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ABSTRACT. We deal with m-periodic, n-th order difference equations and study
whether they can be globally linearized. We give an affirmative answer when
m = n+ 1 and for most of the known examples appearing in the literature.
Our main tool is a refinement of the Montgomery-Bochner Theorem.

1. Introduction. In this paper we investigate the linearization of periodic differ-
ence equations defined on an open subset of R. A difference equation or a recurrence
of order n on R of class C* (k € NU {0} U {oo} U {w}) is an equation of the form:

Tjn = f(Tj,Tj01, - Tjrn—1) (1)

where z; € R for all i € N, and f is a C* map from an open subset of R” into R.

The study of the dynamics of the recurrence (1) is given by the dynamics of
the associated map F' : U — U, where U is an open subset of R™, not necessarily
connected, and F' is given by

F(zy,...,zn) = (22, ...y &, f(21, ..., T0))- (2)

We will say that equation (1) is m-periodic if F™ = Id and m is the smallest
natural with this property. Clearly, in this case, m > n and the only possibility for
m =nis when f(z1,...,2,) = x1.

Recall that it is said that a map F : U — U, C*-linearizes on an open set U C R”
if there exists a C*-homeomorphism, ¢ : U — ¢(U) C R™, for which G := ¢po Fotp~!
is the restriction of a linear map to ¥(U). The map v is called a linearization of
F on U. When the map F is of the form (2) and the linearized map G is as well
of the form (2) then we will say that the associated recurrence (1) linearizes in the
corresponding domain.

Notice that real periodic difference equations are a particular case of periodic
maps on subsets of R™. These maps have been largely studied. In order to have
a better understanding of our goal when we restrict our interest to maps of the
form (2), first we give a brief summary of some of the most relevant results on
general periodic maps on R”™.
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It is a well-known result that every periodic C¥ map on R is either the identity,
or 2-periodic and that in this later case it C*-linearizes (notice that in this situation
this is equivalent to say that it is C*-conjugated to —Id), see for instance [18]. From
a classical result of Kerékjarté, see [13] we also know that any C*, k > 0, m-periodic
map on R? is C%-linearizable on R2. This situation changes when n > 3. In a series
of papers, Bing shows that for any m > 2 there are continuous m-periodic maps
in R® which are not linearizable, see [6, 7]. On the other hand Montgomery and
Bochner prove a local result saying that a C¥, k > 1, m-periodic map having a fixed
point p is locally C*-linearizable in a neighborhood of p, see [21] or Theorem 2.1
below. However in [12, 16, 17] it is shown that for n > 7 there are continuous and
also differentiable periodic maps on R™ without fixed points.

In this context it is natural to wonder whether real m-periodic difference equa-
tions linearize. The main result of this paper answers this question when m = n+1.
We prove:

Theorem A. Let U C R™ be an open connected set and let F' : U — U given by
F(z1,...,2n) = (X2, ...y @0, f(21,...,20)) be a (n+ 1)-periodic recurrence of class
C*. Then F is C*-linearizable on U. More precisely, f is either increasing or de-
creasing with respect x1. If f is decreasing with respect x, then F is C*-conjugated to
Li(x1,..ovxn) = (T2, .., Ty, — iy ;) on p(U), where v is the C*-linearization.
Otherwise, n is odd and F is C*-conjugated to the linear map Lo(z1,...,1,) =
(T2, ..., Ty, Yoy (—1) ;) also on (U). Moreover when U = R™ the recurrence
is C*-linearizable on the whole R™ and hence it has a fized point.

For the particular case that U = (R*)" this result is also proved in the recent
paper [8] using different tools and an equivalent notation.

It is also natural to check whether the examples of periodic difference equations
appearing in the literature linearize or not. This is the second goal of this paper.

As we will see, many periodic difference equations correspond to maps F' of the
form (2), defined only on some proper subset U C R™. Let us see which are some
natural properties that these open sets U should satisfy. The special form of the
map F' and its periodicity implies that F'(U) = U and imposes restrictions on its
shape. In particular if F' is periodic we get that 7;(U) = 7;(U) forany i, = 1,...,n
where m; denotes the i-th projection. The characterization of the structure of these
periodic difference equations is perhaps a too general problem because, for example
when U is not connected the map F' can permute the different components, and
moreover since an iterate of F' is not a difference equation we cannot reduce the
problem to the study of the difference equation on a connected open set. So it seems
that the question of the linearization of a recurrence must be formulated when U is
homeomorphic to R™. Notice that in this case all the projections m;(U),i =1,...,n
have to be equal to the same open interval I C R.

Now we can state with more precision the question we deal with:
Question: Consider a couple U and F such that:

e The set U C R™ is homeomorphic to R".
e The map F : U — U is of the form (2), is of class C¥ and is m-periodic on U.

Is is true that F' linearizes? If yes, is it possible to get a linearized map of the
form (2)?

Under this point of view we collect from the literature as many as possible couples
U and F under the above hypotheses and we prove that they linearize as difference
equations. It is worth to comment here that while in this paper our approach
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to the periodicity problem is through the existence of a linearization, there are
different points of view. For instance in [9] it is proved that most periodic maps are
completely integrable.

We need to introduce some preliminary definitions. In the particular case where
the linearization of a recurrence is given by a conjugacy 1 of the form

@Z)(zlv""xn) = (1;(171),,@(1:”)), (3)

being ¢ : I = m (U) — R, we will say that the recurrence trivially linearizes on U.
Notice that each r» € N and each m-periodic difference equation of order n of the
form (1) generates a new rm-periodic difference equation of order rn given by

l‘j+7’n :f(xjvxj+rv'"7‘Tj+'r(n—1))7 (4)

or equivalently a periodic map of the form (2) with

F((L’l,.’L'Q, - -7xrn) = (.’L‘Q,%’{g, ceo s Trmy f(w1a$1+'r7x1+2r .. -7xl+r(nfl)))a

defined on some open subset of R™. We will say that (4) is a difference equation
derived from (1). If there is no any difference equation such that (1) is derived from
it, then we will say that (1) is minimal. For instance, from this point of view the
well-known Lyness periodic difference equations

_antl _ T Tyt

Tjto (5-periodic), Tjt3 (8-periodic), (5)
J Ty

are clearly minimal, while the derived periodic difference equations
Tjpr +1 Lo
Tjyor = Syt T2 (5r-periodic), Tjygr =
J Ly
with 1 < r € N, are not.

