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Abstract. We construct planar polynomial differential systems of even (res-
pectively odd) degree n > 3, of the form linear plus a nonlinear homogeneous

2
part of degree n having a weak focus of order n2 — 1 (respectively -=1) at the
g g 5

origin. As far as we know this provides the highest order known until now for a
weak focus of a polynomial differential system of arbitrary degree n.
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1. Introduction and statement of the main result

For every a € R we consider a real homogeneous polynomial f,(z,y) of degree n — 1
and the following real polynomial differential system

dx dy

=- i=—y(1— fal2,9)), i y=x(1— falz,v)),

which has the algebraic curve {f, = 1} of singular points, and an isolated singularity
at the origin, i.e. f,(0,0) # 1. We perturb this system as follows

& = —y(l— fa(z,9)) + P(z,9), (1)
y = x(lffa(x,y))JrQ(x?y),

where P(z,y) and Q(z,y) are homogeneous polynomials of degree n > 3 with small
real coeflicients.

It is well-know that system (1) always has either a center or a weak focus at
the origin (i.e. a monodromic singularity), see for instance [1, 12]. To distinguish a
center from a focus is a classical difficult problem in the qualitative theory of ordinary
differential equations in the plane, called the center—focus problem. This problem goes
back to the 19th century, see for instance [4, 5, 7, 9, 11] and until now it has been
object of an intensive research, see [10, 12, 14].

1 The first author is partially supported by MCYT/FEDER grant 2005-06098-c02-01 and by a CIRIT
grant number 2005SGR 00550; and the second author is partially supported by CAPES (Brazil) with
grant BEX: 2256/05-3.
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A natural question is to know what is the maximal order of a weak focus of a
polynomial differential system of degree n > 1. The answer to this question is only
know for degree 2, i.e. the maximal order a weak focus of a polynomial differential
system of degree 2 is 3, see [3]. For polynomial differential system of degree 3 it is
known that such a maximal order must be larger than or equal to 11, see [15].

Suppose that we have the following analytic system defined in a neighborhood of
the origin

o0 IS
i=2 =2

where p; and ¢; are homogeneous polynomials of degree i € NU {0}. We choose one-
sided analytic transversal at the origin with a local analytic parameter h and represent

the return map by an expansion r(h) = h+ Zvihi. Observe that the stability of the
singularity at the origin is clearly given by tﬁeosign of the first non—zero v;, and if all
the v; are zero then the origin is a center, because all the orbits in a neighborhood
are closed except the singular point. If the displacement function 6(h) = r(h) — h is
not flat (i.e. there exists i such that its ith derivative 6(V(0) # 0) we have a weak
focus. We say that the origin is a weak focus of order k if v; = 0 for each i < 2k but
vog+1 # 0. Moreover, in Chapter 4 of [12] the author has been studied the cyclicity
of this type of singularities and give a proof of the next interesting property: at most
k limit cycles can bifurcate from a weak focus of order k& under perturbation of the

o0 oo

coefficients of Zpi(x, y) and Z(h‘(iﬂ, y). For more details about the definitions and
i=2 i=2

statements of this paragraph see, for instance [12, 10].

We recall that a number a € R is Q—transcendental if such « is not a root of a
polynomial with coefficients in Q.

The problem of determining the highest possible order of a weak focus is also one
of the interesting challenges in this field. As far as we know the weak focus with the
largest order for a polynomial differential system of even degree n is n? — n, this result
is due to Bai and Liu [2]. Our main result is to provide a polynomial differential system
of even degree n (respectively odd) having a weak focus of order n? — 1 (respectively

n?—1

) at the origin. Our result improve all the previous known results for n > 3

with n even or odd.

Theorem 1 Let o € R be Q—transcendental.

(a) For every n = 2m > 2 there exists n + 1 real numbers (go,...,en) = (so(), ...,
en(a)) such that the system
m
= —y(l—a"t—ay" )+ 262j$2jy"_2j,
Y (2)
g = x(1- L ayn—l) + Z€2j+1x2jyn—2j’
j=0

has a weak focus of order n?> — 1 at the singular point located at the origin.
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(b) For every n =2m + 1> 3 there is n + 1 real numbers (go,...,en) = (g0(), ...,
en(a)) such that the system

i = 7y(1 o yn—l o O[l‘n_Qy) + Z€2j1.2jyn—2j’
j=0
i - (3)
y — 1,(1 _ yn—l _ a:v"_2y) + 282j+1x2jyn—2]7
7=0

2 _

n
has a weak focus of order at the singular point located at the origin.

In fact for n = 2 and from Bautin [3] it follows that the maximum order of a
weak focus of system (2) can be 3, and for n = 3 and from Vulpe and Sibirskii[13] the
maximum order of a weak focus of system (3) can be 5, see also [8].

The paper is organized as follows. In Section 2 we prove Theorem 1 under some
additional assumptions. In Section 3 we present some auxiliary results in order to
conclude the proof of Theorem 1 without the additional assumptions.

2. Proof of Theorem 1 under additional assumptions

In this section we prove Theorem 1 assuming that some determinants are not zero.

2.1. First case: n=2m > 2

Consider € = (gg,€1,...,&,) € R* 1. Let P.(z,y) (respectively Q. (z,y)) denote the

m m—1
real polynomial Zszj w2jy"’2j (respectively Z 52j+1$2j ynﬂj)_
=0 =0

By means of the polar change of variables x = rcosf and y = rsin§ system (2)
takes the form

i = 1"[cosOP.(cosb,sinb) + sin 0Q.(cos b, sin b)),
0 = f(r,0)+1r""cos Q. (cosd,sin ) — sin OP.(cos d, sin )],

where f(r,0) =1 — "1 (cos” 10 + asin” ' ). Moreover it is easy to check
cos O P.(cos @, sinf) + sin Q. (cos 8,sin ) = Z exgr(0),
k=0

where
gas(0) = cos®t1Pgin® 2%9, forall 0<s<m,
2t f o3 n—2t+1 (4)
g2t+1(0) = cos* Osin 6, forall 0<t<m-—1,

and also that

Y eng(0)
dr k=0

d9 — f(r,0) + " 1cos Q. (cos b, sin f) — sin O P.(cos 0, sin 0)]

satisfies

r" Z Ekgk(g)
dr k=0

@ - f(’f‘, 9) +O(€2)v (5)
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where O(g?) means O(e;e;) for all i, j.

