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POLYNOMIAL, RATIONAL AND ANALYTIC FIRST
INTEGRALS FOR A FAMILY OF 3-DIMENSIONAL
LOTKA-VOLTERRA SYSTEMS

JAUME LLIBRE! AND CLAUDIA VALLS?

ABSTRACT. We extend the study of the integrability done by Leach and Mir-
itzis (J. Nonlinear Math. Phys. 13 (2006), 535-548) on the classical model
of competition between three species studied by May and Leonard (SIAM J.
Appl. Math. 29 (1975), 243-256), to all real values of the parameters. Addi-
tionally our results provide all polynomial, rational and analytic first integrals
of this extended model. We also classify all the invariant algebraic surfaces of
these models.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

Nonlinear ordinary differential equations appear in many branches of applied
mathematics and physics. For a 3—-dimensional system the existence of two first
integrals whose gradients are linearly independent in R3 except perhaps in a zero
Lebesgue measure set, determine completely its phase portrait because the inter-
sections of the invariant levels of these two first integrals determine the trajectories
of the system. The knowledge of a unique first integral reduces the study of the
dynamics of the system from dimension 3 to dimension 2. So the study of the exis-
tence of first integrals is an important subject in the qualitative theory of differential
equations. Many different methods have been used for studying the existence of
first integrals of non-linear differential systems based on: Noether symmetries [6],
the Darboux theory of integrability [8, 17], the Lie symmetries [1, 23], the Painlevé
analysis [3], the use of Lax pairs [12], the direct method [9, 10], the linear com-
patibility analysis method [24], the Carlemann embedding procedure [7, 2], the
quasimonomial formalism [4], etc.

In this paper we use the Darboux theory of integrability to study the existence
of first integrals for the model used by May and Leonard [18] for studying the
competition among three species. This model is

X=X(1-X—-aY —b2),
(1) Y=Y(1-bX-Y —aZ),
Z=2(1—aX —bY — Z),
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where a,b € R and the dot denotes derivative with respect to the time ¢. Note
that we are interested in the integrability of system (1) for all real values of its pa-
rameters, and not only for their positive values which are the ones which biological
meaning.

Doing the change of variables

r=Xe !, y=Yelt, z=Ze 't s=eé,

system (1) becomes
¥ = —x(x + ay + bz),
(2) Y = —y(bx +y+az),
2= —z(ax + by + 2),
where a,b € R and here the prime denotes derivative with respect to the new time s.

Leach and Miritzis in [13] proved that system (2) has a first integral when either
a+b=2,0or a=>b, but in [13] it is unknown if for other values of the parameters
a and b, system (2) has or not other first integrals. As we shall show for the case
a+ b= —1, system (2) has also a first integral. Additionally we also prove that
when a = b = —1 the system has two independent first integrals. We note that
the existence of first integrals for system (2) imply the existence of invariants for
system (1). Here an invariant is a first integral depending on the time.

We have computed the first integrals Hy = Hy(z,y, z) when either a +b = 2, or
a = b and they are

TYZ .
Hy =———"77 f b=2
1 (.%‘—l—y—i—z)S ia+ )
_ 2+a —(2a+1) . _
Ha = (a2 (2 — ) — )y — ) tazb#1,
HSZE, Hy=2 ifa=b=1,
Yy z

Hy, Hs=a2%y?—2%yz —ay?z+ 2222 —ay2? + 9222 ifa=b=—1.

Let U C R? be an open subset. We say that the non—constant function H: U —
R is a first integral of the polynomial vector field
(3) X:—sc(x—i—ay—i—bz)a%—y(bx—i—y—&—az){%—z(ax—i—by—i—z)%,
on U associated to system (2), if H(z(t),y(t), 2(t)) = constant for all values of ¢
for which the solution (z(t),y(t),z(t)) of X is defined on U. Clearly H is a first
integral of X on U if and only if YH =0 on U.

When H is a polynomial we say that H is a polynomial first integral. When H
is a rational function which is not a polynomial we say that H is a proper rational
first integral. Finally when H is an analytic function we say that H is an analytic
first integral.

Our main results on the integrability of system (2) are the following ones.

Theorem 1. The following statements hold.
(a) The unique polynomial first integrals of system (2) are:
(a.1) Ho when a =0 and either —(2+a)/(2a+ 1), or —(2a+1)/(2+ a) is
a nonnegative integer; and all the polynomial functions in the variable
Hs.
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(a.2) Hy and Hs when a = b= —1; and all the polynomial functions in the
variables Hy and Hs.

(a.3) Heg = ayz if a+ b = —1; and all the polynomial functions in the
variable Hg. Note that Hs = Ho when a = b= —1/2.

(b) The unique proper rational first integrals of system (2) are:

(b.1) Hs and Hy when a = b = 1; and all proper rational functions in the
variable Hs and Hy.

(b.2) Hy when a+b=2 and (a,b) # (1,1); and all proper rational functions
in the variable H;.

(b.3) Hy when a =b and either (2+a)/(2a+1) € Q, or (2a+1)/(2+a) € Q
and a does not satisfy the conditions of statement (a.1); and all proper
rational functions in the variable Hs.

(c) All the analytic first integrals are analytic functions in the variable Hy for
the values of a = b and a satisfying the conditions of statement (a.1); all
the analytic functions in the variables Hy and Hs when a = b = —1; and
all the analytic functions in the variable Hg when a +b= —1.

We remark that since the polynomial differential system (2) is homogeneous,
knowing the homogeneous polynomial first integrals of the system, we can determine
easily all the polynomial and analytic first integrals of system (2). For more details
see Proposition 6. So statement (c) of Theorem 1 follows from statement (a) of the
same theorem.

For proving Theorem 1 we shall use the invariant algebraic surfaces of system
(2). This is the basis of the Darboux theory of integrability. In 1878 Darboux [8]
showed how can be constructed the first integrals of planar polynomial differential
systems possessing sufficient invariant algebraic curves. The Darboux theory of
integrability works for real or complex polynomial ordinary differential equations.
As it is explained for instance in [14] the study of complex invariant algebraic curves
is necessary for obtaining all the real first integrals of a real polynomial differential
equation.

The vector field X' associated to system (2) is defined in (3). We say that
h = h(z,y,z) =0 with h € C[z, y, 2] \C is an invariant algebraic curve of the vector
field X if it satisfies Xh = Kh for some polynomial K = K(z,y,z) € Clz,y, 2],
called the cofactor of h = 0. Note that K has degree at most 1. The polynomial
h is called a Darbouz polynomial, and we also say that K is the cofactor of the
Darboux polynomial h.