It is not difficult to prove that if a difference equation of the form (1) is C*-
linearizable on U then all the difference equations (4) derived from it are as well
C*-linearizable on the corresponding domains. Hence, from now on we will only
center our attention on periodic minimal difference equations.

Many periodic examples exhibited in the literature consist on difference equations
defined on U = (RT)", where R™ = {z € R, z > 0}, and they are trivially C*
linearizable. This is the case for the ones appearing in [1, 3, 4, 5, 20],

C .
Tjyn = , C>0, (n+1)-periodic,
TiTj1 - Tjgn—1
TjTjro Tjpp_
Tjtn Ji+2 Jtn-1 , nodd, (n+ 1)-periodic,
Tj+125+3 " Tj4n—2

41 j 1 . .
Tjtr ¥ Tjtor 1 (8r-periodic),

¢
Tj43 = Tj <xj+2> , where ¢ = ¢+ 1, 5-periodic.
Ljt+1

To see this it suffices to consider the linearization (3) given by the analytic map
¥ : (0,00) = R, where ¢(z) = Inz. We want to comment that the goal of these
papers is not to prove that the above difference equations are periodic, because as
we have seen this is quite easy, but to prove that they are the only ones once some
special form of the difference equation and some period are fixed.

On the other hand periodic recurrences which seem not to be trivially linearizable
are given by the Lyness equations (5) and in the papers [2, 3, 10, 14, 15]. We will
study them in Section 4.
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In Subsection 4.1 we prove that the Lyness recurrences (5) are not trivially
linearizable but they are C* linearizable. We point out that we do not study the
8-periodic recurrence given in [15],

. :.CL’]‘+1—,Z‘]‘+2—1
743 xj 9
because it can be seen that it has no connected invariant regions.

In Subsection 4.2 we also prove global linearization results for the max-type

periodic recurrences, like the 5-periodic one,

Tjpe = max(z;i1,0) — zj,

defined on the whole R2.

That all the periodic recurrences given in [2], constructed by using symmetric
functions, are linearizable is proved in Subsection 4.3.

Finally, in Subsection 4.4 we make some comments on the periodic recurrences
given by Coxeter in [14].

2. Preliminary results. In this section we recall three classical results, the Mont-
gomery-Bochner Theorem about local linearization of periodic maps with a fixed
point, the Kerékjarté Theorem about the linearization of planar periodic maps and
a theorem that gives a standard way for proving that a local homeomorphism is
a global one: the properness of the homeomorphism. We also prove the first one,
because it inspired some of our proofs.

Theorem 2.1. (Montgomery-Bochner Theorem, see [21]) Let U C R™ be an open
set and let F : U — U be a map of class C"(U), r > 1, such that F™ = Id for some
integer number m > 1. If p € U is a fized point of F' then there is a neighborhood
of p in U where the dynamical system generated by F is C* linearizable. Moreover
the conjugated linear system is given by the linear map L(z) := d(F'), x.

Proof. Consider the map from U into R", defined as

lm—l ) )
w:E;L o F'.

Note that since F' is m-periodic then L is also m-periodic and then L o) = 1 o F.
That v is locally invertible and has the same regularity as F' follows by applying
the Inverse Function Theorem, because d(¢), = Id. O

Remark 2.2. Notice that from the proof of the above Theorem it is easy to get
the classification of CF-periodic maps in R as either the identity or globally C*-
conjugated to —Id.

Theorem 2.3. (Kerékjdrté’s Theorem, see [13]) Let U C R? be homeomorphic to
R? and let F : U — U be a C*, m-periodic map, k > 0. Then F is C°-linearizable.

Corollary 2.4. Consider a second order C*-periodic recurrence. Let U C R? be the
open set where the map F, given in (2) and associated to it, is defined and assume
that U is homeomorphic to R%2. Then the recurrence is linearizable in U.

Proof. From Kerékjart’s Theorem it is clear that F is linearizable. We only need to
prove that it is always possible to make a further linear change of variables such that
this linear map is of the form (2). Since we are in R? the only situations where this is
not possible would be the ones where the linear map L is either L = Id or L = —Id.
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Clearly the first case is impossible because the only map conjugated to the identity
is the identity itself, which is not a difference equation. Similarly, in the second case
the recurrence would be 2-periodic, but the only 2-periodic recurrence is the one
given by the map F(x,y) = (y,x) which is clearly not conjugated to —Id, because
the dimension of the corresponding spaces of fixed points do not coincide. O

Recall that a continuous map F : R™ — R” is proper if and only if F~1(C) is a
compact set whenever C' is a compact set. Sometimes is useful to use the following
characterization for the properness of a map F' : for any sequence {z,}, leaving
any compact of R™, the sequence {F(z,)}, also leaves any compact of R".

The next result implies that in R™ a local homeomorphism having this property
is indeed a global homeomorphism.

Theorem 2.5. ([22]) Consider F : R"™ — R". Then F is a homeomorphism of R"
onto R™ if and only if F' is a local homeomorphism and it is a proper map.

As a corollary of the above result it is not difficult to get a more general one that
we will use in Section 4.

Corollary 2.6. Let U and V open subsets of R"™. Assume that both sets are home-
omorphic to R™ and F : U — V. Then F is a homeomorphism of U into V if and
only if it is a local homeomorphism and for any sequence {x,, },, leaving any compact
set of U, the sequence {F(xy)}n leaves also any compact set of V.

3. Proof of Theorem A. We start by proving some preliminary results. The
first one is already known, see [15, 19], but we include a proof for the sake of
completeness.

Lemma 3.1. Let L : R™ — R" be a periodic linear map be such that L(x1, ..., x,) =
(2, T, (21,22, ..., 2p)). Then the characteristic polynomial of L has no mul-
tiple roots.

