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ON THE 16TH HILBERT PROBLEM FOR ALGEBRAIC
LIMIT CYCLES ON NONSINGULAR ALGEBRAIC CURVES

JAUME LLIBRE!, RAFAEL RAMIREZ? AND NATALIA SADOVSKAIA®

ABSTRACT. We give an upper bound for the maximum number N of al-
gebraic limit cycles that a planar polynomial vector field can exhibit if the
vector field has exactly k non-singular invariant algebraic curves. Addi-
tionally we provide sufficient conditions in order that all the algebraic limit
cycles are hyperbolic. For k = 1,2,n— 1 we also give a lower bounds for N.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

A (planar) polynomial differential system is a system of the form

d d
1) T=i=Pay). o =i=Qy)

where P and () are polynomials in the variables x and y. In this work the
dependent variables x and y, the independent variable ¢, and the coefficients
of the polynomials P and @) are all real because we are interested in the real

algebraic limit cycles of system (1). The degree n of the polynomial system (1)
is the maximum of the degrees of the polynomials P and Q.

Associated to the polynomial differential system (1) there is the polynomial
vector field

0 0
2 X=P — —
(2) (@,y) 5+ Q(x,y)ay,
or simply X = (P, Q).
Let Rz, y] be the ring of all real polynomials in the variables x and y. Let
f = f(z,y) € Rlz,y]. The algebraic curve f(z,y) = 0 of R? is an invariant
algebraic curve of the polynomial vector field X if for some polynomial K &
Rz, y] we have
of | ,0f
3 Xf=P— —
(3) f=Pg +Cy,
The polynomial K is called the cofactor of the invariant algebraic curve f = 0.
We note that since the polynomial system has degree n, then any cofactor has
at most degree n — 1.

~ Kf.
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Since on the points of an invariant algebraic curve f = 0 the gradient
(0f /0x, Of/0y) of the curve is orthogonal to the vector field X (see (3)),
the vector field X is tangent to the curve f = 0. Hence the curve f = 0
is formed by orbits of the vector field X'. This justifies the name of invari-
ant algebraic curve given to the algebraic curve f = 0 satisfying (3) for some
polynomial K, because it is invariant under the flow defined by X.

An invariant algebraic curve f = 0 is called irreducible if the polynomial f
is irreducible in R[x, y].

We recall that a limit cycle of a polynomial vector field X is an isolated
periodic orbit in the set of all periodic orbits of X. An algebraic limit cycle of
degree m of X is an oval of a real irreducible (on Rz, y]) invariant algebraic
curve f = 0 of degree m which is a limit cycle of X.

Consider the set 3, of all real polynomial vector fields (2) of degree n.
Hilbert in [7] asked: Is there an uniform upper bound on the number of limit
cycles for all polynomial vector field of 32,7 This is a version of the second half
part of Hilbert’s 16th problem.

Consider the set X, of all real polynomial vector fields (2) of degree n having
irreducible invariant algebraic curves. A simpler version of the second part of
the 16th Hilbert’s problem is: Is there an uniform upper bound on the number
of algebraic limit cycles of any polynomial vector field of ¥!'7 In [9] we give the
answer to this last question when all the invariant algebraic curves are generic
in the following sense

(i) There are no points at which f; = 0 and its first derivatives all vanish

(i.e. f; =0 is a non-singular algebraic curve).

(ii) The highest order homogeneous terms of f; have no repeated factors.

(iii) If two curves intersect at a point in the affine plane, they are transversal
at this point.

(iv) There are no more than two curves f; = 0 meeting at any point in the
affine plane.

(v) There are no two curves having a common factor in the highest order
homogeneous terms.

In [9] the following theorem is proved.

Theorem 1. For a polynomial vector field X of degree n having all its irre-
ducible invariant algebraic curves generic, the maximum number of algebraic
limit cycles is at most 1 + (n — 1)(n —2)/2 if n is even, and (n — 1)(n —2)/2
if n is odd. Moreover these upper bounds are reached.

Also in [9] is stated the following conjecture.

Conjecture 2. Is 14 (n—1)(n—2)/2 the mazimum number of algebraic limit
cycles that a polynomial vector field of degree n can have?

As usual we denote by f, the partial derivative of the function f with respect
to the variable x.



