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BIFURCATION OF LIMIT CYCLES FROM A 4-DIMENSIONAL
CENTER IN R™ IN RESONANCE 1: N

LUIS BARREIRA, JAUME LLIBRE, AND CLAUDIA VALLS

ABSTRACT. For every positive integer N > 2 we consider the linear differential
center £ = Az in R™ with eigenvalues i, £ Ni and 0 with multiplicity m — 4.
We perturb this linear center inside the class of all polynomial differential
systems of the form linear plus a homogeneous nonlinearity of degree N, i.e.
& = Az + eF(z) where every component of F(z) is a linear polynomial plus
a homogeneous polynomial of degree N. When the displacement function of
order € of the perturbed system is not identically zero, we study the maximal
number of limit cycles that can bifurcate from the periodic orbits of the linear
differential center. In particular, we give explicit upper bounds for the number
of limit cycles.

1. INTRODUCTION

In the qualitative theory of polynomial differential systems the study of their
limit cycles is one of the main topics. We recall that for a differential system a
limit cycle is a periodic orbit isolated in the set of all its periodic orbits. Two
main questions arise in this setting in dimension two: the study of the number of
limit cycles depending on the degree of the polynomial (see [10, 11] for details in
dimension two), and the study of how many limit cycles emerge from the periodic
orbits of a center when we perturb it inside a given class of differential equations
(see [8] for details). These problems have been studied intensively in dimension
two. Our main aim is to bring this study to higher dimension.

In this paper we study how many limit cycles emerge from the periodic orbits of a
center when we perturb it inside a given class of differential equations in dimension
higher than two. More precisely given m > 5 we consider the linear differential

center p
di; — &= Az (1)
in R™, where
0O -1 0 0 0 -~ 0
10 0 0 0 --- 0
o o 0 —-N O --- 0
4o o N 0o 0o - 0
o o o 0 0 --- 0
0 0 O o o0 --- 0
for some positive integer N. We perturb system (1) as follows
&= Az +eF(x), (2)

where € is a small parameter, and F: R™ — R™ is a polynomial of the form
F=(Ft4+F,...,F"+ F@) with FF and F¥ arbitrary homogeneous polynomials

2000 Mathematics Subject Classification. 34C29, 34C25, 47TH11.
Key words and phrases. periodic orbit, averaging theory, limit cycles, resonance 1 : N.

1


10.1016/j.jmaa.2011.12.018

2 LUIS BARREIRA, JAUME LLIBRE, AND CLAUDIA VALLS

of degree 1 and N respectively in the variables x = (x1,..., %), with the exception
that Flk = \gxg for k=5,...,m.

The main reason for considering only perturbations of system (2) of the form
linear plus nonlinear homogeneous polynomials of degree N is that the huge com-
putations for studying the number of limit cycles which can bifurcate from the
periodic orbits of system (2) become intractable in other cases. These kind of per-
turbations have already been considered by many authors for differential equations
in the plane, see for instance [3, 4, 5, 6, 7, 12, 16, 18].

For e = 0 the differential system (2) in R™ has at the origin a singular point with
eigenvalues +i, +Ni and 0 with multiplicity m — 4. So in particular this singular
point has a 4-dimensional center in resonance 1: N. We want to study how many
limit cycles can bifurcate from the periodic orbits of this center when we perturb it
in R™ with m > 4 inside the class of polynomial vector fields of the form linear plus
a homogeneous nonlinearity of degree N. This study is interesting for the following
two main reasons:

(i) These last years hundreds of papers studied the limit cycles of planar poly-
nomial differential systems, see the book [8] and the references quoted there.
The main reason of these studies is the unsolved 16th Hilbert problem, see
[9]. In particular many of theses papers studied the limit cycles bifurcating
from the periodic orbits of a linear center. On the other hand we note
that very few papers have been dedicated to study the perturbation of the
periodic orbits of a linear differential systems in R with m > 2 inside the
class of polynomial differential systems of a given degree in R™. This is
one of mains objectives of this paper.

(ii) If the bifurcated periodic orbits tend to the origin, then these periodic orbits
come in fact from a Hopf bifurcation of the origin. In such a situation our
study is interesting because we are given information about the periodic
orbits that can bifurcate by Hopf from a doubly degenerate singular point.
First, it is degenerate because the eigenvalues +i and =N, with N > 2 a
positive integer, are in resonant; and second, the remainder eigenvalues are
zero.

In order to formulate our main result we need to consider a non-degeneracy
condition formulated in terms of the so-called displacement function of order &
(see (5)). This is a somewhat technical assumption and thus we shall leave its
description to section 2. Generically the first order part of the displacement function
is not zero, but when this occurs we must study the zeros of the n—th order part of
the displacement function if n > 1 is the smallest n for which the n—th order part
of the displacement function is not identically zero, see for more details [1, 13].

Theorem 1. Assume that N > 2, m > 5, and that for ¢ # 0 sufficiently small the
displacement function of order € is not identically zero. Then the maximum number
of limit cycles of the differential system (2) bifurcating from the periodic orbits of the
4—dimensional linear differential center (1) provided by the displacement function
of first order in € is at most

(a) 2m 4 2m~132 4 om=23m=45 if N =2 and

(b) 2N™72(N +1)2 +2N(N + 3)(N + 4™ * if N > 2.

Theorem 1 is proved in section 4 using the averaging theory described in section 2.
It improves and extends previous results of system (2) restricted to R*, see [2] and
[14].