We denote by (6, h, a, e) the analytic solution of (5) such that (0, h,a,e) = h
for h > 0 sufficiently small. We expand 7 (6, h, ., €) in power series of the variable h
as

oo
r(0,h,a,e) =h+ Z vy (6, , €)h'.
1=1
Therefore from (5) by using that (27, h,«,e) — h is the displacement function
associated to system (2) in a neighborhood of the origin, we obtain that

r(2m, h,a,e) —h = F(h,a,e) + O(e?), (6)

where

> ergr(®)

27
F(h,a,e)= | n" k=0 de,
(h,a,¢€) /0 1 — hn=1(cosn=16 + a sin" "' 4)

and h > 0 is small enough (in fact it is sufficient to take |h| < min{|e;| : ¢; # 0}). In
J

this context,

F(h,a,¢) ZskZhJ(" 1)+"/ g (0)(cos™ 0 + asin™ ' 0)7do.
Thus for each h > 0 small enough we obtain that

F(h,a,¢) Zf—:kZhQ’(” 1)+1/ gr(0)(cos™ 10 + asin™ ! 9)*~1ap,

and so

F(h,a,e) = ZhQZ(” 1)+125k/ 0)(cos™ 1 0 4 asin™ " )% 1d, (7)

=1

because n is an even number and
27
/ gr(0)(cos™ 10 + asin™ 1 0)%df = 0
0

for all ¢ € NU {0} as it is shown in Corollary 5 of Section 3.
From (6) and (7) it follows that

r(0,h,a,e) = h+ Z Vjtn—1)+n(0, @, AR (8)

Jj=1
Moreover by using (8) and (6) we have that

n

V2i(n—1)+1(a75) = v2i(n—1)+1(27{-10‘15) = Zai,k(a)ek + 0(52),
k=0

where
27
a; k(o) = / gr(0)(cos™ 1 0 + asin™ 1 9)%14dp, 9)
0

and g (6) denote the functions given in (4).
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We consider the (n + 1) x (n + 1) matrix (a;(«)) where 1 < i < n+ 1 and
0 < k < n. If for some & we can prove that

det(a; (@) # 0, (10)
clearly there exists (&,£) € R x R"*! such that

Y aik(@E =-0EF) 1<i<n,
k=0

and
n
D aik(@F=1-0E) i=n+l
k=0
Therefore
Vaitn—1)+1(a, €) = 0, 1<i<n,
VQ(nH)(n_l)H(a,é) = 1, i=n+ 1.

Hence as 2(n +1)(n —1) + 1 = 2(n? — 1) + 1 statement (a) of Theorem 1 is done if
(10) holds.

Remark 2 If n = 4, by direct computation we obtain the explicit value of

1 ~
—sdet(a; k(a)). More precisely this polynomial in o is equal to
™

10044234905 (226108 + 9044a° — 48642a* + 904402 + 2261)(a® — 1)4
590295810358705651712 '

2.2. Second case: n =2m+ 1> 3.
Given any € = (g9, ¢€1,...,6,) € R, let P.(x,y) (respectively Q.(z,y)) denote the
m

m
polynomial ZEQj.Tijn_Qj (respectively Z€2j+1xzjy”_2j). By using = r cos6 and

Jj=0 j=0
y = rsind system (3) takes the form
7 = 1r"[cosOP.(cos,sin ) + sin Q. (cos b, sin 0)],
0 = g(r,0)+r"Lcos0Q.(cos,sinf) — sin O P.(cos b, sin §)],

where g(r,0) =1 — "~ !(sin" 1 0 + asinf cos” 2 4).
It is easy to check

cos OP.(cos 0, sin 0) + sin 0Q.(cos 0, sin §) = Z exfr(0),
k=0

where
f25(0) = cos?5t19sin" =299, forall 0<s<m, (11)
fore1(8) = cos?t@sin" 2 Lg, forall 0<t<m,
and also that
Tn Z E]gfk ((9)
dr k=0
d0  g(r,0) + r"1[cos Q. (cos B, sin f) — sin O P.(cos §, sin 0))]
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satisfies

™ enfi(0)

dr =0 2

We define the analytic solution 7(6, h, o, €) of (12) such that (0, h, «,e) = h for
h > 0 sufficiently small. Therefore, from (12) by using that (27, h,a,e) — h is the
displacement function associated to system (3) we obtain that

r(2m, h,a,e) — h = F(h,a,e) + O(e?), (13)

where

S e fil0)

2w
F(h,a,e) = h" -
( ) /0 1 — hn=1(sin" "' 0 4+ asin @ cosn—2 0)
and h > 0 is small enough (as before it is sufficient to take |h| < min{|eg| : e # 0}).
J

do,

Furthermore
F(h,a,¢) ZakZhJ(" 1)+"/ fu(0)(sin™ 1 0 + asin 6 cos™ 2 0)7 d6.
k=0 ;=0

Then

F(h,a,¢) Zh(" 1)’+"Z€k fk (0)(sin™ ' 0 + asin @ cos™ 2 0)"df.
This expansion of F(h, a,€) and (13) implies that

r(0,h,a,e) =h+ Z Vjtn—1)+n(0, @, g)pI(n=DHn, (14)
j=1

Moreover from (14) we obtain that

V;l(n—l)+n(aa 5) = vi(n—1)+7L(27rv 0‘75) = Zbi,k(a)ek + 0(62)7

where
27

bi k(a) = fe(0)(sin™ ™! 6 4 arsin O cos™ 2 ) d#, (15)
0

and the functions fi(0) are as in (11).
We consider the (n+ 1) x (n+ 1) matrix (b; () where 0 < i,k < n. If for some
a we can prove that

det(b; x(a)) # 0, (16)
clearly there exists (&,2) € R x R"™! such that

Zblk Ek——O(?’JQ) 0<1<n—1,

and

D bir(@E=1-0() i=n.
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Therefore,
VYi(n—l)—}—'rL(avg) = 0, 0<i<n-—-1,
Vn(nfl)Jrn(&a g) = 1, t=mn.

’I'L2—

Thus, as n(n—1)+n:2<
holds.

1
> + 1, statement (b) of Theorem 1 is done if (16)

Remark 3 Ifn =5, by direct computations we obtain the following equality

5a°(a? +7)(a? — 8)*
288230376151711744

—pdet(bi(a)) =

3. Auxiliary results

In this section we shall prove (10) and (16).

Lemma 4 For all p and q belong to N U {0}, we denote by I[p | ¢q =
2w

/ cos? 0sin? 0do.

0

(a) For all p,q € NU{0} the numbers I[2p+1 | ¢q] and I[p | 2q + 1] are zero.
1

(b) If p,q € NU{0} then, —I[2p | 2q| is a rational number.
T

Proof. Since the integrant function of I[2p+ 1| ¢] and I[p | 2¢+ 1] is odd, statement
(a) follows. In order to show statement (b) we first prove a reduced form of this second
result. We claim that for each m € N,

1 1 2
Lriom | 0] = f/ cos®™ 6d9 € Q. (17)
™ T 0

In fact this claim follows from the indefinite integral 2.513-3 of [6] (see also 2.512-
2) which say that

m—1 . .
1 ([ 2m 1% om \ sin((2m — 2j)z)
2m _
/cos a:dx—22m< m >x+22m1 EO( p > om—9j .
j=

This proves (17).