ON THE 16TH HILBERT PROBLEM FOR ALGEBRAIC LIMIT CYCLES 3

In this paper we study the 16th Hilbert problem for algebraic limit cycles
contained in nonsingular invariant algebraic curves. Our main results are the
following.

Theorem 3. Let g, = g, (x,y) = 0 for v = 1,2,...,k are the unique non-
singular invariant algebraic curves of the polynomaial vector field X of degree n
and let A(k,n) is the maximum number of algebraic limit cycles of X, then if

(a) the curves are non-singular and irreducible then

Atk < k(P 1),

(b) the degree of the curves are such that 25:1 deg g, < n+1, then

1 . .
1+ =(n—1)n ifn is even,
Alk,n) <9 4 2
§(n —1)n if n is odd.

(c) the curves are generic in the above sense, then

1 ‘ .
A(k,n) < A(1,n) = 11+ 5(n=1)(n—2) ifnis even,
S —=1)(n-2) if mis odd.

2
(d) the vector X does not admits a rational first integral then
1 -1 Y +n?44
Alk,n) < (w n 1)(% +1) = %.

The proof of Theorem 3 is given in section 2.

Theorem 4. Let g = g(x,y) = 0 be a unique non-singular irreducible alge-
braic curve invariant of the vector field X associated to polynomial differential
system

(4) &= X9+ Mgy =Plz,y), §=2A9— Mg =Q(z,y).
where A\, = A\, (x,y) for v=1,2,3 are polynomials.
Assume that the following conditions hold.

(i) Intersection of the ovals of g = 0 with the algebraic curve Ay = 0 is
empty.
(ii) The polynomial (A3(A1)y + X2(A2)2)glr=0 is not zero in R?*/{g = 0},
(iii) of v is a isolated periodic solution of (4) which does not intersect the
curve A\ = 0, then

Ilzjgi()\gdx—)\gdy //( 1) )dxdy;«éo

where I' 1s the bounded region limited by v, and
(iv) max (deg(kgg + Aigy), deg (Asg — )\1993)> =n.
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Then (4) is a polynomial differential system of degree n for which the following
statements hold.
(a) The curve g = 0 is an invariant algebraic curve.
(b) All the ovals of g = 0 are hyperbolic limit cycles. Furthermore system
(4) has no other limit cycles.
(c) Assume that o € R\{0} and G = G(z,y) is an arbitrary polynomial of
degree n — 2 such that the algebraic curve

(5) f=az""+Gz,y) =0

is nonsingular and irreducible. We denote by By(n) (respectively Ba(n))
the mazimum number of ovals of all curves f = 0 when n is odd (re-
spectively even). If A(1,n) is the mazimum number of algebraic limit
cycles of system (4), then

max ((n —Dn=2) Bl(n)> < A(1,n),

2

when n is odd and

max ((” - 1)2(n =2 4, Bz(n)> < A(1,n),

when n is even.

The polynomial differential systems (4) provide the more general polynomial
differential systems having g = 0 as irreducible invariant algebraic curve, for
more details see [4].

Corollary 5. Under the assumptions of Theorem J we have that
(a) A(1,2) =1,
(b) 2 < A(1,3) <4, and
(c) 6 < A(1,5) < 11.
The proof of Theorem 4 and corollary 5 is given in section 3.
We note that Theorem 4 improves Theorem of Christopher [2].

Theorem 6. Let g; = gj(x,y) = 0, for j = 1,2 are the unique non-singular
irreducible algebraic curves invariant of the vector field X associated to poly-
nomial differential system

(6) & =-—ri(g1)y —712(92)y + 9192M1, T =71(g1)x + 72(92)2 + 91923

where r1 = A1ga, T2 = Aag1. and X = \j(x,y) for j =1,2,3,4 be polynomials.
Assuming that the following conditions hold.