Strictly speaking the techniques of this paper are essentially not new because
they where used previously in the papers [2] and [14], but there were applied to
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differential systems in R* such that when ¢ = 0 the unperturbed linear differential
systems have nonzero eigenvalues. The fact that now we allow the existence of zero
eigenvalues forces to adapt and modify some previous technicalities, mainly in the
changes of variables for writing the initial differential system in the normal form
for applying the averaging method.

More important than the result of Theorem 1 is the computation of the averaged
system associated to the differential system (2), because its singular points with
Jacobian nonzero provide the limit cycles of the differential system (2) when the
displacement function of order ¢ is not identically zero. When N and m are rela-
tively small all the computations for arriving to the averaged system can be made
explicitly, and consequently the upper bound for the number of limit cycles given
in Theorem 1 can be improved. Thus we have the following result.

Theorem 2. Assume that for ¢ # 0 sufficiently small the displacement function
of order € is not identically zero. Then the mazimum number of limit cycles of
the differential system (2) bifurcating from the periodic orbits of the 4—dimensional
linear differential center (1) provided by the displacement function of first order in
€ 18 at most

(a) 20 if N =2 and m =5, and

(b) 46 if N =3 and m = 5.

Theorem 2 is proved in section 5.

We note that in order to obtain the general (non-sharp) bounds in Theorem 1
we use the Bézout Theorem, while for N = 2,3 and m = 5 one can make explicit
calculations, thus allowing the improvement of the general bounds in these partic-
ular cases. Indeed, in Theorem 1 the upper bounds are 296 and 1116, for N = 2
and m = 5, and for N = 3 and m = 5, respectively.

2. FIRST-ORDER AVERAGING THEORY

The aim of this section is to present the first-order averaging method obtained
in [1]. We first briefly recall the basic elements of averaging theory. Roughly speak-
ing, the method gives a quantitative relation between the solutions of a nonau-
tonomous periodic system and the solutions of its averaged system, which is au-
tonomous. The following theorem provides a first order approximation for periodic
solutions of the original system.

We consider the differential system
@(t) = eH(t,x) + *R(t, x,¢), (3)

where H: Rx D — R™ and R: Rx D x (—&g,&0) — R™ are continuous functions, T-
periodic in the first variable, and D is an open subset of R™. We define h: D — R"™
by

h(z):/o H(s,z)ds, (4)

and denote by dg(h,V,a) the Brouwer degree of h at some neighborhood V of a
(see [15] for the definition).

Theorem 3. We assume that

(i) H and R are locally Lipschitz with respect to x;
(ii) for a € D with h(a) = 0, there exists a neighborhood V' of a such that
h(z) #0 for all z € V\ {a} and dg(h,V,a) # 0.
Then for € # 0 sufficiently small there exists an isolated T-periodic solution ¢(-,€)
of system (3) such that ¢(a,0) = a.
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The system
& = eh(x),
is called the averaged system associated to system (3).

Hypothesis (i) ensures the existence and uniqueness of the solution of each initial
value problem on the interval [0, 7). Hence, for each z € D, it is possible to denote
by x(-, z,€) the solution of system (3) with the initial value x(0, z,&) = z. We also
consider the function ¢: D x (—&g, ) — R™ defined by

T
C(ze) = /O (cH(t, 2(t,2,2)) + 2 R(t, 2(t, 2,¢), £)) dt. (5)

This is called the displacement function of order . It follows from the proof of
Theorem 3 that for every z € D the following relations hold:

x(T, z,6) — x(0,2,6) = ((2,6), and ((z,¢) =ch(z) + O(c?),

where h is given by (4) and where the symbol O(g?) denotes a function bounded
on every compact subset of D x (—&g, &) multiplied by 2.

We note that in order to see that dg(h,V,a) # 0 it is sufficient to check that the
Jacobian of D,h(z) at z = a is not zero, see for more details [15].

3. AVERAGED SYSTEM
Writing
F = (FLF2 FE FL0,...,0), Fyx=(Fyx,F3 F3 Fy Fr,...,FiV),

system (2) becomes

Lemma 4. Doing the change of variables from (x1,22,23,24,%5,...,Zm) to the
new variables (0,7, p, $,Ys, ..., Ym) given by

x1 =rcosf, xo =rsinf, x3 = pcos(N(0+ s)), x4 = psin(N(0 + s)), xx = Y,

for k = 5,...,m, and taking 0 as the new independent variable, system (6) is
transformed into the system

dr

@ = EH1(97T7 PyS, Y5, .- 7ym) + 0(52)7
d

(Tg =eHy(0,7,0,5,Ys, - -, Ym) + O(?),

- = EH3(97T7 pa S,y5, M 7ym) + 0(52)7

7:EHk(97Tap7S7y57"'uym)+O(€2)7 k:57"'am7
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where
H, = (F} + Fy)cos® + (F? + F%)sin6,
Hy = (F} 4+ F3) cos(N (6 + s)) + (F} + Fx)sin(N (6 + s)),

H; = Nip((Fl4 + F{) cos(N (6 + s)) — (F} + Fy)sin(N(0 + s)))

1
— ~((F + FX)cos — (F{ + Fy)sin6),
r
Hi, = Moy + Fi-
Proof. In the variables (6,7, p,$,ys,...,Ym) system (6) becomes

f=1+ f(cosa(Ff + F2) —sin0(F! + FL)),

= (9 r7pa3ay57"'aym)7
:EHQ(G Tapasay57"'7ym)7 (8)
= EHB(Q TPy 8,Ys;s - ~~aym)7
yk_EHk(e 7“7,0’57y5a-~-7ym)> k:57"'7m'
For ¢ sufficiently small, 6(t) > 0 for each (¢, (8,7, p, 5, Y5, - - -, ym)) € Rx D. Now we

eliminate the variable ¢ in the above system by considering € as the new indepen-
dent variable. It is clear that the right-hand side of the new system is well defined
and continuous in R x D x (—¢q, &p), 2m-periodic with respect to the independent
variable 6, and locally Lipschitz with respect to (r, p, $,¥s, ..., ym). From (8) equa-
tion (7) is obtained after an expansion with respect to the small parameter e. O

We recall a technical result from [2] that we shall use later on.

