2)2 = 0.

Since d > 5 and n < (d +1)/2 we have that the unique solution of (36) is dy = 0.
Then, using the Groebner basis obtained with do = 0, we also have

—d+1
Therefore, if p = 1, dy = 0 we are under the assumptions (b.1), and if p =
(n—d+1)/(d+n—1) and da = 0 we are under the assumptions (b.2). This
completes the proof when j = 0.
Case 2: 7 =1. We also consider two different subcases.

Subcase 2.1: B = 0. In this case using po(6) computed in the proof of Proposition
6 and also using (8) and (3), 7o becomes

Ty = —%(3|A|2(d+ n—1) + |D]>(d+3n — 1)).

In order that 75 = 0 we must impose A = D = 0. Then A = B =C = D = 0 which
is a linear system. Therefore this case does not provide an isochronous center.

Subcase 2.2: B # 0. Then since from Va = 0 we have Im(AB) = 0, then A = uB

with 4 € R. We consider two different subcases.
Subcase 2.2.1: ;1 = —2. In this case A = —2B and we are under the hypothesis
(a.1). Then T5 becomes
m(d+3n—1
7, = "D g 1 D)

In order that 75 = 0 we must impose B = 0, a contradiction. Therefore this case
does not provide an isochronous center.
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Subcase 2.2.2: 1 € R\{—2}. In this case A = B and we are under the hypothesis
(a.3). By the change of variables in (17) and (19) we can rewrite systems (1) as

. . d—n+1 _ dtn—1 d4n+l _d—n—1 ~ d—3n+1_ d4+3n—1
(37) w=iw+pw 2 w 2 4w 2z w 2 +Dw 2 w 2

with D = DB /§2. Since we are under the assumptions (a.3) we have that

1 _3__
—dy = Im(D) = ——5Im(B°D) = 0.

B?B
Computing the period constants of (37) we get
Ty = —w((d—1)(d} +3p® = 3) +3(d} + (1 — 1)*)n) /(3n),
T3 = 07
T, = —W((n —1)3n—1)(9n — 1)d} — 6(u + 2)n(3n — 1)d3+

6(18(p — 1)*n® + (31 — 4Tp)p + 16)n2 + (u(28p + 13) — 8)n—
2(p+1)(2p +1))df + 6(—6(p — 1)°n® + 2(u — 1)*(Tp + 1)n?~

(1= D(u+ D(U1p = Dn+ 3u(p+1)?)di+

d(df +12(p+ 1)(2u + 1)d} — 18u(p+ 1)%dy +27(p — 1) + 1)%)+
Ip—D)(u(n=3) —n=3)(un—-1) —n—1)(—p+3(p—1)n - 1)+
d((13n(3n — 2) + 3)d} + 6(u + 2)n(3n — 2)d3+
6((n— 1)(47u +16)n% — 2u(28p + 13)n + 16n + 64(2u + 3) + 6)d3 +
6(—9u(p+1)% +2(p — 1)(11p — Hn(p + 1)~

2(p = 1)(Tp + 1)n®)dy +9(13(pu + 1)n?(u — 1)+

9+ 1)%(p — 1) = 26(u* — 1)*n)) + d*((13n — 3)di+

6(p + 2)nd? + 6(—8n + u(13n + 4u(7n — 3) — 18) — 6)d?

6(u+ 1)((1 = 1)1 = 4)n — Ipa(pe + 1))y — 81(p — )(u+ 1)%+
17(% = 1)n) ) /(360°),

Ts =Ty = 0 and T and Tg have expressions two much long and here we do not
give them.

We are looking for solutions of d; and u such that T, = 0 for k = 2,4,6,8. Note
that these T, = T}, (czl,u) are polynomials in the variables ch and p. So we shall
use the properties of the resultants for solving the system 7} = 0 for &k = 2,4,6,8
with respect to the variables d; and u. We compute

ri(p) = Resultant(TQ(czl, w), Ta(dy, 1), dr),
r2(pn) = Resultant(Ts(dy, ), Te(d1, p), da),
T3 (u) = Resultant(Tg(dl, u), Tg (dl, /.L), dl)