(i) The intersection of the ovals of g, = 0 with the algebraic curve r, =0,
forv=1,2 are empty.
(ii) The two polynomials
Aa(r1)e + As(r1)y + A2{ A1, g1})9192]r =0,
(Aa(r2)z + As(r2)y + AMi{A2, g2})9192)rm=0,
are not zero in R*/{g1go = 0}, where {f, g} = fo9y — [49z-
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(i) If v (respectively v2) is a isolated periodic solution of (6) which does
not intersect the curve 1y = 0 (respectively ro = 0), then

1 A
) h= § ade s ady) - § Sdloglaa] 0.
Y1 )\1 m )\1

1 A
(8) I, = 74 — (= Asdz + A\ady) — }1{ “dlog|gi| # 0.
Y2 A2 V2 A2

(iv) max (deg(QIQZ)%_Tl(91>y_r2(92)y)a deg(+9192/\3+7"1(91)x+r2(92)m)) =
n.

Then (6) is a polynomial differential system of degree n for which the following
statements hold.
(a) The curves g; =0 for j = 1,2 are invariant.
(b) All the ovals of g; =0 for j = 1,2 are hyperbolic limit cycles. Further-
more system (6) has no other limit cycles.
(c) Assume that a € R\{0} and G = G(z,y) is an arbitrary polynomial of
degree n — 1 such that the algebraic curve

(9) f=ar"+G(z,y) =0

is nonsingular and irreducible. We denote by by(n) (respectively ba(n))
the mazximum number of ovals of all curves f = 0 when n is odd (re-
spectively even). If A(2,n) is the mazximum number of algebraic limit
cycles of system (6), then

bi(n) < A(2,n),
when n is odd, and
bQ(n) < A(27n)7

when n is even. Here

. ==y o o))
<"_2)2(”_3) +1< by(n) < ("_1)2(n_2) +1
Corollary 7. Under the assumptions of Theorem 6 we have that
2 < A(2,3) <6.

The proofs of Theorem 6 and its corollary are presented in section 5.

Theorem 8. Let g, = g, (x,y) = 0, for v = 1,2...,k are the unique non-
singular irreducible algebraic curves invariant of the vector field X associated
to polynomial differential system

k k
(11) T = )‘k+29 - er<gv)y7 y = )‘k—i-lg + Zrll(gl/)wa

j=1 v=1
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where g = H];:1 Gv, Nj = Nj(x,y), for j = 1,2,...k + 2 are polynomial, and
r, = /\VH#ng, forv=1,2,...% k.
Assume that
(i) The intersection of the ovals of g, =0 and r, =0 forv =1,2,... k
are empty.
(ii) The polynomials

(Ak+2(7”u) + N1 (rv)y + Z/\ {A, 95 H 9m> Hg] ry=0

J#v m#£j, v

forv=1,2,...k, are not zero in R2/{Hj:1 g; = 0}.
(iii) if v, is a isolated periodic solutions which does not intersect the curve
r, =0, then

L,:ji )\V( Me1dT + Apody) — ;% —Jdlog\gjhé() v=1.2. .k

and

(iv)

B

max (deg Air2g) — Z (g deg (>\k+19 + Z ri(95)x )) =n,

Jj=1

Then (11) is a polynomial differential system of degree n for which the following
statements hold.

(a) The curve g, =0 forv=1,2,... k are invariant algebraic curves.
(b) All the ovals of g, = 0, for v =1,2,... k are hyperbolic limit cycles.
Furthermore system (11) has no other limit cycles.

Corollary 9. Under the assumptions of Theorem 8 we have that
n—1<An—1,n).

The proof of Theorem 8 is analogous to the proof of Theorem 6 and the
proof of corollary 9 is given in section 6.

We note that system (11) is the more general polynomial differential system
having the invariant algebraic curves g, = 0, for v = 1,2, ... k. For more details
see [11].

2. PrRoor or THEOREM 3

The proof of statement (i) is obtained as follows. First if we denote by m,,
and K, the degree and the maximum number of ovals of the curve g, = 0,
then in view of the Harnack theorem (see for more details [13, 14]) K, <1+
(my, — 1)(my — 2)

5 . On the other hand if g, = 0 is non-singular and irreducible,
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from [1] the degree of g, does not exceed n + 1, hence
(m, —1)(m, — 2) (n—1)n
5 :

K, <1+ <14+

Let A(k,n) be the maximum number of algebraic limit cycles of the given
polynomial planar vector field of degree n, with k irreducible non-singular
invariant algebraic curve, then

Alk,m) < Zk:Kv < Zk: (14175 1>2(my L _21>n).

