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Abstract

We consider the family of transcendental entire maps given by
fa(z) = a(z — (1 — a)) exp(z + a) where a is a complex parameter.
Every map has a superattracting fixed point at z = —a and an
asymptotic value at z = 0. For a > 1 the Julia set of f, is known to be
homeomorphic to the Sierpinski universal curve [19], thus containing
embedded copies of any one-dimensional plane continuum. In this
paper we study subcontinua of the Julia set that can be defined in a
combinatorial manner. In particular, we show the existence of non-
landing hairs with prescribed combinatorics embedded in the Julia
set for all parameters a > 3. We also study the relation between
non-landing hairs and the immediate basin of attraction of z = —a.
Even as each non-landing hair accumulates onto the boundary of the
immediate basin at a single point, its closure, nonetheless, becomes
an indecomposable subcontinuum of the Julia set.
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1 Introduction

Let f : C — C be a transcendental entire map. The Fatou set F(f)
is the largest open set where iterates of f form a normal family. Its
complement in C is the Julia set J(f) and it is a non-empty and
unbounded subset of the plane. When the set of singular values is
bounded, we say f is of bounded singular type and denote this class
of maps by B. It has been shown in [1] and [22] that the Julia set of a
hyperbolic map in B contains uncountably many unbounded curves,
usually known as hairs, [10]. A hair is said to land if it is homeomor-
phic to the half-closed ray [0, +00). The point corresponding to ¢t = 0
is known as the endpoint of the hair. In contrast, if its accumulation
set is a non-trivial continuum, we obtain a non-landing hair.

In this paper we study a particular class of non-landing hairs in
the Julia set of transcendental entire maps given by

fa(2) = a(z = (1 = a)) exp(z + a),

when a is a real parameter. For all complex values of a, the map f,
has a superattracting fixed point at z = —a and an asymptotic value
at the origin whose dynamics depends on the parameter a. If the
orbit of the asymptotic value escapes to +00, we say a is an escaping
parameter. For example, when a > 1, the orbit of the asymptotic
value escapes to +o0o along the positive real axis.

To our knowledge, the family f, was first introduced by Mo-
rosawa, [19], as an example of a transcendental entire map whose
Julia set is homeomorphic to the Sierpinski curve continuum when
a > 1. Any planar set that is compact, connected, locally connected,
nowhere dense, and has the property that any two complementary
domains are bounded by disjoint simple closed curves is homeomor-
phic to the Sierpiiiski curve continuum (Whyburn, [26]). It is also a
universal continuum, in the sense that it contains a homeomorphic
copy of every one-dimensional plane continuum (Kuratowski, [17]).
We take advantage of this property to combinatorially construct sub-
sets of J(fs), a > 1, that in turn are indecomposable continua. An
indecomposable continuum is a compact, connected set that cannot
be written as the union of two proper connected and closed sub-
sets. Observe that a landing hair together with the point at infinity
is in fact a decomposable continuum.

Every known example in the literature of indecomposable subsets
of Julia sets arises from a single family of maps, namely the expo-
nential family E)(z) = Aexp(z). The first example was given by



Devaney [5] when A = 1 so the asymptotic value escapes to infinity
and the Julia set is the whole plane. Under the assumption that
either the asymptotic value escapes to infinity or has a preperiodic
orbit (thus holding again J(F)) = C), several authors have been
able to construct topologically distinct indecomposable continua em-
bedded in J(E)) (see among other works, [7], [9], and [23], where a
generalization of previous results for a large set of A-parameters can
be found).

Our work provides examples of indecomposable subcontinua of
Julia sets outside the exponential family and without the assump-
tion that J(f,) equals C, since f, has a superattracting fixed point
for all @ € C. Denote by A(—a) the basin of attraction of —a, that
is, the set of points with forward orbits converging to —a. Also
denote by A*(—a) the immediate basin of attraction of —a which is
the connected component of A(—a) containing —a. In [19] Morosawa
showed that all connected components of A(—a) are bounded Jordan
domains. Moreover, whenever a > 1, the orbit of the free asymptotic
value escapes to infinity. Since there are no other singular values,
F(fs) cannot contain another attracting basin, or a parabolic basin,
or a Siegel disk as these components must be associated with a non-
escaping singular value. Maps with a finite number of singular values
do not exhibit neither wandering domains ([13, 16]) nor Baker do-
mains ([13]). Hence F(f,) = A(—a). In Figure 1, we display the
dynamical plane of f, for different values of @ > 1. The basin of
attraction of —a is shown in black, while points in the Julia set are
shown in white.

Let us summarize our main results. Since J(f,) is homeomorphic
to the Sierpiniski universal curve, it must contain embedded copies of
planar indecomposable continua, so we obtain some of them in terms
of its combinatorics. To do so, we first characterize the topology and
dynamics of the boundary of A*(—a) by a polynomial-like construc-
tion (Proposition 2.4). Then, using general results of transcendental
entire maps, we obtain curves in the Julia set contained in the far
right plane and with specific combinatorics (Proposition 2.9). By a
controlled process of consecutive pullbacks of some of these curves,
we extend them into non-landing hairs that limit upon themselves at
every point (Theorem 3.6). Using a result due to Curry, [4], we show
the closure of such hairs are indecomposable continua (Theorem 4.2).
Finally, we study the relation between each indecomposable contin-
uum and the boundary of A*(—a) showing that the intersection be-
tween these two sets reduces to a unique point (Theorem 4.4). As a
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consequence of these results, we show the existence of a dense set of
points in dA*(—a) that are landing points of a unique hair (in par-
ticular there are no pinchings that arise as in other maps in class B
having a superattracting basin), while there is a residual set of points
in 0A*(—a) that, even though they belong to the accumulation set
of a certain ray, they are not landing points of hairs.

The outline of this paper is as follows: in §2 we describe the
dynamical plane of f, for a > 3. §3 contains most of our technical
results while in §4 we provide the proofs of our main results.

(a) Parameter a = 1.1. (b) Parameter a = 2.1. (C) Parameter a = 3.1.

Figure 1: The Julia set for f, (and a an escaping parameter) is shown in white,
the Fatou set, in black.

Notation and terminology.
B.(x)={2€C| |z —z| <e}.
U denotes the closure of a set U.
Connected components will be refered to as components.
A curve vy cuts across a

1. line L if the intersection v N L is not tangential,

2. rectangle R if v cuts across both vertical boundaries of R so
v M R contains a component with endpoints joining those sides,

3. semi-annular region A if v cuts across the inner and outer semi-
circular boundaries of A so v N A contains a connected compo-
nent with endpoints joining those boundaries.
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Figure 2: Dynamical plane of f31 and regions Ty U T7. The boundary curves (;
and (_; extend from —oo to 400 while curves n; and n_; meet at —a = —3.1
and extend to +oc.

2 Dynamical plane for escaping real
parameters

Consider escaping parameters of the form a > 1 for the family of
transcendental entire maps

fa(2) = a(z = (1 = a)) exp(z + a),

which have a unique asymptotic value at z = 0 and a superattract-
ing fixed point at z = —a. For a > 1, the asymptotic value escapes
to infinity along the positive real line and the Fatou set reduces to
the basin of attraction of —a, A(—a). Our first aim in this section
is to provide a partition of the complex plane that will allow us to
combinatorially analyze the dynamics of points in the Julia set.