Lemma 5. Let N be a nonnegative integer, and let o« and § be real numbers. Given
nonnegative integers i, j, k,l, there exist constants cy, and dy., such that
cos’ asin’ o cos® Bsin' B
is equal to
[(i+35)/2] [(k+1)/2]

Cuv cos ((i + j — 2u)a + (k + 1 — 2v)B)
u=0 v=0

if j+1 is even, and is equal to
[(i+35)/2] [(k+1)/2]

S Y duysin((i+j - 2u)a* (k+1—20)p)

u=0 v=0

if j+1 is odd. Here [z] denotes the integer part function of x € R.

Now we compute the functions h;(r, p, s,¥s,...,ym) for j =1,...,m of system
(7) given in (4). We write

m
Fi = Za?xj and FY = Z al ., atafain,
=1 i1tiototim=N
for g =1,...,m. We also write
o
hi (T, p, 8, Y5y Ym) = ; H;(0,7,0,5Ys,--,Ym)d0

for 7=1,2,3,5,...,m



6 LUIS BARREIRA, JAUME LLIBRE, AND CLAUDIA VALLS

Proposition 6. We have

hi(r, p, 8, Y5, -y ym) = arr + 1 “1p(by sin(N's) + c1 cos(Ns))
N
n 3 dL L pN=Ris i 2 im
Q5 im m
2l+i5+-+im=0

for some constants a1,by1,c1 and dlll-s,_im depending on the coefficients of the per-
turbation.

Proof. We write the function H; as

H, = Hi + HY = (F} cos0 + F2sinf) + (Fy cosf + F% sin#).

Then
2m
h%(r»sapa Y5y .- 7y7TL) = H11(97T737,0a95» e aym) do
0
m aon 9)
= Z/ (a; cosf + a? sinf)z; df = m(aj + a3)r,
j=1"0
and
27
hiv(,n S, 0, Y5, .- 7y7Yl) = H]{V(97 TS, P Y55y ym) do

0

27
1 i1 T 2 i1 Tm o}
E / (ai,..; @y - aimcosb+a; ., a2 sind) df
iretipm=N "0

i1

2
/ ’ a} .., ritipistiacogiitl ggint> g
d14-+im=N"0
-cos™ (N (0 + s)) sin™ (N (0 + s))ye - - - i df
27
+ Z / azzl...imri”i?p“”“ cos™ @sin?tl g
i1t tim=N 0
-cos® (N (0 + 5)) sin™ (N (0 + 5))ys - - - yim db.
By Lemma 5 we obtain
hi\/’(r’ 3,p,y57~-~,ym) _ Z ,,,i1+i2pi3+i4yé5 y;;)/n

i1t tim =N
or [(1+i2+1)/2] [(ia+ia) /2]

: /O S Y i),

u=0 v=0
where
Clrim = chiim cos ((iy + 2 + 1 — 2u)0 £ (i3 + 44 — 20)N(0 + 5))
it sin (i1 +da + 1 — 2u)0 £ (i3 + g — 20)N (0 + 5)),

for some constants ci%, "= and d'%;"m. Therefore all the integrals with respect to 0
are zero except possibly when

i1 4y + 1 — 2u = N(is + is — 2v). (10)

We observe that 0 < i; +i5+ 1 —2u < N + 1. So there are only two possibilities:
either i3 +i4 —2v=1or i3 +i4 — 2v = 0.
If i3 + 94 — 2v = 1, then it follows from (10) that

Qs+ im =N — (iy +i2 + i3 +is) = —2(u+v).
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Thereforeu =v=0=14i5 =--- =14,, = 0, and hence, i1 +io = N—1 and ig+i4 = 1.
This yields the term
7N =1 p(by sin(Ns) + ¢1(cos Ns)). (11)
Ifig+igs—2v=0,then 20 +i5+ -+ iy =N —iy —i9, and 20+ i5+ -+ + iy
runs from 0 to N. This yields the terms

N
Z dii5"'7;'m7‘N_2v_i5_“._im’p2vyé5 e y:‘:ln (12)
D R
The proposition follows adding the terms from (9), (11) and (12). O

Proposition 7. We have

N .
ha(r, Py 8y Ysy -y Ym) = agp + 1 (basin(Ns) + o cos(Ns))
N+1
2 : 2 NA1—2v—i5——ip 2v0—1 im
+ dviswimr ’ p y55 o Ym
2utisttig=1
for some constants as,bs, co and d%i5~~
turbation.

i, depending on the coefficients of the per-
Proof. As in Proposition 6 we write the function Hy as
Hy = Hy + Hy = (F{ cos(N(0 +s)) + Fy sin(N(6 + s))
+ (FR cos(N(0 + s)) + Fy sin(N (6 + s))

Then
2

h%(r,s,p, Ysy .- 7ym) = H21(9,7",8,p, Ysy - - 7ym) do
0

= Em:/% (a3 cos(N(0 + 5)) + aj sin(N (6 + s)))x; df (13)
j=1"0

= m(aj +ay)p,
and using Lemma 5 we obtain

2m

hév(ra57p7 Ysy oo ?ym) = H2N(07r785p7 Ys, - .- 7ym) o
0

2
3 i1+i2 t3+ig i1 s 12
/ ag .. T P cos't fsin*? 0
0

i1t tim =N

-cosB TN (0 4 5)) sin' (N (0 + s))ye - - y'm df
27

+ Z / a?l...imr““z p'3 T cos’ fsin'2 0
i1t =N 70
-cos(N (0 + s)) sin“ T (N (6 + 8))ye - - -yl df

