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ABSTRACT. Let H be a polynomial of degree m + 1 on C? such that its generic
fiber is biholomorphic to C*, and let w be an arbitrary polynomial 1-form of
degree n on C2. We give an upper bound depending only on m and n for the
number of isolated zeros of the complete Abelian integral defined by H and w.

1. INTRODUCTION AND STATEMENT OF THE RESULTS

Let H : C2 = C be a polynomial whose generic fiber is irreducible, and let w be
a polynomial 1-form on C2. By the complete Abelian integral defined by H and w,

we mean the function
I(c) = / w,
[’Yc]

where the parameter ¢ varies over the set of generic values of H, and [.] is a cycle
of H: [r.] is the homology class of a loop 7. C H~1(c), and [v.] is non-trivial in the
first homology group Hi(H ~(c),Z) of the generic fiber H~!(c) of H.

From the classical Poincaré-—Pontryagin—-Andronov criterion we know that the
isolated zeros of I(c) are related to the limit cycles of the infinitesimal perturbed
Hamiltonian system

dH —ew =0 with 0 # ¢ € (C,0) fixed,

that arise from the cycles of the Hamiltonian system dH = 0, which are precisely
the cycles of H. In this sense, the problem of finding the upper bound Z(m,n) € N,
depending on m = deg(H) — 1 and n = deg(w) for the number of isolated zeros of
I(c), counting multiplicities, is referred to as the weak infinitesimal Hilbert’s 16th
problem (see [1]). Of course, in this problem we must consider all polynomials H of
degree m + 1 and all the 1-forms w of degree n.

Khovanskii [10] and Varchenko [16] proved that Z(m,n) is finite. Petrov and
Khovanskii claimed that Z(m,n) < A(m)n 4+ B(H), where A(m) is an explicit
constant depending only on m while B(H) is independent of w but depends on
H. The proof of this assertion was given by Zoladek [17, Theorem 6.26]. Recently
Binyamini, Novikov and Yakovenko [4] proved that Z(n,n) < 22" where Po(n) =
O(n?) stands for an explicit polynomially growing term with the exponent p not
exceeding 61.
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A difficulty in finding an explicit upper bound for Z(m,n) is that even though
I(c) is a locally single-valued function, globally it can be multi-valued since its
analytic continuation depends on the monodromy of the polynomial H (see Section
2).

If dim Hy (H1(c),Z) = 1 for a generic value ¢ of H, then the generic fiber of H is
irreducible and biholomorphic to C*; therefore, H is called a primitive polynomial
of type C*. This is the simplest non-trivial case for studying I(c) because there is
a unique cycle [v.] to consider, and H has trivial global monodromy (see Section 2,
Remark 6). Suppose then that H is primitive of type C* allows the (global) study
of the complete Abelian integral I(c).

In this paper we study the weak infinitesimal Hilbert’s 16th problem for primitive
polynomials of type C*. The main result of this work is the following.

Theorem 1. Let H : C? — C be a primitive polynomial of type C* of degree m+1,
and let w be a polynomial 1-form of degree n on C2.
(a) The complete Abelian integral I(c), defined by H and w, is a polynomial.

(b) I(c) has at most [W] isolated zeros, where [-] denotes the integer part.

Remark 1. Statement (a) of Theorem 1 provides an interesting property of I(c),
because a priori we only expect that I(¢) would be a rational function. On the
other hand, at the moment we do not know if the upper bound given in statement
(b) of Theorem 1 is optimal (see Remark 7 in Section 3).

We will recall a concept which will allow us to simplify the study of I(c). Sup-
pose that the polynomials H and H are algebraically equivalent, that is, there are
polynomial automorphisms 1 and ¢ of C2 and C respectively, such that the diagram

cz Y 2

» |

c 2> C

commutes. The investigation of I(c) is then equivalent to the study of the complete
Abelian integral I(¢) defined by H := go Hoty ! and & := (¢~ 1)*(w). We will say
that @ is the polynomial 1-form defined by w and the commutative diagram (1).

We want to apply the previous argument to the study of the complete Abelian
integrals for polynomials of type C*. Therefore, we consider the algebraic classifica-
tion of primitive polynomials of type C*; such classification was given by Miyanishi
and Sugie (see Subsection 4.1). They proved in [11] that any primitive polynomial
H of type C* is algebraically equivalent to a polynomial H of the family
S . {mk (xly ~P(@)) k,reN, (k,r)=1, 1 e NU{0},anddeg(P(z)) <. } .