We start by taking preimages of the forward invariant set RT.
Any point z = x + iy in the complex plane whose image under f, is
a real positive number must satisfy

(x — (1 —a))cosy —ysiny > 0,

(x—(1—a))siny+ycosy = 0. (1)

From these conditions, the preimages of R are infinitely many
analytic curves parametrized by (z,(j(x)), with j € Z. For j = 0,
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Co(z) = 0 and is defined for all x € (1 — a,+o00) while the rest of
the (;’s are strictly monotonic functions of = defined for all z € R.
When j # 0, each ¢; has two horizontal asymptotes, given by

T—r—00

lim ((z) = sign(y)(2|j| —1)mi and Er}_l Cj(z) = 2jmi.

For our purposes, we need to consider the preimage of the interval
(—00, —a) inside the region bounded by ¢(; and (1 (see Figure 2).
We obtain two strictly monotonic curves n;(x) and n_;(z) defined
for x € [—a, +00), satisfying
Im pa(x) =0,  lm m(z)=mi and  lm n(z)=—mi.

Let T denote the open and connected set containing z = 0 and
bounded by n; Un_1. Similarly, let 77 be the open and connected
set bounded by (-1 Un_1 Umn U (1. Far to the right, T} consists
of two unbounded and disjoint strips, one above and one below the
positive real line. Since most of our results involve the dynamics
of points in Ty U Ty, we construct a refinement of this region. For
Jj = 0,1, denote by T}, and T}, the proper and disjoint domains in
T; \ R with negative and positive imaginary part, respectively. Fi-
nally, for each j € Z, j # 0,1, denote by T} the open and connected
strip bounded by the curves (;_; and ¢; as Im(z) increases. Then
{T; | j € Z} defines the partition of the complex plane sought, while
{T}, | 7 =0,1, i = 1,2} defines a refinement of the region T U 7.

It is straightforward to verify that

fa: Ty — C\ (—o0,—a], and
fa:T1 — C\ ((—o0,—a] U[0,+0)),

are one-to-one maps. Define ¢° = f.1|Ty and g} = f, T} the corre-
sponding inverse branches of f, taking values in T and Ti, respec-
tively. As for the refinement of To UTy, we denote by g3 and gz° the
appropiate restrictions of g; mapping into 7}, and T},, respectively.

Assume z is a point of the Julia set whose orbit is entirely con-
tained in UjezT;. We can naturally associate to z the itinerary
s(z) = (s0,51,...), with s; € Z, if and only if fl(z) e T;. Let us
concentrate on the space X = {0, 1} of binary sequences (in what
follows B-sequences). With respect to the refinement of Ty U7y, con-
sider the space of extended sequences given by X = {01, 09, 11, 15}
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Since f, is a one-to-one map in Ty and 77, not all extended sequences
are allowable, that is, f, behaves as a subshift of finite type over the
set of points with full orbits inside Ty, UTp, UT7, UT7,. Its transition
matrix is given by

_ o O
S = = O
—_ O O =
O = = O

and determines the space of allowable extended sequences (in what
follows A-sequences) given by

YA = {(80,81,. . ) €EXnm | S; € {01,02, 11, 12}7a3i3i+1 = 1,Vi}.

Denote by 7 : ¥4 — X the projection map that transforms an
A-sequence into a B-sequence by erasing all subscripts. The form
of the matrix A makes evident that 7 is a 2-to-1 map. For a given
B-sequence ¢, denote by t! and ¢? the unique A-sequences so that
7(t/) = t. Observe that by interchanging all subscripts in ¢! we
obtain #?, and conversely.

Remark 2.1. [t is important to observe that points on the real line
(or on any of its preimages), do not have well defined A-sequences.
However, since R is forward invariant under f,, its dynamics and
combinatorics are completely understood. Based on the next result,
from now on we will only consider B-sequences (and its two associ-
ated A-sequences) that do not end in all zeros.

Lemma 2.2. Assume a > 1 and let w € J(f,) such that fF(w) €
ToUTy for all k > 0. Then, w € RN Tj if and only if s(w) =
(7,0,0,...), for j =0,1.

Proof. The first implication follows easily by analyzing the action of
fain R. Whenever a > 1, the set A*(—a) intersects the real line in an
open interval (g, pa), where p, is a repelling fixed point and g, is its
only preimage in R. Moreover (—00, q,) U (pg, +00) consists of points
that escape to +oo along R™ and hence, belong to J(f,). Since f,
sends (—00, g4] onto [p,, +00) and this second interval is fixed by fq,
then w has a well defined itinerary given by s(w) = (1,0,0,...), if
w € (—00,q4] C Th, or s(w) = (0,0,...) if w € [pg, +00) C Tp.

To see the second implication, it is enough to show the interval
[Pa, +00) represents the only set of points in the Julia set that remain
inside Ty for all positive iterates. To do so, we analyze the preimages
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of n; inside Ty, (the case n—; and Ty, is analogous). Since f, maps
T, onto the upper half plane Im(z) > 0, then for each k£ > 1, the
k™ preimage of 1, in Tp,, namely nf = (g%2)%(n1), lies completely
inside Tp, (except for its endpoint in z = —a) and extends towards
infinity into the right half plane. In particular, it lies in the strip
bounded by [—a,+00) and 7! (from bottom to top). Also, note
n¥ and 77{ meet only at z = —a whenever k # j. We claim that
n¥ accumulates onto [pg,+00) as k — oco. For otherwise, we can
find a point * € [~a,+00) and € > 0 so B.(z) Nnf = O for all
k > 1. Nevertheless, since = belongs to the Julia set, it follows
from Montel’s Theorem the existence of an integer N > 0 for which
IN(B.(z)) nm # 0. Hence, B.(x) N7l # 0, a contradiction.
Finally, for any given point w € Ty, such that s(w) = (0,0,...),
there exists an integer m > 0 for which, either w € n{* or w lies in
the interior of the strip bounded by 17{'”rl and n}" (from bottom to
top). In both situations, "1 (w) lies outside Typ. This finishes the
proof. O

The rest of this section is devoted to a combinatorial description
of the dynamics of points with forward orbits contained in Ty U7} us-
ing A- and B-sequences. First, we focus our study on the set A*(—a)
and then analyze points in the Julia set that lie far to the right in
ToUT;. Using known results in complex dynamics we will prove that
points with forward orbits completely contained in a given right hand
plane are organized into continuous curves and their combinatorics
are governed by the transition matrix A. For future reference, we
compute the image of a vertical segment bounded above and below
by (1 and (_1, respectively.

Lemma 2.3. Let © € R be fixed and consider the vertical segment
Liz| ={x+iy|¢1(z) <y < ((x)}. Then fo(L[x]) lies inside the
closed round annulus fo(z) < |z| < fo(z + (1 (2)).