Since
1 1, )
—I2p|2q = = cos“? (1 — cos* 6)1d0,
i T 0
1< ,
= 2y (4 2ol
7Tj:0 J

by using (17) we conclude the proof of statement (b). O

Corollary 5 Suppose that n = 2m and gi(0) satisfy (4). For every o € R the numbers
2
li(a,2i,n) = / gr(0)(cos™ 1 0 4+ asin™ 1 0)%do
0

are zero, for any i € NU{0} and 0 < k < n.
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Proof. It is easy to see that

2
n—1 s on—1 \2i _ 2 2m—1 p\2i—j (cin2m—1 p\j 3
(cos" 0+ asin™ " 0)** = Z ( p > (cos 0)** 7 (sin 0) a’.
=0
Thus from (4) we obtain that

loy = i ( 2; ) 1(2m — 1)(2i — ) + 25 + 1| (2m — 1)j +n — 2s]a’,
=0
for all 0 < sjg m and
lopp1 = QZ ( 2; ) I[2m —1)(2 —j) +2t | (2m —1)j +n — 2t +1]a?,
i=0
forall0 <t §jm — 1. Therefore, by Lemma 4 we conclude that ¢ (a,2i,n) =0. O

Remark 6 If n = 2m + 1 is odd there exists some o € R for which (11) does not
imply a similar result of Corollary 5, because

2m
loi41(a, 2i,n) = f2e01(0)(sin 0 + asin 6 cos™ 2 0)2'd6 # 0,
0

when i € N.
Before to present the next lemma we recall the formula 14.134 of [6] which claims:
for each finite set {x1,22,..., 2N} the Nth—order Vandermonde’s determinant is
1 = (.Tl)Q (1‘1)N_1
1 (.%2)2 (.%'2)N71
det . . . . . = H (xj - xi)) (18)
Lo : " : 1<i<j<N
1 xn (l‘N)Q s (l‘N)N71
where the right-hand side is the continued product of all the differences that can be
formed from the %N(N —1) pairs of numbers taken from x1,xs, ...,z N with the order

of the differences taken in the reverse order of the subindices that are involved.
We denote by A(x1,xa,...,zy) the determinant given in (18).

Lemma 7 If N =2m > 2 and for allj = 2,3,..., N, the differences xj—x;_1 = € > 0
are a positive constant, then

AT, T3, .. Tom) = DN(x1, T2, ..., Tam—1)
and for every 1 < s < m the (2m — 1)""—order Vandermonde’s determinant
A(Z1y ooy Ts1y Tty e v o s Tty - -+ s L2m)
s equal to
AT,y oy Ty -« o s T2m—ss T2m—s42y - - - y T2m )«
Proof. When m = 2 we will show that
A(zo, 23,24) = N(w1, T2, T3) (19a)
A(z1, z3,24) = D21, T2, T4) (190)

aslong as x4y —x3 =23 —To =ax2 —x1 = £ > 0.
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From (18) is not difficult to check that A(xy, 22, z3) and A(xe,x3,24) are equal
to £(2¢%). Thus, (19a) holds. In order to prove (195) we consider again the right-hand
side of (18), so A(z1,x3,24) is equal to the product of the differences

T3 —T1, T4 — T,
T4 — I3.

In a similar way we obtain that A(x1,xe,z4) is equal to the product of the differences

Ty — T2, T4 — T,
T2 — I1.

Therefore by using that z; — 2; = (i — j)¢ we obtain (19b) and conclude the proof
when m = 2.

In the general case (18) implies that both (2m — 1)**—order determinants
A(z2, 23, .., Tom) and A(z1, T2, ..., Tam—1) are equal to Hi:;zp /P, because x; —
xj = (1—7)L. This proves the first part of the lemma. In order to conclude we consider
1 < s < m, thus (18) shows that

A(x:h'"7$57171’s~‘r17''-71”I17,+1;°~‘7x27n)

is equal to the product of the following (2m — 1)(m — 1) differences

Ty —T1, - Ts—1 — L1, Ls41 — L1, Lo2m — L1,
Ts—1 — T2, Ts41 — T2, Tom — T2,

Ts—1 — Ts—2, Ts41 — Ls—2, e Tom — Ls—2,

Ls41 — Ls—1, """ Tom — Ts—1,

T2m — T2m—2,
T2m — T2m—1,

where for each j = 2,3,...,2m all the differences (z; — x;) with i = 1,2,...,5 — 1
defines the j — th column. In a similar way, by using again (18) we have that
A(I17 ey Tm—1y -0y T2m—5, L2m—5+25 - - - ame)'

is equal to the product of

Lom — L2m—-1, - Lom — L2m—s+2, Lo2m — L2m—s; T Lom — &1,
To2m—1 — T2m—s+2, Tom—1 — L2m—s, o Tom—1 — L1,
T2m—s+3 — L2m—s+2; T2m—s+3 — L2m—s, o T2m—s+3 — L1,
To2m—s+2 — L2m—s; o T2m—s+2 — L1,

xr3 — T,

L2 — 1,
but in this case, for each j = 2m,2m — 1,...,2 all the differences z; — x; with
i1=1,2,...,j — 1 defines the j — th row.

Since x; —x; = (i — j)l = [(2m — j) — 2m — )|l = Tom—j — Tam—; a direct

computation give the lemma because both tables are the same. [
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3.1. Even case

This subsection is devoted to prove (10) when n = 2m > 2 and consequently the proof
of statement (a) of Theorem 1 will be done without any additional assumption. We
assume that m > 3, because the case m = 2 was shown in Remark 2.

At the end of this subsection we present a proposition whose proof needs some
preparatory lemmas. In this context, for every ¢ € N and 0 < k < n = 2m, a;(a) is
as in (9). The Newton binomial implies that

ai.25() = Z__:O ( Qij‘l )I[(n—l)(Zi—l—j)+25+1 | (n—1)j +n—2slad, (20)

for all 0 < s < m, and also that

2i—1
21 —1 . . . ;
aizsile) = ( " )I[(n D@i—1-7)+2t | (n—1)j+n—2t+1ja7, (21)
j=0

foral0<¢t<m-—1.

For each 1 < i < n + 1, Lemma 4 implies that a;2s(a) (resp. a;2i41()) is
a polynomial in a which is make up by monomials of even (resp. odd) degree. In
particular, %&i’gs(a”a:o and a; 2,41(0) are zero.

Lemma 8 Set n =2m > 4. For every 1 <i<n+1 and 0 < k < n consider a; j(x)
as in (9). We define the (2m + 1) x (2m + 1) matriz (a; ) by the following rules:
Qi = aik(0) if k is even; @; 1 = %ai7k(a)\a:0 if k #2m—1 is odd; @1,2m—1 =0 and

Tiom_1 = ( 2ot > I[(2m — 1)(2i — 3) — 1 | 6m]+

2m +1

2m —1
for all 2 < i < 2m + 1. Then the coefficient of ™2 of the polynomial det(a; x(v)),
in the variable o, is det(a; x).

( 2t )I[(2m—1)(2i—3)+1 | 6m — 2,

Proof. From (21), we have that a; 2:4+1(0) = 0 and

%ai,2t+1(a)\a:0 = (2 — D)I[(2m — 1)(2i — 2) + 2t | 4m — 2t],
aslongas 0 <t <m—1and 1 <i<2m+ 1. In a similar way, (20) implies that
a;25(0) =I[(2m —1)(2i — 1) +2s + 1 | 2m — 2s],
forall0 <s<mand1l<i<2m+ 1.
By using t = m — 1 and s = 0 we obtain that
d 2m +1

%ai,mel(aﬂa:O = mai,0(0)~ (22)
This is a direct consequence of the indefinite integral 2.510 of [6] i.e.
/ cos? fsin pdp — — 010 g1 / cosP+2 0?2 9. (23)
p+1 p+1
From (22) is not difficult to check that
2m+1

@i am—1(0) — a; o) = a3ﬁi’2m,1 + ‘higher order terms’.