T

If { > 0, then P(0) # 0, and if [ = 0, then P(z) =0

In short, the examination of the complete Abelian integrals for primitive polyno-
mials of type C* essentially reduces to studying the complete Abelian integrals for
the family 8 and to finding the relation between the degrees of the initial objects
H and w and the degrees of the transformed objects He$and .

We note that the family § has an infinite number of connected components: the
coefficients of P(z) are continuous parameters, and the parameters k, r, and [ vary
over infinite discrete sets. A priori, the study of the complete Abelian integral
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defined by a polynomial in the family § and a polynomial 1-form, may depend
on each connected component of 8. However, the following result shows that its
behavior only depends on the degree of the polynomial and does not depend on the
connected component that contains it.

Theorem 2. Let H be a polynomial of degree m + 1 in the family 8, and let w be
a polynomial 1-form of degree n on C2.

(a) The complete Abelian integral I(c), defined by H and w, is a polynomial.

(b) I(c) has at most Z(m,n) := [21111} isolated zeros.

(¢) Z(m,n) is the optimal upper bound for the number of zeros of I(c).

The final ingredient in proving Theorem 1 is to determine the relationships be-

tween the degrees of H and H and the degrees of w and w. These relations will be
studied in Proposition 3 (Section 3) where we will prove that 2 < deg(H) < deg(H)
and that deg(w) < (deg(w) + 1) (deg(H) — 1) — 1.
Remark 2. Theorem 1 is a generalization of the classical result: If H = (22 +y2)/2
(which is of type C* whose representative in § is H = xy), and w is an arbitrary
polynomial 1-form of degree n, then the complete Abelian integral defined by H
and w has at most [2E!] isolated zeros (for a proof in the real case, see [8], [17]).

The paper is organized as follows. In Section 2 we recall the construction of
complete Abelian integrals for primitive polynomials on C2. The proof of Theorem 1
will be given in Section 3. In Section 4 we recall the algebraic classification of
primitive polynomials of type C*, and we will give the proof of Theorem 2.

2. COMPLETE ABELIAN INTEGRALS

It is well-known that for each polynomial H : C?> — C there is a finite set X C C
such that
(2) H:C*’-H ' (Zy)—>C-Xy

is a locally trivial smooth fibration (see [5] for a proof). The set Yy is the set
of singular values of H and is composed of the values in C coming from singular
points in C? and “singular points at infinity” of H (see [7] for a description of these
points). Any value ¢ € C — Xy is called a generic value of H and

Le:={(z,y) € C*|H(z,y) —c=0} C C?
is called a generic fiber of H, which is an affine non-singular algebraic curve.

A polynomial H is called primitive if its generic fiber is irreducible. Thus, if a
fiber L., is reducible then ¢y € Xg. Moreover H is called primitive of type (g, h)
if its generic fiber is isomorphic to a compact Riemann surface of genus g > 0
punctured at b > 1 different points. H is rational if it is of type (0, h); moreover H
is of type C if h =1, and H is of type C* :=C — {0} if h = 2.

We recall that if H is a primitive polynomial of type (g, k), then the first homology
group Hi(L.,Z) of every generic fiber L. of H is a free Abelian group finitely
generated of dimension 2g + h — 1.

Let H be a primitive polynomial of type (g, h), and we consider the following:

e A generic value ¢y of H.
e Abasis {[vZ]|7=1,2,...,29+ h — 1} of Hi(L.,,Z).
e A complex disc A(cg,r) centered at ¢y of radius r such that A(cg,r) C C—Xg.
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e The transport 77, induced by the fibration (2), of 77 into L. with ¢ € A(co, 7).
e A polynomial 1-form w = Adx + Bdy on C2.
With these objects we construct, for each 7 = 1,2,...,2g + h — 1, the Abelian
integral
I(c): Acy,r) — C
c — w,
el
where [y7] is the homology class of 47 .

Every Abelian integral I(c) is well-defined and holomorphic. Indeed, we take
a representative loop for our fixed cycle [y7 ]. We can transport this loop contin-
uously into the neighboring fibers and integrate w along the resulting loops. This
transportation depends on the representative loop, but since the homology classes
of the obtained loops are well-defined, the integration of w on the resulting cycles
does not depend on the mode of transportation. Therefore the Abelian integral
I, (c) is a well-defined and holomorphic function.