In the next result we characterize all the irreducible Darboux polynomials of
system (2) with non—zero cofactor. Note that the Darboux polynomials with zero
cofactor are the polynomial first integrals, which have been characterized in The-
orem 1. See Proposition 3 for obtaining all the Darboux polynomials of system

(2).
Theorem 2. The unique irreducible Darbouzx polynomials with non—zero cofactor
of system (2) are:
(a) z, y, z with cofactors —(x + ay + bz), —(bx + y + az) and —(ax + by + 2)
respectively, for all a,b € R.
(b) 4+ y + z with cofactor —(x +y+z) if a+b=2.
(¢) z — z, y — z and z — x with cofactors —(z + ay + z), —(ax + y + 2) and
—(x 4+ y + az) respectively, if b=a # 1.
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(d) All homogeneous polynomials of degree 1 if a = b = 1.

The integrability of other 3-dimensional Lotka-Volterra systems different to sys-
tem (2) has already been studied. See for instance [5, 11, 15, 19, 20, 21].

In Section 2 we state and prove preliminary results for our homogeneous poly-
nomial differential system (2). In Section 3 we prove some results of system (2)
restricted to either z = 0, or y = 0, or z = 0 that are important for proving The-
orem 1. In section 4 we start to compute the homogeneous Darboux polynomials
with non-zero cofactor. In Section 5 we start the study of the polynomial first
integrals. Finally in Section 6 we prove Theorems 1 and 2.

2. PRELIMINARIES

Here we provide some general results on the Darboux theory of integrability that
we shall use, and some first elementary results on system (2).

S
Proposition 3. Let f be a polynomial and f = Hfjaf its decomposition into
j=1

irreducible factors in Clx,y,z]. Then f is a Darbouz polynomial of system (2) if
and only if all the f; are Darboux polynomials of system (2). Moreover, if K and

S
K are the cofactors of f and f; respectively, then K = ZajKj.
j=1

Proof. See [14]. O

The following result is well-known and it is proved easily using the Darboux
theory of integrability.

Proposition 4. System (2) has a proper rational first integral if and only if it has
two Darbouzx polynomials with the same non—zero cofactor.

Lemma 5. Any Darbouz polynomial f # 0 of system (2) has a cofactor of the
form

(4) K = a1z + asy + azz.

Proof. See [22] where the authors prove Lemma 5 in a more general context of
arbitrary homogeneous polynomial systems. O

The following result is well-known, see for instance Proposition 1 in [16].

Proposition 6. The following statements hold:

(a) Let f be a polynomial. We write f in sum of its homogeneous parts as
f=f+...4+ fu. Then f is a Darboux polynomial of system (2) with
cofactor K if and only if f; is a Darboux polynomial of system (2) with
cofactor K forallj=1,... n.

(b) Let f be a formal power series. We write f in sum of its homogeneous parts
as f = ijl fi, with f; being homogeneous polynomials of degree j. Then
[ is a formal first integral of system (2) if and only if f; is a polynomial
first integral of system (2) for all j > 1.

Proposition 7. The unique irreducible Darboux polynomials of degree 1 with non—
zero cofactor of system (2) are:
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(a) x, y, z with cofactors —(x + ay + bz), —(bx + y + az) and —(ax + by + 2)
respectively, for all a,b € R.

(b) =+ y + z with cofactor —(x +y+ 2) if a+b=2.

(¢)  — z, y — z and z — x with cofactors —(x + ay + z), —(ax + y + z) and
—(z + y + az) respectively, if b=a # 1.

(d) All homogeneous polynomials of degree 1 if a = b = 1.

Proof. Tt follows easily from the definition of Darboux polynomial. |

From statement (b.1) of Theorem 1 system (2) withb=a=1,orb=a= —1 are
completely integrable (i.e. they have two first integrals whose gradients are linearly
independent in R3 except perhaps in a zero Lebesgue measure set), in what follows
we do not consider these particular systems.

Let o: C[z,y, z] = C|z,y, z] be the automorphism
ox)=y, oly)=2 o)==

Proposition 8. If g is an irreducible homogeneous Darboux polynomial of degree
> 1 for system (2) with cofactor K given by (4), then f = g-o(g) - 0%(g) is a
homogeneous Darbouz polynomial of system (2) invariant by o with cofactor a(x +
y+ z), where o = a1 + as + as.

Proof. Since (2) is invariant under o and o2, so by Proposition 3 f = g-og-02g is also
a Darboux polynomial of system (2) with cofactor K +o(K)+0?(K) = a(z+y+2),
where o = a1 + as + as. O

3. SYSTEM (2) RESTRICTED TO x =0, OR y =0, OR z = 0.

We will consider in this section system (2) restricted to either x = 0, or y = 0, or
z = 0. Due to the invariance of system (2) with respect to o and o it is sufficient
to study system (2) restricted to z = 0, and after applying o and o2 to the results
obtained for z = 0 we get the results for system (2) restricted to 2 = 0 and y = 0,
respectively.

Let N be the set of positive integers. For n € N we define
(5) Ch={a,beR:a=1—ny, b=1—ng, nyng =n, n; +ng <n, ny,ng € N}L
Theorem 9. For system (2) restricted to z = 0 the following statements hold.
(a) the unique homogeneous polynomial first integrals are
(6) H=a'""y""((b - )a+ (1 —a)y) "

if (a,b) € C,, (see (5)); and all homogeneous polynomials in the variable
H.

(b) All the irreducible Darbouz polynomials with non—zero cofactor are x and y
for all a and b; and additionally (b—1)x + (1 — a)y when a # 1 and b # 1.

Proof. We consider system (2) restricted to z = 0, i.e.,
(7) i =—z(z+ay), y=-ylbr+y).

It follows by direct computations that H as in (6) is a first integral of system (7).
Furthermore, it is a homogeneous polynomial of degree n > 1 if and only if

l—-a=ny, 1—-b=nys, ab—1=n—-ny—n9, nyi+ny<n, ny,ng €N,
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that is if and only if
1—a:n17 l_b:n27 ning =n, TL1+TL2S7’1, nl;’”’QENa

which clearly implies that (a,b) € C,,, n > 1, ny # 1 and ne # 1. Hence statement
(a) is proved.

It also follows by direct computations that the unique irreducible Darbox poly-
nomials of system (7) of degree one are z and y for all a,b. Moreover if a # 1 and
b # 1 the polynomial (b—1)x + (1 — a)y is also an irreducible Darboux polynomial
of sytem (7).

Let f be an irreducible homogeneous Darboux polynomial of system (7) of degree
n > 2. We will reach a contradiction and this will conclude the proof of the theorem.
Since f is a Darboux polynomial of system (7), it satisfies
® el a) L et = et an)f maec

x oy
We assume that either a; # 0 or as # 0. If we restrict equation (23) to z = 0 and
denote by f the restriction of f to x = 0, we get that f = f(y) # 0 (otherwise
f would be reducible) is a homogeneous polynomial of degree n, that is f = agy™
with oy € C. On the other hand f is a homogeneous Darboux polynomial of degree
n of system (7) restricted to x = 0, that is it satisfies
—yQ% =asyf ie. f=agy *, «aycC.