— Z pltiz pi3+i4yés . y;n
i1t Fim=N
o7 [(i1+42)/2] [(43+i4+1)/2]

~ /0 S S Diin(e)ds,

u=0 v=0
where
Disim — it i o ((11 +io —2u)f £ (is+is+1—20)N(0+ S))
it sin (i + ig — 2u)0 + (ig +ia + 1 — 20)N(0 + 5)),
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for some constants cil; "= and dit;“*=. All the integrals with respect to 6 are zero
except possibly when

i1+i2—2u:N(i3+i4+1—2v). (14)

We observe that 0 < i; + i3 — 2u < N. So there are only two possibilities: either
tig3+igu+1—2v=1orig+i4+1—-20=0.

If i3 +i4 + 1 — 20 = 1, then by (14) we obtain that
N—7;3—2'4—’L'5—"'—Z.7,L—2U:N,

and hence i3 +i4 + 05+ - - - + 4y, + 2u = 0. This implies that i3 =iy =--- =4,, =0
and v = 0. Then ¢; + i3 = N, which yields the term

7N (by sin(Ns) + ¢ cos(Ns)). (15)
If i3 +i4+1—2v =0, then
4is+ - Fim—1=N—1; —ia.
Thus 2v + i5 + - - - + 4y, runs from 1 to N + 1, yielding the terms

N1 _
Z d?}ig,---imTN+1_2U_15_m_lmpzv_lyés . y:;:,,. (16)
2045t Him=1
The proposition follows adding the terms of (13), (15) and (16). O

Proposition 8. We have
hs(r, 0y 8, Ys, - s Ym) = as + 7 "2p(bysin(Ns) + 3 cos(Ns))
+rNp7t (d3sin(N's) + e3 cos(N's))

N
3 N—-1-2v—ti5——1im, 2v, 15 .
+ E Ayig.wiy, T ° "PYS Y
vzt i, =0
N+1
2 : 4 N+1—-2v—i5—---—1 20—2 15 7
+ d’[li5'~~imr ° nlp y5 ...yny],n)
20415+ +im=1

for some constants ag, bs, c3,ds, e3, d%is_..im and d3i5~-
cients of the perturbation.

;. depending on the coeffi-

K2

Proof. We have Hs = Hi + HY where

1
(Ff cos§ — Flsin e),

r

1} = (Ficos (N(0 + ) — Fsin (N(0 + 5))

Np
1 1
HY = N—(Fﬁ, cos (N(0 +s)) — Fysin (N(0 + s))) - = (FJ%, cosf — Fy sin@).
p r
Proceeding in a similar manner to the proofs of Propositions 6 and 7 we get
2
hil’;(T? Py S Y5, 7ym) = H§(67r7 PS8, Y5, .- 7ym) do
0 . 5 (17)
= T2 ).
Now we calculate
2m
hé\/(r’ PS8, Y5, aym) = Hév(97’l“7 PSS, Y5, 7ym) do.

0
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In a similar manner to the proofs of Propositions 6 and 7 we get

1 i1+io i3+isa—1, % 7
hév(r7pasay57"'7ym)zﬁ Z T1+2p3+4 1y55”'y777‘:"
i1t tim =N

or [(11+i2)/2] [(i3+ia+1)/2] o

Y X mow

e (18)
_ Z T11+12*1p13+14y35 . yirT

i1+ tim=N

or [(F1+4i2+1)/2] [(i5+14) /2]

XY mew

u=0 v=0
where
Elytm = ciptmocos (i1 + o — 2u)0 £ (i3 + 44 + 1 — 20)N(0 + 5)) 1
+ diyimsin (i1 + o — 2u)0 £ (i3 + 44 + 1 — 20)N(0 + s)), (19)
and
Eiim = flim cos ((in + i + 1 — 2u)0 & (i + ia — 20)N(0 + s)) (20)

+ giymosin (41 + o + 1 — 2u)0 & (i3 + s — 20)N(0 + 5)).
The terms whose integrals need not be zero satisfy
i1+ 12 —2u= N(ig+ 14+ 1 — 2v)
in equation (19), and
i1 +ia+1—2u= N(izg+i4 — 2v)
in equation (20).

The arguments in the proof of Proposition 7 show that in (18) the terms that
may remain in the first sum are

N p~! (ds sin(Ns) + es cos(Ns))

i I ‘ (21)
Dy, NI 202yl i
Quiger i =1
and the arguments in the proof of Proposition 6 show that the terms that may
remain in the second sum are

N 72p(bs sin(Ns) + c3 cos(N's))

N , . , , (22)
+ Z dii5,,,imTN_1_2”_15_"'_Z”‘p2”yé5 ey
205+ +im=0
The proposition follows adding the terms in (17), (21) and (22). O
Proposition 9. For k=5,...,m, we have
N
hi(r 08, Y5, Um) = Mkt + D day g NI T g2yl i

2v+is+-+im =0

for some constants dgi5~- ;. depending on the coefficients of the perturbation.