Thus r;(u) for I = 1,2, 3 are polynomials in the variable p. These three polynomials

have in common the factors (3n +d —1)?(u—1)(d —n — 1+ pu(n+d —1)). Clearly
3n + d — 1 cannot be zero, because d > 3 and n > 0; and since

- - n—d+1 d3(d+3n—1)x
To(d,1) =T (di, ——— | = ——
2( 1 ) 2(17n+d_1> n ’

we must take d; = 0. Then it is easy to check that T = 0 for k = 2,4,6,8 when
p=1land p = (n—d+1)/(n+d— 1), obtaining the cases (b.1) and (b.2) of
Theorem 2 respectively.
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Now we omit these three common factors from the three polynomials 7;(u) for

1=1,2,3, and thus we get the polynomials s;(u) for I = 1,2,3. We compute

Resultant(sq(p), s2(p), 1) = K f(d,n),
Resultant(sy (1), s3(u), p) = Lg(d,n),

where

K = ( _1)45 8(1
(1—d+ 3n)?
L= (d—1)%n
(1—d+ 3n)?

d+n)?(=14+d+n)(—3+3d+n)?
(—1+4d+3n)'3,
1—d+n)3(—1+d+n)*(—3+3d+n)?
(=1 +d+3n)(—=1+d+9n),

and f(d,n) and g(d,n) are polynomials in the variables d and n. Since d > 3 and

n > 0, we have that K = L = 0 implies that n = (d — 1)/3.
Now assume that n # (d — 1)/3. Then doing the

Resultant(f(d,n), g(d,n),n) = M(d — 1)?*4°,

where M is a positive integer. Since d > 3, using the properties of the resultant
(see for more details [13, 18]) it follows that the system T}, = 0 for k = 2,4,6,8

with respect to the variables dy and p has no solution when n # (d — 1)/3.
Suppose that n = (d — 1)/3. Then T}, = 0 for k = 2, 4,6, 8 reduce to

Ty = —2n(—1+4d; — p+2u2),

Ty= —7(16d{ + 6d3(2+ ) + d3 (—16 + 504 + 173%)—
2d1 (6 + 5m + 5p? + 38u3) + 12u(—4 — 9 + 3% + 104)) /2,

Ts = —n(5670dS + 4116d53(2 + p) + 2d1 (1309 + 35881 + 75022u2)—
7d3 (776 — 36100 — 30462 4 15879,3)+
14d2 (=727 — 55400 — 539712 + 2098013 + 29645m*)—
35d; (64 + 7294 + 5182 — 997m® + 3630u* + 5776m®)+
70(35 + 159 — 501p? — 25273 — 1734p* + 232845 + 224045)) /140,

Ty = —m(16056320d5 + 17147781d7(2 + p)+
d$ (52317568 + 4404766964, + 7851864761:%)
21d3(—812342 — 166869771 — 14276363m? + 382197004:° )+

9d4(—8204960 — 363563924 + 5556562812 + 46665672243 + 540545695 14) —

126d3 (444878 + 2448179y — 17769462 — 9212642m3 + 193293374+
348309221%) + 1764d2 (6592 — 591164 — 72845042 — 18932963 —
650991 4+ 470071145 + 391537018) — 882d; (—12310 + 8051 11+
4128692 + 48977313 — 1245259u* — 36026445 + 44306605+
362480047) + 1411204(320 + 1872 + 9122 — 116563 — 21612 —
1731m5 4 20345u° + 1155017)) /70560.

We compute
ri(p) = Resultant(TQ(czl, w), Ta(dy, ), dr),
r2(pn) = Resultant(T>(dy, p), Te(d1, p), da),
T3 (,U,) = Resultant(Tg(dl, ,u), Tg (dl, ,UJ), dl)
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Then it is easy to check that the unique common factor of r;(u) for I = 1,2,3 are
(r—Dp(2p + 1). Evaluating Ty, for k = 2,4,6,8 in p = —1/2, 0 and 1 we obtain
the solucions

1 -~ ~ -
/J’:_§7 dlzo, M:07d1:_17 /J/:l,d]_:O,

for n = (d — 1)/3. Note that the first solution is a particular case of condition
(b.2), and that the third solution corresponds to a particular case of the condition
(b.1). Finally observe that the second condition corresponds to condition (b.3).
This concludes the proof.
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