Therefore equating the two expressions for f we get a; = —n. In a similar way

restricting to y = 0 we get that a3 = —n. Thus K = —n(x + y) and (23) becomes
7] 7]

9) —x(x+ ay)a—i —y(bz + y)8—£ =—n(z+y)f

Now we consider three different cases.

Case 1: b # 1 and a # 1. In this case we introduce the change of variables
(X,Y)=((b—1)z+ (1 — a)y,y). In these new variables system (7) becomes

X=X (X+(atb-2)Y). V' (bX + (ab—1)Y).

1-b T1-0
We denote f = f(X,Y) = f(z,y). We have that f satisfies
(10) ) )
of Y of n 5

Now we denote by f the restriction of f to X = 0. Since f is an irreducible
polynomial we get that f # 0 and it satisfies (10) restricted to X = 0, that is
(ab—1)Y? d7f _n

1-b dY 1-b

Solving this linear differential equation we deduce that f = qy"2—a—b)/(1-ab) with

ag € C. Since f has degree n, we must impose 2 —a — b =1 — ab, or equivalently

(a—1)(b—1)=0. That isa =1 or b =1, a contradiction.

Case 2: a = 1. In this case we have b # 1. Then (9) becomes

B B
—dx+w5£—ywm+w5§=—n

(b+a—2)YF.

(x+y)f
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Solving this partial differential equation in f we get that
b

y T
flzy) = w”g(f — log (f))
T Y
where ¢ is a function in the variable y/x—log(z®/y). Since f must be a homogeneous
polynomial of degree n we must have that g = ¢,, with ¢,, € C. Then f(z,y) = c,a",
a contradiction with the fact that f is irreducible and n > 1.

Case 3: b= 1. In this case we have a # 1. Then (9) becomes

(11) —w(x+ay)% —y(af+y)%£ =-n
From this equation we get that = + y must divide df/0x, and since f is a homoge-
neous polynomial of degree n, we obtain that f = fo(y) + (z + y)?g, where fo(y)
is a homogeneous polynomial in the variable y of degree n, i.e., fo(y) = agy™ with
ag € C and g is a homogeneous polynomial in z,y of degree n — 2. We will show
that ¢ = 0 and we will reach a contradiction with the fact that f is irreducible of
degree n > 2. We consider two subcases.

Subcase 3.1: g is not divisible by (z + y). Substituting f in (11) we obtain

(x+y)f

0 0
—2(z+y)(@® + (L +a)zy + y*)g — 2(z + ay)(z + y) ag —y(z+ y)3afz

27
X
= —n(z +y)°g.

Now simplifying by x + y, the above equation becomes

dg dg
—z(@tay)(z+y)o- —ylr+ y)zafy = [2x(z + ay) + 2y(z + y) — n(z +y)*]g.
Since 2x(x + ay) + 2y(x + y) — n(x + y)? is not divisible by = + y we have that g
must be divisible by x + y, a contradiction.

Subcase 3.2: g is divisible by « +y. In this case we have that f = agy™ + (x +y)™g
where m > 3, ag € C and g is a homogeneous polynomial in = and y of degree
n —m. Furthermore, g is not divisible by x 4+ y. Then g satisfies, after simplifying
by (2 +y)" !

99 99
(12) —a(e+ay)(zt+y) g —yle+y) 5 = [mr(etay) +my(e+y) —n(z+y)7g.
If mm = n then § is a constant and thus it follows from (12) that it must be the
constant zero. Otherwise if m < n, then since mz(z + ay) + my(z +y) — n(z + y)*
is not divisible by x 4y it follows again from (12) that § must be divisible by = +y,
a contradiction. O

4. HOMOGENEOUS DARBOUX POLYNOMIALS WITH NON—ZERO COFACTOR
INVARIANT BY o

In this section we study the homogeneous Darboux polymomials of system (2)
invariants by ¢ and with non—zero cofactor.

Theorem 10. System (2) has no homogeneous Darbouz polynomials invariant by
o with cofactor K = a(x +y + z), a € C\ {0} that are irreducible and of degree
n > 2.
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Proof. If we denote by f = f(z,y) the restriction of f to z = 0, then f # 0
because f is irreducible and it is a homogeneous Darboux polynomial of degree
n of system (7) with cofactor a(x + y). Then from Theorem 9 we obtain that
f=ca™ym((b—1)z+ (1 —a)y)" ™™ for some integers 0 < m;, my < n and
¢ € C\ {0}. Then, the cofactor of f is ((1 — b)ny — n)z + ((1 — a)ny — n)y. This
implies that « = —n+ (1 —a)m; and (1 —a)my = (1 — b)ma. We consider different
cases.
Case 1: a =1, b# 1. Now it follows from (1 —a)m; = (1 — b)msy that mg = 0 and
o= —n. Then f = ca™, ce C \ {0}. Since f is invariant by o and o2, applying o
and o2 to f we get that f can be written in the following three forms

f = ca™ + 29 = ey + wo(g) = e2" + yo?(g).
Evaluating cz™ + zg = c2" + yo?(g) on z = y = 0 we get ¢ = 0, in contradiction
with the fact that ¢ # 0. This concludes the proof of the theorem in this case.
Case2: b=1,a # 1. It follows from (1—a)m; = (1—b)mg and a = —n+(1—a)my
that m; = 0 and & = —n. Then f = ¢y™, ¢ € C\ {0}. Since f is invariant by o
and o2, we obtain

f =y + 29 = e + wo(g) = ca” + yo(g).
Evaluating it on z = y = 0 we get ¢ = 0, in contradiction with the fact that ¢ # 0.
Case 3: a+b = 2 with (a,b) # (1,1). In this case it follows from (1 — a)m; =
(1 — b)mg that m; = mg = 0. Then o = —n and f = c¢(z 4+ y)", c € C\ {0}. On
the other hand, the Darboux polynomial f satisfies the equation

—x(x+ay+(2—a)z)%—y((Q—a)x—i—y—i—az)%—z(aw—f—(?—a)y—l—z)% = —n(z+y+2)f.
We introduce the change of variables (X,Y,Z) = (z,y,z + = + y). In these new
variables system (2) with a + b = 2 becomes

X'=—X((a—1)X+2a-1)Y +(2-a)2),

(13) Y'=Y(2a—-1)X+ (a—1)Y —aZ),
7' =-7°
We denote f* = f*(X,Y,Z) = f(x,y, z). We have that f* satisfies
of* af*
—X((a—1)X+2(a—1)Y +(2—a)2) 5% +Y2e-1)X+(a—1)YY —aZ) 57
af*
72 — *
Z 97 nZzf*.
Now we denote by f the restriction of f* to Z = 0. We obtain that f satisfies
of of _