Proof. Since L is linear we can consider L : C™ — C". Since for any A € C, for any
Jordan block and for any m € N,

m

A1 0 ... 00
0O x1 ... 00
I
0 0 0 ... A 1
0 00 ... 0 A

we get that L is diagonalizable. So to prove the result it suffices to show that for
any A eigenvalue of L the corresponding space of eigenvectors is one dimensional.
Let A be an eigenvalue of L and 0 # e € C™ such that L(e) = Xe. Then e =
(21, \x1,. .., A" toy) =21 (1, A, ..., A" 1) and the result follows. O

Note that the decomposition of ™ — 1, m > 1 in real factors is

N @+ D)z —1) H;(ﬁ—w/?(gg? +s;x+ 1), when m is even, (©)
€T —_ =
(x—1) Hg.(:"}_l)m(:ﬁ + 8@+ 1), when m is odd,
where s; = —2Re(x;) = —2Re(T;) being z; and Z; all the couples of non-real

conjugated m-roots of the unity.
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Lemma 3.2. Any m-periodic, n-th order real linear difference equation writes as
Tntj = —An—1Tn+j—1 — An—2Tp+4j—2 — - — A2Tj42 — A1Tj41 — ATy,

with corresponding linear map in R™

L(z1,22,...,%n) = (T2, T3, ..., Tn, —Ap—1Tpn — Qp—2Tn_1— "+ — A2T3 — A1T2 — ApT1),

where
™ —1
Prn(z)
and Pp,—(x) is any polynomial of degree m —n constructed by taking different real
factors of the decomposition of ™ — 1 given in (6).

=2" 4+ ap12" "+ an_22" P + -+ ap2® + arx + ag = Qn(x),

Proof. From Lemma 3.1 the characteristic polynomial of L, which is @, (\), can not
have multiple roots. On the other hand it is a real polynomial with degree n and
all its roots must be m-roots of the unity. So the result follows. (I

Notice that some of the difference equations generated in the above lemma can
be m/-periodic with m’ a divisor of m.

Corollary 3.3. There are only two different (n + 1)-periodic linear recurrences of
order n with real coefficients. If we write them as
L(z1,...,zn) = (22, ..., 20, (21, 22,...))

then either n is arbitrary and

l(a:l,...,a:n):—Zwi
i=1
orn is odd and

l(xlv LR In) = Z(_1)1+1I1
i=1

Proof. From Lemma 3.2 it suffices to study how many polynomials of degree n can
be constructed from the decomposition of 2! — 1 given in (6). When n is even

case this implies that @, (z) = ””n;_ll_l = > 1 oz’ In the odd case there is another

possibility, namely Q,,(z) = my;:lfl =30 (1)t O

Let F : U — U given by F(x1,...,2,) = (z2,...,Zn, f(x1,...,2,)) be a con-
tinuous (n + 1)-periodic recurrence, where U is an open connected subset of R
and let the open interval 7;(U) = I C R be any of its projections. Also for any
i€ {l,...,n}let 7' : U — R"~! the projection that eliminates the i-coordinate.
For each i € {1,...,n} and for any (21,...,2,_1) € 7 (U) set

):{tEIZ(.’L‘l,...,t,...,.Z'n_l)EU}.

7
(1:11-~-7$n—1

Clearly I (1

L1yenns
open intervals which are its connected components.

ono1) is and open subset of I and hence it is a countable union of

(1, sTn—1) | 74
Now we define f;™' ! ey I DY
fi(ml’m’xnfl)($) = f(.%'l, PR P Y SN 17 SN xn_l).
Notice that fi(Il’”"I”‘l) is a continuous map for any i € {1,...,n} and for all

(.Z'1,...,.Z'n_1) S WZ(U)
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Lemma 3.4. Let F: U — U be a continuous (n + 1)-periodic recurrence

F(xy,...,zn) = (X2, ..oy @0, f(21, .., 20)),
where U is an open connected subset of R™ and w(U) = I. Then for any i €
{1,...,n} and for all (z1,...,2,_1) € 7(U), fi(zl"”’x"’l) is an homeomorphism

of I(i$17~-»,$n—1) into its image. Moreover either fi(zl’“"x"’l) is decreasing for all
i€{l,...,n} and for all (z1,...,2p—1) € 7 (U) or n is odd and (—1)ifi(w1"“’$”’l)
is decreasing for all i € {1,...,n} and for all (x1,...,2,_1) € R*7L.
Proof. From the fact that I is (n+ 1)-periodic it follows that for any i € {1,...,n}
and for all (z1,...,2p1) € 7'(U),and x € Iy, .~ ) we have

F@e, oo o1, f(T1, o T, Ty Ty e oy Tpe1 )y Ty e v oy Tl ) = T, (7)

which can be written as

Bl () (@) = .

Thus we obtain that
fT(Lgiié.J.r.l,xn_l,xl,...,zi—1) o fi($17~--,$n—1) = 1d.
Applying the above equality to n—i+1 instead of ¢ and (z;, ..., Tp—1,Z1,...,Ti—1)
instead of (x1,...,2,—1) we get

(1, sTn—1) (TiyeesTr—1,T1,0,Ti—1)
1; o fn7i+1 = Id.

This proves that fi(zl’”"r"‘l) is a homeomorphism of I(im1 .y into its image.

ey Ty —
i

(T1500y T )
is monotone on each of the connected components of I Zzl B

Since I

) s a countable union of open intervals this implies that fi(“"”’w"‘l)

GTp—1)”

For any fixed i € {1,...,n} we claim that either for all (z1...,2,_1) € 7(U),

fi(xl"”’w”’l) is increasing on all the connected components of I(ixl,....,zn,l) or for all
(x1...,20_1) € T(U), fi(x]"'”m"’l) is decreasing on all the connected components
of I(lxl,...,znfl)’ To do this consider

V={(x1,...,2,) €U : fi(“"“’m"”l"““""’w") is increasing at x;}.

If V = () the claim is proved. So assume that x € V and set A = (a1,b1) X ... X

(an, b)) be an open neighborhood of  in U. Then, for any (y1,. . -, Yi—1, Yit1s- - - Yn) €

7i(A), f(iy1 it yisrsyn 18 defined in (ag, b;). Thus the family
f(iyl,~--7yi71,yi+1,»--,yn) (ai,bi)’ with (Y1, Yie1,Yis1s -5 Yn) € 7 (A),

is a continuous family of monotone homeomorphisms on (a;, b;). Since z € A and
z € V we have that (z1,...,%i—1,Tit1,-..,%n) € T(A) and f(lm1 ) ) is

L1, T e Ty
increasing on (a;, b;). By continuity arguments this implies that f(iyl,..-,yifl,yiﬂ,...,yn)
is increasing in (a;, b;) for all (y1,...,Yi—1,Yit1,---,Yn) € 7 (A). Hence A C V and
V' is a open subset of U. The same argument can be used to show that V is closed
in U. Since U is connected we obtain V = U and the claim is proved.