Proof. From the definition of the map f, we have

|falz +iy)| = aexp(z +a)V/(z — (1 —a))? + 42

Evidently, when restricted to L[z] for a fixed x, the above expression
reaches its minimum value when y = 0 while its maximum value is
reached whenever y = (1(z) = (_1(z). O



2.1 Dynamics near z = —a

In [19] it was shown that for a > 1, each Fatou domain of f, is
a bounded, connected component of A(—a) whose boundary is a
Jordan curve. Here we show that A*(—a) is in fact a quasiconfor-
mal image of the closed unit disk. Precisely, we describe a set of
points with bounded orbits inside 7y U 7T} through a polynomial-like
construction (see [11]) around the unique and simple critical point
z = —a. For technical reasons, we restrict to parameters a > 3 from
NnOW on.

Proposition 2.4. For any a > 3, there exist open, bounded and
simply connected domains U, and V,, with —a € U, C V,, such that
(fa; Uas Vi) is a quadratic-like mapping. Furthermore, the filled Julia
set of (fa,Uq, Va) is the image under a quasiconformal mapping of
the closed unit disk and coincides with A*(—a).

Figure 3: A sketch of the domains U, and V, found in Proposition 2.4

Proof. Define V, as the open, simply connected pseudo-rectangle
given by

1—a

2

Vo={2€C|—-a—6Ina < Re(z) < , C—1(Re(2)) < Im(z) < ¢1(Re(2))}.

First, we show that V, maps outside itself. Indeed, the top and
bottom boundaries of V, map into a segment lying on the positive



real line, thus outside V, as (1 —a)/2 < —1. Also, note that V, lies
in the interior of the annulus

1_
Mg |z2| <|—a—6lna+ 27|

Following the notation in Lemma 2.3, L = L[—a — 61lna] and R =
L[(1 — a)/2] are the left and right hand boundaries of V,,. We show
next the images of L and R lie in the complementary components of
the annulus. First, for z € L we have

1 1 1 1—-a
| fa(2)] :a—5\/(1—|—61na)2+y2< a—5\/(1—1—6lna)2—|—47r2 <5< | 5 ‘

Similarly, if z € R

a 1—a\? at1 |1 —
‘fa(2)|=a€%\/<?a> +y2 > ae ;1%>\/(a+ﬁlna)2+47r2

for all @ > 3, proving thus that V, is mapped outside itself under f,.

Now, we define U, to be the connected component of f,(V,)
containing —a. Since —a is a superattracting fixed point with mul-
tiplicity one, and there are no other critical points, it follows that
U, C V, and the map f, : U, — V, sends OU, to 0V, with degree
2, as —a is a simple critical point. We conclude that (f,, U,, V,) is a
quadratic-like mapping.

What is left to verify is that the filled Julia set of (f,,U,, Va)
is a quasi-disk. Recall that the filled Julia set of a polynomial-like
mapping is defined as the set {z € U, | f2(z) € U, for all n > 0}.
Being (fq, U, Vo) a quadratic-like mapping, there exists a quasicon-
formal conjugacy with a polynomial of degree two that has a super-
attracting fixed point. Thus, the polynomial must be z — 22 after a
holomorphic change of variables, if necessary. So the filled Julia set
of (fa,Uqa, Va) is the image under a quasiconformal mapping of the
closed unit disk. O

Proposition 2.5. Let a > 3. The following statements hold.

(a) The map f, restricted to the boundary of A*(—a) is conjugate
to the map 0 — 20 in the unit circle.

(b) Lett € X be an extended sequence that does not end in 0;’s.
Then, t is an A-sequence if and only if there exists a unique
point z € OA*(—a) that realizes t as its itinerary.
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Proof. Statement (a) is a direct consequence of the previous propo-
sition since the map f, is conjugate in d.A*(—a) to z + 22 acting on
the unit circle.

We prove statement (b) by defining a partition of the boundary of
A*(—a) that coincides with the refinement of the partition ToUT; dis-
cussed before. For simplicity, angles are measured by [0, 1]. Denote
by z(0), z(1/4), z(1/2) and 2(3/4) the points in J.A*(—a) correspond-
ing under the conjugacy between f, and z +— 22 to points in S of
angle § = 0,1/4,1/2 and 3/4. Now label points in 0.A*(—a) in the
following way: traveling along 0.4*(—a) in a clockwise direction, as-
sociate the symbol 0; to the arc joining z(0) and z(3/4), the symbol
1; to the arc joining z(3/4) and 2z(1/2), 15 to the arc joining z(1/2)
and z(1/4), and 02 to the arc joining z(1/4) and z(0). We leave it
to the reader to verify the transition matrix for this partition under
the action of f, is exactly A and the labeling is consistent with the
one defined by the T},’s. U

Theorem 2.6. Let z be a point such that fI'(z) € ToUTy for all
n > 0. If z belongs to the Julia set and has bounded orbit, then
z € 0A*(—a).

Proof. 1f z € J(f,) satisfies the hypotheses, we can find m < 0 < M
so that m < Re(f}'(z)) < M for all n > 0.

Let € > 0 small enough and denote by B, = m Since the
orbit of the origin escapes monotonically along the positive real line,
redefining M if necessary, there exists an integer N = N (M) > 0 for
which B, fu(B:), ..., fN(B.) are pairwise disjoint compact domains,
such that forall 0 < j < N — 1,

fI(B.) c Tyn{z|Re(z) < M}, and
IN(B.) € Ty N {z|Re(z) > M}.

Moreover, we may choose € small enough so B, fu(B.),. .., fN(B.)
are all compact domains contained in Tj. Finally, select m’ < m < 0
so the subset {z € T1 | Re(z) < m’} maps completely inside B..

Denote by @, : D — A*(—a) the Béttcher coordinates tangent to
the identity at the origin. For 0 < r < 1let A, = ®,(B,(0)). Clearly
A, C A*(—a) and maps compactly into its own interior. Moreover,
we can choose r small enough so for j = 0,1, Tj \ A, is a connected
set and the intersection of A, and R is an open interval (c,d), since
®, has been chosen to be tangent to the identity at the origin. We
can now define the set E, illustrated in Figure 4, as follows

E={z€cC|m <Re(z) < M, (_1(Re(2)) < Im(z) < (1(Re(2))}\Q
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where Q) = Uivz_ol fE(B:)UA,U[e, M]. Tt is easy to verify that F is an
open, bounded, connected and simply connected set and d.A*(—a) C
E. Moreover, E C f,(FE) although some boundary components map
into OF. Indeed, fo(OF) N OE consists of segments along the real
line and f2(0B.), for j =1,2,..., N — 1. So after N iterations, the
only boundary points mapping into 0F are points over the real line,
thus having B-itineraries (1,0,...) or (0,0,...). We show next that
for ¢ > 0 sufficiently large, f;*|E becomes an strict contraction.

Figure 4: An schematic representation of the set E described in Theorem 2.6.

Let s = (s, $1, $2, - - .) be the A-sequence associated to z. If s has
finitely many 1;’s, then its B-sequence ends with 0’s and since z has
bounded orbit inside Ty U T3, then z € 0A*(—a) by Lemma 2.2.

If s has infinitely many 1;’s there exists a first integer n > N for
which s, € {11,152}, and thus ENT,, C f"(E), as points in f"(OF)
mapping into F have by now itinerary (0,0,...).

