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ON THE NUMBER OF n—DIMENSIONAL INVARIANT
SPHERES IN POLYNOMIAL VECTOR FIELDS OF C"+!

YUDY BOLANOS!' AND JAUME LLIBRE!

ABSTRACT. We study in C™*! the polynomial vector fields X =
n+1

0

E Pi(xl,...,xn+1)8— with n > 1 . Let m; be the degree of
.

=1

K3
the polynomial P;. We call (mq,...,my4+1) the degree of X'. For
these polynomial vector fields X and in function of their degree we
provide upper bounds, first for the maximal number of invariant
n—dimensional spheres, and second for the maximal number of n—
dimensional concentric invariant spheres.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

Let X be the polynomial vector field in C**! defined by

n+1 a
X = Pi(xy,...,xpn11)=—,
3 Plonreeosnin) g
where every P, is a polynomial of degree m; in the variables x1, ..., x,1
with coefficients in C. We say that m = (my,...,my,41) is the degree

of the polynomial field, we assume without loss of generality that m, >

o+ > mypy1. We recall that the polynomial differential system in C*+
of degree m associated with the vector field X is written as

dCIZ’i

dt

By the Darboux theory of integrability we know that the existence

of a sufficiently large number of invariant algebraic hypersurfaces guar-

antees the existence of a first integral for the polynomial vector field X

which can be calculated explicitly, see for instance [4, 6]. As usual

Clx1,...,Tpy1] denotes the ring of all polynomials in the variables

= Pi(x1,...,Tps1), i=1,...,n+ 1
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Z1,...,T,y1 and coefficients in C. We recall that an invariant alge-
braic hypersurface of X is a hypersurface f(x1,...,2,41) = 0 with f €
Clx1, . .., Tpy1] such that there exists a polynomial K € Clxy, ..., T,41]

satisfying X f = Vf-X = K f. This polynomial K is called the cofac-
tor of the invariant algebraic hypersurface f = 0, and V f denotes the
gradient of the function f. Note that if the vector field X has degree
m, then any cofactor has at most degree m; — 1. If the degree of f is 1
then the hypersurface f = 0 is an invariant hyperplane. Here we study
the algebraic hypersurfaces f = (x1—a1)*+. ..+ (Tpi1—apy1)> =72 =0
that are invariant n—dimensional spheres.

Now we introduce one of the best tools in order to look for invariant
algebraic hypersurfaces. Let W be a vector subspace of the space of
polynomials C[zy,...,x,41] generated by the polynomials vy, ..., .
The extactic algebraic hypersurface of X associated with W is

vy Vs v,
1) ew() = det X(:w) X(;Uz) X(:Ul) o,
lel(vl) Xlil(vg) . lel(vl)

where {vy,...,v;} is a basis of W, [ = dim(W) is the dimension of W
and X7 (v;) = X771 (X (v;)). From the properties of the determinants
and of the derivation we know that the definition of extactic algebraic
hypersurface is independent of the chosen basis of .

The notion of extactic algebraic hypersurface ey (X) is important
here for two reasons. First it allows to detect when an algebraic hyper-
surface f = 0 with f € W is invariant by the polynomial vector field
X, see the next proposition proved in [3] for polynomial vector fields
in C?; the extension to C"*! is easy and it is presented here although
the proof is given in the next section. Second ey (X) is also important
because it allows to define and compute easily the multiplicity of an
invariant algebraic hypersurface.

Proposition 1. Let X be a polynomial vector field in C*' and let
W be a finitely generated C—vector subspace of Clxy,...,x, 1] with
dim(W') > 1. Then every algebraic invariant hypersurface f = 0 for
the vector field X, with f € W, is a factor of the polynomial ey, (X).

The number of invariant straight lines for polynomial vector fields
in C? has been studied by several authors, see [1]. We know that
for polynomial vector fields of degree (2,2) the maximal number of
invariant straight lines is 5. Xiang Zhang [8] and Sokulski 7] proved
that the maximal number of real invariant straight lines for polynomial
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vector fields in R? of degrees (3,3) and (4,4) are 8 and 9, respectively.
Later on Llibre and Medrado in [5] generalized these results to invariant
hyperplanes of polynomial vector fields in C"**1.

