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Abstract
An interesting family of recurrences of order n > 2 which are globally (n+3)-periodic
was introduced by Coxeter in 1971. We prove a surprising property of this family: “all”
the possible geometrical behaviors that linear real (n+ 3)-periodic recurrences can have

are present inside the Coxeter recurrences.
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1 Introduction and main result

Although recently globally periodic recurrences have attracted the interest of many re-
searchers, see for instance [1, 2, 3, 4, 5, 7, 8] and the references there in, an interesting
family introduced by Coxeter in 1971, see [6], is rarely referenced.

For each natural number n > 2, Coxeter proved that the recurrences
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are globally (n+3)-periodic, that is for any admissible set of initial conditions, 4,3 = ;,
for all j > 0. For instance, for n = 2,3, the recurrences are
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respectively. It is easy to see that for n = 2, in the new variables u; = z; —1, it corresponds
to the well-known 5-periodic Lyness recurrence
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As usual, to study the recurrence (1) we will consider the discrete dynamical system given
by the map
Fo(z1,22,...,2n) = (X2, 23, ..., Ty, fn(T1,22,...,2p)). (2)
In his paper Coxeter gives a proof that these recurrences are globally (n + 3)-periodic,
based on the properties of some cross-ratios. Here we will give a new algebraic proof of this
fact. As we will see, this new approach will also allow us to prove our main result. It shows
the surprising fact that “all” the possible geometrical behaviors that linear real globally
periodic recurrences can have are present inside to Coxeter map.
In the next result, as usual, [s] denotes the integer part of s.
Theorem. The Cozeter difference equations, given by the maps F, in (2), are globally
(n+3)-periodic and they have exactly [”T”] fized points, all of them with positive coordinates.
At each of these fized points Fy, is locally conjugated to a linear (n + 3)-periodic recurrence
which has no line of fixed points. Moreover, all these n + 3 linear maps are not conjugated
among them. As a consequence, all linear globally (n + 3)-periodic recurrences having no

line of fired points are present in the Coxeter difference equation.

2 Preliminary results

The following classical result will be used to prove that the maps F;, linearize in a neigh-

borhood of each fixed point.

Theorem 1. (Montgomery-Bochner Theorem, see [10]). Let U C R™ be an open set and
let F:U — U be a map of class C"(U), r > 1, such that F™ = Id for some integer number
m > 1. If p € U is a fixred point of F then there is a neighborhood of p in U where the
dynamical system generated by F' is C" linearizable. Moreover the conjugated linear system

is given by the linear map L(z) := d(F), .

The next lemma counts the number of real linear globally (n + 3)-periodic recurrences.

A concrete example is given in Subsection 3.1.

Lemma 2. There are 2 [”T‘”'Q] different types of globally (n + 3)-periodic real linear recur-

rences of order n when n is odd and [”TH] types when n is even. Moreover there are only

[”TH] of them without the eigenvalue 1.
Proof. Let L : R™ — R"™ be the globally periodic linear map
L(z1,...,zn) = (T2, ..., Tn,a121 + @229 + -+ - + apxy)

associated to the periodic recurrence. It is known that the characteristic polynomial of L

has not multiple roots, see [7, 9]. On the other hand it is a real polynomial of degree n and



all its roots also must be (n + 3)-roots of the unity. So it divides A**3 — 1. Thus the proof
follows by counting the different number of possibilities for removing a degree 3 real factor

from A3 — 1. O

The following result collects several properties of the rational maps f,. Note that
fn(0,...,0) = 1. So we can write f, = P,/Q, where P,,, Q,, € R[z1,...,x,], gcd(Pn, @Qn) =
1 and P,(0) = @,,(0) = 1.

Proposition 3. The polynomials P, and Q,, satisfy the following properties:

(l) Pn(.%'l, e ,xn) = Pnfl(l'l, e ,I‘nfl) — ann,Q(xl, e ,iEn,g).
(”) Qn = 4'n—1-
(iii) Po(z1,.. . an) = 1= Y mi+ (=12 ajay + .+ (=D > ay oy,
=1 J1<j2<n J1<j2<...<Jgp <n
J2#j1+1 Jit17Ji+1

where ky, = deg(P,) = [2].
(iv) Py(z1,22,...,Tn-1,%n) = Po(Tn,Tn-1,...,22,21).
(v) Py(x1,...,2n) = Po_1(x2,...,2y) — 21 Py_o(x3, ..., 2y).