For each k € {01,02, 11,12}, the set ENT}, is an open, connected
and simply connected set with a Riemann mapping given by . :
D — ENTj. Consider the mapping ¥, : D — D with £ > n, given
by

U, = ws_ol o(gito...o gai Mo s,

It follows that ¥,(ID) is compactly contained in D, that is, for £ >
n, Uy is an strict contraction with respect to the Poincaré metric on
the unit disk. Consequently, the sets W,(ID) form a nested sequence
of compact sets with diameters converging to zero as £ — oo. This
implies that for any w € D, limy_, o Vy(w) exists and is independent
of the point w. Therefore, by construction, s, (lim/_, ¥(0)) = 2
is the unique point in E with itinerary s. From Proposition 2.5(b)
we conclude z € 0A*(—a). O

12



2.2 Dynamics near infinity

Our first aim is to prove that for R > 0 sufficiently large and the
region
Hp = {Z elTyuT | RG(Z) > R},

there exist continuous curves in J (f,)NHr consisting of points whose
orbits escape to 4+o0o with increasing real part. These curves are
usually known as tails. The existence of tails as disjoint components
of the Julia set were first observed by Devaney and Tangerman [10]
for certain entire transcendental maps and by Schleicher and Zimmer
[25] for the exponential family E)(z) = Aexp(z) and all A € C.
In greater generality, Baraniski [1] and Rempe [22] have shown the
existence of tails for hyperbolic maps belonging to the class B.

For completeness, we analyze in detail some of their results in
the setting of our work to obtain tails in J(f,) N Hr. Once each
tail has been assigned an A-sequence, we describe a pullback process
to compute the full set of points in Ty U T} associated to such A-
sequence. In the final section, we study the topological properties of
that set.

Consider an entire transcendental map f in the class B. The
escaping set of f, denoted as I(f), is the set of points whose orbits
under f tend to infinity. For an entire transcendental map, Erémenko
[12] has shown the Julia set coincides with the boundary of I(f).
We say that two maps f, g € B are quasiconformally equivalent near
infinity if there exist quasiconformal maps ¢1, ¢2 : C — C that satisfy
¢10 f = go o in a neighborhood of infinity.

Theorem 2.7 (Rempe, 2009). Let f,g € B be two entire tran-
scendental maps which are quasiconformally equivalent near infinity.
Then there exist p > 0 and a quasiconformal map 6 : C — C such
that 0o f =go6 on

Ay ={z€C | |f"(2) > p, Va > 1}.
Furthermore, the complex dilatation of 0 on I(f) N A, is zero.

A straightforward computation shows that f,(z) is conjugate to
the function f,(z) = azexp(z + 1) — (1 — a) under the conformal
isomorphism ¢, (2) = z — (1 —a). Since f,(2) = pao faop;'(2), it is
easily verified that fa has a free asymptotical value at z = a — 1 and
a fixed critical point at z = —1. In turn, f, is (globally) conformally
equivalent to gp(z) = bzexp(z) via ¢1(z) = az+a(l—a) and ¢a(z) =

z. Indeed, it is easy to see that ¢1 o f, = gy © ¢2, where b = eac.
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For small values of b, the Fatou set of g, consists solely of the com-
pletely invariant basin of attraction of the fixed point (and asymp-
totic value) z = 0. Thus, we can describe the Julia set of g, by
applying the following result found in [1].

Theorem 2.8 (Baranski, 2007). Let g be an entire transcendental
function of finite order so that all critical and asymptotic values are
contained in a compact subset of a completely invariant attracting
basin of a fized point. Then J(g) consists of disjoint curves (hairs)
homeomorphic to the half-line [0,+00). Moreover, the hairs without
endpoints are contained in the escaping set 1(g).

These disjoint curves are usually known as hairs or dynamic rays.
Several consequences are derived from the above theorem. Firstly,
if v denotes a hair, it can be parametrized by a continuous function
h(t), t € [0,+00), such that v = h([0,+00)). The point h(0) is
called the endpoint of the hair. Secondly, each hair is a curve that
extends to infinity and, for r > 0, we say that w = h((r, +00))
is the tail of the hair. Moreover, all points in a given hair share
the same symbolic itinerary defined by a dynamical partition of the
plane with respect to f, and for every point z € ~ that is not the
endpoint, we have f™(z) — oo as n — oo. Finally, if f and g are as
in Theorem 2.7 and in addition, g satisfies hypotheses in Theorem
2.8, then near infinity the topological structure of the escaping set of
f is also given by disjoint curves extending to infinity. We refer to
[2] for a topological description of the Julia set in terms of what is
known as Cantor bouquets. Furthermore, the dynamics of f in those
curves is quasiconformally conjugate to the dynamics of g in the
corresponding curves near infinity. We deduce the following result
based on the previous theorems and the specific expression of f,.

Proposition 2.9. Let f,(2) = a(z — (1 — a))exp(z + a), gp(2) =
bzexp(z), a >3, and b a complex parameter.

(a) If |b| is small enough, the Julia set of gy, is given by the union
of disjoint hairs. Fach hair lands at a distinguished endpoint.
Moreover, hairs without endpoints are contained in I(gy).

(b) Let R > 0 large enough. The set of points with forward f,-
orbits that are always contained in Hp are given by the union
of disjoint curves extending to infinity to the right. All points
in those curves belong to I(f,). Precisely, these curves are qua-
siconformal copies of connected components of hairs described

in (a).
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(¢) To each curve in (b) that does not coincide with R or one of
its preimages, we can assign a unique sequence t in Y. We
denote this curve by we. All points in wy escape to infinity under
the action of f, following the itinerary t.

(d) For anyt € ¥4, if R > 0 is large enough, there exists a unique
curve wy in Hr. Moreover, for eachr > R, wyN{z | Re(z) =1}
s a unique point. In particular wy is the graph of a Lipschitz
function.

(e) wy is a tail, i.e., a quasiconformal copy of a tail in (a).

Proof. Statement (a) follows directly from Theorem 2.8. To see
statement (b) note that for any value of a # 0 and b, there exists
a = b/(ea) so f, and g, are (globally) conformally equivalent. By
Theorem 2.7, there exists p > 0 such that f, and g, are conjugate on
the set A, = {2z | |f)(2)| > p,Vn > 1}. Let R > p. Denote by S the
set of points in Hpr with forward f,-orbits contained in Hp. Clearly,
each point in S must belong to J(f,) (since a point in the Fatou set
eventually maps into A*(—a)) and in particular, S C J(f,) N Ag.
Moreover, far enough to the right, a point z € Hpr whose forward
orbit remains forever in Hp must satisfy Re(f¥+1(2)) > Re (f¥(2))
for all & > 0 (see Lemma 2.3). Hence from Theorems 2.7 and 2.8
we know that S is the union of disjoint curves extending to infinity
(that is, quasiconformal copies of components of the hairs in (a))
belonging to the escaping set.

To prove statement (c) we start by assigning to each of these
curves, w, a unique sequence in X 4. Let zg be a point in w and let
s(z0) be its itinerary in ¥ 4 in terms of the partition Ty, , Tp,, 71, and
T1,. By assumption this itinerary is well defined since w is not R or
one of its preimages. Let z; be another point in w. We claim that
s(#z1) = s(z0) and proceed by contradiction. Let C be the connected
component of w joining zp and z;. If s(z1) # s(z9), there exists an
integer k& > 0 for which the &' entries in both itineraries are the first
ones to differ.

