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PLANAR VECTOR FIELDS
WITH A GIVEN SET OF ORBITS

JAUME LLIBRE!, RAFAEL RAMIREZ? AND NATALIA SADOVSKAIA®

ABSTRACT. We determine all the C! planar vector fields with a given set
of orbits of the form y — y(x) = 0 satisfying convenient assumptions. The
case when these orbits are branches of an algebraic curve is also study. We

show that if a quadratic vector field admits a unique irreducible invariant
s

algebraic curve g(z,y) = Z a;(z)y®~ = 0 with S branches with respect
§=0
to the variable y, then the degree of the polynomial g is at most 4.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

By definition an autonomous complex planar differential system is a system
of the form

(1) x=X(x), x=(z,y)€DCC?

where the dependent variables x = (z,y) are complex, and the independent
variable (time ¢) is real. We assume that the vector field X = (P, Q) associated
to the differential system (1) is C! in an open subset D of C2.

Let ¢ = g(x) be a C! function. The curve § = 0 is an invariant curve of the
vector field X if

(2) Xglg=0 =0,
i.e. the curve g = 0 is formed by orbits of X.

The vector field X is called a polynomial vector field of degree n if P and
() are polynomials such that the maximum of the degrees of P and @ is n.
Let g be a complex polynomial in the variables x and y irreducible in the ring
of polynomials C[z,y|. Suppose that g satisfies (2), then we say that g = 0 is
an invariant algebraic curve of X. By the Hilbert’s Nullstellensatz Theorem
[6] if the polynomial X'(g) vanishes when g = 0, there exist a non-negative
integer m and a polynomial M = M (x,y) such that (X(g))™ = Mg. Since g is
irreducible, then there exist a polynomial K = K(z,y) such that X(g) = Kg,
the polynomial K is called the cofactor of g = 0, and clearly the degree of K
is at most n — 1.

We shall present briefly the contents of the paper.
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In section 2 we prove our first main result (see Theorem 1 below) and de-
termine a planar vector field from a given set of invariant orbits of the form
y — y(x) = 0 where y(x) is an arbitrary C' function, and consequently the
vector fields having such orbits are in general C' vector fields.

In section 3 we apply Theorem 1 to the set of orbits which are branches of
an algebraic curve g(x,y) = 0 (see Proposition 10).

In section 4 we prove our second main result for the vector fields of degree
two (see Theorem 3). More precisely for such vector fields having a unique
irreducible invariant algebraic curve ¢ = 0 we bound the degree of g by four
times the number of its branches with respect to the variable z or y. The
result is written with respect to the variable y.

In section 5 we determine the C! planar vector field with only one invariant
curve of the form ag(x)y 4+ a1(z) = 0 (see Proposition 14).

In section 6 as application of our previous results given in section 5 we
determine the polynomial planar vector fields of degree 2, 3 or 4, with only
one invariant algebraic curve of the type g = f'(z)y + f(z) = 0 or g =
f(@)y+ f'(z) = 0 where f is an orthogonal polynomial (see Proposition 17).

Finally in section 7 we analyze 16th Hilbert problem for limit cycles on
a singular invariant algebraic curve, i.e. an invariant algebraic curve g = 0
having in the complex projective plane points such that the curve and its first
derivatives are zero.

Our first main result is the following.

Theorem 1. Let

(3) g]<l’,y):y—y]($):0, j:172775227

be a given set of orbits not formed by singular points of a complex planar
differential system (S), where y; = y;(z) is a C' function for j =1,...,S such
that

(4)

1 1 1
Y1 Y2 e ... Ys
A0:A0<x) =1 - . . . . = H (ym_yj) # 0,
S : S 1<m<j<S
T V- Vs

and there are at least two functions g1 and go for which

(5) {91, 92} =y, — 41 #0.
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Then the planar differential system (S) can be written as

S S
& =Y N [ (W= ym) + Asi29 = Pz, y),
7=1 m

=1

(6) s "
9= Ny [ = vm) = Asrg = Ql,y),
j=1 m=1
m#j
S
where g = H(y — Ym) and Nj = Nj(z,y) for j =1,2,...,S are arbitrary C'
m=1

functions.

It is well known (see for instance [5]) that if g is a polynomial, then the
polynomial differential system

.0y . \0g
(7) I—Aaerulg, Y= Aaxﬂtzg,

where A, p; and po are arbitrary polynomials on z and y, has ¢ = 0 as an
invariant algebraic curve.

Proposition 2. The polynomial system (7) can be written in the form (6).

We denote the degree of a polynomial g by degg. For the definition of
branches of an algebraic curve see the beginning of section 3. Our second
main result is the following.