Since from the above observation the character (increasing or decreasing) of the

(T150sTn—1)

maps f; is independent of (x1, ..., z,—1) from now on we will speak about
the character of the maps f;



8 ANNA CIMA, ARMENGOL GASULL AND FRANCESC MANOSAS

Consider now the case when f; is decreasing. Note that in this case f, is also
decreasing. We will prove by induction that f; is decreasing for all i = 1,... n.
For i = 1 there is nothing to prove. Assume now that f; is decreasing and we will
prove that f;y1 is also decreasing. Suppose to arrive a contradiction that f;11 is
increasing and consider the equality

flra, .. mp, f(21,. .., 20)) = 21

When ;11 increases, the i and n coordinates of y = (w2, ..., %, f(z1,...,2n)) also
increase. Since by induction hypothesis f; and f,, are decreasing it follows that the
left part of this equation decreases when the (i + 1)-th coordinate increases. This
contradicts the fact that the right part of the equation is independent of x;,1. This
proves that f;11 is decreasing.

Now it remains the case when f; is increasing. Remember that in this case f,, is
also increasing. We must to prove that (—1)!f; is decreasing for i = 1,...,n. To do
this it suffices to show that if f; is increasing (respectively decreasing) then f;q is
decreasing (respectively increasing). To do this consider the equation

f(va“’7In7f<1'17“~71'n)):Il

and suppose for instance that f; is increasing. Suppose to arrive a contradiction
that f; 1 is also increasing. Then when ;41 increases the i-th and n-th coordinates
of y = (xa,...,&n, f(x1,...,2,)) increase and since f; and f, are increasing then
the left part of the equation increases when ;11 increases which contradicts the
fact that the right part of the equation does not depends on x;41. The other case
follows by the same argument.

Lastly, note that in this last case, since f; and f,_;+; must have the same
character and (—1)*f; must be increasing, this implies that n is odd. O

Lemma 3.5. Let F: U — U be a (n + 1)-periodic recurrence of class C!,

F(x1,...,zn) = (T2, ..o @p, f(21, .. 20)),

where U is an open connected subset of R™. Then % # 0 foralli=1,...,n.
Moreover either g—;i <0 foralli=1,...,n orn is odd and (—l)ig—gi: < 0.

Proof. First of all note that since F o F" = Id it follows that F is a diffeo-
morphism on U. Hence (—1)"*! (aa_xfl) = det (d(F);) # 0. From the equality

f(F(x1,...,2,)) = 1 we deduce that ( of ) ( ).(ﬁ)( : = 1. This
F(x1,...,xpn T1yeeeyTp

Oy, Ox1

implies that % # 0 and has the same sign as 88—{1‘ We also get

)N O BN o) AL
8.7,'1‘ F(x1,...,xpn) 8'7;" F(z1,...,xn) ax“‘l (Z1,..,%n)

fori=1,...,n—1.
Now assume that aa—fl < 0. Then % < 0 and from equation (8) for i = 1 we

n

obtain that a‘% < 0. Thus applying recursively equation (8) for ¢ = j we obtain

of
that T < 0.

Lastly assume that g—jl > 0. Then 08{ - > 0. Also applying equation (8) fori=1

Ox

we obtain that g—mfz < 0. Thus applying recursively equation (8) for i = j we obtain

that 887]:83?_7];1 < 0. So we get that (—l)ig—wfi < 0 for ¢« = 1,...,n. In particular
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(71)”8‘1—fn < 0 and since aan > 0 we deduce that n must be odd. This finish the

n

proof of the Lemma. O

Proof of Theorem A. From Lemma 3.4 we already know that f; is a homeomor-
phism of I into its image. So either f is increasing with respect x; or it is decreas-
ing.

We consider first the case when f is increasing with respect ;. From Lemma 3.4
it follows that n is odd and f is increasing with respect to the odd coordinates and
decreasing with respect to the even coordinates.

First of all we will prove that F is C°-conjugated to L. Similarly that in the
proof of the Montgomery-Bochner Theorem, consider the map ¢ : U — ¢(U) given
by ¢ = %H Sy Ly' o F'. We have that

poF =1Lsop
and we will prove that ¢ is an homeomorphism of U into ¢(U). Notice that, in
contrast with the proof of Montgomery-Bochner Theorem, we are not assuming

smoothness conditions on F. Using that F and Lo are (n + 1)-periodic, for i =
1,...,n — 1 we obtain

Fizy, .. xn) = (Tigts ooy Ty f(@1, 0y T0)y T1y ey 1)
and
F'(z1,...,20) = (f(z1,. .., 20), &1, o, Tpe1).
Also for i = 2,...,n we have
Ly'(xy, ... xn) = LT 2y, 2)
n
= (Tpta—i, - .,xn,Z(—l)ijj,xl, ey Tn—i),
j=1
and

n

L;l(wl,...,xn) =Ly(x1,...,2n) = (Z(—l)jﬂajj,xl,...,xn,l).

j=1
Thus we obtain that
Ly (Fi(wy,... 2) =

(xl, e Ti_1, T (—1)i+1(i(—1)jxj + flx,... ,fn)),l“z‘+17 .. ,xn) 9)

j=1
and if we denote by ¢; the j component of ¢ we get,
1 . n .
@i, ovwn) = — = (0 Dy + (DM (D' + flan, o))
i=1

To prove the invertibility of ¢ it suffices to show that for any (uq,...,u,) € ©(U)
the system

wj(x1, .. Tn) =uj, j=1,...,n (10)
has only one solution. To do this for any j =2,4,...,n — 1 we get
(n+1)(uj +ur) = (n+1) (021, 2n) + 1(21..,20)) = (R4 1)(z; + 21).

Then z; = uj +u; — x1. On the other hand for j = 3,5...,n we have

(n+ 1w —u1) = (n+1)(gj(z1...,20) —p1(z1...,20)) = (n+1)(z; —21),
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and we obtain z; = u; — u; + 1. Substituting in the first equation we get

(n+ 1)z —nzy + (n— Dur+
n
Z(_l)iui + flzy,—2y fug +ur, .., Fup —ur) = (n 4 Dug.
=2

Hence,

1+ fxy, —o1 +ug +ug, .., (DT ey g 4 (D) g, 2 A Uy — )
n

= 211,1 — Z(—l)’ul

=2

Now we consider the map g, .4, : J C R = R defined by

Gur,un) (@) = 2+ f(2, =2 +uz +u1, ..., (=) w4+ (1) u, ... 24wy —uy).

Since by Lemma 3.4, f is decreasing in its even variables and increasing in its odd
variables it follows that g(,, . .,) is increasing and so it is injective, as we wanted
to see.