2
Proof. As in the former proofs, we write Hy, = H} + H}Y where H} = \yyx and
H ,ﬁv =F J’f,, and we compute the function
2m

hkN(T757P, Ysy - - 7ym) = H]iV(Q,T,S’p’ Ysy oo 7Z/m) do.
0
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Proceeding as in the proofs of Propositions 6 or 7 we obtain

2
hfﬁv(ra P8y Ys, - aym) = Z / afl...imri1+i2pi3+i4 COSi1 GSil’li2 0

it =N 70

-cos® (N (0 + s)) sin™ (N (0 + s))ye - - - yir db
= Z Ti1+i2pi3+i4yé5 Ce y;rT
i1t tim =N
2 [(11412)/2] [(i3+i4) /2]
/

> Gum(9)do,
v=0
Giryim = gl imcos (i1 + i2 — 2u)0 & (is +is — 20)N(0 + 5))
+ Bzt osin (i + i — 2u)0 £ (i3 + iq — 20)N(0 + 5)).

u=0

where

All the integrals with respect to 6 are zero except possibly when
i1 + iy — 2u = N(ig + 14 — 2v). (23)
Again we observe that 0 < i1 + i — 2u < N. So there are only two possibilities:
either i3 4+44 —2v=1or i3 +i4 —2v =0.
If i3 + 94 — 2v = 1, then by (23) we obtain
N —i3g—ig—i5— -+ —im—2u=N,

and thus i3 = i4 = - - - = 4,,, = 0, which contradicts to the fact that i3 +i4 —2v = 1.
Therefore, this case does not occur.

If i3 +i4 — 2v = 0, then
20+i5 4+ iy = N — 1 — o,
Hence 2v + i5 + - - - + 4,, runs from 0 to IV, and we obtain the terms

N

5 N—20—ig——im 20, is im
E dm's---imT P Ys Yy, -
2u-ig++im=0

This yields the desired statement. O

4. PROOF OF THEOREM 1
We recall a technical result proved in [2].

Lemma 10. If N, a and 8 are nonnegative integers with o + 3 = N, then

—1)8/2
2 (21377171- cos(Ns) if B is even,
/ cos® 0sin” 0 cos(N (0 + s)) df =
0 (_1)(64‘1)/271- . . .
ToNTT sin(Ns) if B is odd,
and
—1)8/2
o (213771# sin(N's) if B is even,
/ cos® Osin” Asin(N (0 + s)) df =
0 (_1)(5+1)/27T . .
Ry = — cos(Ns) if B is odd.

We will use the following proposition.
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Proposition 11. The function hs(r, p, S, Ys, ..., Ym) S given by

h3(7’, P38 Y5y 7ym) =az+ TN?QP( -G Sin(NS) + b1 COS(NS))

1
+ —rVp7H( = casin(Ns) + ba cos(Ns))

N
N
3 N—-1-2v—i5g—-—1i 2V, 15 Tm
+ E Ayig.wiy, T OIS Y
2u+ig—+- i =0
N+1
4 N+1—-2v—i5——im 20—2_ 15 Tm
+ E Ayigein,T ° PETYS Yt

2u+is+-+im;m=1

where by, cq are the constants in Proposition 6, and bs,co are the constants in
Proposition 7.

Proof. Using the notation of Proposition 8 we shall prove that b3 = —c1, ¢3 = by,
d3 = —cz/N and e3 = by/N. In order to simplify the proof, let af ,, ., x{'x3 -zl
be a monomial in FJ{, such that i14+io = N—1,i3 =0,y =land iz = --- =i, = 0.

When we compute hy and hg, this monomial appears in hy as
2w ) )
/ aj,..; cos"t1Osin fsin(N (6 + s)) df, (24)
0
and in h3 as
/ aj,..; cos" @sin ! Gsin(N (6 + s)) df. (25)
0

By Lemma 10, the term in (24) is equal to

(-1
2]\[7_1@}1,_% sin(Ns), if i is even,

(—1)G2+1)/2

—2]\,7_104211“_1-7“ COS(]VS)7 if ’i2 is Odd,

and the term in (25) is equal to

(—1)z+1)/2
Wa}r“im sin(N's), if g + 1 is even,

(—1)=/2 | o .
W“hwim cos(Ns), if 49 + 1 is odd.
For i3 odd the coefficient of the monomial appears in a sum determining the coeffi-
cient of 7N ~=!pcos(Ns) in hy, and also appears in a sum determining the coefficient
of TV =2psin(Ns) in h3 with the opposite sign. In a similar way for i5 even the coeffi-
cient of the monomial appears in a sum determining the coefficient of ¥ =1 psin(INs)
in hy, and appears in a sum determining the coefficient of ¥ ~2p cos(Ns) in hs with
the same sign.

We can do the same for all monomials in F%, Fy and Fi, and thus we conclude
that b3:701763:b17d3:762/]\7 and 63:b2/N. [l

Now we have all the ingredients to prove Theorem 1.
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Proof of Theorem 1. It follows from Propositions 6, 7, 8, 9 and 11 that

hi = air+rN"1p(bysin(Ns) + ¢y cos(Ns))
N
+ Z d};is.A.z'mTNi%iisimiimP%yés ey,
Qu-tigtetim=0

hy = agzp+ ¥ (basin(Ns) + ¢z cos(Ns))
N+1
+ Z dzis~~z’m7'N+172v7i57”'7imP2U71y§,5 . yin’

Q0ist-tim=1
hs = a3z + 1V "2p( — cysin(Ns) + by cos(Ns))
1
+ Nerfl( — c2sin(N's) 4 by cos(N's))
N

E: 3 Ne1—20—ig—-—ipy 20 is im
+ dvig,mimr P Ys " YUm
2u+is+--+1im=0

N+1
4 N+1=20—ig——im 20-2, i im
+ E Ayigi, T T Yy Y
2vtis+eFim=1
N

_ 5 N—=2v—i5——tm 20, 1 T
he = Aeyr + > Apigeiy T ° s Y
2v+tis+-+im=0

where h; = hi(r,p,8, Y5, .-, Ym)-

According to the results of Section 2 we must study the real solutions of the
system

hi(r, p, 8,95, ym) =0 for k=1,2,3,5,...,m (27)

that have nonzero Jacobian. In order that these solutions can provide limit cycles
of system (2) we must look for those such that r% + p? # 0 (we recall that this kind
of polar coordinates are introduced in Lemma 4). We distinguish three cases.