Hence there is a point ¢ € C such that f¥(¢q) belongs to either
[R,00), n1 or 1. Clearly f¥(q) cannot belong to 741, since otherwise
fH1(g) € R~ and by hypothesis the forward orbit of ¢ belongs to
Hpg. On the other hand f¥(¢) cannot belong to R since by item (b),
f%(w) and R are disjoint curves of the escaping set.

Finally, there cannot be two curves having the same itinerary as
this will imply the existence of an open set of points following the
same itinerary, which is impossible. Thus, we may now denote by w;
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the unique curve in Hp formed by escaping points with itinerary ¢.

To prove statement (d) fix ¢ = (tg,t1,...,tn,...) € X4 and R
large enough. Let » > R and let L[r] = {r +iy|(_1(r) <y < Gi(r)}.
We denote by I, (r) the set of points in L[r] N Ty,. We know that
the image of the vertical segment L[r] cuts across Hp in two almost
vertical lines (see Lemma 2.3). Recall that when f, is restricted over
the set of points with forward orbits in H,, it behaves as a subshift
of finite type governed by the matrix A, and when restricted to Ty
or 17 it is a one-to-one map. Using these facts, we can find a unique
subinterval Iy, (r) C I, (r) formed by points with forward orbits
inside H, and itineraries starting as (to,t1,...). Inductively, for each
n > 0, Iy, .. +,(r) is the unique subinterval of Iy, ¢, ,(r) formed
by points with forward orbits inside H,. and itineraries starting with
(to, tl, ce ,tn, .. ) Clearly,

It0t17~~~tn (T) C It0t1~~~tn—1(r) c...C Itotl (T) C Ito (T)

Due to the expansivity of f, in Hr we obtain Ny,>0lyt,,. 4, (7) is
a unique point. Let ¢ = ¢(r) be that point. By construction, ¢
has itinerary ¢ and f¥(q) — oo as k — o0, so ¢ must belong to
the unique curve w; described in (c¢). The above arguments imply
that w; intersects Re(z) = r at a unique point, thus ¢(r) gives a
parametrization of w; on the interval [r, co).

In fact, w; can be shown to be Lipschitz. Since the upper and
lower boundaries of Hpr are asympotically bounded by Im(z) = +2m,
we have |Im(f7(2))| < 27 for all j > 0. If 2 € Hp has an orbit entirely
contained in Hp one can check that Re(f,(2)) > cRe(2)ef*() > ¢R
with ¢ > 1. Using induction it is easy to see that

Re(f5(2)) > cRe(f5!(2)) exp (Re(f£7(2))) > *RE.

Let 0(z) := arg(f¥(z)). Then, given ¢ > 0 small, for each k
|tan 0x(2)| < 27(cR)™* < ¢ for R sufficiently large. In particular, we
may adjust R so that ;-4 |0k(2)] < e whenever z € wi(R).

Finally, let T'%. be the upper and lower horizontal boundaries of
fa¥(T, N HR), where inverses are chosen according to the itinerary .
Applying the above estimates we obtain that I'}. can be parametrized
by t + (t,pk (t)) for t > R and pk analytic. As vertical widths of
f.7%(Ty, N HR) tend to zero, then T% — w;(R) as k — oo. And since
|(uh) (t)| < €, we conclude that w;(R) is the graph of a Lipschitz
function with Lipschitz constant e.

Finally to see statement (e) we observe that there are no end-
points associated to bounded itineraries in Hpg, implying that each
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w is a quasiconformal copy of the tail of some hair in (a). On
one hand, the only points in Ty U 7T} with bounded orbit belong to
0A*(—a), so they are not in Hr. On the other hand if there were and
endpoint of a hair with orbit escaping to infinity in Hp, it should
have an itinerary, say, t. But from statement (d) there is a (unique)
curve w; going from Re(z) = R to infinity with such itinerary ¢, a
contradiction.

O

Definition 2.10. Given any A-sequence t, each curve described in
Proposition 2.9 will be denote by wy = wi(R) and it will be called the
tail with itinerary ¢ contained in the half plane Re(z) > R.

The component of wy that cuts across

Fr=A{z € Hg | 2| < fa(R +iC(R))}
is called the base of the tail, and it will be denote by ay = ax(R).

See Figure 5.

Figure 5: The set Hp, the tail wy and its base «y for some t € ¥ 4. Bases are
depicted as bold lines.

We now describe a pullback construction to extend the tail wy into
a longer curve. Recall g} = f;l\Tji,ji € {01,09,11, 12} and consider
the shift map o : X4 — ¥4 acting on the space of A-sequences. Let
t = (tog,t1,...) € X 4. By the conjugacy of f,| UtezA w with o|X 4,
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it follows that wy(y) properly contains f,(w;) since this curve lies in
Hp \ Fr (see Proposition 2.9). Hence f,(w;) is a curve that misses
the base a,(;). Consequently, glo (Wo(r)) 18 a continuous curve that
lies in T}, and extends w; to the left of Re(z) = R. Clearly, any point
in the extended curve gt (W (1)) has itinerary ¢. Inductively, consider

gflo 0...0 gfln—l (wa-n(t)) .

This pullback iteration is always defined as long as the extended
curve does not meet z = 0, which is impossible since R is forward
invariant. We thus obtain a curve of points with itinerary ¢, and each
pullback iteration extends its predecessor.

Definition 2.11. Let

oo
)= gl o ogh (won) - (2)
n=0

We call y(t) the hair associated to t.

Note that the pullback process described before may or may not
produce an endpoint. In Section 4 we show that in some cases, ()
is a hair with an endpoint in 0.A*(—a), and in some other cases (t)
is a non-landing hair and accumulates everywhere upon itself. By

the following theorem found in [4], we will conclude that ~(t) is an
indecomposable continuum.

Theorem 2.12 (Curry, 1991). Suppose that X is a one-dimensional
nonseparating plane continuum which is the closure of a ray that
limits on itself. Then X is either an indecomposable continuum or
the union of two indecomposable continua.

Remark 2.13. A ray is defined as the image of [0,+00) under a
continuous, one to one map. Giving any positive number «, the
image of [a, +00) under the same map is known as a final segment
of the ray. Then, the ray limits on itself if it is contained in the
closure of any final segment of itself.

3 Targets in Hp

The main result in this section will be Theorem 3.6, where we con-
struct B-sequences so their associated A-sequences produce hairs
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that accumulate everywhere on themselves.

We now set up targets around the n'" image of the base oy of
each tail w;. The construction is very similar to the one presented
in Devaney and Jarque [8] and Devaney, Jarque and Moreno Rocha
in [9], although the existence of a critical point in our present case
requires some modifications.

Let t be a given A-sequence. We first enlarge the base oy induc-
tively along w;. Set a;9 = o4 and consider the two bases Qg=1(1)-
The set fo(a,-1(4)) (taking the two possible bases) is a subset of w;.
Thus, the set

Qi1 = 00 U fa(aa—l(t))v
is an extension of oy along w;. Inductively, define the n'"' image of
the base oy as
At = Q-1 U fq (Qgn(p))-
It is easy to verify that {at,}nen is a sequence of curves satisfying
the following three conditions:
(1) ato0 = O,

(ii) a¢n C agper, and

(111) U at,n = Wt.
n>0
In order to define a target around each ay,, consider £, € R
and let

ViE,n) ={z€ Hr | { —1 < Re(z) <n+1}.
By definition V' (&, 7) is a rectangular region bounded above and be-

low by components of (_1 and (y, respectively.