We want to know the maximum number of n-dimensional invariant
spheres that a polynomial vector field in C"*! can have. We begin this
study by analyzing first the case C2. That is, given a polynomial vector

field X = Paa + Qaa with P and () polynomials in the variables z
€z Y

and y of degree m = (my,my), my > my and f = f(x,y) = (z — a)® +
(y —b)*—r? = 0 a circle with center (a,b) and radius r > 0, we find an
upper bound for the maximum number of invariant circles f = 0 of the
polynomial vector field X', and we determine if this bound is reached
or not in the class of all polynomial vector fields with degree (my, ms).

The multiplicity of an invariant circle f = (r—a)?*+(y—0)>—r* =0
is the greatest positive integer k£ such that f* divides the polynomial
ew(X) with W generated by 1,22, z,%% y. When we study the max-
imum number of concentric invariant circles of a polynomial vector
field X, doing a translation of the center, we can assume without loss
of generality, that the center is at the origin. Then the multiplicity of
an invariant circle centered at the origin f = x? +y* —r? = 0 is the
greatest positive integer k such that f* divides the polynomial gy (X)
with W generated by 1, 22, 2.

Below we present the main results of this article. First in C? and
later on in C**!. In both cases we provide upper bounds for the number
of invariant n—dimensional spheres concentric or not that a polynomial
vector field in C? or C"*! can possess. Moreover we show that these
bounds are in general not reached. We also determine the exact up-
per bound for the number of invariant circles concentric or not that
polynomial vector fields of degree (2,2) in C? can have.

Theorem 2. Assume that a polynomial vector field X in C? of degree
m = (my, mg) with my > ms has a finite number of invariant circles.
Then the following statements hold.

(a) The number of invariant circles of X taking into account its
multiplicity s at most 4my + my — 2.

(b) The number of concentric invariant circles of X taking into
account its multiplicity is at most my + [(mg + 1)/2]. Here [x]
denotes the integer part of x € R.

Corollary 3. Assume that a polynomial vector field X in C? of degree
m = (m,m) has a finite number of invariant circles. Then the following
statements holds.
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(a) The number of invariant circles of X taking into account its
multiplicity s at most bm — 2.

(b) The number of concentric invariant circles of X taking into
account its multiplicity is at most [(3m + 1)/2].

Proposition 4. The bounds given by Theorem 2 are not reached.

Corollary 5. Assume that a polynomial vector field X in C? of de-
gree (2,2) has a finite number of invariant circles. Then the following
statements holds.

(a) The number of invariant circles of X taking into account its
multiplicity is at most 2.

(b) The number of concentric invariant circles of X taking into
account its multiplicity is at most 1.

Now we generalize the previous results to invariant n—dimensional
spheres of polynomial vector fields in C**1.

The multiplicity of an invariant n—dimensional sphere
f=(@ —a)*+...4+ @ps1 — Q1) =7 =0

is the greatest positive integer k such that f* divides the polynomial
ew (X) with W generated by {1,273, 21,..., 22, 1, i1}

The multiplicity of an invariant n—dimensional sphere with center at
the origin

f:x%—l—...%—xiﬂ—rQ:O

is the greatest positive integer k such that f* divides the polynomial
ew (X) with W generated by {1,23,...,22,,}.
Theorem 6. Assume that a polynomial vector field X in C**1 with
n > 1 of degree m = (my, ..., Myu41) with my > -+ > my,.1 has finitely

many invariant n—dimensional spheres. Then the following statements
hold.

(a) The number of invariant n—dimensional spheres of X taking
into account its multiplicity is at most

() (o)

(b) The number of concentric invariant n—dimensional spheres of
X taking into account its multiplicity is at most

() ()]
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Corollary 7. Assume that a polynomial vector field X in C*! with
n > 1 of degree m = (m,...,m) has finitely many invariant n—
dimensional spheres. Then the following statements hold.

(a) The number of invariant n—dimensional spheres of X taking
into account its multiplicity is at most

B(n +1)(3m + 2n(m — 1))} |

(b) The number of invariant n—dimensional spheres of X taking
into account its multiplicity is at most

ln—;—l <m+n(m2_1)+1>1.

All the results in C? are proved in section 2, and the results in C"**!
are shown in section 3.