Finally, when U = R™ we have that lim; 400 g(u,,...u,) (%) = £00. Then gy, .. .u,)
is a homeomorphism of R. Hence ¢ has a global continuous inverse in the whole R™
given by

e U,y up) = (T1,u2 + U+ T Uy — U+ T)

where 27 = 9(111,...%)(2“1 =3 (= 1) ).

Until now we have proved that ¢ is a C’-conjugation between F' and L. Now
assume that F is of class C¥ with k& > 1. Then by construction ¢ is also of class C*.
So to prove the theorem in this case it only remains to see that ¢! also is of class
C*. By the Inverse Function Theorem it suffices to show that det (d(p),) # 0, for
all z € R™. Differentiating the expression of ¢ we obtain

n+a(z) l4+ax(z) —1+asz(x) ... —1+4an(x)
l—ai(z) n—ax(z) 1—as(z) ... 1—au(x)
d(p)s = 1 —1+ai(z) 1+az(z) n+as(z) ... —1+ay(z)
n+l1 : : S |
—1+ai(z) 1+az(z) —1+as(z) ... n+ay(z)
where for the sake of simplicity we write a;(z) = (g—gi) (2),i=1,2,...,n.

In order to compute the determinant of the above matrix we first consider the
simplest one

—14ai(z) 1+4as(z) —14+as(z) ... —1+a,(x)
1—ai(x) —1—ax(z) 1—asz(x) ... 1—ap(z)
An(z) = —14a(z) 1+4a(zr) —1+4+as(x) ... —14an(x)

71+a1(x). 1+a2(xj 71+a3(z). 71+an(x).
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1
Notice that d(¢), = n—_H(An(x) + (n+1)Id). Clearly A, (z) has n — 1 null eigen-

values and hence its characteristic polynomial is

Pn()\,x)::det(An(x)f)\Id):f)\”Jr(7n+z 1)itla )Anl

Since
det (d(‘p)x) = (ﬁ) Pn(_(n + 1)73:) = 1 (1 + Z(_l)i+1ai(x)> )
we get that

det(d()) = (1 + Z v (55 <x>) .

Remember that in our case f is increasing with respect the first coordinate, so
g—mfl > 0. Then by Lemma 3.5 we get that (fl)i"'lg—gfi > 0 for ¢ =1,...,n. Thus
det (d(y)z) > 0 and this finishes the proof of this case.

Now assume that f is decreasing with respect to z1. As in the previous case, we
first prove that I is C°-conjugated to Li. Again the conjugation that we consider is
similar to the one used in the proof of the Montgomery—Bochner Theorem. Consider
¥ : U — ¢(U) defined as ¢ = n+1 S oLy o F'. In this case we get that

1
¢j(x1,...,xn)=n—_H<n+1 sz 1'17---3-%'71))7

where 1); is the j component of .
Arguing as is in the previous case we obtain that the inverse of 1 is

Y (ur, ) = (T, U2 —u Ty Uy — ug + T),

where z1 = f(;i__ﬂu”)@ul + > u;) and Jur, o)+ J C R — Ris defined as

Junyu) (@) =0 — f(z,2 4 ug —u1, ..., 2+ up — ur).

Notice that again by Lemma 3.4, f is decreasing in all its variables and so it follows
that fe,, ... u,) is increasing giving the injectivity of the map, as we wanted to prove.
When U = R" we have that lim, 4o f(u,,...,u,) (%) = £00, proving that f,, .. .,
is a homeomorphism of R.
To show that v is a C*-conjugation between F' and L; when F is of class C* with
k > 1, we will show that det (d(¢);) # 0 for z € R. After some computations we
have that

()@ - ()@ - ()
aon =y | 71U o) e )

() - ()@ e (E)@
and
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Since in our case f is decreasing with respect the first coordinate, we get that ng
1

0. Then by Lemma 3.5 we have that % <0fori=1,...,n. Thus det (d(¢);) # 0
O

as we wanted to see. This ends the proé)f of the theorem.

4. Non—trivial linearizations. In this section we give non—trivial linearizations
for most of the known periodic recurrences.

4.1. Lyness type maps. This subsection is devoted to study the linearizations
of the well-known Lyness maps. Recall that they are given by G(z,y) = (y, H'Ty)
which is 5-periodic and H(z,y, 2z) = (v, z, %) which is 8-periodic.

First we consider the map G. Easy computations show that G and its iterates are
defined in R?\ £ where L is the union of the straight lines x = 0,2 = -1,y = 0,y =
—1,z +y = —1. Clearly R?\ £ has twelve connected components and G fixes two
components and permutes the rest. We denote by A = {(z,y) € R?: z > 0,y > 0}
and by B the interior of the triangle with vertices (—1,0),(—1,—1) and (0,—1)
which are the two components invariants by G. The next Lemma shows that G|
and G|p are not trivially linearizable.

Lemma 4.1. The maps G|a and G|p are not trivially linearizable.

Proof. Along this proof we will denote by C' any of the two sets A or B, indistinctly.
Also, we set p = (c,c) for the corresponding fixed point, (a,a) = H'—Q‘/g(l, 1) or
(b,b) = 1555(1,1).

We will prove our result by contradiction. Assume that G|¢ is trivially lineariz-
able. The point p = (¢, ¢) with ¢ = ¢ + 1 belongs to C and it is a fixed point of G.
The Montgomery-Bochner Theorem implies that G is conjugated in a neighborhood
of p to the linear recurrence given by (dG), that is L(z,y) = (y, —x +y/c). Then it
must exists a homeomorphism ¢ : 7(C) — p(7(C)), where 7(C) is the projection
of C' into any of the coordinate axis, such that

@C+ﬂ)—wm+f93 (11)

€T c

for all (x,y) € C. Note also that ¢ must satisfy that ¢ (¢) = 0 because the map ¢
has to send the fixed point of G|¢ to the fixed point of L. Thus putting x = ¢ in

the above equality we obtain
1+y
o) - 22, (12)
c c

for ally € CN{x =c}.
In the case C' = A, ¢ = a equation (12) implies that ¢ can be extended contin-
uously to 0 putting ¢(0) = ap (1/a). Since a=2 = 1 — a1, by using again (12) we

get
1+1/a) o(1/a)

a a

1 1
1 = —_— —) =
R
On the other hand, by (11),
©(0) 11 1
1) = —p(1) + 22 = (1) + ~ap(=) = —p(1 =
p(1) = —e(1) + = p(1) + —ap(—) = —¢(1) + o)
which gives that ¢(1) = ¢(1/a)/2. The above two equations imply that ¢(1/a) =0
and since ¢(a) = 0 this contradicts the fact that ¢ is a homeomorphism.
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Consider now the case C' = B,c¢ = b. In this situation, equation (12) implies
that ¢ can be extended continuously to —1 putting p(—1) = ¢(—1 — b)/b. Then,
by (11), we get

o1 = 2= Lo () = 3 (—et-+ B2 = —ot-1)

which implies p(—1) = 0 = ¢(b). This equality is again in contradiction with the
fact that ¢ is a homeomorphism. So the result follows. (I

Despite the fact that G|4 and G|p are not trivially linearizable we prove that
they are C¥-linearizable. It is worth to comment that the fact that they are C°-
linearizable follows from Kerékjarté’s Theorem, see Corollary 2.4.