2m — 1
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Since « is a common factor of each even column, by using elementary column
operations we have that det(a; ;(«)) is divided by o™ 'a3. Moreover the coefficient
of a™*2 in the polynomial det(a; x(c)) is det(@; k). This proves the lemma. O

Observe that in the polynomial det(a; x(«)) given in Lemma 8 the coefficient for
every o is zero when j < m + 2.

Lemma 9 Let @;j, be as in Lemma 8. If 1 <i<2m+1 for all 0 < k < 2m the

numbers @; , are divided by a; 1 # 0 (a common factor of the ith row). Therefore there
2m—+1

exists a (2m + 1) x (2m + 1) matriz (c; ) such that det(a; ) = det(c; k) H @1,
i=1
where for each 1 < i < 2m + 1 we have that @;1(ci0,1,¢i2,--.,Ci2m)

(@i,0, @i, Ti2y -+ Tij2m)-
Proof. We will use again the indefinite integral 2.510 of [6] but this time written as
cosP 1 @sinitto  p—1
q+1 q+1
Consider k = 2t + 1 and t # m — 1, the definition of @; ; given in Lemma 8 and
(21) with j = 0 imply that
Tiopr = (20 — DI[(2m — 1)(2i — 2) + 2t | 4m — 21].

So from (24) it follows that
2m—-1)(2i—2)+2t—1_
dm -2t +1
for each 1 <t < m — 2. By using this £ > 0 times, we have that

/cosp 0sin? 0df = /cosp*2 0sin?*2 0do. (24)

;o141 = Q3 2(t—1)+15

_ L S em-1)(2i-2)+2t—2j—1
Az =] | dm—20+2j +1

)

=0
for all 1 <t < m — 2. Therefore

2m—1)(20 —2)+2t - 25— 1
N H( Dei-2+2=2-1

25
m—2t+25+1 (25)

aslongas 1 <t<m-—2 and 1 <¢<2m+1. Hence we obtain the definitions of m —1
columns of (¢; ), because ¢;1 =1, for all 1 <7 <2m + 1.

In a similar way we can consider all the even columns. As @; s = a;25(0) the
equation (20) (with j = 0) implies that @; 2, = I[(2m —1)(2i — 1) +2s+ 1 | 2m — 2s].
So from (24) we have that
2m—1)(2i —1)+2s _

2m —2s+1 i2(s 1)
for every 1 < s < m. This implies that foreach 1 < s<mand 1 <i<2m+1

;05 =

_ 2m—1)(2t — 1)+ 25 —2j + 2
Aj,2s = azO H( ) J ’ (26)

2m —2s+25 -1
where
Furthermore as

a1 = 20— 1I[2m—-1)(2i —1) +1—2m | 2m + 2m], (27)
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from (24) it follows that

1 2m —1)(2i — 1) — 2j
H( ) —2j

0 = 2m + 25 11

Thus expanding the first factor in this product

om — 175 (2m — 1)(2i — 1) — 2j
H( )( ) —2j

a0 = a; . 28
0 a’12m—|—1j:1 om +2j + 1 (28)
This shows that
m—1
2m—1 2m—1)(2i —1)—25
29
2m+1H 2m+2j+1 ’ (29)
forall 1 <i<2m+1.
By using (26) equation (28) shows that
2m—1 'om — V(26 —1)—25 2m—-1)2i—1)+2s—2j+2

2m+23+1 2m — 25425 -1

for every 1 < s g mand 1 <i7<2m+ 1. Therefore if k is even the definition of the
column (¢; ;) follows.

Now we consider the last odd column. Since @1 2m,-1 = 0, we consider 4 > 2, thus
by using (23) in the definition of @; 2,m—1 given in Lemma 8 we have that

Tiom_1 = Gm_f 5(2i = D@ = DI[2m = 1)(2i = 3) + 1] 6m — 2],

for all 2 < i < 2m+1. Again from (23) and the form of @; ; (just as in (27)) we obtain
that @; 2m—1 is equal to the product of C' := I[(2m — 1)(2¢ — 1) + 1 — 2m | 4m] with

m—2

—4 6m 2—2j—1
(2i H —
6m —3 (2m — -3)+1+2j+1

But @;1 = (2¢ — 1)C, so for all 2 < ¢ < 2m + 1 we obtain that

m—2
_ _ 4G -1) 6m —2j —3
Aijo2m—1 = —041 6m — 31;[0 2 — 1) 22 — 3) + 2] n 2
Therefore
A - 1) 6m—2j—3
7,2m— " . 31
Cham—1= T 3 H 2m —1)(20 — 3) + 2j + 2 (31)

This conclude the proof because @y 2,,—1 =0 =:c12m—1. O

Remark 10 For all m > 2, (28) implies that there is no a constant £ # 0 such that
foralll <i<2m+1, a;o = la; 1 with £ independent of the subindex i. Furthermore
for each 1 < i < 2m + 1 the numbers @; 1 are different from zero, because

2m—1 2.771

T =(2i— 1 .
@i = (20 = )H Am—2)(i—1)+2j +1

I[(4m — 2)i+2 | 0]

(this last equality can be obtained from (27) by using (23)).
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For each 0 < k < 2m — 1 the kth column (¢; ) of the matrix of Lemma 9 has a
common factor, for instance from (29) it follows

2m—1m71 1 m—1
0= 2m — 1)(2¢ — 1) — 27].
w0 = et gy | em-ei-n-2

Therefore from (29), (25), (30) and (31) we obtain:

Remark 11 Let (¢; 1) be the (2m+1) x (2m+1) matriz defined by the following rules
Ciom—1 =0 and for all2 <i < 2m+1,

m—2 1

i .
Cozm—1 = (i )};[(](Qm—l)(2z’—3)+2j+2

Moreover, for 1 <i <2m + 1 we take

t—1
[T1@m—1)@2i-2)+2t -2 1] k=2t+1 and 1<t<m-—2,
j=0
Cip =19 Mot
[(2m —1)(2i — 1) — 2] k=0,
j=1
1 k=1,
and,
m—1 s
Cioe = [ [(2m—1)(2i — 1) = 25] [ [(2m — 1)(2i — 1) + 25 — 2j + 2;
j=1 j=1

< m. We conclude that there exist a constant £ # 0 such that
det(c; k) = det(c; x)l, where (¢; k) is defined in Lemma 9 and also in (29), (25),
(30) and (31).

Observe that for every 0 < ¢t < m — 2 the ¢; 2441 are polynomials in ¢ with integer
coefficients whose degree is ¢.

when 1 < s <

Lemma 12 We define the (2m + 1) x (2m + 1) matriz (e; ) as follows: for every
1<i<2m+1 we take

it k=2t+1 and 1<t<m-—2,
B jmts—l k=2s and 0<s<m,
T Gomes k=2m -1,
1 k=1.