Lemma 3.1. Let R > 0 be large enough. For all n > 0 there exist

positive real numbers &, and 1, such that the following statements
hold.

a) For everyt € L4, the n™ iterate of oy belongs to the interior
(a) Y 9

of V(&ns1n)-
(b) For every £ >0, V(&n41, Mnte+1) 15 compactly contained inside

fa(v(fm 77n+€))'

Proof. Set no = fa (R+ ’Lcl(R))a Th+1 = Ja (nn +1iC (nn)) and &, =
fM(R) for n > 0. It remains to verify that these values satisfy
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statements (a) and (b). Observe that for R large enough, the im-
age of every vertical segment L[R] cuts across Tp U T} in two al-
most vertical lines: one near Re(z) = f,(R) and the other near
Re(z) = fo (R+i(1(R)) (see Lemma 2.3).

Statement (a) follows directly from the definition of &, and 7,,
since at each step we choose &, and 7, to be respectively the smallest
and largest possible values of Re(f(cy)) for all ¢ € ¥ 4, and moreover
it is easy to check that &, < n,—1.

We prove statement (b) when ¢ = 0. The case £ > 0 follows
similarly. The proof of the statement proceeds in two steps. The
first one is to verify the inequality

fa(gn_1+igl(fn_1))<§n+1—1.

From the definition of f, we obtain that

fa(§n —14+iC (6 —1)) < aea+£n_1\/(§n —1-(1-a))?+4n?
< ae® (g, —(1—a)) -1

- §n+1 - ]-7

where the second inequality is satified if R is large enough. The
second step is to verify the inequality

Jan +1) > nag1 + 1= fa(a +iC1(a)) + 1.

By evaluating both sides we obtain

ae® Tt (n, 4 a) > aeM \/(77n +a—1)2+ (Ci(na)* + L.

Consequently the image of V(&,,n,) contains V(&,41,7n+1) as de-
sired. O

Definition 3.2. The set V (&, 1) will be called the n'™ target of f,.

Targets provide a useful tool in the proof of Theorem 3.6. Be-
fore getting into the details, we briefly explain why targets are so
important in our construction. For large values of n, an n'" target
corresponds to a rectangular region with arbitrarily large real part
and imaginary part bounded, in absolute value, by 27. Then, we
may pullback the n'” target using suitable branches of f. ! to obtain
two sequences of nested subsets inside V' (&p,79). We intend to prove
each nested sequence contains not only a base ay:,7 = 1,2, but there

20



are also other components of (') accumulating into the base.

As observed before, each target V(&,,nn1¢) intersects the fun-
damental domains Ty and T} for any n € Z*. Denote by WT% and

Wij@ the domains given by V (&, mn1e) N To, and V (&, npe) N T4,
respectively. The next step is to show that, by considering appro-
priate preimages of these W-sets, we obtain a nested sequence of
neighborhoods around two particular bases of tails.

In what follows, we will work solely with B-sequences and its
respective A-sequences. We may also assume that every B-sequence
has infinitely many 1’s to avoid taking a preimage of the positive real
line. The next result is a suitable restatement of Lemma 4.3 in [9]

following our notation.

Lemma 3.3. Let £ > 0 and let t = (79,1,71,1,72,1,...) be a B-
sequence, where each T, = (T,i,...,T,?’“) denotes a finite block of
binary symbols {0,1} of length ny. Let mj =j+1+ng+ni+...+
nj, j > 0. Then for each m; the sets

1

o
90 0.0 g (W#j,z) =12, (3)

form two nested sequences of subsets of V(&y,me). Moreover, if we
denote by t' and t? the two allowable A-sequences satisfying m (tl) =
T (tQ) =t, then an o and a2 4 are contained each in a nested sequence

of subsets of V(&y,me) given by (3).

Proof. Due to Lemma 3.1, for each m; and i = 1,2, the sets W;;j , C
V' (&m;s Mm,+¢), can be pulled back following (79, 1,71,1,...,7;). These
preimages yield two nested sequences of subsets in V' (£y,7¢), one se-
quence corresponds to preimages of W#J , and the other to preim-

ages of W;fj ;- Notice there is a unique way of pulling back each
Wli,é7 i = 1,2 following the B-sequence t, since f,|T}, k = 0,1

mj,
are one-to-one maps. Also, at each step of the construction, the
points belonging to these nested subsets are points of V(&g, ny) with
B-itinerary ¢t = (70,1,71,1,...,7;,...). So, oy o and a2y must be

inside all of them. O

The next step in the construction is to show that in each of the
nested subsets of V' (§p,n,) given by the previous lemma we will have
not only the bases a1, and o2 4, but also other components of (t).
We split this step into two lemmas. The first lemma shows that for
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suitable choices of A-sequences the extended tails cut twice across
the line Re(z) = —p for p > 0 arbitrarily large.

A finite block of 0’s (respectively 01’s or 02’s) of length k& will be
denoted by 0% (respectively 0¥ or 05).

Lemma 3.4. Let t be any B-sequence, and let t',t?> € Y4 so that
n(t!) = 7(t?) = t. Assume also that 01t' and 02t* are allowable.
Given any p > 0, there exists K > 0 such that for all k > K,
there exist two continuous curves, denoted by wy gk and Wy ke,

1 1Y2
that extend to infinity to the right and satisfy:

(a) Wi, ok and @y, gz are enlargements (to the left) of the tails

with itineraries 120’ft1 and 110’§t2, respectively; and

(b) Wi,k and Wy ok cuts twice across Rez = —pu.

Proof. Consider any A-sequence of the form 07*t! with m > 0 large
enough so the unique tail wym; is parametrized by z = (z,h(z)),
x > R (see Proposition 2.9). Lemma 2.2 and its proof imply that
womg is e-close to z = (2,0), = > R (that is, [h(z)] < e for all
x> R).

By pulling back wgm1 using g%, we obtain a new curve which is
precisely the extended tail (:)Orln+1 .- Moreover, since the positive real
line is repelling, we observe that JJO;nH a s also e-close to z = (x,0)
with # > g%(R). Successive pullbacks via g2 allow us to find a first
positive integer r such that the extended tail LDOTM 4 will be e-close
to z = (x,0), x > p, where p, is the real fixed point in the boundary
of A*(—a).

At this stage we pullback again (I]O;n-&—rtl using g.. The obtained
curve must coincide with the extended tail ‘1’120{"*%1' By construc-
tion it is a curve extending to infinity to the right, extends far into
the left half plane (since (IJO?H-T 18 close to z = 0) and lies close to ¢,
(the preimage of p, in 0.A*(—a)) since Womtry1 gets arbitrarily close
to z = p,. For a given p, if we choose m large enough, this pullback
construction guarantees that (I)12071n+7~ a1 cuts across Re(z) = —pu twice,
as desired.