Theorem 4.2. The maps G|a and G|g are C¥-linearizable.

Proof. As in the proof of Lemma 4.1, we denote by C anyone of the two sets A or
B, indistinctly and by p = (c,¢), with ¢ = ¢ + 1, the corresponding fixed point,
(a,a) or (b,b), where a = %g and b = %g

To prove the theorem we will use Corollary 2.6 to show that the local C*-
linearization ¢ at the fixed point given in the proof of the Montgomery-Bochner
Theorem is indeed a global C¥-linearization from C' into R2.

As a first step we compute ¢ and prove that in both cases it is a locally C¥
invertible map.

By the proof of Montgomery-Bochner Theorem we know that the linearization
near p is given by the map

1 4
5ZL (G5 (2

being z = (z,y) and L(x,y) = (y, —x + y/c). After some computations we get that
pela,y) = (pi(x,y),¢2(2,y)), where @ : C = ¢.(C)

ol (@,y) = % <2x+(c1) (y+ le) C(l—;—y + 1+;y+y)> . (13)
o) = ebtna) = ot (12 (1)

and moreover that
1
det (d(@c)(T y)) m ( (2 + C) <x3y3 +$4y —|—y4$ +,1,‘3 +y3 +23;‘2 —|—2y2 —+x + y)

+(=1+20) 2%y (@ +y) + (L +3c)ay (2 +¢)

P (7,y)

1
25x3y3 (15)

+bexy (x +y) + (3+4c)xy) =

Note also that when ¢ = a = 1+2‘/5, then 2 +¢,—14 2¢,1+ 3¢, c and 3 + 4c are
all positive. Hence det (d(¢,))]a > 0 and we have proved that ¢, : A — R? is a
local C¥ diffeomorphism.

We claim that det (d(¢p)) |p does not vanish. Since the proof of this fact requires
some more computations we postpone it for the moment. From the claim we get
that ¢, : B — R? is also a local diffeomorphism.

Let us prove now that in both cases ¢. : C — ¢.(C) is a proper map.
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When C = A, consider the map ¢, : A — R2. To see that it is proper it suffices
to prove that given a sequence {p, = (zn,yn)}n of points contained in A, that
approaches either to its boundary 0A = {(z,y) : x = 0,y > 0} U {(z,y) : = >
0,y = 0} or to infinity, then {¢,(pn)}n» tends to infinity.

The above assertion is easy to prove by doing a case by case study. For instance,
assume that {z,},, tends to infinity and {yy, }, remains bounded. Then, by (13) we
get that {p!(p,)}n, tends to +00 because the negative terms remain bounded. The
other cases follow similarly.

To prove the properness of ¢, : B — ¢p(B) is a little bit more complicated.
Clearly ¢p extends continuously to the boundary of the triangle B except at the
points (—1,0) and (0, —1). Some computations show the following facts:

(a) The image by ¢ of the segment given by the equation z + y + 1 = 0 with
z € (—1,0) is the segment ¢; with endpoints (—1,2 —b) and (2 — b, —1).

(b) The image by ¢, of the segment given by the equation x +1 = 0 with y €
[—1,0) is the segment ¢, with endpoints (2b — 2,2 —b) and (-1, —1).

(¢) The image by ¢, of the segment given by the equation y +1 = 0 with = €
[—1,0) is the segment ¢35 with endpoints (2 — b,2b —2) and (-1, —1).

(d) The set of accumulation points of ¢p(2z) when z tends to (—1,0) and z € B is
the segment ¢4 with endpoints (2b — 2,2 — b) and (—1,2 —b).

(e) The set of accumulation points of ¢,(z) when z tends to (0, —1) and z € B is
the segment ¢5 with endpoints (2 — b,2b — 2) and (2 — b, —1).

The five segments described in the above list determine a pentagone in R?. We
denote by P the open bounded component of R? \ U?_,¢; . Clearly ¢(B) C P
and for all p, € B with p, — 9(B) we get that ¢p(p,) — U2_,¢; = 9(P). Thus
wp : B — P = pp(B) is a proper map.

In short, we have proved that for C either A or B, the map ¢. : C' — P = ¢.(C)
given in (13) is proper and a local C* diffeomorphism. Hence by Corollary 2.6 the
theorem follows.

To end the proof we have to prove the above claim. Concretely we will prove
that the function ®(z,y) given in (15) does not vanish on B. To do this it is more
convenient to use the new coordinates u,v given by ¢ = u — 1,y = v —u — 1. By
using them we write

Pp(z,y) = Pp(u— 1,0 —u—1) := D(u,v),

where D(u,v) is a polynomial of degree 6. It is clear that it suffices to prove that
D(u,v) does not vanishes on the interior of a new triangle, B’ that in the (u,v)
coordinates has the boundary given by the straight lines w = 0,v =1 and u—v = 0.
In Figure 1 we illustrate the situation by plotting the triangle B’ and the algebraic
curve D(u,v) = 0. Let us prove this fact.

Our proof follows by showing that for each v € (0, 1), the equation D(u,v) =0
has always six simple real solutions and that none of the corresponding points is
inside the triangle B’. This result will be a consequence of the following facts:

(a) The resultant of D(u,v) with respect to v does not vanish when u € (0,1).

(b) The functions D(0,v) and D(v,v) do not vanish when v € [0,1).

(¢) The function D(u,1) does not vanish when u € (0,1).

(d) The function D(u,0) has six real roots, all of them simple and the correspond-
ing points are outside B’.

(f) The algebraic curve D has two branches at each of the points (0,1) and (1,1)
and none of them enters in the triangle B’.
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Figure 1. Triangle B’ and the algebraic curve D(u,v) = 0.