Theorem 3. Let X be the quadratic vector field associated to the quadratic
system

(8) & =poy? + 1y +pe U= qy + qy+ g,

j j

where p; = p;(x) = ijnx", ¢ = qj(z) = qunx”, for j = 1,2, and for
n=0 n=0

which

s

(9) 9= a;(x)y* =0
j=0

s the unique irreducible invariant algebraic curve. If the curve g = 0 has

S > 1 branches with respect to the variable y (so ag # 0). Then degg < 4S.

We introduce the following two conjectures which are commented in Remark
13 and in the paragraphs following this remark.

Conjecture 4. If a quadratic polynomial differential system (8) admits a
unique invariant irreducible algebraic curve g = 0 given in (9), then degg <

3S.
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Conjecture 5. If a quadratic polynomial differential system (8) with a unique
invariant irreducible algebraic curve g = 0 given in (9) does not admit a ra-
tional first integral, then deg g < 12.

2. C' VECTOR FIELDS WITH AT LEAST TWO INVARIANT CURVES OF THE
FORM y = y(z)

Proof of Theorem 1. Let X = (P, Q) be the vector field associated to differ-
ential system (6). Now we shall prove that the given orbits (3) are invariant
curves of (6). Indeed the vector field X admits the equivalent representation
(see also [13]).

S+2
ZA [T on (= 5
m#]
where gsy1 = &, gsyo =y, i.e. & = X(x), y = X(y). Hence
S+2
X (1) —91(2)\ Hgm{gz,gj ) =, [=1,...,5,
i S

ie., gg =y —y =0 is an invariant curve of X.

We shall show that & is the most general planar vector field having the
invariant curves g, = 0 for [ = 1,2,...,5 satisfying (4) and (5). Let Y =
(Yi(z,y), Ya(z,y)) be a planar vector field with the given invariant curves
satisfying (4) and (5). We look for functions A; for j =1,2,..., 542 satisfying

Z)‘ H (Y = Ym) + Ast29 = 11,
(10) A
E:&%Ily—%ﬁ—kam:ﬂé

M#J
Therefore taking y = y; in these expressions we obtain

s
Ai(,y;) H(yg(iﬁ) — ym(2)) = Y1(2,y;),
)
s
N, )i (@) [T W) = ym(@) = Ya(z, ;).
i

or equivalently
A
Aj($a y]) = (—1)57]71A—j}/1($, yj)v
0

(1) N
Aj (z, yj)y; = <_1)Sij71A_ZY2($v yj)'
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Here we have used assumption (4), where

1 1 1 1
A= Aj(x) = ?/1 ?Jj—l Z.Uj+1 ©Ys 7
vy ?JJS:12 yf+12 yg_g

for y=1,2,...85.
Solving system (10) with respect to A; and Ay we get that

(Y1 — U1y, — (Yo — Uy)

A= )\1(%9) = 5 ,
_yl H Y= ym
m=2
(12) o
Ay = Na(z,y) = _ 1)y15 (e ),
(o —v) [ (v — vm)
3
where
s s
\Ill :ZA H y ym +AS+297 Z)\jyj H y_ym)_AS-‘rlg)
Jj=3 =1 _
m?é] m;éj

and y5 — v} # 0 by assumption (5). The expressions

s
[Iw—ym) and H (Y = Ym),
m=2 m;é2
which appear in the denominator of A; and Ay in (12), do not provide problems
in the definition of A\; and Ay, because when we evaluate A\;(z,y) and \o(z,y)
in y = y;(x) for any j = 1,2,...,S using the expression (11), then the factor
y; —y; = 0 also appears in the numerator. So A\; and Ay are well defined.

Substituting A\; and As in (6) we obtain the vector field ). Hence Theorem
1 is proved. O

Remark 6. We recall that the determinant Aq is usually called a Vandermonde
determinant.

Remark 7. The natural S > 2 in Theorem 1 is arbitrary.

Remark 8. Let (x,yo) be an intersection point of two curves g; =y —y; =0
and g, =y — yr = 0 with j # k, then this point is a singular point of system
(6), and on it Ay = 0. Moreover from (4) these points are the unique where
Ao vanishes.
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Corollary 9 (see [14, 15]). Under the assumptions of Theorem 1 system (6)
can be written as

1 1 . 1
U1 cee Ys
A 7 O 7 S
o2y Asiayl + A1 .. Aspays + s
1 1 - 1
Yy U1 e Ys
Y= : : : : )
YWy
Ast1y” Aspy? + Ay () o Aenyd + Asys(z)
where B
Msie [ (w5 — ) = Ao
1<i<5<8
1<<5<S
i, jFm

fork=1,2andm=1,2,...,5.