Case 1: r =0 and p # 0. If N > 2 then in the system (27) the variable s does not
appear. So the Jacobian of the system is always zero, and consequently the number
of limit cycles of system (2) provided by the averaging theory is zero in this case.

In this case, if N = 2 then it is easy to check that all the equations of system
(27) (except the first one which is identically zero) are polynomial equations of
degree two in the variables r, p, ys, . . ., Ym, cos(2s) and sin(2s). Therefore, adding
to system (27) the equation cos?(2s) + sin?(2s) = 1 by the Bézout Theorem (see
[17]) the maximum number of limit cycles that can appear in this subcase is 2771,
Since for each solution wy = cos(2s) and zo = sin(2s) of cos?(2s) +sin?(2s) = 1 we
can find sy, s2 € [0,27) such that sin(2s;) = zo and cos(2s;) = wp for i = 1,2, we
get that the total number of solutions of system (27) is at most 2.

Case 2: by = co = 0, p = 0 and r # 0. Then the degree of the polynomial
equations of system (27) in the variables r, p, ys,...,ym, cos(Ns) and sin(Ns)
are N, N+ 1, N+ 1,N,..., N respectively. Therefore, adding to system (27) the
equation cos?(Ns) + sin?(Ns) = 1 by the Bézout Theorem the maximum number
of limit cycles that can appear in this case is 2N™ 3(N + 1)2. Since for each
solution wy = cos(N's) and zy = sin(Ns) of cos?(Ns) + sin?(Ns) = 1 we can find
$1,...,8Nn € [0,2m) such that sin(Ns;) = zp and cos(Ns;) =wp fori =1,..., N, we
obtain that the total number of solutions of system (27) is at most 2N™~2(N +1)2.

Case 3: rp # 0. Now we perform the change of variables

N1 =B, p/r=A, sin(Ns)=2z cos(Ns)=w, yp/r=Ch
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for k =5,...,m. In the new variables, the functions
hy=hy/r, hy=ha/r, hs=phs/r, hy=2z2*+w?—1, hy="hy/r
for k =5,...,m are given by
hi = ai + AB(b1z + ciw) + BP1(A%,C5,...,Ch),
hy = asA + B(baz + cow) + ABPy(A%,Cs, ..., Cpy),
hs = asA + BA%*(—ciz + byw) + %B(f@z + baw)
+ ABP3(A%,Cs,...,Cp) + BATYP (A%, Cs,...,Ch),
i~L4 =22 +w?— 1,

hy = MCy 4+ BPy(A%,Cs,...,Ch),

(28)

for kK =5,...,m, where
N
PiA% 5o ) = Y iy, ACF - O
20+is++in =0
for ¢+ = 1,3,k and
N+1
PiA% oo ) = Y iy, AYCF - O

Uit tim=1
for i = 2,4.
Solving (ﬁl, ho, ﬁd) = (0,0,0), we find the solution

1 1
z = 7Z(A27C57"' 7Cm)a w = 7W(A27C57"' 7Cm)7 B = B(AQ,C5,"' 7Cm)7

A A
where
Z1 Wy By
Zy’ 7 B,
with
71 = —N(a2b1P1 —a1b1 Py + asc1 Py — (L201P3)A4+
(—a2b2P1 + agca NPy + a1bo Py — a1co NP3 + agclNP4)A2 — a1caN Py,
Zo= a (B3 +3)NA* —ay (b3 +c3) +
(a2b1b2 — albleg + agcleg —+ ascico — agblcgN — alclcgN)AQ,
Wi = —N(asc1 Py — agbi Py — ayc1 Py + agby P3) A*+

(—CLQCQP1 —aszboNP; + a1¢o Py + a1bo NP3 — agblNP4)A2 + a1ba N Py,

By = —as (bf + C%) NA* +a, (b% + c%) +
(7(12()1[72 + albleg — agcleg — a2C1C2 + agblcgN + a16162N)A2,

By = (b%—i—c%) NP2A4—b%P1 —C%P1+b201NP4—b162NP4+
(—blng.Pl —c1caNPy + b1ba Py + c1co Py + bocy NP3 — blcgN.Pg)AQ.

Therefore in the variables (A42%,Cs,...,C,y,), B is a quotient of a polynomial of
degree 2 by a polynomial of degree N + 3, Z is a quotient of a polynomial of degree
N + 3 by a polynomial of degree 2, and W is a quotient of a polynomial of degree
N + 3 by a polynomial of degree 2.

Substituting z and w in the equation hy = 0, we obtain a quotient of a polynomial
of degree 2(N + 3) by a polynomial of degree 5 in the variables (42, Cs, ..., Cy,).

Substituting B in the equations A, = 0 we obtain a quotient of a polynomial of
degree N + 4 by a polynomial of degree N + 3 in the variables (A2, Cs, ..., Cy,).
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Therefore, by applying Bézout’s theorem we have that the maximum number of
possible roots (42, Cs,...,C,,) of the numerator of (hy,hs,...,hy,) = 0is 2(N +
3)(N + 4)™~%. For each solution (A2, Csg,...,Cmo) We have at most one By =
B(A3,C50,...,Cpmo) and one pair

(20,w0) = (2(A43, Cs0, - - -, Cimo), w(AF, Cs0, - . ., Cimo)).