v=1 v=1

So the statement (a) is proved.
From proposition 8 of [9] we obtain that if $2%_ degg, <n+1 then

k k

(e i 70) :Z((my—1)2(my—2))+zau < Zaﬁ(nﬂ—;)(n

v=1

where a, = 1 if m,, is even, and a, = 0 if m, is odd. After some calculations
(see for more details [9]) we obtain that

;ay+(n+1—2k:)(n—k:)>§/_i

where & is equal to n(n — 1)/2 when n is odd, and 14 n(n — 1)/2 when n is
even.
Hence, by considering that

A(k,n) < Ii<mlum27 s 7mk) < Ra

we obtain the proof of statement (b).

The proof of the statement (c) is given in [9)].

In view of the Jounolous’s theorem (see [8], or in a shorter proof [3]) we
obtain that if the number k of the given invariant curves is large than @—1—1,
then there exists a rational first integral. Since by assumption there is not a
rational first integral then k& < @ + 1.

By considering that the curves g, = 0 are non-singular and irreducible then
their degree is at most n + 1 (see [3]). On the other hand from Harcnak’s
theorem we deduce the given upper bound for A(k,n).

This completes the proof of Theorem 3.

3. PROOF OF THEOREM 4 AND ITS COROLLARY

From (3) we have Xg = (A3g, + A\2g.)g, consequently g = 0 is an invariant
algebraic curve with cofactor K = A3g, + A2g,. Therefore statement (a) is
proved. Clearly a singular point on g = 0 satisfies either \; = 0, or g, = g, = 0.

Due to our assumptions any of these two cases cannot occur. Thus each oval
of ¢ = 0 must be a periodic solution of system (4). Now we shall show that
these periodic solutions are in fact hyperbolic limit cycles.
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Consider an oval v of g = 0. From our choice of \; we know that ~ does
not intersect the curve \; = 0. In order to see that ~ is a hyperbolic algebraic
limit cycle we must show that

(12) I= j{div(t)dt = 7{ (g—i + g—g) (x(t),y(t))dt # 0,

where (z(t), y(t)) is the parameterizations of the periodic orbit -, see for more
details Theorem 1.2.3 of [5].
After straightforward calculations and by considering that
= Aag Y= Asg

we obtain that
diV(t) = ()‘1)1‘91/ + Algxy + (>‘2)x9 + Gy — (Al)yg:c - Algxy + ()\3)y9 + )\29y
= ((A)z +A3)gy — (M)y — A2) gz + 9((A2) + (A3),)

T — Aag Y — A3g
= ((M)e + A3) Y + ((A1)y = 1) o) + g((A2)z + (A3)y)
- (A”z‘”; Qb g 33 2ag) 2205~ Asg)
Y T+ As(A)y) + 9(O)e + (Na)y).
Therefore
le(t)dt = d(lOg |/\1|)+M )? ( )\2()\1) )\3()\1)y+)\11x+>\1()\3)y)dt.

Hence, by assumption we have that

74 div(t)dt = 7{ Al = Aoy,
¥ v A1

Thus every oval of the algebraic curve g = 0 is a hyperbolic algebraic limit
cycle.
We suppose that there is a limit cycle 4 which is not contained in g = 0.

This limit cycle can be or not algebraic. On the algebraic curve A\; = 0 we
have

Xl = ()\1):,;37 —+ ()\1)
= (A)z(A1gy + A2g) + (A1)y(=Mgz + Asg)
= A((M)egy = (M)yga) + 9(A2(M)z + As(Aa)y)-
Hence by assumption (i) we have that
(13) M=o = Aa(Ar)y + Ao (M)2)gln=o # 0,

in R?/{g = 0}. Thus 7 cannot intersect the curve A\; = 0. Therefore 7 lies in a
connected component U of R?/{\;g = 0}, so that g and \; have constant sign
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on U. In view of the relation

Y—Asg . T g .
kA e b

So d(log |g]) = (Asdx — Aady)/ N1, and by assumption (ii) we get the contradic-

tion

g = ngj + gyy = - )\31‘ - >\2y)

= § dlozlo] =  5-Oude —dad) #0
5 A1
In short statement (b) is proved.