Proof. Developing by the last row the determinants of the statement of the
corollary we get system (6). O

3. POLYNOMIAL VECTOR FIELDS WITH INVARIANT ALGEBRAIC CURVES
WITH AT LEAST TWO BRANCHES

In the rest of this paper we shall work with complex polynomial vector fields.
First we shall study the planar polynomial vector field X of degree n having
the invariant algebraic curve

(13) 9= Zaj(x)?/sfj,

where a; = a;(z) for j =0,...,5 are polynomials. If ag(x) # 0, then it is well
known

S
:1
where y; = yj(:c) for j =1,2,...,5 are algebraic functions. Moreover
s
= —GOZZJ;7 as = ag Z YiYm, .. 05 = (—I)Saonyj.
1<j<m<S j=1

The functlons gi =y —uy; for j = 1,...,5 are called the branches of the
algebraic curve g = 0 with respect to the variable .
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Proposition 10. Let (13) be the product of all the invariant algebraic curves
of a polynomial vector field X of degree n. Then the branches g; = y—y;(z) =0
for j=1,2,...,5 of g =0 are invariant curves of the vector field X .

Proof. Using the branches ¢g; = y —y; = 0 of g = 0 given by (14) we can write
the vector field X in the form given by (6). ;From Theorem 1 the proposition
follows. U

Remark 11. There are polynomial vector fields with an invariant algebraic
curve having an arbitrary number of branches, this follows from Remark 3 and
from the fact that the branches of an invariant algebraic curve are invariant
curves of the vector field X (see Proposition 10).

Proof of Proposition 2. Choosing in (6) the arbitrary functions \; as follows
Al=X=...=As =X, Agy1 = —fla, Asy2 = [,

we obtain that system (6) becomes

S
. 0
=2 [ W= tm(@) + Aoyag = AT 4 g,

=g o
S / S ag
=2 y;(@) [T = (@) = Asag = =A5= + g
7=1 m=1
i,

U

We note that the curve g = 0 of system (7) is not necessarily irreducible.

Remark 12. It is well known that if the invariant algebraic curve of a polyno-
mial differential system of degree n is nonsingular in CP?, then degg < n +1
(see for instance Corollary 4 of [4] and Theorem 2 of [16]). As a consequence
if deg g > n + 1, then this curve is singular in CP?

4. QUADRATIC SYSTEM WITH A UNIQUE IRREDUCIBLE INVARIANT
ALGEBRAIC CURVE

In this section we study the quadratic systems, i.e. polynomial differential
systems of degree 2.

Proof of Theorem 3. From the relation Xg = (ay + Sz + 7)g, taking the coef-
ficients of the powers of y we obtain the following differential system

dao da . daS

(15) poa =0, ar Ba, p2% = (Bx+v)as — as_1,
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where a = (ag, ay, ...,as)’, and a; = a;(x) for i = 0,1,...,5, and A and B
are the following (S + 1) x (S + 1) matrices

pr po 0O 0 O 0O 0 0 O

p2 p1 po 0 O 0 0 0 O

0 p2 p1t po O 0 0 0 O

A=| 0 0 p2 p1 po 00 0 0 ],

00 0 0 0 0 p2 p1 po

0O 0 0 0 O 0 0 p p
ag 0 0 0 0 0 0 0
bo a;z 0 O 0 0 0 0
co b1 ay 0 0 0 0 0

B = 0 ¢ by as 0 0 0 0 ,

0 0 0 0o ... Cs_3 bS,Q &571 0
0 0 0 0 ... 0 Cs_2 bS,1 ELS

here a; = a+(j—95)q, bj = Bx+v+(—S)q1, ¢; = (j—S)g2 for j =0,1,..., 5.
It is known (see for 1nstance [7]) that after a linear change of variables and a
rescaling of the time any quadratic system (8) can be written as

i=P(z,y), ¥=qy +qay+ e,

where P(x,y) is one of the following ten polynomials

1+SE’y, y+x27 Y, 17 ry, —1+SC2, 1+Z‘2, .T2, z, 0.

Since the last six possibilities for P(z,y) force that the quadratic system has
an invariant straight line (real or complex) and by assumption our quadratic
system has no invariant straight lines, the polynomial P(x,y) only can be
1+zy, y+2°% y, 1.