Analogously, if we start the construction with 05”752, m > 0, we
get a similar result for the extended tail (1)11031—&-7‘ 2 U

Proposition 3.5. Fiz ¢ > 0. Lett be any B-sequence with t' and t?
its associated A-sequences. Let T be any finite block of binary symbols
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of length n and denote by s = T7110%t, and by s', s? its associated A-
sequences. Then there exists K > 0 such that for all kK > K, the
following statements hold.

(a) The forward image of Wile cuts three times (twice far to the left
and once far to the right) across the extended tail @1201ft1. In

1

other words, the hair v(111505t') cuts three times across it

(b) The hair v(s') cuts three times across
ggo o--- og;'nﬂ (erblé) )

Moreover one of the connected components of y(s') in the above
expression contains o ;.

Analogous results corresponding for s> also apply.

Proof. The set f, (W;lé) is a large semi-annulus in the upper half

plane and intersects Tp U T} far to the right and far to the left. From
Lemma 3.4 we can choose K such that for all £ > K, the extended tail

Wi,k Cuts across the semi-annulus f, (Wilé) three times: twice far

to the left and one far to the right. Consequently there must be three

components of v(1; 120’1%1) in W#g that map into three components
oo~ . 1

of the extended tail Wi,oka N fa <Wn,1£)'

By taking suitable pullbacks of erblg that follow the string of
symbols 7 = (79,...,7,—1) and applying Lemma 3.3, we can now
conclude statement (b) of the present proposition. O

Theorem 3.6. Let 7 be a finite block of binary symbols of length n.
There ewists an increasing sequence of integers kj, j > 1 so for the

B-sequence
T = r110M110*2110% .. (4)

its associated A-sequences T and T? determine two distinct hairs
Y(TY) and y(T?) that limit upon themselves, thus becoming non-
landing hairs.

Proof. Let ¢ > 0, pgo =n+ 1 and for each i > 1, set
i
pi=n+1+) ki+ 2i
j=1
The symbol at the pgh position in (yet to be constructed) ¥ is equal to

1. In general, the symbol at position p; in the A-sequence T/, j = 1,2
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can be either 1; or 1y, depending on the previous entry in T/. In
what follows we assume that all symbols at the pgh position in T!
are equal to 1; (hence, all symbols at position pﬁh in T2 are 1o). It
will become clear from the proof that this assumption is without lost
of generality. Moreover, we shall prove only that v(%!) limits upon
itself since the case of v(T?) follows in the same way.

Let s be any B-sequence not ending in all 0’s, and let s' and s?
be its associated A-sequences. For each j > 1 we aim to construct
inductively B-sequences of the form

w; = 711011072 ... 110% 0P (s), (5)

so that, by carefully selecting longer blocks of zeros, the u; will
converge to the B-sequence ¥ with the desired properties. Note
that for all j, u; will be a concatenation of the first p}h symbols in
T = (to, t1,...) with oPi(s). In other words,

u] - (t07t17'"7tpj7175pj78pj+17"')' (6)

1

As before, u;

and u? will denote the A-sequences that project into
Uj.

We first show how to define u;. Applying Proposition 3.5(a),
we can choose an integer k; > 0 so the forward image of th—l,é is

0
cut across by the extended tail @ three times (twice far to

120’1“10?1 (s1)
the left and once far to the right). Thus the hair v(1;120 071 (s1))
cuts three times across W;&,Lg- For the given block 7, denote by
7y its corresponding A-block that makes ul = 7113 120]1“07’1(31) an
allowable A-sequence. Thus Proposition 3.5(b) implies that

to tpo—2 1
doonroa (W)

is a subset of V' (&o,7¢) that contains a1, and (at least) two other

components of the hair y(uf).
For j > 1 we apply again Proposition 3.5(a) to the sequence

711085 P4 (s),

where 7 = 71101102 ... 110%-! and with an integer k; > 0 large
enough so that the forward image of W;jl_l ¢ 1s cut across by the

extended tail @ . three times (twice far to the left and once
120,7 0% (s1)

far to the right). Thus the hair v(1; 1201fj oPi(s!)) cuts three times
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across W;jl_l ¢~ Pulling back W;jl_l , through the finite block of bi-
nary symbols given by 7, we get from Proposition 3.5(b) that

t,. o
t Pj 1
gaoo...oga <”p]._1’g)

is a subset of V (&, n¢) that contains «,1 , and (at least) two other
J7

components of the hair 'y(ujl)
As j tends to infinity, the sequence u; converges to the desired

sequence T. Indeed, from Proposition 3.5(b), the sets

tp. o 1
g(tlo O+++0 gaj (ijlf]_#g)

form a nested sequence of subsets of V(§o,7¢) that contains a,;
and two further components of the hair y(u;). Since ¢ > 0 was
selected in an arbitrary manner, as j — oo we obtain V (&, 00)
contains wg1 and infinitely many distinct components of the hair
7(%') accumulating on it. To see this, let z € wz1 be given and
select £, > 0 large enough so z lies in ag1, . As before, this base
lies in the target V(&p,m.). Since T has been already constructed,
we may now apply Proposition 3.5 to y(T!) itself. There exists an
integer N > 0 sufficiently large so for all n > N, y(aP»T1(T1)) cuts
across Wpli—l,éz in (at least) three components, say A}, Ay and A%,
with one of them being the component of the tail wypn+1(g1).

As n increases, the diameter of g0 o.. .0 g}f” (Wpli_1 éz) decreases,
nonetheless, Proposition 3.5 implies that for each j = 1,2, 3,

i t n t t 1
9o ©.--09d" (Af) cuts across g, o...oga" (W, 1, ).

Since g o...o0 gf{’” (A7) = agiy, for some j, the pullback images
of the remaining A7’s accumulate lenghtwise over aqi g, (and thus
along z) for each n > N.

To see that v(T!) accumulates on each of its points and not only
on its tail portion, we may perform the same construction for the
sequences

110%i110%+1 .

for ¢ > 1. Then we may pullback the corresponding hairs and their
accumulations by the appropriate inverse branches of f, to show that
7(T') must accumulate on any point in the hair v(T!). O
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4 Geometry of hairs

This last section will focus on the geometry of sets 7(t) when ¢ is
a B-sequence that is either periodic or a sequence as constructed in
Theorem 3.6. We show that in the former case, the closure of the
hair has a landing point in d.A4*(—a) while, in the latter case, y(t?)
is an indecomposable continuum for each ¢ = 1, 2.

Proposition 4.1. Let t be a periodic B-sequence and t',t> their
periodic associated A-sequences. Then, the hairs ~(t') and v(t?) land
at two (repelling) periodic points p1,ps € OA*(—a).

Proof. Let t = tg...t,_1, so every block of 0’s in ¢ has bounded
length. We work only with ¢! since the other case follows similarly.

There exists a value 0 > 0 and a closed ball Bs(0) so the orbit
of W stays always outside m. Analogously, we can find a real
value m so the orbit of v(¢!) does not intersect the half plane Re(z) <
m < 0.