Before proving the above statements let us see how our result follows from them.
By item (d) we know that D(u,0) has six simple real roots, all outside B’. First
of all, let us see that for all fixed v € [0,1) the polynomial D, : u — D(u,v) has
always six simple real roots. Since D,(u) = (v/5 —5)/2u’® 4 --- and by item (a),
Res(D(u,v),v) is not zero in our region, we know that there are no multiple roots.
Since the roots depend continuously (even in the complex) on v and the coefficients
of D, are real, the number of real roots has to be always six. Again by the continuity
of the roots with respect to v, the only way for changing the number of real roots
of D, in B’ is that for some v € (0,1) some root passes through its boundary.
Precisely, items (a)—(c) and (f) prevent this fact. Thus the result follows.

Let us prove statements (a)—(f). Straightforward computations give that

Res(D(u,v),v) = <W> u?(u —1)* (8u2 + (3V5 = T)u+ 15 — 5\/5) X

(2u3 + (V5 = 5)u + (9 — 3v5)u — 2)2 (Qu —3- \/3)3 X
(—2u3 +(9+3VE)u? — (25 + 13v5)u + 22+ 12\/5)2 .

From the above expression it is easy to prove statement (a).
Simple computations give that D(0,v) = D(v,v) = p(v) and D(u,1) = u?p(u),

where
p(v) = <\/§4_ 5) (21}2 —20—5— 3\/3) (v—1)*
and that
D(u,0) = (Vglg 5) (2u4 — (154 5VB)u? + 15 + 7\/5) (4u2 +2V5 — 6) :

Hence we can easily check that items (b), (c) and (d) follow.
Finally, to prove statement (f), observe that near (0,1) we have

D(u,v) = (ﬂ) [uZ + (v — 1)2} _ (ﬂ) w(v—1)+ Os(u,v — 1),
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and near (1,1),

D(u,v) = (ﬂ) (u—1)>2

+(5‘/g> [(u—l)(v_l)_(v_w +Os(u—1,0—1).

2

Hence in both cases the two lines given by the quadratic part of D near the points
does not enter inside B’. This fact implies that locally the same result holds for the
curve D(u,v) = 0. Hence the claim follows. |

We could also consider the same questions that we have developed in this section
for the two dimensional Lyness map, but for the three dimensional Lyness map,
H(z,y,z) = (y, #, 1+++Z) All that we have done in this direction seems to indicate
that the results would be the same that in the two dimensional case, and that the
techniques to prove them are also the same, but with much more computational
effort. For instance it can be proved that H and its iterates are defined in R3 \ £
where £ is now the union of the surfaces z = 0,y = 0,2 =0,y = —(z+1)(2+1), 2+
y=—1and z+y = —1. Then R?\ £ is divided into a finite number of connected
components and only two of them are fixed by H. They are A = {(z,y,2) € R :
x>0,y > 0,z > 0} and the bounded region B limited by the two planes z+y = —1,
z+y = —1 and the surface y = —(+1)(z+1). Moreover each one of them contains
a fixed point (c,c, c) with ¢ = 2¢ + 1. In both cases it is also not difficult to get
the candidate ¢. to be the linearization, given similarly that in the proof of the
Montgomery-Bochner Theorem. Moreover when C = A it is easy to see that ¢,
is a local diffeomorphism. On the other hand, at least at the level of numerical
experiments, it also seems true that when C' = B, the determinant of d (¢;) on B
does not vanish, and so, that ¢ is also a local diffeomorphism. We have not done
all the details but we believe that H|¢, for C either A or B, is linearizable and the
linearization is given by ..

4.2. Max-type equations. By Corollary 2.4 it is clear that the well-known ex-
amples

Tjpo = max(xj41,0) —x; (5-periodic), zjy2 =|zj41|—z; (9-periodic), (16)

appearing for instance in [15], C%linearize. This subsection is devoted to find a
piecewise linear linearization of the 5-periodic example and indicate the main steps
to perform a similar study for the third order Lyness recurrence,

Zjr3 = max(xjr2,241,0) — x5, (8-periodic). (17)

The first equation of (16) and equation (17) are often also called Lyness equations
because they can be seen as the limit when A tends to infinity of the difference
equations

Znt2 = logy (1 4+ N*nF1) — 2z,
and
Znts = logy (14 N+t 4 A\¥n42) — 2
which (for A > 0 and positive initial conditions) are clearly trivially conjugated to

the two and three dimensional Lyness equations, respectively, by means of ¢ (z) =
AT,
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Proposition 4.3. The map
F($7y) = (y,maX(O,y) —.T) (18)

is globally conjugated to the linear 5-periodic map

V5 —1
2

L(xvy):(yv_x—’_ y)7
by means of a piecewise linear conjugation.

Proof. Using that our map F(z,y) is the limit when A tends to infinity of the map
(y, log, (A\Y + \¥) — z) it is easily seen that each five-cycle is given by

z,Y, maX(O7y) -, maX(O,x,y) —Tr—Y, maX(O,x) - Y.
A simple calculation shows that the two components of the map v = % 24 o(L7%0
F?) are
1
i(x,y) = g((4 + 2k)z + (k 4+ 1)(y — max (0, y) — max (0, z,y)) + kmax (0, z))

and 1o (z,y) = ¥1(y, ), where k = (v/5—1)/2. The map v (z,y) is piecewise linear.
In fact, it can be written as

((2k +3)z, —(k+ 1)z + (3k +4)y) /5 if (z,9) € Ry,
(2k+3x+(kz+1)y, —(k+1Dz+ 2k+4)y) /5 if (z,y) € Ra,
P(r,y) =< (2k+4)z—(k+ 1y, (k+1)a+ (2k+ 3)y) /5 if (z,9) € Rs,
(2k+ Dz + (k+ 1y, (k+Da+ (2k+4)y) /5 if (z,y) € Ry,
(Bk+4)x—(k+ 1)y, (2k+3)y) /5 if (x,y) € Rs,

where the regions R; are defined by

Ry ={(z,y) eR*:y>0,2—y>0}, Ry={(z,y) eR*:2>0,y<0},
Rs = {(z,y) e R* 12 < 0,y > 0}, Ry={(z,y) €eR? 12 < 0,y < 0},
Rs ={(z,y) €R? : 2 >0,y — x > 0}.
These five regions are delimited by five half-straight lines, starting at the origin,
and the map v sends these lines to other five different half-straight lines. Further-
more, the restriction of ¥ at each R; is a linear map with positive determinant, so

each of these linear maps preserves the orientation. Hence, v is a homeomorphism
from R? to itself. O

In a similar manner, if we consider equation (17), for each z,y, z € R the eight-
cycle can be determined trough the expressions:
r,Y,z, My —xT,M2 =T —Y,M3 —T —Y—2,M2 —Y —2,My — 2, (19)
where
my = max (0,y, 2), mg = max (0, x,y, z,x + 2),
m3 = max (07$7y72y: 2T+ Y, x+2,y+ Z)7 my = maX(O,x,y).