The lower bound is deduced as follows. First we note that the differential
system already considered in [2]

(14) &= (Az+ By+ C)g, +ag, y=—(Az+ By+ C)g, + By,

where A, B,C, o, € R, B + aA # 0, and g = 0 is an arbitrary algebraic
curve of degree n such that g|y,—¢ # 0 in R?\ {g = 0}, is a particular case of
system (4). In fact for this system we have that

)\1:AZ’+BZ/—|—C, )\2206, )\3:6
Therefore from (13) we obtain

Mlyn—o= (BB+aA#0)gl, _, inR?\{g=0}

1 dzdy
— - = (BB +ad)
7{ A Asdv = hady) = (BB +a // Az + By + C)? 70

Hence conditions (i) and (ii) hold for system (14).

By choosing g = 0 an M-curve of degree n having the maximum numbers
of ovals in the affine plane, i.e. 1+ (n — 1)(n — 2)/2 ovals when n is even,
and (n — 1)(n — 2)/2 ovals when n is odd. Hence we obtain that A(1,n) >
1+ (n—1)(n—2)/2 when n is even, and A(1,n) > (n —1)(n —2)/2 when n
is odd.

Second the differential system of degree n studied in [11]

(15) &= (a+byr)fy, §=—(a+byr)fe+ (n+1byf,
where a,b € R{0}, has the invariant algebraic curve (9). It is easy to show
that this system is a particular case of system (5). In fact in this case we have
that

M =a+byzr, A3=(n+1)by, I =0.
Therefore, from (13) we obtain

Xilnco = (n+ Dbybzflr,—o = (n+ 1)b(A — @) fla,—0 = —(n + L)abf|x,—o # 0,

and dnd
_axay
]4)\1 (Asdx — Nody) = 1)ab // (a5 bay)?

Hence system (15) satisfies conditions (i) and (ii). So we obtain that B;(n) <
A(1,n) if n is odd, and Bs(n) < A(1,n) if n is even. In short statement (c) is
proved.
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4. ON THE NUMBER Bj(n)

In this section we analyze the existence of the upper and lower bounds for
the maximum numbers of ovals of the curve (5), that we have denoted by

By (n).

Now for n odd we are interesting in showing
(n—1)(n—2)
2
and that this lower bound is reached. So we want to determine the bounds of

Bj(n), and study its realization in the affine plane.

We shall study the curve (5) for n = 2m — 1. It is easy to see that the
maximum genus of the curve (5) is ¢ = 2(m — 1)? — 1, see for more details
[6]. Hence the maximum number of ovals (which we denote by Bj(m)) is not
greater than g+ 1 = 2(m — 1)? in RP? [14]. On the other hand Oleg Viro in a
personal communication proved that the numbers of ovals of the curve (5) is
at least 1+ (2m — 2)(2m — 3)/2 = 2(m — 1)? — (m — 2). As a consequence we
have the following bounds in the projective plane

2(m —1)* = (m — 2) < By(m) < 2(m — 1)?,

A(l,n) > +1 forallneN,

or equivalently
(n—1)(n—2)
2

forn =2m — 1.

+1< Bi(n) < ((n_1)<n_2)+1)+n_1

2 2 7

We are interested in realizing the lower bound of the previous inequality in
the affine plane, because then we obtain the number of algebraic limit cycles
stated in Conjecture 2 for n odd. In particular for n = 3, i.e., m = 2 we obtain
that B;(3) = 2.This number of ovals is realized in the affine plane as we can
observe in the following particular algebraic curve

y? + (22 —1/2)* = 1/5=0,
see for more details [10].
For the moment we are not able to realize in the affine plane this lower
bound for n > 3.
Proof of Corollary 5. (a) The proof of the equality A(2) = 1 trivially follow
from Theorem 3and Theorem 4.

(b) The proof of the inequality 2 < A(3) < 4 is easily obtained from Theorem
3 and the fact that B,(3) = 2.