Then there exists a constant £ # 0 such that det(¢; ) = det(e; )¢ where the matriz
(€i,k) is given in Remark 11.

Proof. The basic idea is make elementary column operations in the matrix (¢; k)
of the last remark. From these operations we will obtain the (2m + 1) x (2m + 1)
matrix (C; ;) whose determinant remains det(¢; i), but except the (2m —1)th column,
the ith column of (C; ) is given by monomials in ¢ whose coefficients are integer.
We proceed giving the details. First we define Cj2,m—1 := Cj2m—1 =: €j2m—1. Next
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consider the 3th column given by ¢t = 1, thus ;3 = (4m — 2)i + (3 — 4m). By using
that ¢, 1 = 1 =: e; 1 we obtain that (4m —2)i = ¢; 3 — (3 —4m)¢; 1. Therefore we define
Ci3:=(4m —2)e; 3 where e;3:=1.
If t =2 then ;5 = (16m? — 16m + 4)i% + (48m — 32m? — 16)i + (16m? — 32m + 15).
Ase;1 =1 and e;3 =i we get (16m? — 16m + 4)i? =¢; 5 — (48m — 32m? — 16)e; 3 —
(16m? — 32m + 15)e; 1. Hence we define
= (16m* — 16m + 4)e; 5 where e;5= i,

In a similar way, by using induction over ¢, we can define the remain odd-columns
and obtain that C;2:41 = (¢;)i’ where ¢; # 0 is a constant independent of i. So we
conclude that e; 2141 = it if 0 <t < m — 2 and obtain all the odd—columns.

If we take s = 0, G0 = Bin—1i™ "' + Br—2i™ 2 + -+ + B1i + Bo, so by using the
columns {e;1 = 1,€;3 =1,...,€;2m—3 = i 2} we obtain that

-m—1
Ci70 = 5m,1€i70 where €i,0 =1

If s =1 then ¢ 2 = api™ + Op—19™" Y + ... + ag. By using the columns {eix =

1, €;3 = Tyunnsy €i,2m—3 = im_2€i70 = i7n_1} we have that

Ci2=ame; 2 where e;0=1"
By induction on s we obtain that e; o5 is im+s—1 Hence the lemma is proved. O

Lemma 13 We define the (2m+1) x (2m+ 1) matriz (€; 1) as follows: for all k # 1,
€1, =0 and e =1; and for every 2 <4 < 2m + 1 we take

ittt k=2t+1 and 1<t<m-—2,
jmts—2 k=2s and 0<s<m,
m—2 1
Cik = k=2m-1.
JI;IO(Qm—l)(Zi—?))—f—Qj—i—Q o
1
: k=1,
1—1
2m—+1
Then det(e; ) = det(&; ) H (1 —1), where the matriz (e; 1) is defined in Lemma 12.
i=2

Proof. As in the proof of Lemma 12 the basic idea is to make elementary column

operations. Thus for every k ¢ {1,2m — 1} we consider e; , —e;1 = €; 5 — 1. Since,

e1,2m—1 = 0 after these operations with (e; x) the first row will be (0,1,0,0,...,0).
For each 2 < i < 2m + 1 the new i—row can be divided by ¢ — 1, so we have

(o —1,1,... € 2m—1,€i2m — 1)
is equal to
eio—1 1 €iom — 1 .
-1 e, — = (t—-1)(F;o0,FEi1,...,E; .
(Z )< i—1 "¢—1 i1 > (Z )( 4,09 44,1, ) 72m)
1
In particular for all 2 <4 <2m + 1 since E;; = —— 1 =:€;,1 we obtain that
i —

A 1
’L 2m—1 = U o — 1 3) T 2] T2 =1€;2m—1-
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Moreover if we define the first row €, = F1 as (0,1,0,0,...,0) we obtain that
2m—+1
det(e; ) = det(Eix) [ (i —1).
i=2
If t =1, 2t + 1 = 3 so in the position (i,3) of the new matrix (E; ) we found 1.
Thus we get €3 = 1 = i'~!. In similar way for ¢ = 2 in the position (i,5) we found
-1
i—1
€5 =1 =1i""!. Proceeding by induction over ¢ we get that for all 2 < i < 2m+ 1 and
1<t<m—2,€ 0141 = i*~1. This conclude the proof for all the odd columns, because

=1+ 1. By using elementary column operations with €; 3 = 1 we obtain that

the first row & 1, is (0,1,0,...,0) and for all ¢ > 2, € 9,,,—1 was defined as E; 2,—1.
If s = 0 in the position (4,0) of (E; x) we found Zm,_i . T U T
By using the columns {&;3 = 1,85 = 4,...,€ 2m—3 :Z'im’g} we can get €; 9 = i"™ 2.
In similar way for s = 1 in the position (i,2) we found 27.” 71 e L
From the columns {€;3 =1,...,€2m-3 =™ >,€ :Zim_Q} we can get €2 = im_;.
mts—

By induction over s we prove that forall 2 <4 <2m+1land0< s <m, €25 =1
Hence we obtain the definitions of all the even columns of (g; ). This concludes the
proof of the lemma, because det(g; ;) = det(E; ). O

Notice that (0,1,0,0...,0) is the first row of the matrix (€;)) of Lemma 13.
Therefore the following remark is easy to check.

m—2
Remark 14 Set h(i) = H [(2m — 1)(2¢ — 3) + 25 + 2]. If we consider the 2m x 2m
j=0
matriz (g; ) with 1 <i<2m and 0 < k <2m — 1 given by
gix = (i+1F k+#2m —1,
1
i = —— k=2m-—1.
i,k h(Z + 1)7 m

Then |det(g; 1)| = |det(€; )| where (€; 1) is defined in Lemma 183.

Proposition 15 For every 1 <i<n+1 and 0 < k <n = 2m, consider that a; ()
is given by (9). If a € R is Q—transcendental, then the (n + 1) x (n + 1) matriz
(ai k(@) is non-singular, i.e. det(a;(a)) # 0.

Proof. From Remark 2, this proposition is true if m = 2, thus we can suppose that

m > 3. Lemma 4 implies that ———det(a;x(a)) will be a polynomial in o with rational
" ’

coefficients. Then in order to conclude we shall prove that some coefficient of such
polynomial will be different from zero. Therefore, by Lemmas 8, 9, 12 and 13, we
shall have established this proposition if we prove that det(g; ) # 0 where (g; ) is
the matrix given in Remark 14.

Forany 1 <i<2mand 0 <k <2m—11let M, (g) denote the (2m—1) x (2m—1)
sub—matrix of g = (g;,x) obtained by deleting the row 7 and the column k of (g; k).
The Laplace expansion says that for any 0 < k < 2m — 1

2m
det(gi k) = Z(_l)i+k+1gi,k det(M; x(g))-

i=1
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In particular, when k = 2m — 1 we obtain that

2m
det(gi ) Z e +)1)det(Mzk h et (M (9)
Therefore
o[ (=D (=1
det(gz,k) - ; |:h($ ¥ l)det(Ms,Qm—l(g)) + h(2m +2— S) det(M2m+1—s,2m—1(g)) . (32)

By using that for all 1 < 4 < 2m, M, 2,m—1(g) is a Vandermonde matrix, as in
(18), is not difficult to check that

2m—2

det (M 2m—1(9)) = det(Mam 2m-1(9)) = H jl.