Since XY (X +Y) is a first integral of system (23) restricted to Z = 0, we have that
f=f(XY(X +Y)) and it must be a homogeneous polynomial of degree n. Then
f = (XY (X +Y))™ for some oy € C\ {0}, m a positive integer and n = 3m.
We note that g # 0 since otherwise we get a contradiction with the fact that f is

irreducible. Therefore

f _ OéoXmYm(X—f—Y)mQ—i-Zg
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for some polynomial g = g(X,Y, Z) of degree n — 1. Imposing that f is a Darboux
polynomial of equation (23) with cofactor —nZ we obtain, after simplifying by Z
that

XY™ (X +Y)" ((a—4)m+n)X — ((a+2)m —n)Y) 4+ (n—1)Zg

=X((a—1)X+2(a—-1)Y +(2 —a)Z)% ~Y(2(a—-1)X+(a—1)Y — aZ)g—i(i
2 0g
+Z 7

Setting g(X,Y) = g(X,Y,0), we obtain that g satisfies
XY™ X +Y)"  (((a—4)m+n)X — ((a+2)m —n)Y)

14 G G
19 :X((a—l)X+2(a—1)Y)aa—;— g—}g/

We note that g cannot be zero since otherwise ay = 0, a contradiction. We now
show that

(15) g=G™'h, G=XY(X+Y), h=boX?+ b XY +b3Y?  by,by,by €C.

Y(2(a—1)X + (a— 1)Y)

To prove (15) we assume that either g is not divisible by G, or G divides g but
G™~! does not divide g and we shall arrive to contradiction.

Subcase 3.1: g is not divisible by G. We first denote by ¢; the restriction of g to
X = 0. Then g; is either 0 or a homogeneous polynomial of degree 3m — 1 that
satisfies (14) restricted to X = 0. In this last case we have

dg1

(a— 1)Y2W =0, thatis g3 =0.

Then § = Xh, for some homogeneous polynomial h; = hi(X,Y) of degree 3m — 2.

Now we denote by go the restriction of g to Y = 0. Proceeding as for g; we obtain
that go = 0 and hence g = Y hy for some homogeneous polynomial hy = ho(X,Y)
of degree 3m — 2.

Finally if we denote by g3 the restriction of g to Y = —X. Then g3 is a ho-
mogeneous polynomial of degree 3m — 1 that satisfies (14) restricted to ¥ = —X,
ie.,

d .

(1- a)XQd—:z? =0 thatis g3=0,
and g = (X 4 Y)hs for some homogeneous polynomial hg = hs3(X,Y) of degree
3m — 2. Therefore,

G=XY(X +Y)hs =Ghy
for some homogeneous polynomial hy = hy(X,Y, Z) of degree 3m — 4, a contradic-
tion with the fact that g is not divisible by G.
Subcase 3.2: g is divisible by G' but not by G™~1. We have § = G'h with 1 <[ <
m—2and h = h(X,Y) is a homogenous polynomial of degree 3(m —1[) not divisible
by G. We note that since G is a first integral of system (23) restricted to Z = 0,
then h satisfies after simplifying by G!,
ap XY H X + )" (e — )m+n)X — ((a+ 2)m — n)Y)

(16) oh oh

=(a—1)X(X + 2Y)6—X —(a—-1)Y(2X + Y)a—y.
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Now proceeding for h as in Case 1 we get that h must be divisible by G, a contra-
diction.

Thus § = G™ 'k for some homogeneous polynomial h = h(X,Y) of degree two
that we write as h = bgX? + by XY + byY2. This proves (15). From (15) and (16)
(with I = m — 1) we get, after simplifying by G™~! that

XY (((a —4)m+n)X — ((a+2)m —n)Y)
=(a—1DX(X+2Y)(200X +b01Y) — (a— 1)Y(2X +Y)(01 X + 2b2Y).

The unique solution of this equality is by = b; = bs = 0 and oy = 0, in contradiction
with (o7)) 7& 0.

Case 4: b = a # £1. In this case it follows from (1 — a)m; = (1 — b)mo that
my =my =m. Then a = —n+ (1 —a)m and f = ca™y™(z —y)" 2", c € C\ {0}.
We first show that @ = —n. Indeed, if we denote by f* = f*(z) the restriction of
f tox =1y =0 we get that either f* = 0 or f* is a homogeneous polynomial of
degree n.

In the first case we can write f as f = zf; + yfo for some homogeneous poly-
nomials fi; = fi(x,y,2) and f5 of degree n — 1. Without loss of generality we can
assume that fy does not depend on z. Since f is invariant by o we get that it can
be written as

f=afi+yfo =yo(f1) +z0(f2) = 20°(f1) + 20> (f2),

where fo = fo(y, 2), 0(f2) = 0(f2)(2,2) and 0*(f2) = 0*(f2)(2,y). Doing x =y =
0in xfi1 + yfa(y, z) = yo(f1) + zo(f2)(z, z) we get o(f2)(z,0) = 0. Consequently
o(f2)(z,2) = zh(z,z). So fa(y,z) = zh(y, z). Now we have f = zf1 + yzh(y, 2).
Since f = f(z,9,0) = xfi(z,y,0) = cz™y™(x — y)""2™, we get that if m # 0
then f = ca™y™(z — y)" 2™ + yzh(y, ), a contradiction with the fact that f is
irreducible. Then m = 0 and from the definition of o we get that a« = —n.

Now we assume f* # 0. Then f* is a homogeneous polynomial of degree n, i.e.,
f* = apz™, with ag € C\ {0}. Moreover f* is also a Darboux polynomial of system
(2) restricted to x = y = 0 and we get

d *
—szL =azf* thatis f"=aoz™%, «ap€C,
z
which obviously implies that « = —n.

In short we have proved that & = —n. Then f = c(z—y)"and f =c(z—y)"+2g
for some homogeneous polynomial g of degree n — 1 and satisfies

of

&z—n(x—i—y—l—z)f.

3} 3}
—x(az+ay+az)a—£ —y(ax—l—y—&-az)a—z — z(ax + ay + 2)

We note that in this case z — y is an invariant of system (2). We introduce the
change of variables (X,Y, Z) = (z,z —y, z). In these new variables system (2) with
b = a # 1 becomes

X' =-X((1+a)X —aY +aZ),
(17) Y = Y(2X - Y +aZ),
7' = —Z(2aX — aY + Z).
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We denote f = f(X,Y,Z) = f(z,y,2). We have that f satisfies
of of -
(18) ~X((1+a)X +aZ) 5% — Z(20X + 2) 57 = —n(2X + 2)].