2. PROOFS OF THE RESULTS IN C?

First we shall show that any invariant algebraic hypersurface is a
factor of a convenient extactic algebraic hypersurface.

Proof of Proposition 1. Let f = 0 be an invariant algebraic hypersur-
face X such that f € W. As was observed, the choice of the basis
vy, ..., of W plays no role in the definition of extactic algebraic hy-
persurface, therefore we can take vy = f in (1).

Using induction we shall see that X*(f) = K} f being K} a polyno-
mial for £ = 1,2,... In fact, if £ = 1 we have X(f) = K;f where K,
is the cofactor of the invariant algebraic hypersurface f = 0. Suppose
that X*(f) = K. f being K}, a polynomial, and see the case k + 1. We
have

AN = X)) = X(Kf) = X(K)f + KX (f)
= (X (Kp) + KKy f = Ky f.

Thus f appears in all terms in the first column of the determinant
ew (X), and therefore f is a factor of the polynomial ey (X). O

Proof of Theorem 2. In order to prove the statement (a) we take the
subspace W generated by the polynomials {1,z% x,y* y}. Then if
f =01is a circle we have that f € W.
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By Proposition 1 if f = 0 is an invariant circle of X, then f is a
factor of the polynomial

1 x? x Y Y

0 X(@*) X)) X)) X(y)
(2) ew(X)=det |0 X2%(2*) X% Yy

0 X%(2?) A%(x) AX°(y?)

X(a?) Xix) XNy X(y)

Note that the degree of the polynomial a;; of the previous matrix
verifies that deg(a;;) = deg(a;—1;) +my — 1if ¢ = 2,3,4,5 and j =
2,3,4,5. In fact, every time that we apply the polynomial vector field
X to a polynomial, the degree of the resultant polynomial is determined
by the first term that multiplies P; (polynomial of higher degree) and
decreases by 1 for the derivation due to the application of the vector
field. For instance, since the degree of X'(x) is m; the degree of X?(z)
is 2my — 1.

)

Since m; > msy and from the definition of determinant, it follows
that the degree of the polynomial ey (X)) is

(47711 —2) + (37711 —2) + (m1 —|—m2) + mey = 8m1 —|—2m2 — 4.

Note that the previous degree corresponds to the degree of the polyno-
mial X*(2?) X3(x)X?(y*)X(y), which corresponds to a permutation of
four elements with maximal degree in the expansion of the determinant
(2).

Since the polynomial ey (X) can have at most its degree divided by
2 factors of the form f(z,y) = (x —a)? + (y — b)> — r?, by Proposition
1 it follows statement (a) of the theorem.

Now consider a set of concentric circles. Doing an appropriate change
of coordinates we can consider that the equations of these circles are
the form 22 + y? — r?> = 0. Thus all these circles can be written in the
form f = 0 with f € W, where W is the C-vector subspace of C[z,y]
generated by 1,22, y%. Therefore by Proposition 1 if f = 0 is one of
these circles, then f is a factor

1 .CL'Q 2

Y
ew(X)=det |0 X(2?) X(y?)
0 A%(2?) A%(y?)

So the degree of the polynomial ey (X) is 2m; + mg + 1 and therefore
the statement (b) of the theorem holds. O

Proof of Corollary 3. The proof is obtained from Theorem 2 by a sim-
ple calculation. O
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Now we show that the bounds given by Theorem 2 are not reached.
For this we need the following lemma which is proved in [2]. Recall
that an algebraic curve f = f(x,y) = 0 is non-singular if there are
points at which f and its first derivatives f, and f, are all zero.

Lemma 8. Assume that a polynomial differential system has a non—
singular invariant algebraic curve f = 0. If (fz, fy) = 1, then the
polynomial differential system can be written into the form

(3) t=Af+Cfy, y=Bf—-Cfa,
where A, B and C are suitable polynomials.

Proof of Proposition 4. We shall prove that the maximum number of
invariant circles that a quadratic vector field can have is less than 4m4+
mo — 2. We also will prove that the maximum number of invariant con-
centric circles of a quadratic vector field is less than my + [(mq + 1) /2].
Consequently the two upper bounds of Theorem 2 are not reached for
quadratic vector fields.