Proof. Notice that the maps f,, : R” — R that define the Coxeter difference equations can
be given recursively as fi(z) =1 — x and

In

fulzy, e, ... xy) =1 — , n>2
“ R A
We have

P, T T

— (21, oy xpn) = fu(z1, ... 2n) =1 — =1-

Qn " " " fnfl(xla---axnfl) %(xl,...,xn_l)

_ Poi(w1,. 0 201) — 20Qpo1(21, ..., 1)
Poi(z1,. . T0o1)

Since ged(Pn—1 — 2pQn—1, Pu_1) = ged(@Qn—-1, Pn—1) = 1 and (P,—1 — 2,Qn-1) (0) =
P,_1(0) =1, statements (i) and (ii) follow.
Now we prove (iii) by induction. Since Pj(x1) = 1 — 21 and Pa(x1,22) = 1 — 21 — 29,

item (iii) is true for n = 1,2. Now assume that (iii) holds for any ¢ < n. Then from (i) we



have that

Pn<$1, s axn) = Pn—l(xh ce 7$n—1) - ann—2(x17 cee 7xn—2)
n—1
_ 2 kn—1
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J2#i1+1 Jit17#7i+1
If we denote by P. the homogeneous part of degree I of P, we will get
Py ) = (-1 ; | (-1 ; ;
(X1, Xp) = Tj ... Tj — T Tj ... T,
J1<j2<...<ji<n—1 J1<j2<...<ji—1<n—2
Jit1#Ji+1 Jit17Ji+1
_ l
=(-1) Yoo e,

J1<g2<...<ji<n
Jit17Ji+1

as we want to prove.

Now (iv) is a direct consequence of (iii), and item (v) is obtained by using (i) and (iv).

3 Proof of the Theorem

O

To prove the periodicity of F;,, we compute the iterates of F},. To do this we will denote by

i@,y mp) = fu(Fi7Y(xy,. .., 2,)). With this notation fl(21,...,2,) = fu(21,...,7,) =
%. Now we claim that:
2 _ [y @
(a) fi(xy,...,xy) = Pnﬂ(zl7_._7%71;13”71(m’_ﬂmn) and
P, .. - .. = =11 .
n(l’Q, s Ty Pn_l (xla 7mn)) Pn—l(xl,---,xn—l)
P'n, yerdbn
(b) f3(ar,...,20) = 7&_5@27“21) and
P, To...Tn
P, ey —— =
n 1(333’ 3 Pn_ (mlv 7xn)) Pn_1($1, ] ,xn—l)
(¢) 34 (zy,...,zp) =m; fori=1,...,n.
To prove (a) it suffices to show that
Pn anl Z;
Fo(x,...,xp)) = 1= .
Pnfl( n ) Poa(w1,. o 2n—1)Pa1(22, ... )
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Clearly this last equality is equivalent to

P, n o
P, (:Cg,...,a:n,—n(acl,...,xn)> = [liey

P,y Pn—l(xlw"axn—l)’

and using Proposition 3(i) this last equality is also equivalent to
n
Pnfl(xg, e ,xn)Pnfl(iL'l, e ,Z‘nfl) - Pn(xl, e ,xn)Pn,g(xg, e ,xnfl) = Hl’l (3)
i=1

Now we prove by induction that equation (3) holds. Easy computations show that (3)
holds for n = 3. So we assume that it holds for i < n. We get

n—1
Poa(@,- @0 1)Poa(@1, -, n2) = Puc1(1,. o, @0 1) Pacs(za, .0 2) = [ ] 2
i=1

(4)

By multiplying this equality by x,, we have
n
T Ppo(xo,. . o 1)Ppo(x1,...,2n2)—Tn P 1(21,...,2p1) P 3(22,..., 0y 2) = Hﬂﬁz
=1
From Proposition 3(i) we have that

ann72(x17' .. ,xn72) = Pn71($1,. .. axnfl) - Pn(xlw- . 7$n)-

Substituting this last equality in the previous equation we obtain

[z = Poa(za,...;2n—1) (Poci(@1,. .., @n—1) — Po(@1,...,20))
—TpPr1(x1, .y Tp—1)Pr—s(xa, ..., Zp—2)
=PFPo1(x1,. .y Zpn-1) (Pr—2(x2,...,2n_1) — xn Pr_3(z2, ..., Tp_2))
—Pp_o(xay .. Xp1)Po(x1,...,2p)
=Po1(x2, ..., xpn)Pr1(x1, ..y Xp1) — Po(z1, ... 2n) Po_a(za, ..., p—1)