0X
We note that since f is irreducible we have that f # 0. Furthermore from the
discussion above we have that it is divisible by Z. We write it as

n—m
f=2mg, g= Z g;(X)Z?, g, is a homogeneous polynomial of degree n —m — j.
3=0

Then gg # 0, is a homogeneous polynomial of degree n —m and it follows from (18)
after simplifying by 2z and then restricting to z = 0, that it satisfies

da
—(1+4 a)XZ@ =2(am —n)Xgy, thatis g, = apX2em=m/a+t) o) cC.

dx
Therefore since a # 1 to have that g, is a polynomial of degree n —m we must have
m = —n, which is not possible. Then g, = 0, a contradiction.

Case 5: a # 1, b # 1, a+b # 2 and b # a. In this case we have that o =
—n+ (1 —a)my with (1 —a)m; = (1 — b)msy. Then and f = cz™ y™((b— 1)z +
(1 —a)y)»~™ ™2 ce C\ {0}. We first show that « = —n. Indeed, if we denote
by f* = f*(z) the restriction of f to x =y = 0 we get that either f* =0 or f* is
a homogeneous polynomial of degree n.

Assume f* # 0. Proceeding as in the first paragraph of Case 4 we get that f
can be written as f = zf1 + yzfa2(y, z) for some homogeneous polynomials f;
fi(x,y,2) and fy = fa(y,z) of degrees n — 1 and n — 2, respectively. Since f =
f(z,y,0) = zf1, we get that if mg # 0 then f = ca™y™2(z—y)" ™ "2+4yzh(y, 2),
a contradiction with the fact that f is irreducible. Then ms = 0 and since a # 1
we have m; =0 and oo = —n.

Assume that f* # 0. Proceeding as in the first paragraph of the proof of Case
4 we get that a = —n.

In short f satisfies

of

d 0
_gc(x—i-ay—i—bz)@—x —y(b:r:—I—y—&—az)a—ir —z(az + by + 2) /

&:—n(x—i—y—i—z)f.

We denote by f = f(x,y) the restriction of f to z = 0. Since a = —n it follows
from the discussion above that f = ¢((b— 1)z + (1 — a)y)” and f = ¢((b — 1)z +
(1 —a)y)™ + zg, where g = g(x,y, 2) is a homogenous polynomial of degree n — 1.
Since f is invariant by ¢ and o2, we obtain

f=a((b-1z+(1—-a)y)" + 29 =ao((b— 1Dy + (1 —a)z)" +a0(g),
= ap((b = 1)z + (1 - a)z)" + yo*(9)-
Evaluating it on z = z = 0 we get
ap(l —a)"y" =ap(b—1)"y", thatis (1—a)" =(b—1)",

in contradiction with the fact that a + b # 2 and b # a. This concludes the proof
of the theorem. O
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5. POLYNOMIAL FIRST INTEGRALS
The main result in this section is:

Theorem 11. System (2) has no homogeneous polynomial first integrals invariant
by o that are not divisible by a Darbouzr polynomial of degree one with non—zero
cofactor.

Before proving Theorem 11 we show the following preliminary result.

Proposition 12. Let ny,ny € Z with ny # na, ny,ne > 2 and let g = g(x,y) be a
homogeneous polynomial of degree nine — 1 satisfying

~ala (1= m))gE — ol = nhe + )5 (L= m)o + (1= na))g

+ ninoaoz ™y (—nox + nyy)™ 2T T2 T R (2, y) = 0,

(19)

for some ag € C with
(20) F(x,y) = (2ng — n% —ny)z + (=20 + n? +ng)y.
Then oy = 0.

Proof. We can assume that ag # 0 (otherwise there is nothing to prove) and we
will arrive to a contradiction. We first show that

(21) g = (—nox + nyy)mnzmT2 =2

with n1ng —ny —n2—2 > 0 and where hg = ho(z, y) is a homogeneous polynomial of
degree ny +n9 — 1. To do it we assume that either g is not divisible by —nox +n4y,
or —nox + nyy divides g but (—ngz + nyy)™"2~" =272 does not divide g and we
shall arrive to contradiction

We introduce the change of variables

(22) (X,Y) = (2, —n2z + n1y).
In these new variables system (2) restricted to z = 0 becomes
, X
X' = —n—((nl + ng — nlng)X + (1 — nl)Y),
(23) v
Y/ = —7((7’},1 + TLQ)X —|— Y)
ni
We denote g* = ¢*(X,Y) = g(z,y). We have that g* satisfies
X ag* Y ag*
_ 2 - X+(1-n))ZL - = X4Y
n1((n1 +ng —nin2) X + (1 —nq) )8X nl((m +n2) X + )8Y
X+Y
24— (1 =n)X +(1-ng) ")y
712X + Y

ni
+ TL1?120[0XTL2 ( ) YnlnzinlinzilF* ()(7 Y) = 0,

ni

where
Y + TLQX

F*(X,Y) = (2ny —n3 —ny) X + (=2n1 +n? +no) -
1
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Case 1: ¢g* is not divisible by Y. Now let g = §(X) be the restriction of g* to Y = 0.

We have that g # 0. Then g is a homogeneous polynomial of degree nins — 1 and

satisfies

niy + ng —nine dg X -
—n—leﬁ - 771(711 —ni+ny—n3)g=0

that is § = ap X (Mitni—m—n2)/(mtna—mn2) with a, € C\ {0}. Since g is a poly-

nomial and n%—!—n%—nl—ng > 0 and ny +ne —nne < 0 we get g = 0, a

contradiction.

Case 2: g* is divisible by Y, but not by Y™inz=nmi—n2=2. j o g* = Y™g with

1<m < nng—n; —ny—2and g1 = ¢g1(X,Y) a homogeneous polynomial of

degree niny — 2 — m which is not divisible by Y. It follows from (24) that after

simplifying by Y, g1 satisfies

X 691 Y agl
X+Y
(25) - ((1 —n+mX+(1—na+ m)u)gl

TLQX-I-Y

+ TL1?7,20[0X”27m (
ni

)nl Y’I’Ll’ﬂzf’nl*ng*m*lF* (X7 Y) =0.

Let g1 be the restriction of g1 = g1(X) to Y = 0, we have that g # 0. Then g is
a homogeneous polynomial of degree nins — 2 — m and satisfies

X2 dg X N
(26) —=—(ny +no — min2) L + = (ny(ny — 1 —m) +na(ne — 1 — m))gs = 0.
ni dr  m
Hence §; = apa(mi(m—1=m)tnz(nz—1=m))/(nitn2—minz) with o, € C\ {0}. Since §;
is a polynomial of degree nins — 1 — m we must have
(ni(ny —1—=m) +na(ne — 1 —m)) = (n1 + no — ning)(nine — m — 2).
That is
Tnl,nz = n? +ny —nine — mning — n%ng + ng + ng — nlng + n%ng =0.
Using that m < nina—ni —na—2 we get that 0 = T}, n, > n2+n3+n1+na+ning >
0, a contradiction. Hence (21) is proved.