(c) The inequality 6 < A(5) < 11 follows from Theorem 3 and from the fact
that By(5) > 6 because the algebraic curve

f=@*=1/9)(2*-1)*+ (v* —1/2)* —= 1/10 = 0,
has genus seven and admits six ovals(see for more details [11]). O
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5. PROOF OF THEOREM 6

The proof is obtained from the one of Theorem 4 by considering that system
(6) admits the following equivalent two representations

(16) T =71i(95)y + ;g U=-7i(9j)e+ 5595 =12

where

r= —MAg2, T2=—Xg,
L= goAa+Aa(g2)y,  51= g3 + Aa(2)as
lo= gida+Ai(g1)y S2= @1 A3+ Mi(g1)a

Let X be the vector field associated to system (6). Then we have

Xag1 = (g2(Ma(91)z + A3(91)y) + A2{92,91}) 91,
Xga = (91(Aa(92)z + A3(92)y) + A2{91, 92})92.

Consequently g; = 0 for j = 1, 2 are invariant algebraic curves. Then statement
(a) is proved.

Clearly a singular point on g; = 0 satisfies either 1 = 0, or (¢1), = (g1), = 0.
Due to our assumptions any of these two cases cannot occur. Thus each oval
of g1 = 0 must be a periodic solution of system (6). Analogously we prove
that each oval of go = 0 must be a periodic solution of system (6). Now we
shall show that these periodic solutions are in fact hyperbolic limit cycles.

Consider an oval ; of g; = 0 for j = 1, 2. From our choice of r; we know that
~v; does not intersect the curve r; = 0. In order to see that ~; is a hyperbolic
algebraic limit cycle we must show that condition (12) holds for system (6).

After straightforward calculations and by considering that

T —1g; Y — 8;9; .
(gj)y = ¢7 _(g])x = ¢7 J= 1727
Tj Tj

we obtain in view of (??) that

) sidr —lidy g,
div(t)dt = d(log|r;]) +% +ﬁ(—lj(rj)x —85(ry)y+1i(lj)z+1i(s5)y)dt,
J J

for 7 = 1,2. Hence, by assumption we have that
dr — 1;d
j{ div(t)dt :j{ SN L,
Vi Yj Tj

for j = 1,2, which are equivalent to (7) and (8). Thus every oval of the
algebraic curve g; = 0 is a hyperbolic algebraic limit cycle.

We suppose that there is a limit cycle 7; which is not contained in g;g» = 0.
This limit cycle can be or not algebraic. On the algebraic curve r; = 0 for
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7 =1,2 we have
rp= (rj)et + (r5)yy
= (1)a(rj(95)y + 1igj) + (15)y(=7(95)z + 5595)
= 7((rj)a(9i)y — (ri)y(9gi)a) + 9515 (rj)e 4 55(rs)y),
Hence
1= —ri{g1, 71} + g192(Aa(11)2 + A3(11)y + A2{ A1, 92},
vy = —7To{ga, 12} + g192(Aa(r2)x + A3(r2)y + Ai{A2, g1}
Therefore by assumption (i) we have that
T1lr=0 = 9192(Aa(T1) + A3(11)y + A2{ A1, 92}) =0 # O,
Talra=0 = 9192(Aa(T2)z + A3(72)y + Ai{ A2, 91}]r—0 # 0.

in R?/{g19o = 0}. Thus #; cannot intersect the curve r; = 0. So 7; lies in a
connected component U; of R?/{r; = 0}, so that g; and r; for j = 1,2 have
constant sign on U;. In view of the relation

(17)

Yy—5i9 . T=lgi . g, . .
I 54 J Jy:—J(ij—ljy),
’f’j 7"]' Tj

G; = (95)2® + (95)y9 = —
hence

1 A
d(log|g1]) = (s1dx — lidy)/r = )\—(Agdx + M\dy) — )\—leog | go|
1 1

1 A
d(log|ga]) = (sodz — lady)/re = )\—(Agdx + M\dy) — A—ldlog |g1]-
2 2

By assumption (ii) we get the contradiction
0= ]{ dlog |g;| :j{ l(sjdas —lidy) #0, j=1,2.

s 3
So statement (b) is proved. The lower bound is deduced as follows. First we
note that the differential system
(18) i ==Nz—a)(g)y, ¥=mA+K)g+ Az —a)g)e
studied in [12], is a particular case of the system (6), with

AM=nA+K, X=X\ X=0 M\N=0,
where A = (Ax + By + C), A, B, C, K, «,a are real parameters and

gl(x,y)za:—a, g2<l’,y) :Oél’n—f-G(:L’,y)’

with G an arbitrary polynomial of degree n — 1, such that the curve go = 0
is irreducible and nonsingular. The parameter a is chosen in such a way that
the straight line x — a = 0 does not cross the ovals of the curve go = 0 and
A, B,C, K are such that BK # 0.