Let R > 0 as in Proposition 2.9. Then, there exists a value M > R
for which the intersection of the tail wy with the line Re(z) = M
is a single point. Since the orbit of the origin escapes along the
positive real line, there exists an integer N = N (M) > 0 for which
FN=10) < M < fN(0). Select 0 < ¢ < & small enough so for B, =
B.(0) and fo(B.),..., fN(B,), they are compact domains contained
in Tp. Finally, select m’ < m < 0 so the left half plane Re(z) < m/
maps completely inside Be.

With these constants we can define an open, connected, simply
connected region F as in the proof of Theorem 2.6. Then, the pull-

back process that defines the hair (¢!) together with the contracting

1t tro1y0 @ tn1ye
map \Ilezi/)té o(gao---0gs ") oy (where (g’ 0---0g4"")" de-

notes the /-fold composition with itself), shows that y(¢!) \ y(t!) is
a unique periodic point in £ with itinerary t'. By Theorem 2.6, this
periodic point lies in 0A*(—a). O

Theorem 4.2. Let T be a B-sequence as in Theorem 3.6, Tt T2
be its associated A-sequences that project onto T and (T'),~(T?)
their associated hairs. Then, the closure of each of these hairs is an
indecomposable continuum.

Proof. As before, we restrict the proof to the A-sequence ¥T! =
711112011“11120]1“2 .... Let T'! be the closure of the hair v(T!). In
order to apply Theorem 2.12, we must verify first that I'" does not
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separate the plane, as from Theorem 3.6 (%!) is a curve that accu-
mulates upon itself.

First observe that I'' is a set with bounded negative real part.
Indeed, the first block of 0;’s in T' has finite length and this implies
7(%1) (and thus T'!) lies to the right of the line Re(z) = m for some
m < 0. For simplicity, denote by kg € {01, 02, 11, 12} the first entry in
71, so I'! lies inside the set T}, and to the right of the line Re(z) = m.
Hence

C\ (Ty, N{z | Re(z) > m}) c C\ T,

and since the bounderies of Ty and 717 are the graphs of strictly
monotonic functions, the set in the left hand side is in fact a sin-
gle component with unbounded imaginary part. This implies the
existence of a single complementary component U C C\ I'" with un-
bounded imaginary part, while all other complementary components
must have bounded imaginary parts. Also, note that —a € U and
since —a is a fixed point then —a € f¥(U) for all k > 0.

Let V # () be a component in C\ I'! with bounded imaginary
part. Firstly, we assume that V N J(f,) # 0. Then, by Montel’s
Theorem, there exists N > 0 such that —a ¢ f*(V) for 0 <k < N
while —a € fN(V), since —a is not an exceptional value (indeed, —a
has infinitely many preimages). But this implies that fN=1(V) is a
component with bounded imaginary part inside 7y U 77 that must
contain a point in £, !(—a), a contradiction since in Ty UT} there are
no preimages of —a different from —a itself. Secondly, we assume that
V' does not contain points in J(f,) and thus is a Fatou component.
Since the Fatou set coincides with the basin of attraction of —a,
there exists an integer N > 0 so that fN(U) = A*(—a) and thus
OA*(—a) C OU, which is a contradiction with Proposition 2.5(b), as
only one point in d.A*(—a) has itinerary T'.

We conclude that I'! does not separate the plane and by Theo-
rem 2.12, it is either an indecomposable continuum or the union of
two indecomposable continua. Nevertheless, v(T!) has a unique tail
extending to infinity so it cannot be the union of two indecomposable
continua. U

Remark 4.3. The above two results describe an interesting rela-
tionship between the combinatorics of an itinerary s and the landing
properties of the curve y(s). Indeed, if s is an A-sequence whose
blocks of 0;’s have bounded length, the same arguments as in Propo-
sition 4.1 can be applied to show that the accumulation set of the
hair is no other than the unique point p(s) € 0A*(—a) that follows
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the given itinerary. The key step is to ensure that pullbacks of the
tail are always bounded away from the postcritical and asymptotical
orbits (see, for instance, Proposition 3.6 in [14]), and this is always
the case for A-sequences whose blocks of 0;’s have bounded length.

In contrast, whenever s = T is a B-sequence as in Theorem 3.6,
then the corresponding point p(T') in OA*(—a) is an accumulation
point of Y(T), nevertheless, is not its endpoint.

Theorem 4.4. Consider T and y(T') as in Theorem 3.6, set 'l =
v(ZY). Then, there exists a unique point p; € 0A*(—a) such that
p1 € I'' and py has itinerary T'.

Proof. Recall that T = 71101110%2 .... For each n > 1 define two
preperiodic sequences given by

sp = 7110k ... 110470,
rn = 7110k .. 110k 1.

Clearly, their associated A-sequences satisfy s} < T! < rl for all
n > 1 with respect to the distance induced by the usual order in
Y p. Moreover, if p(sl) and ¢(r}) denote endpoints of the corre-
sponding preperiodic hairs associated to s} and 7}, then it follows

by Proposition 4.1 that p(sl),q(rl) € 0A*(—a). Let p(T!) be the
unique point in d.A*(—a) following the itinerary T under the action

of fo|0A*(—a).

In the Euclidean distance restricted to 9.4*(—a) we obtain |p(s})—
q(rl)] — 0 as n — +oo and clearly p(sl) < p(T!) < ¢(r}) with the
order inherited by S! under the continuous extension of the Bottcher
mapping @, : D — A*(—a).

For each n, 7(T!) belongs to the region bounded above and below
by v(r}) and ~(sl), and the arc [p(sl),q(rl)] € OA*(—a) contain-
ing p(T'). Thus, if v(T') accumulates on J.A*(—a), then it must
accumulate at the point p(T!).

In order to show that v(%!) accumulates on the boundary of
A*(—a), we employ the polynomial-like construction and the sym-
bolics of T'. Let m > 0 and consider the hair associated to the

itinerary

tm = Op, 1105, 11....

Note that t,, is the image of T' under some iterates of the shift
o|X 4. By Proposition 3.5, the hair y(¢,,) is clearly close to the origin
and also the hair (1t,,) intersects a left half plane. Hence, a portion
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of v(1t,,) must intersect V, and its preimages under f,|V, follow-
ing 7110% ... 0¥»-11 must accumulate in .A*(—a) since by Proposi-
tion 2.4,

() f2"(Va) = 0A*(—a),

n>0

and m > 0 has been taken arbitrarily large. O

We end this section by briefly discussing the set of points in the
Julia set that follow non-binary sequences. Note first that Propo-
sition 2.9 can be easily modified to show the existence of tails with
itineraries corresponding to the partition U;czT;. If s = (s, s1,...)
is a sequence that contains infinitely many non-binary symbols and
Ts, C fa(Tst) for all j > 0. Let ws be the tail associated to s
that lies in the right half plane Re(z) > R. If in addition s has (if
any) blocks of 0’s with bounded length, then the pullbacks of w, are
always bounded away from the postcritical and asymptotic orbits,
hence 7(s) is a landing hair with an endpoint p(s). By Proposi-
tion 2.5, p(s) (and in fact v(s)) do not lie in the boundary of any
Fatou component, as otherwise, s will have to end in a binary se-
quence. This establishes

Corollary 4.5. If s = (sg,51,...) € ZN is realizable by f,, contains
infinitely many non-binary symbols and its blocks of 0’s have bounded
lenght, then ~(s) is a landing hair and a buried component of J(fa)-
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