It follows from (19) and (21) after simplifying by (—nsx + nyy)™"2 =™ ="272 we
get that hg satisfies
h h
~afet (1 m)p) G (1 =)o+ ) G0
+ ((1 4 2n1 4+ ng — ning)x + (1 + 2ng + ny — ning)y)ho

+ ninaaor™y" (—nex + n1y) F(x,y) = 0.

(27)

We can rewrite (27) in the following way

dhy
(28) dt
+ ningapz™?y™ (—nex + miy) F(z,y) =0,

+ ((1 +2n1 +ng —nyng)z + (14 2ne +ny — nlng)y)hg

where the derivatives are evaluated along a solution of system

(29) o =—z(e+ (L-m)y), ¢ =-y((1-n2)z+y).
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We denote (2, ny (t), Yn, ne () the solution of system (29) where ny,ng are param-
eters. Then since (29) is invariant by the change 7(z,y,n1,n2) = (y,z,n2,n1) we
have that if we denote by ho ny ny () = ho(Zny 0y (), Yny ms (t)) the solution of (28),
then 7(ho.n, n, (t)) defined as ho(Yn,ny (), Tny 0 () also satisfies (28). Therefore
ho,ny no (t) and 7(ho.n, n, (t)) are solutions of the same differential equation.

We shall prove that every solution hg n, n,(t) of system (28) is divisible by ™2 (¢)
(respectively y™(t)). Hence since system (28) is invariant under 7, we get that
every solution hg n, n, (t) will be also divisible by y™*(t) (respectively x™2(t)). The
strategy will be the following. We will first show that any solution kg, n,(t) of
(28) must be divisible by —ngx + n1y. Then we will consider two cases: ny > ng
and nq < ng (recall that ny # ng). In the first case we will show that hg n, n, (%)
must be divisible by ™2 and thus by the explanation above also by y™*, and in the
second case we will show that it must be divisible by y™* and consequently by x™2.
In short we will have proved that any solution hgn, n,(t) of (27) must be of the
form

honyna (t) = cx™y™ (=ngz + my), ceC,
and thus
g = ca"y" (—nox + nyy)m T2 e C.
Then it follows from (19) after simplifying by z"2y™ (—ngz + nyy)mnz—m-n2-1
that
0 = c(niz + na2y) + ninscoF(x,y)
= c(ma +n2y) + mingao((2ne — nj — n)x + (=201 + 17 + na)y).
The unique solutions of this equation are
c=n1=0; c=ng=0; ni=ny=0; c=ay=0;
c=n2(2+ (na — 3)na), n1 =2 — no;
2
¢ = 20 (2my = 3F V3i), my = (1 F V3i).

Note that all these solutions are in contradiction with the fact that g # 0 and
ni,ng > 2 are integers. So the proposition is proved.

To complete the proof we are left with showing first that hg ,, n,(¢) is divisible
by —nox + nq1y and x™2y™ by considering the two cases mentioned above.

Now we assume that hg n, n,(t) is not divisible by —nsx + n1y. Introducing the
variables (X,Y") given in (22) and proceeding as in Case 2 with m = ning — ny —
ny — 2 and setting hfy = hi(X,Y) = ho(z,y) and hg = ho(X) = h§(X,0) we get
that hg # 0 and satisfies

X? dhy X

—n—(nl +ng — 77/1712)% + n—(Qn% + 217% +3ning — n%ng — nln% +nq +n2)ﬁ0 =0,
1 1

i.e. the equation (26) with the corresponding value of m. Hence

ho = OQI(?VLf-|—2n§+3mn2—nfnz—mng-l—nl—&-nz)/(nl-&-nz—nmz)7

with ay € C\ {0}. Since hg is a homogeneous polynomial of degree 1y + 1y + 1 we
must have

213 4+ 2n3 + 3ning — ning — nins +nq +ny = (ng +no — ning)(ng +ng + 1).
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That is 0 > T, n, = (n1 + n2)? = 0, a contradiction. Hence hg , n,(t) is divisible
by —nox 4+ n1y.

Now we assume that nq > ng and we will prove that hg ., n,(t) is divisible by
™. The case n; < ng can be studied interchanging x by y and ny by ns.

Assume n; > no and we consider two cases.
Case a: hon, n,(t) is not divisible by x. Now let h; = hi(y) be the restriction of
ho,ny ns (t) to x = 0. We have that hq # 0. Then hy is a homogeneous polynomial
of degree n; +ng + 1 and from (27) we get

dh

—y27;+(1+2n2+n1—n1n2)yh1 =0 ie., hy=agy?tmtlzmm g, e C\{0}.
Therefore 2ns + ny +1 — niny = n1 + ny + 1, a contradiction with the fact that
ny,ng > 2.
Case b: hon, n,(t) is divisible by z, but not by 22, i.e., ho ny n,(t) = 2™h; with
1 <m < ns and hy = hy(x,y) a homogeneous polynomial of degree n; +ns+1—m
that is not divisible by z. It follows from (27) that after simplifying by ™, h;
satisfies

Ohq Ohq
—x(z+(1- 711)3/)% —y((1 —n2)z + y>87y

+ (14201 4 no —nang —m)a + (1+ 20y + 11— ning — m(1 —m))y)
+ ninaaoz™ "y (—ngx + ny) F(x,y) = 0.

Let h; be the restriction of hy to = 0. Then h; satisfies

dh _
—de—yl + (14 2n2 +n1 —ning —m(l —ny))yhy =0
that is

El _ a2y2n2+n1—n1n2+1—m(1—n1)7 Qg € C \ {0}

Since h; is a homogeneous polynomial of degree n; + ny 4+ 1 — m we must have
n
2ng +n1+1—ning —m(l —m1) =ny +na+1—m thatis m:ng—i,
ni
a contradiction with the fact that m is an integer and ny < my. This completes the
proof of the proposition. O

Proof of Theorem 11. We proceed by contradiction. Let f be a homogeneous poly-
nomial first integral of system (2) invariant by o and that it is not divisible by
a Darboux polynomial of degree one with non—zero cofactor of system (2). We
consider three cases.

Case 1: (a,b) & C,, where C,, is defined in (5). Let f be the restriction of f to z = 0.
Then f is a homogeneous polynomial and in view of Theorem 9 (see (6)) we have
that f = 0 and thus f = zf; for some homogeneous polynomial f; = fi(z,y, 2), a
contradiction because z is a Darboux polynomial with non—zero cofactor.