For each pair (zg,wp) we can find sq,...,sy € [0,27) such that sin(Ns;) = zo and
cos(Ns;) = wp for i =1,...,N. So in this case the maximum number of zeros of
system (27) is at most 2N(N + 3)(N + 4)™—4.

Now we put together the results of the three cases. By Theorem 3 the maximum
number of limit cycles obtained via averaging theory for system (2) is

2™ L AN™TT2(N +1)2 + 2N (N + 3)(N 4 4)™* = 2m 4 2m~132 4 gm—23m—i5

if N =2 or
2N™"2(N 4+ 1)? + 2N (N + 3)(N + 4)™ 4,
if N > 3. This completes the proof of the theorem. O

5. SOME IMPROVEMENTS FOR N =2 AND N =3 with m =5

In this section we prove Theorem 2.

Proof of statement (a) of Theorem 2. We can compute explicitly system (27) for
N =2 and N = 3 when m = 5. In particular for N = 2 and m = 5 system (2) is
of the form

hi =71 (a1 + p(b1z + cyw) + dyys) = 0,

ha = agp + r2(baz + cow) + dapys = 0,

hs = a3 — 2p(—c1z + byw) — r2p~L(—coz + bow) + d3ys = 0, (29)
ha=22+w?—1=0,

hs = Asys + dar? + dsp? + dgy? = 0,

where the constants a; for ¢ = 1,2,3, b1, b2, c1, co and d; for j = 1,...,6 are
arbitrary. Here z = sin(2s) and w = cos(2s). After doing the explicit computations
many terms of system (27) become zero, and consequently we can improve the
general results for system (27), studying the particular system (29) for N = 2 and
m = 5. We distinguish the same cases as in the proof of Theorem 1.

Case 1: r =0 and p # 0. Then system (29) reduces to

go = a2 +d2y5 = 0,

g3 = a3z — 2p(—c1z + byw) + dzys = 0,
gs =22 +w?—1=0,

g5 = Asys + dsp® + dey? = 0.

From go = 0 we get y5 (if da # 0). Substituting it in g5 = 0 we obtain at most one
p > 0. Substituting ys and p in g3 = g4 = 0, we get at most two solutions (zg, wg) for
(z,w). Since for each solution wg = cos(2s) and zg = sin(2s) of cos?(2s)+sin?(2s) =
1 we can find s1, so € [0,27) such that sin(2s;) = 2o and cos(2s;) = wg for i = 1,2,
we get that the total number of solutions of system (27) is at most 4. In the proof
of Theorem 1 for the general case the upper bound obtained in this case was 2°.

Case 2: by = co =0, p=0 and r # 0. Now system (29) reduces to

g1 =a1 +diys =0,

g2 = baz + cow = 0,

g3 = a3z +dgys = 0,
ga=22+w?—-1=0,

g5 = Asys + dar® + dgyz = 0.
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We assume that the possible solution of gy = 0 and g3 = 0 coincides. Then
substituting it in g5 = 0 we obtain at most one r > 0. Substituting ys and r in
g2 = g4 = 0, we get at most two solutions (zg,wp) for (z,w). As in the previous
case wy = cos(2s) and zp = sin(2s), and consequently the total number of solutions
of system (27) is at most 4. In the proof of Theorem 1 for the general case the
upper bound obtained in this case was 9 - 2%

Case 3: rp # 0. Doing the same changes as in Case 3 of the proof of Theorem 1 we
get that system (28) becomes

hy =a; + AB(bi1z 4+ cyw) + Bd; Cs,

hy = as A+ B(byz + cow) + ABdyCs,

hs = asA — 2BA%*(—c12 4+ byw) — B(caz 4 byw) + ABd3Cs,

iz4 =22 +w? - 1,

hs = A\sCs 4 B(dy + dsA? + dgC?).
Solving hy = hs = hs = 0 with respect to the variables z, w and B, and substituting
these into hy = hs = 0, we obtain

A2C2(K? + K3)

—1=0,

D? 30)
oy it ds A2 deCHD (
5“5 C5E — Y

where
K, = (CQ — 2A261) (a2d1 — aldg) + as (b2d1 — A2b1d2) + (A2a2b1 — albg) ds,

K2 = (2a2b1d1 — 2a1b1d2 — llgcldg + agcldg)A2 + a2b2d1 + agcgdl—
ai(bads + c2d3),

D= 2&2 (b% + C%) A4 + (a2b1b2 — a361b2 + a3b102 — agC1Ca—
2a1(b1b2 + 0162))142 + a1 (C% — b%) y

E= 2 (b% + C%) d2A4 — (Cl(C2(2d1 + dz) + b2d3)+
b1 (2bady — bady — cods)) A% + (3 — b3) di.

System (30) reduces to

A2C2(K? + K2) — D2 =0,
A5C§E + (d4 + d5A2 + dGCg)D =0.

Substituting C2, obtained from the first equation, into the second one we obtain
D (AsDE + (dy + ds A*)A*(K7 + K3) + dgD?) = 0,

a polynomial equation of degree 12 in the variable A2, which can have at most 6
positive real solutions for A. Each of these possible solutions for A will provide
at most 1 positive solution for C5. Finally each of these at most 6 solutions for
(A, C5) provide one solution for (z,w,B). As before every one of these possible
6 solutions for w = cos(2s) and z = sin(2s) can provide two solutions for s, and
consequently the total number of solutions of system (27) is at most 12, instead of
the 23 - 3.5 = 120 estimated in the general case for N =2 and m = 5.