More precisely, from Lemma 7 we can show that for every 1 < s <m
det(Ms 2m-1(9)) = det(Mayt1-5,2m-1(g)) > 0.
Thus from (32) we have that
—~1) -1 s+1
h(s+1)  h(2m+2—2s)

det(gi k) = Zdet s,2m—1(9)) [
We claim that the nonzero numbers
_ Yy
"R +1) h(2m 42 —)

satisfy
At+At+1<0 if 1<t<m-—1 is odd, (34)
A <0 if 1<t<m is odd.
Since h(i H [(2m —1)(2i — 3) +2j + 2] > 0 if 1 < 4, we have that
L L > > ! > 1 >0
h2) ~ h(3) h2m) ~ h@m+1) "

This shows (34) because for every 1 <i<m —1

At Aia = (1) Kh(ilﬂ) - h<i1+z>> i (h(zmizﬂ) - h<2miz‘+2>>] '

In order to conclude we remark that from (33) we obtain det(g; ) < ¢> /", A;,
where ¢ = max{det(Ms2m—1(g9)) : 1 < s < 2m}. Then by using (34) we have:

el

det(gi.x) Z Agj_1 4+ As;) <0, ifm= 2%k > 2, and

k
det(giJf) < E[AQIEJA + Z<A2j_1 + Agj)] <0, ifm= 2/~€ +1>2.
j=1
This conclude the proof of the proposition. [
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3.2. Odd case

This subsection is devoted to prove that (16) is true if n = 2m + 1 and conclude the
proof of Theorem 1 without any additional assumptions. We assume that m > 3,
because in the case m = 2, it was proved in Remark 3.

For every 0 < i,k < n = 2m+ 1, b; () is given by (15). Note that Lemma 4
shows that for all 0 < s < m, by 2s(a) = 0. The Newton binomial implies that if
1<i<n=2m+1and 0 < s <m then

bins(a) = ( ; )I[(n —2)j+2s+1 | (n—1)(i—j)+j+n—2sa’. (35)
j=0
Moreover if 0 <t <m, by aer1(e) =I[2t [ n+1—2t]andif 1 <i<nand0<t<m
then
i .
bigrgr(e) = ( ; >I[(n—2)j +2t | (n—1)(i—j)+j+n—2t+1]a’. (36)
j=0

Lemma 16 Let n = 2m + 1 > 5. For every 0 < ¢,k < n, b; x(a) is given by (15).

We define the (2m + 2) x (2m + 2) matriz (b; 1) as follows: b, = b; 1(0) if k is odd;

Bi7k = %bi’k(aﬂa:o ’Lf]i‘ §£ 0 s even, BO’O = 51’0 = 0, 5270 = %I[Gm -2 | 4] and

- 7 . 2m —1 7 .
bio = (3)1[6m—2|2mz—4m+4]— 2 <2>I[6m—4|2mz—4m+6}+

3 7 .
+%<2)I[6m—2|2mz—4m+4},
for all 3 <i < 2m+ 1. Then the coefficient of a™*+3 in the polynomial det(b; () in

the variable o is det(b; i)
Proof. Lemma 4 implies that for each 0 < i < 2m + 1 and 0 < s < m the number
bi 25(0) = 0. Thus by definition of b; 25(cv), equation (35) gives
4
da
Moreover from (36) for each 0 < i < 2m + 1 we have that
bi’gmfl(O) = I[Qm -2 | 2mi + 4] and bi,2m+1(0) = I[2m ‘ 2mi + 2]

bi2s(a)|a=0 = iI[2(m + s) | 2mi + 2(1 — s)]. (37)

Therefore by using (23) we obtain that

d 2m —1 3
7bl, a=0 — bL m— —\5- bz m .
7o bio(@)]a=o ( 5 )bi2m—1(0) (2m) 2m+1(0) (38)
forall 0 <i<2m+ 1.
We claim that the polynomial
2m —1
2m

3 _
Bio(a) :==bip(er) — bi am—1(a) — %bi,2m+1(a) =a®b; o+ hoo.t.
where the column (b; ) is as in Lemma 16, and as usual h.o.t. means “higher order
terms”. B
If ¢ = 0 the claim follows directly form (23), because bypo = 0. If ¢ = 1 note
that by o(a) has degree one and both polynomials b; 2—1 () joint to b; am+1(c) are
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constants, thus we obtain the claim from (38) by using that b; o = 0. If i = 2, also
ba,0() has degree one, $0 ba o(@) = [£ by o(c)|a=o]c; moreover form (36) we have that
ba2m—1(Q) = baam—1(0) + I[6m — 4 | 6]a”
and
b2 2m+1(0) = ba 2m+1(0) + I[6m — 2 | 4)a?;
then (38) implies that Bag(a) = o®(52-1[6m — 2 | 4] — 22=L1[6m — 4 | 6]); but the

2m
equation (23) shows that I[6m — 4 | 6] = 2= I[6m — 2 | 4]; then By () is equal to
a3 2 I[6m — 2 | 4]; therefore Bao(r) = by . If i = 3 in (35) and (36) respectively,

we have that

d
b3 o) = |:dab370(a)|a0] a4 I[6m —2 | 2m + 4]a?,

b3.2m—1(a) = b3 2m—1(0) + 3I[6m — 4 | 2m + 6]a?,
and

b3.2m+1(Q) = b3 2m+1(0) + 3I[6m — 2 | 2m + 4]a?;
thus (38) implies that Bs () is equal to
2m —1

3
o? <I[6m2 | 2m + 4] — 3I[6m — 4 | 2m+6]+2—31[6m72 | 2m+4]>.
m

Therefore Bs () = b3 o. If i > 3 we have that

bio(a) = [ i

. Z‘ — '7 3 ...
da{bl’O(a)aO:| a+ < 3 )I[6m 2| 2mi —4m +4)a” + - -,

biam-1(0) = biam-1(0) + ( : ) I[6m —4 | 2mi — 4m + 6la® + - - -

and

bi72m+1(a) = bi,2m+l(0) + < ; ) I[6m -2 ‘ 2mi — 4m + 4]&2 + -y
from this we obtain that B; o(a) = a3b; o + - - -. We conclude the proof of the claim.
From the claim we can use elementary column operations for obtaining that
det(b; k() is divided by a3a™, and the coefficient of a™* in the polynomial

det(b; k() is det(b; 1;). This proves the lemma. O

Lemma 17 Let E—yk be as in Lemma 16. For each 0 < i,k < 2m 4+ 1 the number Bi,k

is divided by b; om+1 # 0. Therefore there exists a (2m + 2) x (2m + 2) matriz (d; 1)
2m—+1

such that det(b; ) = det(d; ) H bi 2m+1 where, for each 0 < i < 2m + 1 we have
i=0

that Ei,2m+1(di,07 e 7di,2m7 1) = (bz‘,O, ceey biﬁgm, bi,2m+1)~
Proof. If 0 < t < m we have that b; 241 = I[2t | 2mi + 2m + 2 — 2t], for all
0<i<2m+1 (see (36)); from (23) it follows that for each t < m — 1,