Case 2: (a,b) € Cy, and b # a. We have that a =1 — nq, b =1 — ny with ny # no,
n = ning and ni,ne > 2. By means of Proposition 7 and Theorem 10 we have that
the unique irreducible Darboux polynomials of system (2) in this case are z, y and
z.
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We denote by f the restriction of f to z = 0. In view of Theorem 9 we have that
f = apx™y" (—ngw + nyy)™M"2T™M "2 o € C.

Note that if f = 0, then since f is invariant by o, f is divisible by 2yz and we are
done. So we can assume that ag € C\ {0}. Then

[ = aox™y" (—now +nyy)" "2 4 2g,

where g = g(z,y,2) is a homogeneous polynomial of degree niny — 1. Then g
satisfies

— (a4 (1= my + (L= n2)2) g~ y(1 = na)a 4y (L= m)2) 2
(1=t (L= o)y + )% — (1= ma)a + (1= ma)y + 2)g

+ ninoapx™2y"™ (—nox 4+ nyy)™ 2T T2 R (2 y) = 0,

with F'(z,y) as in (20). If we set g = g(z,y,0), taking z = 0 in the equation above
we have

—z(x+(1- nl)y)% —y((1 —ng)x + y)% = (1 =n1)z + (1 —n2)y)g

+ ninaapz™ Y™ (—ngx + nyy)™ T T2 T E (2, y) = 0.

By Proposition 12 we get that oy = 0, a contradiction.
Case 3: (a,b) € C,, and b = a # £1. Then ng = n; and b =a =1 —ny. We
introduce the change of variables (X,Y, Z) = (z,y, z—x). In these variables system
(2) becomes
X =-X(2-n)X+(1-n)Y +(1—-n1)2),
YV =-Y2(1-n)X+Y +(1-n1)2),
Z'=-Z02X+(1-m)Y + 2).
We denote f*(X,Y,Z) = f(z,y,2) and f = f(X,Y) = f*(X,Y,0). Then f satisfies
of
“X((2-n)X+(1-m)Y)== -Y(2(1—n)X + Y)a—y =0.

Solving it we get that f = f(G) where

B Yn172(Y _ X)372n1

“ X

Since G (or the inverse of G) must be a polynomial of degree n > 1 we must have

3
ny S 2, ny > 5 that is ny = 2.

Therefore n; = 2 and b = a = —1, and this case is not considered. This completes
the proof of the theorem. O
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6. PROOF OF THEOREMS 1 AND 2
In this section we prove the two main results of this paper, Theorems 1 and 2.

Proof of Theorem 1. When a = b = +1 direct computations prove statements (a.2)
and (b.1).

Let f be a first integral. Now taking into account that we can always assume
that the first integrals are invariant by o (otherwise we consider f - o(f) - o2(f)),
that we can restrict the polynomial first integrals to homogeneous polynomials, and
that by Proposition 3 any Darboux polynomial factorizes in irreducible Darboux
polynomials, by Propositions 4 and 7 and Theorem 11 any first integral (either a
polynomial or a proper rational function) must be of the form
(30)

x7’L1ym2zm3(x+y+2)m4 ifa+b=2,
f=qamymzms(x—y)"e(z—2)" (y — 2)" if a=0b# £,
I’mlym22m3 for any other (a, b) 7& :t(l, 1)3

where my, mg, ms3, my, ms, Mg are integers. We consider three different cases.
Case 1: a+b = 2. In this case we have that f is asin (30), i.e., f = a™1y™22™3(x +
Y+ 2)™4 for some integers mq, ms, m3 and my with mq +mso +ms +my # 0. Since
f is invariant by o, we have that f is equal to
My (e 4y 4 2)™ =y ™ (x4 y + 2)T =2y (et y 4 2) ™
Therefore equating the three relations we get
(31) mi = me = M3 = M.
Thus f must be of the form f = (zyz)™(x + y + z)™4. Imposing that f is a first
integral we get 0 = —(my +3m)(zyz)™(z +y+2)™ 1. Then my = —3m, and thus

TYz

f=
@tyr2)

This completes the proof of statement (b.2).

Case 2: a = b # £1. In this case we have that f is a polynomial or a proper
rational first integral if and only if f = 2™1y™22™3 (. —y)™ (x — 2)"5 (2 — y)"™¢, for
some integers my, ms, M3, My, ms and mg. Since f is invariant by o, we have that
f — :L,mly’!anYH3 (.’E _ y)m4(m _ Z)m5 (z _ y)ms

=y (y — 2)" (y —2)"™ (- 2)"

= S (2 = )™ (2 )y — )™
that is
(32) mi=ma=m3=m, My=ms=mg=I.

Thus f must be of the form f = (zyz)™((z — y)(z — 2)(y — z))l Imposing that f
is a first integral we get

0= ((2a+1)m+ 2+ a)l)(zy2)" ((z — y)(x — 2)(y — ) (@ +y +2).
Then (2a+1)m+ (2+a)l =0. If (2a+1)/(2+a) € Qor (2+a)/(2a+1) € Q, then
system (2) has no first integrals that are either a polynomial or a proper rational
function. Otherwise it has a first integral of the form

H(r,y.2) = (292)"* (@ — )z — 2)(y - )",
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Note that H is a polynomial if and only if either —(24a)/(2a+1), or —(2a+1)/(2+a)
is a nonnegative integer. Otherwise it is a proper rational function. So statements
(a.1) and (b.3) are proved.

Case 3: a+b # 2, a # b. In this case we have that f = x™1y"22"3  for some
integers m1, my and mg. Since f is invariant by o, we have that

f — xmlmeng — ym1 ngxmg — Zmlmeymg7
that is
(33) mip = mg =mg =m.

Without loss of generality we can take m = 1. Imposing that f is a first integral
we get

0=(1+a+bayz(zx+y+=z), thatis a+b=—1.

Therefore, if a+b # —1, system (2) has no first integrals that are either a polynomial
or a proper rational function. If a + b = —1 then it has the first integral

H(w,y,2) = zyz

that is a polynomial. This shows statement (a.3) and concludes the proof of the
theorem. N

Proof of Theorem 2. If g is an irreducible homogeneous Darboux polynomial of
degree 1 with non—zero cofactor, then Theorem 2 follows from Proposition 7.

Now we assume that ¢ is an irreducible homogeneous Darboux polynomial of
degree n > 1 for system (2) with non—zero cofactor K of the form (4). We consider
two cases.

Case 1: g is invariant by o. In this case it has cofactor K = a(z 4+ y + z) with
a € C\ {0}. By Theorem 10 this is not possible.