Under these hypothesis we can check that all the assumptions of Theorem 6
hold. Hence the ovals of the curve go = 0 are hyperbolic limit cycles of system
(18). If we denote by by (n), (respectively by(n)) the maximum number of ovals
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of the curve go = 0 when 7 is odd (respectively even), then we obtain the lower
bound of A(2,n), i.e., A(2,n) > b;(n) when n is odd, and A(2,n) > by(n) when
n is even. By considering that the curve g» = 0 is nonsingular, then the upper
and lower bound inequalities of (10) are obtained from Harnack’s Theorem.

Proof of Corollary 7. The lower bound A(2,3) > 2 is obtain from the system

t=@+yyn —ylx+y—a)g, y=—(r—a)(r+y)ga+a(z+y—a)g,

where

a
p= g =1t = (- +y =t r<g

This system is a particular case of system (6) with o = (z +vy), A\ =
r+y—a, A =0, A = 0. Clearly conditions (i) and (ii) of Theorem 6
in this case hold. It is easy to show that the curves gy = 0 and g = 0 are
invariant circles with cofactor K7 = 2ay(x + y) and Ky = 2ay(z + y — a)
respectively.

The condition (iii) of Theorem 6 in this case does hold. In fact, by consid-
ering that 7 < a/2 then the circle 22 + y* = r? does not intersect the curve
(x +y —a)gs = 0, and the circles (z — a)? + y?> = r? does not intersect the
curve (x 4+ y)g; = 0 and in view of the relation

]f div(t)dt = 2am(2R* + 51* — s* + as + 65l — 3al — r?)
{(z=9)2+(y-0>=R?}

we deduced that

7{ div(t)dt = 7{ div(t)dt = 2ar*r
{a2+y7=r2} {(@—a)?+y>=r}

i.e., the curves g, = 0 for v = 1, 2 are hyperbolic limit cycles, hence A(2,3) > 2.
We note that for this system the infinity is a limit cycles.
This completes the proof of the corollary. Il

6. PROOF OF COROLLARY 9

Proof of Corollary 9. To obtain the lower bound we introduce the following
polynomial differential system of degree n already considered in [12]

i= (@t 9ILa@®+y? =) = (@ +y—a) Lo (@ —a)? +y2 =)y

) = (($ + y) Hj:1($2 + ?J2 - TJQ) - (:B +y— a) Hj:l(($ - a)2 + y2 - 7’]2))33

+a(z +y) [Tjoy (22 + y? = 1?)

= (@ + I+ =) — (@ +y—a) [[o(z —a)? + 2 =) (x —a)
ta(z+y—a) [T ((x — a)* +y* = r2),

where 0 < r; < ry < ... < 1 < a/2, which is a particular case of system

(11) we easily obtain that the circles g; = 2 + y* — r]2- = 0 and g;4; =
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(x —a)*> +y? — 7“]2 =0 for y = 1,2,...1 are invariant of the given polynomial
differential system of degree n = 21 4+ 1, with cofactors
! !
K;=ay(z+y) [[@*+v=r2), EKi=ay(e+y—a) [[(x—a)+y*—r2)
m#j iy

for j =1,2,...1, respectively.

The conditions (i) and (ii) in this case hold.

by considering that the circles 2> + y* = 7 does not intersect the curves
(z +y —a)gj = 0, and the circles (z — a)? 4+ y* = r? does not intersect the
curves (z +y)g; =0 for j =1,2,...1 and in view of the relations

l
]{ div(t)dt = 7{ div(t)dt = (—=1)2ar [[ (r2, = 1?)
{22 +y?=r?} {(z—a)>+y2=r?} :

for j = 1,2,...1, we obtain that the given n — 1 = 2[ circles are hyperbolic
limit cycles. Hence we obtain the lower bound A(n — 1,n) > n — 1. In short
corollary 9 is proved.

We note that for the constructed differential system the infinity is a limit
cycles. O
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