Case 1: Assume that P is either y+ 22, or y. We consider the quadratic system

i=y+pAx), U=qy +qay+ e,

with py(z) = 22 or py(z) = 0. After the recursive integration of system (15),
since the a;’s are polynomials, we deduce that

a = Sqo,

ag = Qqo,

a1 = a12” 4 an + a,

Ao = a24334 + a23x3 + a22a:2 + a1 x + aso,

_ 2(5—-1
as—1 = as-12(5-1)T =04 .
_ 25
as = ag28T"” + ...,

where all the a;; are constants. Therefore deg g < 25.
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Case 2: Assume that P = 1. Now we deal with the quadratic system

(16) i=1, U=qy +qy+ g

We note that the previous differential system can be written as a Ricatti
differential equation. Since this system has no singular points, the algebraic
invariant curve g = 0 must be non-singular in the affine plane. If the curve is
nonsingular in CP? then the degree of g is at most three (see remark 12). So if
the algebraic curve g = 0 of (16) has degree larger than three, it is nonsingular
in the affine plane and singular at infinity, i.e. in CP?. We shall determine
the curve g = 0 solution of (15) with degree > 3.

Assume that ¢;; # 0. After the change of variables (¢112,y) — (y, ) and

introducing the notations
q22 q21
- =Do, — =pu, pr)= Qo + quoT + g0,
a1 q11

we obtain the system

(17) @ = poy’ +xy +puy +p2(2), Y= qu,
We consider the differential system (15) associated to system (17). If py # 0
without loss of generality we can take py = 1. Then system (15) takes the form
ap = 0,
al = mao,

ahy = (m*+m(q —qu1) + B — squ1)x+
(m(Cy = p10Co) + qoC1 + (v — Squ1)Co,

Hence we obtain that dega; < j,for j = 0,1,... 5, and consequently deg g < S.
We study the case py = 0. Therefore the differential system (15) is
ray = «ag,
raiy, = aajy + (B +v)a; — (p22a® + porx + p2)al — qu(S+1—jlaj,
for 7 = 0,...,S5, where a_; = 0. Solving the first differential equation we
get ap = Cyz®, hence o must be a non-negative integer, and without loss

of generality we can take Cy = 1. Now substituting it into the differential
equation of a} we obtain

ray = aay + (Bx +7)x* — a(pex? + porx + pog ) !

= aa; + (8 — ape)z®™ + (v — ape)x® — apyer® .
Solving this linear differential equation we have

ar = (B — apa2) 2™ + C12% + apaz® ! + (7 — apar )2z log .
Since a; must be a polynomial we get that

Y = apoi.
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Solving the differential equation of a) we obtain
as(z) = api(a—1)z% + apy(pa I Cy)z 1t + Cyx®—
(Cy — pa1)(apas — Bzt + 5(041922 — B) (o + 1)pay — B)aH2—
(Sqn — (2(1/]?22 — 6)])20%'& log xZ.
Again since as; must be a polynomial we get that
g D20 (2apae — B)
q11 '

Doing similar arguments and considering that we can write

(Bz +7)a; — (p22a® + panx + po)d; — qui (S + 1 — j)aj_ =
(—qu(S —7)Cim1 + .. )z + ...,

for j > 3, we can obtain solving the linear differential equation for aj that all
a; for j > 3 are polynomials choosing the arbitrary constant C;_; conveniently.

After the recursive integrations we finally deduce that

J a+j
T .
a; = H (8= (=14 m+ a)ps) il + 2% Py ()

m=1

J 2

: x

= % (H (B = (=1+m+a)ps) — + P2j—1($)> ;

4!
m=1

where P,,(z) is a polynomial of degree m in = and by definition P_;(z) = 0.

The invariant algebraic curve in this case admits the representation

S J 2j
g=2""%Y (ay)5~ (H (8= (=14 m+ a)pa) g;—, + P2j—1($)> :

Jj= m=1
Hence degg < a+ S.

If «—S > 0 then by considering that the curve is irreducible, we have o = 5,
and as a consequence degg < 25. If « — 5 < 0 then degg < a+ S5 < 2S. In
short in case 2 and when ¢;; # 0 we have that degg < 25. Substituting ag
and ag_; in the last equation of (15) and taking the biggest coefficient in x
(i.e. the coefficient of x2+5+1) we deduce that

S+1

H (B—(1—=m+a)pp)=0.

m=1
It is interesting the particular case 2 with ¢;; # 0 when S > o = 1 and
B = pae # 0, pog = v = 0. The solutions of (15) are polynomial of degree one
of the form a; = c;x + r;, for j = 0,1,...,5 where ¢; and r; are convenient
constants satisfying the equations

riv1 = poCi+ (S+1—=7)qurj—1, per;=qu(S+1—7)cj_1, r-y=c_1 =0,
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for y =0,1,...,5. Hence we obtain that
P2eP20 = Sq1,

_ B ~ palS —2j)
roj =0, 11 =Py, Toj41 = —75—C2j,
B B  (=qu)’s!
C2j4+1 = 0, co=1, Coj = m

Consequently the curve g = 0 takes the form

S S S
9=> ar@y =2 aytF+ ) ryh
k=0 k=0 k=0

or equivalently

[5/2] [(5-1)/2]
g==x Z Cary” 2 + Z rorgry” 2
k=0 k=0

where [z] is the integer part function of the real number x.