Case 2: ¢ is not invariant by o. Then from Proposition 8 we can assume that
f = g-0(g)-0?(g) is a homogeneous Darboux polynomial invariant by o, with
degree 3n and cofactor K = a(z + y + 2) with o € C\ {0}. By Proposition 7 and
Theorem 10 f has the form as in (30). We consider different subcases.

Subcase 2.1: a+ b = 2. In this case using that f is invariant by o, we get the
relations of (31). Furthermore, since the degree of f is 3n we get that 3m +1 = 3n,
i.e., I = 3(n—m). Hence proceeding as in the case 1 of the proof of Theorem 1, f =
(zxy2)™(x+y+2)3=™). Therefore g = 2™ (x+y+2)""™, or g = y™(x+y+2)""",
or g = z™(x+y+2)""™, a contradiction with the fact that g is irreducible of degree
greater than or equal to 2.

Subcase 2.2: a = b # +1. Using that f is invariant by o, we get the relations
of (32). Furthermore, since the degree of f is 3n we get that | = n — m. Hence
f = (zy2)™((z — y)(z — 2)(y — z))nim. Therefore proceeding as in subcase 2.1
we get a contradiction with the fact that g is irreducible of degree greater than or
equal to 2.

Subcase 2.3: a+b # 2, a # b. Now using that f is invariant by o, we get the
relations of (33). Furthermore, since the degree of f is 3n we get that m = n.
Hence f = (xyz)™. Therefore, proceeding as in subcase 2.1 we get a contradiction
with the fact that g is irreducible of degree greater than or equal to 2. |



INTEGRABILITY OF A FAMILY OF 3-DIMENSIONAL LOTKA-VOLTERRA SYSTEMS. 19

ACKNOWLEDGMENTS

The first author has been supported by the grants MEC/FEDER MTM 2009-
03437, CIRIT 2009SGR. 410 and ICREA Academia. The second author has been
partially supported by FCT through CAMGSD.

REFERENCES

[1] M.A. ALMEIDA, M.E. MAGALHAES AND I.C. MOREIRA, Lie symmetries and invariants of the
Lotka—Volterra system, J. Math. Phys. 36 (1995), 1854-1867.
[2] R.F.S. ANDRADE AND A. RAUH, The Lorenz model and the method of Carleman embedding,
Phys. Lett. A 82 (1981), 276-278.
[3] T. BounTis, B. GRAMMATICOS AND A. RAMANI, On the complete and partial integrability of
non-Hamiltonian systems, Phys. Rep. 180 (1989) 159.
[4] L. BRENIG AND A. GORIELY, A. Quasimonomial transformations and integrability. Partially
integrable evolution equations in physics (Les Houches, 1989), 571-572, NATO Adv. Sci. Inst.
Ser. C Math. Phys. Sci., 310, Kluwer Acad. Publ., Dordrecht, 1990.
[5] L. CARO, H. GIACOMINI AND J. LLIBRE, Liouvillian first integrals for the planar Lotka-
Volterra systems, Rendiconti del circolo matematico di Palermo 53 (2003), 389-418.
[6] F. CANTRIJN AND W. SARLET, Generalizations of Noether’s theorem in classical mechanics,
SIAM Rev. 23 (1981), 467-494.
[7] T. CARLEMAN, Application de la théorie des équations intégrales linéaires aux systémes
d’équations différentielles non linéaires, Acta Mathematica 59 (1932), 63.
[8] G. DARBOUX, Mémoire sur les équations différentielles algébriques du premier ordre et du
premier degré (Mélanges), Bull. Sci. math. 2éme série 2 (1878), 60-96; 123-144; 151-200.
[9] H.J. GiacoMiNI, C.E. REPETTO AND O.P. ZANDRON, Integrals of motion of three-dimensional
non—Hamiltonian dynamical systems, J. Phys. A 24 (1991), 4567-4574.
[10] J. HIETARINTA, Direct methods for the search of the second invariant, Phys. Rep. 147 (1987),
87-154.
[11] S. LABRUNIE, On the polynomial first integrals of the (a,b, c¢) Lotka—Volterra system, J. Math.
Phys. 87 (1996), 5539-5550.
[12] P.D. LAX, Integrals of nonlinear equations of evolution and solitary waves, Comm. Pure
Appl. Math. 21 (1968), 467-490.
[13] P.G.L. LEACH AND J. MIRITZIS, Analytic behavior of competition among three species, J.
Nonlinear Math. Phys. 13 (2006), 535-548.
[14] J. LLIBRE, Integrability of polynoial differential systems, Handbook of Differential Equations,
Ordinary Differential Equations, Eds. A. Cafniada, P. Drabek and A. Fonda, Elsevier, 1, 2004,
pp. 437-533.
[15] J. LLIBRE AND C. VALLS, Global analytic first integrals for the real planar Lotka—Volterra
sysetms, J. Math. Phys. 48 (2007), 1-13.
[16] J. LLIBRE AND X. ZHANG, Polynomial first integrals for quasi—-homogeneous polynomial dif-
ferential systems, Nonlinearity 15 (2002), 1269-1280.
[17] J. LLBRE AND X. ZHANG, Darbouz theory of integrability in C' taking into account the
mulitplicity, J. Diff. Equations 246 (2009), 541-551.
[18] R.M. MAY AND W.J. LEONARD, Nonlinear aspects of competition between three species, SIAM
J. Appl. Math. 29 (1975), 243-256.
[19] J.M. OLLAGNIER, Polynomial first integrals of the Lotka—Volterra system, Bull. Sci. math.
121 (1997), 463-476.
[20] J.M. OLLAGNIER, Rational integration of the Lotka—Volterra system, Bull. Sci. math. 123
(1999), 437-466.
[21] J.M. OLLAGNIER, Liouvillian integration of the Lotka-Volterra system, Qualitative Theory of
Dynamical Systems 2 (2001), 307-358.
[22] J.M. OLLAGNIER, A. NOWICKI AND J.M. STRELCYN, On the non—ezistence of derivations: the
proof of a theorem of Jouanolou and its developments, Bull. Sci. math. 119 (1995), 195-233.
[23] P.J. OLVER, Applications of Lie groups to differential equations, Springer, New York, 1986.
[24] J.M. STRELCYN AND S. WOJCIECHOWSKI, A method of finding integrals for three-dimensional
dynamical systems, Phys. Lett. A 133 (1988), 207-212.



20 J. LLIBRE AND C. VALLS

1 DEPARTAMENT DE MATEMATIQUES, UNIVERSITAT AUTONOMA DE BARCELONA, 08193 BEL-
LATERRA, BARCELONA, CATALONIA, SPAIN
E-mail address: jllibre@mat.uab.cat

2 DEPARTAMENTO DE MATEMATICA, INSTITUTO SUPERIOR TECNICO, 1049-001 LisBoA, POR-
TUGAL
E-mail address: cvalls@math.ist.utl.pt