2mi +2m — 2t + 1-
1 bia(t41)+1-

biot41 =



Degree n systems having a weak focus of high order 19

Thus proceeding inductively we obtain that
m—t

bi2t+1 = bi2my1 H

j=1
for all 0 <t < m — 1. Therefore for all 0 <t <m — 1 we have

2mi + 2m — 2t — 25 + 3
2% +2j — 1 ’

m—t

2mi+2m — 2t — 25+ 3
dioiy1 = H %+2j 1 .

j=1
This proves the lemma when k =2t + 1 and 0 <t < m, because d; opp41 = 1.
In a similar way for all 1 < s < m — 1 we have that
o 2mi —2s+ 1=
Y2 T om e 2s+ 1

because b; o5 = il[2m + 2s | 2mi + 2 — 2s] for all s # 0 (see (37)). Then for each
1<s<m-1and 0<i<2m+1 we get that

i,2(s41)>

m—s . .

- — 2mi —2s — 25+ 3
bi2s = bi2m - . 40
oot [T (o

Furthermore as b; 2,41 = I[2m | 2mi + 2] by using (24) m > 2 times we have
m—1 .
dm —25 -1

o (41)

bi,2m =1 bi,2m+1 H
) =0

2mi —2m +2j + 3’

Therefore (40) and (41) imply that for each 1 < s < m the lemma follows when we
take
m—1 . m—s , .
) 4dm —25 -1 2mi —2s — 25+ 3
dias =i [] sl ;

- - - . (42)
j=02mz—2m+2]+3 2m+2s+25—1

j=1
This gives the proof when k = 2s and 1 < s <m.
_ Finally we study the first even column (b;) where 0 < i < 2m + 1. As
boo = b1,o = 0, we only consider i > 2. Since byg = 3=1I[6m — 2 | 4] from (24)
it follows that

2 20 6m — 25 — 3

6 = — — b
20 = 3., u 2 +5 2,2m+1

because (36) says that by 2,11 = I[2m | 4m + 2]. From this we obtain that

. 7127ﬁ26m—2j—3712m_16m—2j—1 (43)
Y07 3m 245 3m ot 243

Now we work with ¢ > 2 and we use equation (23) again, which implies that

9mi — 4m + 5

I[6m — 4 | 2mi — 4m + 6] = %I[Gm — 2| 2mi — 4m + 4], then for all
o

3 < i < 2m + 2 the definition given in Lemma 16 shows that

enl(4)- ()22
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where D := I[6m —2 | 2mi—4m+4]. But (36) implies that b; 2,,11 = I[2m | 2mi+2],
thus by using (24) in 2m — 1 times is not difficult to show that this D satisfies that
2m—1

_ —2j—1
D =b; 9m+1 1;[1 2me4mi 513 Therefore for all 3 < i < 2m + 2 we get

2m—1

dio = [( :Zs ) - ( ; ) (Wﬂ H 2mi67114_m2i-_2j1+ 3 (44)

Jj=1

This concludes the proof, because 5070 = 5170 =0. O
For each 0 < k < 2m+1 it is easily seen that the kth column of the matrix (d; )

has a common factor, for instance since d; 2., = Ebl 21 from (41) it follows that
7,2m—+41
m—1 m—1 1
diom = [ 14m —25—1] | i
som = [ [ tam = 2j =1 ] 2mi — 2m +2j + 3
7=0 7=0
2m—1
Also, by (43) and (44), H [6m — 25 — 1] is a common factor of the column
j=1

(0,0,d2,0, ... ,dam+1,0)- Therefore from (41), (39), (42), (43) and (44) we obtain:

Remark 18 Let (d; ) be the (2m + 2) x (2m + 2) matriz defined with the following
2m—1
2 1
les doo =dyo =0, dog=——
ruies do,o 1,0 20 = 3 i 2 +3

1= [(5)-(3) ") s

Moreover, for each 0 <i < 2m + 1, we take

and for all 3 < i <2m+ 2,

1 k=2m-+1
m—1
1
k=2m;
Zjli[O 2mi —2m+2j+ 3 .
E_ — m—t
bk [2mi + 2m — 2t — 2j + 3] k=2t+1,0<t<m—1;
j=1
m—1 m—s
1]1;[2mz72m+2]+ 1:[2mi—25—2j+3] k=2s,1<s<m-—1.

Then there is a constant { # 0 such that det(d; ) = det(d; )¢, where (d; ;) is defined
in Lemma 17 and also in (41), (39), (42), (43) and (44).

Foreach 0<7¢<2m+1
m—1
=[] 12mi — 2m +2j + 3 (45)
7=0
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is different from zero. Thus if for all 0 < 4,k < 2m + 1 we define f; , = 81,,6&7

2m—1
then det(f; 1) = det(d; 1) H {;. Moreover if j = m + j equation (45) takes the form
i=0
2m—1 _ '
;= ] [2mi — 4m + 2j + 3] which implies that
j=m
2m—1 1 m—1 1

l; = ,
! ]1;[1 2mi —4m +2j+3 L 2mi—4m+2j+3

2m—1 1 m—1 1
Therefore since £ ]1:[1 5713 = Jl;[l 5713 it is easily seen that:
Remark 19 If (fix) is the (2m + 2) x (2m + 2) matriz given by fi ) = dixli,
2m—1
where {; is as in (45) and (d; 1) like in Remark 18, then det(f; x) = det(d; 1) H 4.
i=0
9 m—1 ’
More precisely, (fix) satisfy that foo = fi0 =0, fao = 57— | | 55—, and for all
3m ot 2743
; : i —2m -2\ 1
3<i<oam+lfio= |1 )-("7 )™= s .
Si<2mt1 fio K 3 ) ( 2 >( ) JI;II 9mi — Am + 2j + 3

Also for each 0 < i < 2m + 1,

Ui k=2m+1;

) k=2m,;

m—1 m—t
fik = 1] (2mi —2m + 25 + 3] ] [2mi + 2m — 2t — 25 + 3] k=2t+1,0<t<m—1;

j=0 j=1

i [T [2mi —2s — 25 + 3] k=2s,1<s<m—1.

j=1

Note that for every 0 < ¢t < m—1, f; 2441 is polynomial in ¢ with integer coefficients
whose degree is 2m — t.

Lemma 20 If we define the (2m + 2) x (2m + 2) matriz (?Z,k) as follows: ?0,0 =
f1.0=0, and for all 2 <i < 2m + 1 we take

m—1

- i(i—1) 1
Jio= 3m Hzmi—4m+2j+3'

j=1
Moreover, for each 0 <1 < 2m + 1 we take
1 k=2m+1,
7i,k = jm—stl k=2s and 1<s<m,
2t k=2t+1 and 0<t<m—1.