Suppose that a quadratic vector field X has an invariant circle, doing
an affine change of coordinates, if necessary, the center of the circle can
be translated to the origin and its radius can be taken equals 1, i.e. it
can be written as 22 + y* — 1 = 0. Therefore, Lemma 8 states that the

quadratic differential system associated the field X can be written in
the form (3) with A, B € R and C' = (azx + by + ¢)/2, this is

(4) t=A*+y* = 1)+ y(ax + by + ¢),
= B(x*>+y*—1)— z(ax + by + ¢),
which has the circle 22 + y? — 1 = 0 invariant.

Without loss of generality we can assume that B = 0. Indeed if
B = 0 we have what we want. Suppose that B # 0. Then changing
the variables (x,y) for the variables

X\ (cos@ —sinf) [z
Y ) \sinf cosf y)’
with cosf = A/\/ A%+ B? and sinf = —B/v/ A% + B2, the quadratic
system in the new variables becomes
X=AX*+Y?* - 1)+Y@X +0Y +7), Y =-X(aX+bY +¢),

where
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Note that renaming the coefficients of this quadratic system we ob-
tain the quadratic system (4) with B = 0. So we can work with the
quadratic system

i=Al"+y* - 1) +ylar+by+c), §=—x(ax+by+c).

Consider the circle with center (p,q) and radius r, ie. f(z,y) =
(x—p)?+ (y—¢q)* —r?*=0. If f =0 is an invariant circle of X, then
it verifies Xf = K f, where K = K(z,y) = Dz + Ey + F. Therefore,
we obtain

(5) [A(z* +y* — 1) + y(az + by + ¢)]2(z — p) — z(azx + by + ¢)
2(y —q) = (Dz+ By + F)[(z = p)* + (y — ¢)* —7].

We will analyze the two cases that interest us, solutions where we get
concentric invariant circles and, in the general case solutions which give
rise to any invariant circle that the quadratic vector field X can have.

In the case of concentric invariants circles we have p = ¢ = 0. Then
equation (5) becomes

2Ax3 + 2Axy? — 2Ax =
Dx3 + Dxy? — Dr’z + Ex*y + By — Er?y + Fa? + Fy? — Fr2.

Thus D =2A,2A=Dr?, E=0y F=0. If A#0, D = Dr? so that
r=1.

If A =0 then also D = 0, and the resulting system associated with
the vector field X is & = y(c+ax+by), y = —x(c+ax+by), which has
all the circles f(z,y) = 2% +y? —r? = 0 with arbitrary r > 0 invariant.
Therefore this vector field has infinitely many invariant circles, and
these fields are not considered in Theorem 2.

In short a quadratic vector field can have at most one concentric
invariant circle.

Nontrivial real solutions different from the unit circle that we obtain
by solving equation (5) are

1 D
(i)a:O,b:—D,c:§D(r2—2),A:§,E:O,F:0,

q = —1, p=0. This is, we obtain the invariant circle f(z,y) =
z? 4+ (y + 1) — r? = 0 for the system

1 1
i = 5D+ = 1)y (~Dy+ 506 ~2),

(6) §=—a (—Dy + ;D(T2 - 2)) :
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(i) a =0,b=—-D,c=4iD2-1%), A=2 E =0 F =0,
g =1, p = 0. This is, we obtain the invariant circle f(z,y) =
2?2+ (y — 1) — r? = 0 for the system

1 1
T = iD(yc2 +yP—1)+y <—Dy + §D(2 - r2)> :
1
y=—x (—Dy + §D(2 — 7"2)> .
D(1 2 _p2 D
(iii) a=0,b=—D, c = (1+n ”,A:Q,E:o,on,
n
p =0y q#0. This is, we obtain the invariant circle f(z,y) =
22 + (y — q)* — r? = 0 for the system
D(1+¢* —1?
(I+g¢ T>—Dy>,
2q

D(1+¢*—1?)
2q '

(7)

1
:t':iD(xQ—l—yQ—l)—l—y

(8)

y=-—x (—Dy+

Thus, systems (6), (7) and (8) possess two invariant circles. Therefore
we have proved that the maximum number of invariant circles for a
quadratic vector field is two. O

Proof of Corollary 5. The proof follows immediately from the proof of
Proposition 4. 0

3. PROOFS OF THE RESULTS IN C"*!

In this section we shall prove Theorem 6 and Corollary 7 which
contain our results for polynomial vector fields in C™*1,

Proof of Theorem 6. Let W be the vectorial subspace of C[z1, ..., ;1]
generated by 1,27, z1, 23, 29,...,22 1, Tpr1. Then if f = 0is a n-
dimensional sphere, f € W.