The Abelian integral I.(c) can be analytically continued on C — ¥y because
the cycle 77 can be transported continuously into any generic fiber £, of H. The
resulting function is locally single-valued, but globally it can be multi-valued because
the analytic continuation depends on the monodromy of polynomial H, this is, on
the action of the fundamental group m(C — Xg,¢p) of C — X based at ¢ in
Hq(Ley,Z). If this action is trivial it states that H has trivial global monodromy
and I (c) extends to a single-valued function on C —Xg. In addition, if we consider
all possible analytic continuations of all I.(¢), 7 = 1,2,...,2g + h — 1, we obtain
the complete Abelian integral I(c).

We note that the monodromy of H depends on the complexity of m1 (C—X g, ¢o),
and this complexity increases with respect to the cardinality of X .

Remark 3. In [14, Corollary 1] Suzuki proved that if H is a primitive polynomial
of type (g, h), then the cardinality of ¥ is at most 2g +h — 1 = dim Hy(L,, Z).
Remark 4. A primitive polynomial H is of type C if and only if Xy = 0. If H is
of type C, then I(c) = 0.

Remark 5. If H is a primitive polynomial of type C*, then Y5 has exactly one
point. This assertion is true because from Remark 3 the set Xy has at most one
point and from Remark 4 the set ¥ 5 has at least one point.

Remark 6. If H is a primitive polynomial of type C*, then it has trivial global
monodromy.

Proof. According to the construction of the family § we have the commutative
diagram (1) with H € 8. From Remark 3, ¥ has exactly one point, and since the

fiber £y = {(z,y) € C2| H = 0} is reducible, Y5 = {0}. Hence for ¢ # 0 the fiber
L.={(z,y) € C2| H — ¢ = 0} is irreducible, and it is easy to see that

pe: C* — Ec
s k r s
®) o e (en, SR

Cl52 Zrl—i—k

is a parametrization, where s; and so are integers such that rs; + kss = 1 (recall
that (k,r) = 1). In fact the map
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:(C—%5)xC* — C2-HY(Zp)

(c,z) = P(c,2) =e(z)
is a biholomorphism such that p; = Ho ®, where p; : (C—-X5) xC* - C—-Xj is
the projection on the first factor. Thus H:C?2— ﬁ_l(Eﬁ) — C —Xj is a globally
trivial smooth fibration, so the action of 7 (C — X5,c0) on H; (L¢,Z) is trivial.

Therefore H has trivial global monodromy.

Analogously, since the map ¢y ' o® : (C—X5) x C* — C* — H (Zp) is a
biholomorphism such that p; = 0o Hot~!o®, H has trivial global monodromy. [

An alternative proof of Remark 6 can be deduced from [2, Corollary 2] and [11,
Section 1.8].

In short, the simplest non-trivial case for the study of complete Abelian integrals
is when H is of type C*. Indeed, in such a case Hi(L.,,Z) and 7 (C — g, co)
are the simplest non-trivial; moreover the monodromy of H is trivial. Therefore
we have a unique Abelian integral I(c) := I (c), which extends to a single-valued
function on C — Xp. In addition, Theorem 1 claims that I(c) is a polynomial, so
I(c) extends to the whole C.

3. PROOF OF THEOREM 1

To prove Theorem 1 we will use the following technical result which will be proved
later on.

Proposition 3. Let H : C2 — C be a primitive polynomial of type C* of degree
m + 1, and let w be a polynomial 1-form of degree n on C?. Let H and & be the
representative of H in 8 and the 1-form defined by w and (1), respectively.

(a) The degree of H is at least 2 and at most m + 1.
(b) The degree of W is at most (n+1)m — 1.

We will give the proof of Theorem 1 by assuming Theorem 2 and Proposition 3.

Proof of Theorem 1. Proof of statement (a). From the Miyanishi—Sugie classifica-
tion we have the commutative diagram (1), with He 8, and we get the polynomial
1-form @ defined by w and (1). By statement (a) of Theorem 2, the Abelian integral
I(¢) defined by H and @ is a polynomial, and since I(c) = I(o(c)) and o is linear,
I(c) is a polynomial.