If we denote
[5/2] [5/2]

— a1 )k 8!
Hs(y) = ) TN _(=an)™St S—2k
s(y) 2 Cok(q11Y) 2 KIS — 2k)! (g11y) 5
then we obtain the following representation for g
p
9w, y) = vHs(y) + =5 Hy(y).

It is easy to check that if if g;; = 2, then Hg coincide with the physicists’
Hermite polynomial. Clearly degg =S + 1.

Now we assume that in (16) ¢;1 = 0 and ¢o; # 0, then doing the change of
variables (g1, y) — (y,x) we obtain

(18) x=p0y2+y+p2(l‘), QIQ21>
where po = q22/¢31, P2() = qo® + qro + qa0- If po = Go2 # 0, then system (15)
admits the polynomial solutions

ap = Ggo, @1 = AT+ ay, ...as = agsT’ + ...+ aso,
sodegg < S.If pg = gao = 0, then the integration of equation (15) is analogous
to case 1. Hence degg < 28S.

Case 3: Assume that P = xy + 1. Finally we must study the quadratic
systems

(19) i=xy+1, ¥=qy*+ (guT+ qo)y + g2’ + ¢217 + goo.

If &« — Sqop = m we shall show that the functions a;(z) of (15) are polynomials
of degree dega; < qoj +m if g9 # 0, and of dega; < j + m if go = 0, for
j=0,1,...85.

We denote ¢y = k. Since py = 0, py = z, po = 1, from the first nonzero
differential equation of system (15) we obtain that ag = x™Cy with Cy €
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C\ {0}. Since ag(x) must be a polynomial, m must be a non-negative integer,
ie. a — Sqyo =m > 0 as a consequence Sqy < a.

Solving the second nonzero differential equation of system (15) we obtain

4q11 — 4g10 — m
ai(z) = Coy (—(21_ 1ﬂ$m+1 + Q10k 7$m + T+ kxml) + Cya™mtF
= .CEm_l(PQ + Cll’k+1),

if k(k2 — 1) # 0.
We assume that £ € C\{—1, 0, 1}. From the recursive integration of the
system (15) we deduce that the vector a has the following components

ag = x"Cy,
a; = Pm+1 + Clxk+m = l’m_lkarl,
2k —2
(20) ay = Prymir + Cox® " = 2™ 2 Py,

meJrlP

as—1 = Ps—2)ktm+1 + Cg_qz S~ Dhm — o (S—1)k+5—-1,

_ Sk+m _ .m-S
as = Ps_1)kptm+1 + Csx™" " = 2™ > Py g,

Since ag # 0, we get that Cy # 0. In order to simplify the proof and to avoid
many cases, we assume that all the integration constants C; for j = 1,...,8
are non—zero, otherwise working in a similar way we should get that some of
the polynomials P, which appear in (20) would have lower degree, and this does
not perturb the general bound for the degg. Therefore, since the a; must be
polynomials, k is an integer and as a consequence P; = Pj(x) is a polynomial
of degree j in z. Hence we obtain the dega; < kj +m, for j = 0,1,2,...5.
Therefore degg < kS+m = ¢S + a — ¢S = «. On the other hand by
considering that

9= "Iy I Py = "5 Y (wy) I Pyany = 0,

and in view that the curve must be irreducible we obtain that m = a—kS = 5,
therefore « = S(k+1). Clearly if m — S < 0, then kS+m < S(k+1) = a. So
degg < (k + 1)S. We are interesting in determining the biggest finite upper
bound of the degree of the polynomial g.

We shall study the last equation of system (15). We prove that if Cs # 0
then the curve g = 0 has the cofactor K = ay. Indeed inserting ag and ag_;
in the last equation of system (15) we obtain that

ﬁCSSCSk+m+1 + "YCSa?Sker + PSker—l(x) = O, if k > 3.

Hence § = v = 0 and the cofactor is ay.

We prove that if C'sCs_1 # 0 hence k = 3. Indeed, from the last equation of
system (15) we obtain that the polynomials ag and ag_; are such that
dag

(21) % + qaas5_1 = 0.
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After the integration we get

_ Cs-1 (S—1)k+3+m
aS_q22(k(S—1)—|—mx +...].

On the other hand the polynomial ag has degree kS + m, therefore

Cs-1
C Sk+m = (S—1)k+3+m k(S—2)+m+3 o
ST + q22 k(5—1)+3+mx +TOIL‘ s

where 7 is a real constant. Hence if CsCs_; # 0, then k£ = ¢y = 3. Since
degg < (k+1)S =45S.