From Proposition 1 if f = 0 is an invariant n—dimensional sphere of
X, then f is a factor of the polynomial ey, (X) given by

9)

1 x? 1 e 53721+1 Tpt1
0 X(«3) X(x) - X(xh) X (T 1)
det [0 A%(a3) X2 (xy) - AP(a2y,) X (1)

0 X2(n+1)(x%) XQ(TL+1)($1) XZ(n+1)(x721+1) X2(n+1)($n+1)
Note that for K = 1,...,n + 1, the degree of the polynomials X (zy),
X2(xy), X3(xr), ..., X2 (1) are my, my +myg — 1, 2(my — 1) +
Mk, - (2(n+ 1) — 1)(my — 1) + my, respectively, and the degree of



10 Y. BOLANOS AND J. LLIBRE

the polynomials X (22), X2(z2), X3(x2), ..., X*"H)(22) are my + 1,
my+my, 2(my — 1) +me+1,..., 2(n+1)—1)(my —1)+mp+ 1. In
general we have that X%(z;) = (d — 1)(my — 1) + my and X%(23) =
(d—1)(mi—1)+mp+1ford=1,...,2(n+1).

Since my > --- > m,41 and from the definition of the determinant,
it follows that the degree of the polynomial ey (X) is the degree of
one of the polynomials of the determinant (9) which corresponds to a
permutation of 2n 4 2 of their elements with maximal degree and is
given by the expression

XQ(R_H)(x%>X2(n+1)—1(xl)XQ(n+1)—2(xg)XZ(n+1)—3<x2) -
X () X8 () X (54 1) X (1)

Note that the degree of this polynomial is

[(2(n+1) = 1)(my — 1) + mq + 1]+
[(2(n+1) —2)(my — 1) +my]+
[(2(n+1)=3)(my — 1) +mg + 1]+
[(2(n 4+ 1) = 4)(my — 1) + ma]+

+ [B(my — 1) +m, + 1]+ [2(my — 1) + m, |+
[(m1 — 1) +mpy1 + 1 +mpyq =

(g 2m’“> " (2(n2+ 1)>(m1 —1)+(n+1).

Since the number of factors f = (z1 —a1)*+ (2 —a2)? + ... + (Tps1 —
ani1)? — 12 = 0 of the polynomial ey (X) is at most its degree divided
by 2, by Proposition 1 it follows the number of statement (a) of the
theorem.

Now we consider a set of concentric invariant n—dimensional spheres.
Doing an appropriate change of coordinates we can consider that the
equations of these spheres have the form z7 + 23 +--- + 22, —r? = 0.
Then all these spheres can be written in the form f = 0 with f € W,
where W is the C-vector subspace of Clzy,xg,- - ,x,41] generated by
1,21,23,...,22.,. So, by Proposition 1 if f = 0 is one of these spheres,
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then f is a factor of

1 x? 3 . x2
0 X7  X(z3) - X(zhy)
(10) e (X) =det |0 X%(])  A%(23) - A%(ah,y)
0 A" (xf) A™H(23) - AH(a7,)
Since m; > --- > my,y; and from the definition of determinant

it follow that the degree of the polynomial ey (X) is the degree of
one of the polynomials of the determinant (10) corresponding to a
permutation of n + 1 of their elements with maximal degree, which is
given by the expression

X (@) X" (23) X" (5) - X () X (27 1)

Thus the degree of the polynomial ey (X)) is

(n(my — 1) +my + 1)+ ((n—1)(my — 1) +my+ 1) + - -
4+ (my +my) + (Myyr +1) =

(gmk> + (n;1>(m1—1)+(n+1),

and therefore the number of concentric invariant spheres X’ taking into
account their multiplicities is given by the number of statement (b) of
theorem. 0

Proof of Corollary 7. The proof is obtained by a simple calculation
using Theorem 6. 0
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