as we want to prove.
Now we prove (b). Since f2(x1,...,2,) = fu(F2(x1,...,20)) = f2(Fu(z1,...,70))

using statement (a) applied to the point F(x1,...,x,) instead of (x1,...,x,) we obtain
P,
fS(mh s 7xn) = f'r%(m?a <o Tp, P—n($17 s ,.’L'n))
n—1
xg...xnpfjl(xl,...,:rn)
Pn—l(er-~7$n)Pn—1(x37---737717%(%'17---,«7571)).

Thus it suffices to show that

Pn_l(arl, . ,xn_l)Pn_l(iljzg, R O R B =



which is the equality claimed in statement (b). From Proposition 3(i) it is equivalent to

Po1(z1,. . xn_1)Py_o(xs,...,xn) — Prn_s(x3, ..., Tpn-1)Pn(T1,...,2p) = T2 ...Tp.
Also from Proposition 3(v) we have that
Pn—l(xly . 73777,—1) = Pn_g((I}Q, e ,I‘n_l) — $1Pn_3(1‘37 - ,xn_l)

and

P.(z1,...,2n) = Ph—1(x9,...,xn) — 21 Pp—o(x3, ..., 2y).

Substituting these last equalities in the previous one we obtain

Py o(wa, ..., xn 1) Py a(x3,...,2n) — Poo1(@2, ..., 20) Pr3(23,. .., Zp—1) = T2... 2y,
which holds because it is equation (4) for (z2,...,z,) instead of (x1,...,2,—1). Thus (b) is
satisfied.

Now we prove (c). For i = 1 we have

P,
P, Py(z2,..., 52 (21,...,2p))
fﬁ(xl,...,mn):f;;(xg,..., (l‘l,...,l‘n)): n—1 .
Pr1 Py _1(x3,..., Pf’:l (T1,...,2n))

Now using statements (a) and (b) we obtain

[[i, =

P,_1(z1,..., 29—
ffz(xly'-')xn): . 1(3321.7..1'; = 1) = 1.

Po1(z1,...,20-1)

Set 7 such that 1 < ¢ < n. Then we will have

2+i(x1,...,xn) = fé(Fi_l(ml,...,xn)) = ff;(xl,) = x;.

This ends the proof of the claim.

Then since F™"*3(zy,...,20) = (f(z1, .. 20), o, [0 (w1, .. 20)) = (21,- .., 7)) We
have proved that F), is globally (n + 3)-periodic.

Now we study the fixed points of F,,. Since Fj, is a recurrence all fixed points are of the

form (x,...,z) and must satisfy P,_1(x,...,z) # 0 and Pfil (x,...,z) = 2x. We introduce

the following notation. For any i € N and for any x € R we denote by p;(x) := Pi(x,...,z)

where (z,...,z) € R Observe that from Proposition 3.(i) we obtain

Pry1(z) = pr(z) — 2pp—1(2), (5)



for all k& € N. With this notation the fixed points of F), are the points (z,...,z) € R"
satisfying pny1(x) = 0 and p,—1(x) # 0. First of all we note that p,4+1(z) and p,—1(z)
have not common zeros because if p,+1(z) = pp—1(x) = 0 then from equation (5) we get
that p,(x) = 0 and applying recursively this result we get that 1 — z = pi(x) = po(x) =
1—2x = 0, which gives a contradiction. Then the fixed points of F;, are precisely the points
(x,...,z) € R" such that z is a zero of p,41(z). Recall that from Proposition 3(iii) we have
that d(n) := deg(pp11) = [242] . Now we claim that p,,11(z) has exactly d(n) positive roots

and we will prove this assertion by induction. From Proposition 3(iii) we know that
Pryi(x) =1+ 4 cd(n)xd(”) with d(n) # 0.