Proof of statement (b). If i + 1 is the degree of H, then from statement (a) of
Proposition 3 it follows that 2 < m+1 < m+1. By statement (b) of Proposition 3,
the degree n of w satisfies 1 < n < (n + 1)m — 1. Therefore, by statement (b)

of Theorem 2, the Abelian integral I(¢) has at most [(T + 1) / (m + 1)] zeros. As
m+1>2and 7t < (n+1)m—1, then I(¢) has at most [(n + 1)m/2] zeros. Finally,
since I(c) = I(co(c)) and o is linear, I(c) has at most [(n+ 1)m/2] zeros in C,
counting multiplicities. (|

Remark 7. For proving that the upper bound [(n + 1)m/2], given in the above
proof, is optimal, we must demonstrate the existence of a polynomial H of degree
m+1 and a polynomial 1-form w of degree n such that H is algebraically equivalent
to H € 8 of degree 2, the 1-form @ defined by w and (1) is of degree (n + 1)m — 1,
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and I(¢) has exactly [(n + 1)m/2] zeros in C, counting multiplicities. However, we
do not have the proof of this fact.

Proof of Proposition 3. Proof of statement (a). We have H = o o H o ¢! or
equivalently H = 0L o Ho. Let m+1 = k+7(l+ 1) be the degree of H. Let 14
and ¥y be the two polynomial components of 1 of degrees ny and nq, respectively.
For i € {1,2} we write ¥ = ; + ¥, where 1; = i + -+ + VYi(n;—1) and 1;; is
the homogeneous part of degree j of ¢;, with j =0,1,...,n;. Thus

FNIOUJ = (1/;1 +77[}1n1)k ((1/31 +l/11n1)l (77/;2 +¢2n2) — P(l/;1 +¢1n1))r
ECrEN ) ) ) )
=> (u) (G0)" " e ((% +iny )’ (B2 + Wany) — P (¢ +¢1n1)>
pn=0

l

A _ _ "
= A +9f,, (Z (u) (%)l VY, (V2 + Yan,) — P (1 + ¢1n1)>

v=0

=A+ djllcru (A2 + qullnl 1/}2”2)7“ )

T

-1
Ay = (k> (1) "l (1 + Y1) (92 +2na) = P (1 + 1,

v

SN ) ) )
A = Z < > (?/Jl)l W (2 + Yoy ) + ¥, 2 — P (V1 + Y1n,) -

In addition,

r

Al + quignl (A2 + wllnl wQTLz)T = Al + wllcnl (Z (:) (AQ)T_T (7/1l1n1 w2n2)T>

7=0

= Al + AS + 7/}]16711 (wllnﬂ/@nz)r s

where
r—1
As = T;Z)Ifnl (Z (:) (AQ)TiT (wllmdjmw)‘r) ’
7=0
Hence

Hot= Ay + A3 + 0y, (Wi, 2n)" -
It is easy to see that deg(A;) < ny(k +rl) +rng — 1, deg(As) < Iny +ng — 1,
deg(As) < ni(k +71) + rng — 1 and deg(¢f,, (¥4,,%2n,)") = na(rl + k) + nor.
Therefore as 0! is a linear polynomial we have

(4) m+1=deg(H) = deg(oc ™ o H o)) = ny(rl + k) + nyr-.

Now, as ny,na,r, and k are positive integers and ! > 0, then
m+1=ni(rl4+k)+nor>(l+k)+r=k+r(l+1)=m+1=degH > 2.
Proof of statement (b). As{ >0, k> 1 and r > 1 it follows from (4) that

ny +ng <ni(rl+k)+ner=m+ 1.
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In addition, n1 +1 <ny+ny < m-+1and no +1 < ny+no <m+ 1, whence
n1 < m and ne < m. Hence, the degree of ¥ is at most m. This implies that the
degree of the polynomial automorphism = is at most m [3, 6]. Therefore

deg(w) = deg((z/)_l)*(w)) <mm+(m-1)=(Mn+1)m-—1. O
4. COMPLETE ABELIAN INTEGRALS FOR THE FAMILY 8.

4.1. The algebraic classification of primitive polynomials of type C*. In
[11] Miyanishi and Sugie consider an algebraically closed field K of characteristic
zero. An irreducible polynomial f € K[z, y] is generically rational if its generic fiber
is an irreducible rational curve. They assign to f a nonnegative integer v, where
v+ 1 is the number of places at infinity of the generic fiber of f.