Then there erists a constant £ # 0 such that det(f; ;) = det(f; x){, where (fi) is as
in Remark 19.
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Proof. We proceed as in Lemma 12 in order to define the auxiliary (2m+2) x (2m+2)
matrix (F; ) with det(F; ) = det(fix). So we begin with F;op, = @ = fiom. If
s =m—1 we have that f; om_2 = 2mi® + (3 — 2m)i. By using that f;om =i =: f; 9,
we obtain that 2mi? = f; 2,,—2 — (3 — 2m) fi.2m. Therefore we consider

Fiom—2 = 2m?i,2m72 where fi,2m72 =2
Moreover if s = m —2 then f; o4 = 4m?i® + (16m —8m?)i* 4 (4m?* — 16m +15)i. As
fiom =t and f; o, o =i we obtain that 4m?i® = d; 9 —s — (16m — 8m?) f,; 9, 5 —

(4m? — 16m + 15) f Therefore we define

7,2m”
F, =4m?*f h f =4
i,2m—4 = 4M"J; op, 4  Where i2m—4 — ¢

Proceeding by induction on s we obtain the definition all the even columns of (F; )
and so we conclude that for all 1 < s < m, fms ig gm—stL,

In a similar way in the odd columns is not difficult to check that f;2m+1 =
Bo + Bmi™ + Bum—1i™"! 4+ ... + B1i, so by elementary operations with the columns
{fia=1" Fia=1""1 ..., Fiom =i} we obtain that

Fiom41 = 60?i,2m+1 where fi,2m+l =1,
and By # 0 s independent of 4. If t = m—1 then f; om—1 = amilim+1+amim+. ..Fap.
By using the columns {f; 5 =", f; , =™, ..., fi0m =4 fiome1 = 1} we define

_ r _ m+1
Fiom-1=ams1f;om—1 where f,o, ;=i""",

and ay,4+1 # 0 is independent of i. By using induction over ¢ and thaﬁ Fio = fio we
obtain the requested matrix (F; ), and also that for all 0 <t <m—2 f, 5, is i*™ ",
This proves the lemma because ?i,O = fio. O

Since the first row is (0,0,...,0,1) from the Laplace expansion, by changing some
columns and some elementary row operations it is easy to check:

Remark 21 Let (f; ) be as in Lemma 20. If (hi ) is the (2m+1) X (2m+ 1) matriz
defined by

hi,k = if_lv k#2m+]—a
hig = fi.’o, k=2m+1,
)
B 2m—+1
for all 1 <i,k <2m+1. Then |det(f, ;)| = |det(hix)| ] 7.
=1

Lemma 22 Let (h; ) be as in Remark 21. If we consider the 2m x 2m matriz (h; 1)
with 2 < i,k <2m + 1 given by

hig = i"72 k+#2m+1,

! e ! k=2m+1
. — R s = 4im .
i,k 3m o 2mi —4m 425+ 3

I~

2m+1
Then |det(h )| = |det(hi )| [] (1)

=2
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Proof. We proceed doing elementary operations as in Lemma 13. Thus for every
k ¢ {1,2m + 1} we consider h;  — h;1 = h;, — 1. Then after these operations the
first row will be (1,0,...,0), because f, ; = 0.

For each 2 < i < 2m + 1, the new i—row can be divided by ¢ — 1, thus we have
(Lhiz —1,... hiam — 1, f; ¢/i), which is equal to

(i-1)< L a1 fio >:; (i = 1)(Hy, Hy, . .. Hoppsn).

i—1 -1 6 -1)

11

Thus Hs 241 = 3 ];[ m for all 3 <7 <2m + 1 and we obtain that
m—1
1 1
o, —— .

L2l T e ]1;[1 2mi — 4dm + 2 + 3

Furthermore if we define the first row (H; 1) as (1,0, ...,0) we obtain that |det(h; )| =

2m—+1

|det(H; )| J] G- 1).

Since the first row of the (2m+1) x (2m+ 1) matrix (H; ) is (1,0, ...,0) we may

define the 2m x 2m matrix (h; ;) as the sub-matrix of H; ) obtained by deleting the

first row and the first column. As det(h; ) = det(H; ;) we conclude the proof of the
lemma. [

Proposition 23 Let n = 2m + 1 € N. For every 0 < i,k < n+1, b; x(a) is given
by (15). If a € R is Q—transcendental, then the (n+ 1) x (n+ 1) matriz (b; k(o)) is
non-singular, i.e. det(b; (o)) # 0.
Proof. By using Lemmas 16, 17, 22 and 20, we shall have established this proposition
if we prove that det(h; 1) # 0 where (h; ;) is the 2m x 2m matrix given in Lemma 22.

For any 2 < i,k < 2m+ 1 let M; (h) denote the (2m — 1) x (2m — 1) sub-matrix
of h = (h; 1) obtained by deleting the row i and the column k of (h; x). It is well-know
that

2m—+1

det(hig) = Y (=1) R o1 det(M; (R)),
=2

for any 2 < k < 2m + 1. In particular if k = 2m + 1 it follows that det(ﬁi,k) is equal
to

m—+1 2m—+1
Z(_1)Z+1Ei72’m+1det(Mi,27rL+1(E)) + Z (_1)1+1Ei,27n+1det(Mi,2’m+1(E))-
=2 i=m+2

Therefore det(h; x) takes the form
m+1 _ B _

(_1)S+1 hs,2’m+1det(Ms,27n+1(h)) - h2'm+3—s,2’m+1det(M2'm+3—s,27n+1(h)) .

>
s=2

For every 2 < i < 2m + 1, M; 2,m+1(h) is a Vandermonde matrix as in Lemma 7,
then

det(Ms,ngrl(E)) = det(M2m+37572m+1(E)) > 0.
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Therefore
_ m—+1 B _ B
det(hi,k) = Z det(Ms,2m+1(h)) [(*1)S+1hs,2m+1 + (*1)sh2m+37572m+1]- (46)
s=2

m—1
In order to conclude we define h(i) = 3m H [2mi — 4m + 27 + 3] and for every

j=1
COF
) + Fam 3 s) Thus from (46)

2 < s < m+ 1 the nonzero numbers By =

we have that
. m—+1
det(h;x) < £ B,
s=2
where ¢ = max{det(Ms am+1 : 2 < s < 2m + 1}. Moreover it is not difficult to see
that

1 1 1 1
= > = > > 2 > = >0
h(2)  h(3) h(2m)  h(2m+1)
which imply
Bs+ Bsy1 <0 if 2<s<m is even, (47)
B, <0 if 2<s<m+41 iseven,

because

Bi+ Biy1 = (1) Kﬁ(zil) - ;@) + <;}(2miz’+3) - B(Zmii-i—Q))}

for 2 < i <m + 1. Therefore, from (47) and (46) where 2 < s < m + 1 we have

k
det(ﬁm) < EZ(BZJ -+ BQjJrl) <0 ifm= 2];/‘ > 2, and
j=1
— ];: ~
det(Ri k) < ([Boppg + 3 (Boj + Byjy1)] <0 if m=2k+1>2.
j=1
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