In short the maximum number of solutions of system (29) is bounded by 4+ 4 +
12 = 20. 0

Proof of statement (b) of Theorem 2. Now we shall improve the upper estimate on
the number of limit cycles when N = 3 and m = 5. In this case system (2) after
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direct computations is of the form

hi=r (a1 +rp(b1z + crw) + dir? + dap? + dgyg) =0,

ha = azp + r3(baz + cow) + p(dar? + dsp? + deyz) = 0,

hs = as + 3rp(—c1z + biw) + r3p~(—coz + baw) + d7r? + dgp® + doyz = 0,
ha=224+w?>—-1=0,

hs = Asys + ys(dior? + di1p* + dizy?) = 0,

(31)
where the constants a; for i = 1,2,3, by, ba, ¢1, ¢ and d; for j = 1,...,12 are
arbitrary. As for the case N = 2 and m = 5 we distinguish the following three
cases.

Case 1: r =0 and p # 0. Then system (29) reduces to

g2 = ag + d5p2 + dﬁyg =0,

g3 = as + dgp2 + d9y§ =0,
g4:Z2+w2—1:0,

g5 = Asys + ys(d11p2 + d12y§) =0,

From go = 0 we get y5 (if d2 # 0). Substituting it in g5 = 0 we obtain at most one
p > 0. Substituting ys and p in g3 = g4 = 0, we get at most two solutions (zg, wp) for
(z,w). Since for each solution wy = cos(2s) and zy = sin(2s) of cos?(2s)+sin?(2s) =
1 we can find s1, s3 € [0, 27) such that sin(2s;) = 2 and cos(2s;) = wp for i = 1, 2,
we get that the total number of solutions of system (27) is at most 4. In the
proof of Theorem 1 for the general case the upper bound obtained in this case was
23342 = 864.

Case 2: by = cg =0, p=0 and r # 0. Now system (29) reduces to

g1 =a1 +diys =0,

g2 = bz + cow = 0,

g3 = a3 +dgys = 0,
gp=22+w?—-1=0,

g5 = Asys + dar® + dgyz = 0.

In the case that g; = 0 and g2 = 0 share some solution, we shall get a continuum of
solutions for (z,w) and consequently the Jacobian of the system at these solutions
will be zero, and we cannot apply the averaging theory for obtaining limit cycles in
this case.

Case 3: rp # 0. Doing the same changes as in Case 3 of the proof of Theorem 1 we
get that system (28) becomes

hi = a1 + AB(b1z + ciw) + B(dy + dy A + dsC2),
hy = ag A+ B(byz + cow) + AB(dy 4 ds A% 4 dgC?),
hs = asA — 2BA%(—c 2 4 byw) — B(caz + baw) + AB(d7 + dg A% + doC2),
714 =22+ w?— 1,
hs = AsCs + B(dio + di1 A% + d12C3)Cs.
Solving hq = hos = hs = 0 with respect to the variables z, w and B, and substituting
these into hy = hs = 0, we obtain
AsCs + Cs(d1o + dug2 + d12C3)D

(32)

:07
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where

Ki = (—2asc1ds + 2a1c1ds + agbyds) A + (ay (—cods + 261 (d6C2 + dy) —
bgdg) —+ a9 (bldgcg + ngg — 201 (d3052 -+ dl) -+ b1d7)) A2+
a9Co (d3052 + dl) + as (bg (d2A2 +d; + ngg) —
A?by (ds A% + dy + C2dg)) — ay (c2 (deCZ2 + dy) + by (dgC2 + d7)) ,

Ky = (—2asbids + 2a1b1ds + azcids — azcrds) A+
(a3 (Cl (d6052 + d4) — ngg) +a; (b2d5 + 2by (dgcg% + d4) + ngg) —
as (Cldgcg + bgdg + 2b1 (d3C52 + dl) + Cld7)) A2 - a2b2 (d3052 + dl) -
asco (d3052 + d1) —+ aq (bg (d6052 + d4) + Co (d9052 + d7)) s

D= 2(12 (b% + C%) A4 + (CLlebg — a301b2 + a3b162 — agC1Ca2—
2&1(b1b2 + 6102))A2 “+ aq (C% — b%) s

E= 2 (b% + C%) d5A6 + (2 (d6052 + d4) b% + (bg(d5 — 2d2) + ngg)b1+
Cc1 (—62(2d2 + d5) + 2¢1 (d6052 + d4) — bgds)) At
(b3 — c3) da + c1 (c2 ((2d3 + d6)CZ + 2dy + dy) + by (doCZ + d7)) +
by (b2 ((2ds — dg)CZ + 2dy — dy) — ¢2 (doC2 + d7))) A% + (c3 — b3)
(dsC3 +dy) .

Since D cannot be zero system (30) reduces to

A2(K? + K3) - D? =0,
Cs ()\5E + (dlo + d11A2 -+ dlng)D) =0.

Substituting Cs = 0, obtained from the second equation, into the first one we obtain
a polynomial of degree 10 in the variable A2, which can have at most 5 positive
real solutions for A.

Substituting CZ, obtained from the second factor of the second equation, into
the first one we obtain a rational function in the variable A2 whose numerator is a
polynomial of degree 18, which can have at most 9 positive real solutions for A.

Each of these possible solutions for A will provide at most 5 + 9 = 14 solutions
for Cy. Finally each of these at most 14 solutions for (A, C5) provide one solution
for (z,w, B). As before every one of these possible 14 solutions for w = cos(3s) and
z = sin(3s) can provide three solutions for s, and consequently the total number of
solutions of system (32) is at most 42, instead of the 62 - 7 = 252 estimated in the
general case for N = 3 and m = 5.

In short the maximum number of solutions of system (31) is bounded by 4+ 0+
42 = 46. U
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