If Cs_1 = 0and ro # 0, then k = 3/2, and consequently deg g < (3/2+1)5 <
3S. Clearly if Cs = 0 then, from (21), it follows that C's_; = 0, thus deg g < 45S.
In this case working as in the case that the constants C; were not zero with
m = 0 we should get for the curve

(22) g= yS + alys_l + agyS_Q +...as =0,
that degg < 35.

Now we assume that k& = ¢y = 0. The recursive integration of system (15)
produces the following polynomial solutions

. . g G g
ap =z, a; = rjxo‘+] + a2 Py = a® (rjx o Jng_l) ,

forj =1,2,...5, where r; are rational function in the variables qi1, qi2, ¢21, 22, @20, G10, @, 5.
and P,,(z) is a polynomial of degree m in the variable x. Note that dega; <
a + j. The polynomial g becomes

S S

g=a""" Z(zjsﬂ' + 29I Py )y = 00 Z(J;y)‘g’j (rjz™ + Pyj_1),
=0 =0
where g = 1 and P_;(z) = 0. In view that the curve g = 0 is irreducible then
a=SIfa—S5<0,thendegg < a+ S5 <2S.
If k =1, then system (15) becomes
xray = may,
rah, = (m+j+ .1)aj+1+ . '
(B=(S=Jau)r +v— (S —j)qo)a; — aj — (S — j)ga; 1,
for j = 1,2,...5, where a_; = 0. Hence after integration it is easy to show
that
ag = Coz™ = 2™ 1P,
a, = Clmm+1 + (SQIO - ,Y):L,m + Tl,mfl — J,’milpg,

) 2
(lgzl’m_ P3,

as =™ 1P,
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where P; = Pj(x) is a polynomial of degree j in the variable x. Hence
S
g=2""> Pia(x)y® =0.
=0

By considering that this curve must be irreducible, we have that m = a—S5 = 1.
As a consequence S=a—1<aanddegg<S+m=5+1.

For the case when k£ = —1 system (15) takes the form

zay = (a+ S)ay,
xa'l = (OZ+S— 1)a1—|—((ﬁ—5q11)x+7—5q10)) ao—a{),
zay = (a+8—=2)ay+ ((6—(S—1)g)z+~v—(S—1Daqo))a; — aj,

After the recursive integrations we obtain that the polynomial solutions exist
in particular if a + 5 = 0. In this case we obtain that dega; < j, and as a
consequence deg g < S.

In short Theorem 3 is proved. U
Remark 13. Let
das 45+1
— e _ — e
h(e) =p. dx (Br +7)as — qeas—1) = ]z:; Aja?,
be a polynomial of degree at most 4S5 + 1 in the variable x, where
A] = AJ (QO7q117 qd10, 422, 421, 420, &, ﬁ? e OO? Cla sy CS)?
for j=0,1,...,45+ 1. To determine the exact degree of the invariant curve

g = 0 in all the cases studied in the proof of Theorem 3, it is necessary that the
polynomial R(x) be zero. This holds if and only if all the coefficients are zero,
ie. Aj =0 forj=0,1,...,45+1. The compatibility of all these equations is
require. Working a little it is possible to reduce the system A; = 0 to a polyno-
maal system in the variables qo, q11, G10, G22, G21, G20, @, B, v, Co, Cy, ..., Cs.
These polynomaials in general have high degree and it is not easy to work with
them for proving that they do not have solution, and consequently the deg g
(which from the proof of Theorem 3 must be a multiple of S smaller than or
equal to 4S) seems that must be < 3S.

In view of this remark and the comments later on we do the Conjecture 4
and Conjecture 5.

These conjectures are supported mainly by the following facts. First we are
able to show that for S = 1,2,...,5 there are irreducible invariant algebraic
curves g = 0 of degree 3S for convenient quadratic system (19). This curve
has a cofactor K = 3Sy. On the other hand without loss of generality we
can suppose that the given invariant curve has the form (22) for which the
degg < 35.
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Second we determine the more general quadratic systems (19) having some
focus. Thus we get

84ae? — 36e? — 25e* — h?

do = 37 q22 = ’ dio = Oa

23
(23) 3602 — 3608 | o 4 2

48¢2 ’

where eh # 0. The points <L6, ——) and (—\/—6, i) are singular points
e V6 e’ 6
of the corresponding quadratic system with eigenvalues (6a—7e>=4ih)/(2v/6 €)
and (—6a + 7e* +ih)/(2v/6 ) respectively, so they are foci, and consequently
these quadratic system do not admit a rational first integral (see for instance
12])
We study the particular systems of (15) satisfying (23) with S = 4, and we
obtain the family of quadratic systems

(24) t=axy+1, §=3y>— 10azy — 150a*x> + 59a,

qin = a, (g =

e

where a is a nonzero parameter, which admits the following family of invariant
algebraic curves of degree 12

—781250000a8z'2 + 312500000a"2'° — 62500000a’yx® — 159375000a52% —
3750000a°yx™ + 230375000a°z° + 375000ay?2° — 9975000ayz® —
82923125a*z* — 4215000ay%x* 4+ 281000a%y32? + 5291500a3yx>+
3833820a%x? + 210750ay%x? — 6860ay3r — 129960a’yx + 343y*+
110592a? + 12348ay? = 0.