A computation similar to the one performed above and inspired again by the proof
of the Montgomery-Bochner Theorem by taking L(x,y,2) = (y,z,—z + ky + kz)
with k& = /2 — 1, gives the function 1 (x, %, z) defined in components as:
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zpl(x,y,z):%((S—i—Zk)x—f—(2+2k)y+2z—(2+k) (my + ms) + kma),
wg(x,y,z):é((2+2k)x+(8+2k:)y+(2+2k)z+m1 — (4 + 2k)ma— mg+ my),
wg(x,y,z):%(2x+(2+2k)y+(8+2k)z—0—kzm1 — (24 k)(ms +ma)).

Clearly 9 (x,y, z) is again a piecewise linear map. To prove that it is bijective is a
tedious task because the whole space R? is divided into many pieces. Nevertheless on
each of these pieces is a linear map. Although we have not performed the complete
study we are convinced that it is a homeomorphism from R? into itself.

4.3. Periodic recurrences constructed from symmetric functions. We recall
the nice family of periodic recurrences introduced in [2]. Let U C R¥*! be an open
set and G : U — R a symmetric map (i.e. invariant with respect any permutation
of the (k + 1) variables) and such that the function

1= Gy o) (1) = G(Y1, Y2, - Yk, 1)

is invertible for all points (y1,y2,...,yr) such that (y1,ya2,...,yx, A) € U for some
reR

Theorem 4.4. ([2]) Let G and U be defined as above. Let p be a positive integer
such that p > n and X\ any real fired number. Suppose that p — n divides n and set
¢=mn/(p—n). Then the recurrence associated to the map

F(xi,m9,...,2y) = (:cg,...,ccn,l,G_l (A))

(Z1,%14 (p—n)se- L1 (£—1)(p—m))»
18 periodic of period p.

Remark 4.5. Observe that all the periodic recurrences given in Theorem 4.4 with
p—n > 1 are derived from the (n+1)-periodic recurrences corresponding to p = n+1,
given by the map

F(z1,22,...,20) = (x2, . ,xn_l,a(—;hm_._m(A)) . (20)

By using this remark, Theorem A and the easy fact that when a difference
equation is CF-linearizable then all the difference equations derived from it are as
well C*-linearizable, we get the following result:

Theorem 4.6. Consider a periodic difference equation of the ones given in Theo-
rem 4.4 defined on some open connected set U. Then it is linearizable.

Notice also, that from the symmetry of G it is easy to see that all the recurrences
given in Theorem 4.4 linearize into only one of the two linear possible models given
in Theorem A, the one given by the map L;.

In order to see some concrete recurrences for which the above result works we
give a family of examples. It includes some of the ones given in [2]. Consider the
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symmetric polynomials in k variables:

Uo(zl,...,xk) = 1,
o1(x1,...,x) = T+ + Tk,
oa(x1,... k) = Tixo+ XT3+ -+ Tp—1 Tk,
ak_l(xl,...,xk) = T1T2...Tkp—1 +2X1T2 ... T_2Xf + -+ + XT2X3...Tk,
op(r1,..., L) = XT1Ta...Tp.

Associated to them and for k& = n + 1 take the polynomial
n+1
G(xlvaa s 7'7;na/1’) = Z (%) O'i(-%'l, s 7'7:7”,“’)7
i=0

where «; are fixed arbitrary real numbers. Then if we solve G(x1, za, ..., &, 1) =\
we get that

n

A=>rpioi(Tr,...,Tn)

= .

Zi:l (67 Ui,l(xl, e ,l’n)
Hence, in a suitable open set U, the recurrence given by the map
n

)\ — Zi:o a; O'i(fL’l, . ,l‘n)

n
Zi=1 ;0 1(T1,. .., Tn)

is (n 4 1)-periodic. In particular, when as # 0, the second order 3-periodic recur-
rences generated by this method are

a;t () =

=8 a0, 20)

F(x1,22,...,2,) = <x2, ey 1,

a—b(xj +aj1) = ;T4
btxj+ x4

where a = (A — ap) /a2 and b = ay /ag are arbitrary real parameters.

:Ej+2 = )

4.4. Coxeter difference equations. For each n € N, Coxeter gives in his nice
paper [14] the following (n + 3)-periodic recurrences:

Tjtn—1

Ljtn = 1- 1 Titn—2 = fn($jaxj+17"'7mj+n—l)-
- 1_ _ Titn-3
1 — Ty

For instance, for n = 2,3, we get

Tjt1 l—zj —xjp1 —Tji2 + 353542
1J+ , and Tji3= J Jt Jt I3+
—

J

Tjp2 =1—

l—zj—zjn ’
respectively. Observe that for n = 2 the above recurrence corresponds, in the new
variables u; = x; — 1, to the 5-periodic Lyness equation. Coxeter’s proof of the
global periodicity is geometrical. In [11] we provide an algebraic proof together
with some other properties of these recurrences. In particular we show that they
have [%+2] different fixed points.

We do not know a way of studying the problem of global linearization of the
general Coxeter recurrences at each of the connected components which contains
each of the [%] fixed points. For instance, when n = 3, the 6-periodic map

associated to the recurrence is

FS(x7yaZ) = <y72,

l—-z—y—2z+22
l—z—y '
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It is well-defined in R?\ £ where £ is the union of the surfaces z = 0,y = 0,2 =
0,1-z—y—z+22=0,z+y—1and y+2—1 = 0. Then the fixed point (%, %, %) isin
the invariant bounded connected component limited by the planes x = 0,y = 0 and
z = 0 and the surface 1 —2 —y — z+xz = 0. The other fixed point (1,1,1) is in an
unbounded invariant connected component. From this study and using similar tools
that the ones introduced to study the Lyness type recurrences we are convinced that
we could prove a global linearization result for this case. Nevertheless a new tool,
maybe using the geometric flavor of the Coxeter recurrences, should be introduced
to study the problem for arbitrary n.

4.5. Acknowledgements. We thank Rafael Ortega for stimulating discussions on
periodic maps.
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