Denote by x,1 < 22 < ... <y, j < d(n), all the real roots of p,11(z). These are

our hypotheses of induction:

e When n > 2 is even, p,11 and py,y2 have the same degree, d(n), and all their roots

are real, simple and positive. Moreover all of them are intercalated and satisfy:

0 <Zpt1,1 <Tna < Tnt1,2 < Tp2 < ... < Tpdm)-1 < Tpildn) < Tnd(n)-

e When n > 1 is odd, p,4+1 and p,i2 have degree d(n) and d(n + 1) = d(n) + 1,
respectively, and all their roots are real and positive. Moreover all of them are real,

simple and intercalated and satisfy:
0< Tpt1,l < Tpl < Tpt12 < Tp2 < ..o < Tptldn) < Tndn) < Tntl,dn)+1-

The first polynomials are py(z) = 1 — 2z, p3(x) = 1 — 3z + 22, py(x) = 1 — 42 + 322 and
ps(x) =1 — 5z + 622 — 23 and it is easy to see that they satisfy our induction hypotheses.
Consider, for instance the case n even and let us see how knowing that the roots of p,11
and p,, o satisfy the induction hypotheses, the same holds with the roots of p,,+2 and p,43.
Since pp+3(0) = pp+2(0) = pry1(0) = 1, by using equation (5) and the induction hypotheses

we know that

pn+3($n+1,1) = pn+2($n+1,1) - $n+1,1pn+1(9€n+1,1) = —ib“n+1,1pn+1(06n+1,1) <0.

Hence 0 < xp421 < Tp+1,1, as we wanted to show. By using again equation (5) and taking
into account that all the roots of p,41 and p,4o are real, simple and intercalated, it is
easy to check that (—1)/pni3(zni1) > 0 for j = 2,...,d(n + 1), proving that p,43 has
d(n) = d(n+1) roots, intercalated with the ones of p,,11. By studying the behavior of p, 13
at infinity we get one more root, bigger than ;1 g,11) as we wanted to see. The case n

odd can be studied similarly.



By the Montgomery-Bochner Theorem (see Theorem 1) we know that the map F,

associated to the Coxeter recurrences (1) linearize on a neighborhood of each of its [”T“]

fixed points. The fact that these recurrences have a finite number of fixed points prevents

the possibility of having 1 as a eigenvalue of the characteristic polynomial associated to each

n+2]

of them. By using Lemma 2 we know that there are only [ different linear recurrences

without the eigenvalue 1. Hence to finish the proof of the Theorem it suffices to show

that if x = (z,...,z) and y = (y,...,y) are different fixed points of F,, then d(F,)x and

d(Fy,)y are linear models not conjugated. To see this it is enough to prove that af (x) =

Trace(d(Fy,)x) # Trace(d(Fy,)y) = g%z( ). By Proposition 3(i) it follows that

Poo(@1,.@n—2)
(1'1 T ): 8<1 Inp, —1 (%1, s T — 1)) :_Pn—Q(ZCl,.-.,xn_Q)
Y Oy ot (@r tn)’

Ofn
0xy,

In particular we will get 5 Ofn m(x) = — 15 323 and af" (y) = - a=2W) O the other hand since

pn—1(y)"

x and y are fixed points we get that p" Q(w) =21 and 1)"—2(1’) — Y=L hence we obtain
Pn—1(x) z pn—1(y) y
Ofn 71_1' 1_y76fn
as we want to prove. O

3.1 An example: n =25

In this section we illustrate our results for Coxeter maps taking n = 5. In this case the
map (2) writes as

F5(21, 2,23, 24, 75) = (22, T3, T4, T3, f5(T1, T2, ¥3, T4, T5))
with

1—21 1T +x1(zs + x4+ 25) + 22(2s + 25) + 2325(1 — 1)
l—21—29—23— 24+ 2123+ 2124+ T224

f5($1,$2,$3,.’174,l‘5)

)

and it is globally 8-periodic. Following Lemma 3 we know that there are only three real
8-periodic linear recurrences of order 5 not having the eigenvalue 1. Since the polynomial

A8 — 1 decomposes as
ANMo1=A-DA+ DA+ 1D)A2 = V2A+ 1)(A2 +V2A+ 1),
they are the ones having associated characteristic polynomials:
p1(N) = A+ DA+ V22 +1)(A2 = V2X + 1),

poN) = A+ DA+ 1A +vV2X1+1), and
p3(A) = A+ 1)(A2 +1)(A2 = V2X +1).



On the other hand the map F' has three fixed points x; := x;(1,1,1,1,1), i = 1,2,3,
%, o =1-— @ and x3 =1+ g It is easy to prove that for each i, i = 1,2, 3,

the characteristic polynomial of d(F5) at the point x; is exactly the polynomial p;()\), as it

with x1 =
is predicted by our Theorem.
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