The singular points of system (14) are foci, hence it has no rational first inte-
grals. From this example we show that the degree of the invariant algebraic
curve of the studied quadratic systems without rational first integral is greater
than or equal to 12.

5. Cl VECTOR FIELDS WITH ONLY ONE INVARIANT CURVE OF THE FORM
y = y(x)

Now we determine the differential system which admits a unique invariant
curve

(25) G =ao(z)y+ai(z) =0, ap(x)#D0.

Proposition 14. A differential system having the orbit g = y — y1(x) = 0,
where y; = y1(x) is a C* function, can be written as

(26) T=A+tpg="P y=I+rg=0Q,
where \, ;. and v are arbitrary C* functions.

Proof. We set X = (P, Q). First we prove that the curve g = 0 is invariant of
the vector field X. Indeed X (g) = (—py; + v)g. Hence g = 0 is an invariant
curve of the differential system associated to the vector field X. Let Y =
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(Yi(z,y), Yo(z,y)) = (Y1, Y2) be another vector field with the given invariant
curve, i.e.

V(9)]g=0 = Ya(z,y1(2)) — Yi(z,v1(2))yi (x) = 0.

Taking
Az, y) = ?((év y)) - ggrf, §/})/M((x y)),
2 'T’y - yl x 1 x’y /
vir,y) = + (@), y),
(2.9) P (@)t y)
and inserting them into (26) we obtain the vector field Y. O

VERIFICAR EL SIGUIENTE REMARK
Remark 15. We suppose that in (26)
%
Qo

A = ag), = apft, V = agl + A

Then system (26) takes the the form

@=Xag+jig=P, y=-Napy+d;)+ig=0Q,

which is the most general system for which the curve G = 0 is invariant.

6. QUADRATIC SYSTEM WITH A UNIQUE INVARIANT ALGEBRAIC CURVE
WITH ONE BRANCH

Now we consider the vector field X’ associated to the quadratic system

(27) i=p, U=qy +qy+ g,

where py; # 0 and ¢; are polynomials of degree j in the variable z. We assume
that X has the curve G = 0, given in (25) with ag and a; polynomials, as an
invariant algebraic curve. System (15) is valid in this case.

Proposition 16. The algebraic curve G = ag(x)y + a1(x) = 0 is invariant
for the quadratic system (27) with cofactor K = ay + fx + v if and only if
aay = ay(x) = paay — rag, where r = (B — qu1)x + v — quo and ag = ap(x) is a
polynomial solution of the Fucshian equation

w” + 01w’ + gyw = 0,

where
. Py = (Br ) - 0 B+ g —1'p
1 — ; 2 — .

D2 3
Proof. Under the given conditions system (15) takes the form

a—qo=0, pz% = aa; +7rag, paay = (Br +7)ar — gaap.
After differentiation of the previous second equation, and using the third equa-
tion we get

pgag + (pophy — (B + 7)p2 — 1p2) ag + ((Bx + 7)1 + g2 — r'p2) ap = 0.
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We observe that the above Fucshian equation admits a polynomial solution if
2 = (k + 1")pa — (Bx + v)r. Indeed in this case the obtained equation takes
the form

paag + (py — (Bx + ) — r)ag + kag = 0.

Hence ag is an orthogonal polynomial because the degrees of ps = pa(z), p) —

(Bx + ) —r and k are 2,1, 0 respectively (see for instance [1]) O
For a precise definition of a family of orthogonal polynomials see [1]. A

very important class of orthogonal polynomials fy, fi, ... fn, ... are the ones

satisfying the differential equation

(28) p(@)f" +q@)f +rf =0,

where p = p(z) is a polynomial of degree at most two, ¢ = ¢(z) is a linear
polynomial, and r is nonzero constant.

Proposition 17. Let f be an orthogonal polynomial satisfying equation (28).

(i) There exists a quadratic polynomial differential system having the in-
variant algebraic curve G = f'(z)y + f(x) = 0.

(i) There exists a polynomial differential system of degree 2,3 or 4 having
the invariant algebraic curve G = f(x)y + f'(x).

Proof. {From (7) the vector field with the invariant algebraic curve G = 0 can
be written as

&= Nz, y)f'(x) + plz,y)(f'(2)y + f(x)),
g ==z, y)(f"(2)y + f'(2)) + vz, y)(f(2)y + f(2)),

where A, u and v are polynomials. Taking

qy
A=—yp, v=p (? - 1) » o wf(@) = pla),
from (28) we obtain that the differential system takes the form

& =p(r), §=-ry’+q(x)y - p(2).
The cofactor of the curve G = 0 is —ry. After the change —ry — y we obtain
the differential system
& =p(x), §=y*+aqy+pr
The cofactor in this case is y. This system admits three, two or one invariant
algebraic curve depending of degree of p(z). Hence statement (a) is proved.

In particular the quadratic differential system
=1, §=2n+2zy+1°

for any n € N admits a unique irreducible nonsingular in the affine plane
invariant algebraic curve g = yH,(z) + 2H/ (z), where H,, is the physicists’
Hermite polynomial (for more details see [3]).
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From (7) the differential system

&= Nz, y)f(x) + plz,y)(f(x)y + f(2)),
g =Nz, y)(f'(@)y + f"(2)) + vz, y)(f(2)y + f'(2)),
),

has the invariant curve G = f(x)y+ f'(x), where again A, p and v are arbitrary
polynomials. Hence by choosing

A=—yu, flp=p, pr—rp=0,

and in view of (28) we finally deduce the system

& =plx), §=p@)y’—q@)y+r.

This system has degree two, three or four and admits one, two or three invariant
algebraic curves depending on the degree of polynomial p(z). Moreover the
cofactor of G =0 is p(x)y — q(x). O

From Proposition 17 it follows that there exist polynomial differential sys-
tems with invariant algebraic curves of arbitrary high degree.

7. ON THE 16TH HILBERT PROBLEM FOR LIMIT CYCLES ON SINGULAR
INVARIANT ALGEBRAIC CURVE

One of the motivations of this paper was to study the 16th Hilbert problem
for limit cycles on singular invariant algebraic curves. As it follows from the
results exposed in [10] and [11] for solving this problem it is necessary to
determine the maximum degree of the invariant algebraic curves (Poincaré’s
problem). It is well known that if the invariant algebraic curve g = 0 of a
polynomial vector field of degree n is non-singular in CP? then degg < n + 1
(see for instance [4]). Additionally in that paper the authors gave the following
result: if all the singularities on the invariant algebraic curve g = 0 are double
and ordinary, then deg g < 2n.

If the algebraic curve is of nodal type, i.e. it is singular and all its singular-
ities are normal crossing type (that is at any singularity of the curve there are
exactly two branches of g = 0 which intersect transversally), then deg g < n+2
(see for more deatails [2]).

To determine an upper bound for the degree of a singular invariant algebraic
curve is in general an open problem. In this direction there are the following
two results.

Theorem 18 ([16]). If there exists an integer k such that for all polynomial
vector fields of degree n having the singular invariant algebraic curve g = 0, we
have that (g,0,9) < k, where (g,0,9) is the intersection number of the curves
g =0 and 0,9 = 0 at a point of g N 0yg, then

4+42n+k+ /(44 2n + K)% + 16kn2
0 :

degg <
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EL PARRAFO SIGUIENTE NECESITA MAS DETALLES
By considering that Vk > 1

442n+k++/(4+2n + k)% + 16kn?
4

<(k+1)(n+1)

we obtain the following upper bound for the degree of invariant algebraic curve
degg < (k+1)(n+1), k>1.

Theorem 19 ([8]). Let X = P90, +Q0, be a polynomial vector field of degree n
over K[z, y| and suppose that in some extension K' of K the vector field has an
invariant algebraic curve g = 0 where g € K'[x,y] is a square—free polynomial.
Let K be the maximum of the Tjiurina numbers of the singularities that the
curve has in the projective plane. Then

1+ V1T +4K)(n+2)

d < .
g9 = 9

These last two theorems and the results stated in this paper show that in
general for a singular invariant algebraic curve its degree can be arbitrary high
(see Remark 11).

EXPLICAR MEJOR EL PARRAFO SIGUIENTE
Clearly if K = k(x + 1) then

1+VI+4K)(n+2)
2

degg < (1+r)(n+1) < =(1+R)(n+2).

In particular for the quadratic vector fields we obtain the following upper
bound for the degree of invariant algebraic curve with S branches (see Theorem
3)

degg <3S, k=1-S5
and
degg <4S, K =5(5-1).

The solution of 16th Hilbert problem for limit cycles on generic, nonsingular
and nodal algebraic curves are given respectively in [10], [11][17].
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