In our context K = C and a generically rational irreducible polynomial with
v =1 is precisely a primitive polynomial of type C*.

Miyanishi and Sugie gave the algebraic classification of generically rational irre-
ducible polynomials in K[z, y] with v = 1 as follows.

Theorem [11, Theorem 2.3|. Let f be a generically rational, irreducible polynomial
in K[z, y] with v = 1. Then, after a suitable change of coordinates, f is reduced to
either one of the following two forms:

o f~a2%’ +1, where a > 0,3 >0 and (o, 8) = 1.

o f~ z%zly + P(x))? + 1, where o, 3,1 > 0,(a, 3) = 1 and P(z) € K[z],

with deg(P(z)) < ! and P(0) # 0.

In this result a suitable change of coordinates means a change of coordinates of
K[z, y] (see [11, Lemma 2.2]) and hence a polynomial automorphism of K2.

Saito obtained essentially the same result by considering the analytic classifica-
tion of primitive holomorphic functions in two complex variables of type C* [13, p.
332]. As far as we know, the previous theorem can be deduced from the proof of a
result of Suzuki ([15, pp. 527-529]), where he considered the analytic classification
of primitive meromorphic functions in two complex variables of type C*.

By using the polynomial automorphism ¢ = z — 1 of C and changing o = k
and § = r we obtain the algebraic classification of primitive polynomials of type
C* as the family 8 given in the introduction because the case [ = 0 in the family §
corresponds to the first form in the previous theorem.

4.2. Proof of Theorem 2. By following Ilyashenko’s ideas [9], we consider the set
of polynomial 1-forms
{wij = zly x| 1 <ji<n,0<i<j—1},

which is a basis for the quotient vector space of polynomial 1-forms w = Adzx + Bdy
of degree < m modulo exact polynomial 1-forms d@ of degree < n. Hence each
polynomial 1-form w can be written as w = dQ + >-7_, S0 ajwij with a; € C.
Thus, we need only prove Theorem 2 for the polynomial 1-forms w;;.

Let H = z* (2'y — P(x))r be a polynomial of degree m+1=k+r(l+1) > 2in
the family 8. We split the proof of Theorem 2 into two cases, [ = 0 and [ > 0. In
each case we develop the following steps:

1. Each Abelian integral P;;(c) := f[“/ | Wig defined by H and wj;, is a polynomial.

2. We compute the upper bound for the degree of P (c ) Whence we attain the upper
bound Z(m,n) for the number of zeros of I(c f[v > e ZZ o aijPij(c).
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3. We show that the upper bound Z(m, n) is optimal; this means that there are a
polynomial H € § of degree m + 1 and a polynomial 1-form w of degree n such that
I(c) = f[v | w has exactly Z(m,n) isolated zeros.

Proof of Theorem 2. Case [ = 0. From the definition of the family 8 it follows that
P(x) = 0; hence H = z*y". In this case (3) takes the form

we: C — L,
(5) Z <2052 Ck>.

z

Step 1. Let a 2™V =Tt ¢ e o, 1]} C C* be the unit circle in the domain of ¢..

Thus [v.] := [ (a)] is the generator cycle of Hy(L.,Z). In addition, as the family
{7} is given by ®((C — X ) x «) then {v.} depends continuously on ¢. Thus

r S2\i ! I r—1 s
/ Wij = /‘P wij) —/(Z c*) %(M Les2)dz

-7 (/ (‘+1)<1Hc(j i)+ dz) ettt O,
277‘ 1 —1
«

Hence, if f[%] wij # 0 then —r(i + 1) + k(j —4) = 0, that is, k(j — i) = r(i + 1).
Since (k,r) = 1, there exists a positive integer ¢ such that

(6) kq=1i+1
and
(7) rq=j—i.

Therefore the power of ¢ is s3(i + 1) + $1(j — 7) = s2(kq) + s1(rq) = ¢, whence we
obtain that f[v-] wj; is the polynomial P;;(c) = r(2mv/—1)c9.

Step 2. Next we will compute the upper bound for the degree of the polynomials
P;;(c) by finding an upper bound for the positive integer g.
The addition of (6) and (7) gives q(k +r) = j + 1, whence

< j+1 _ j+1
“lk+r| |m+1]|’

because k +r = deg(H) = m + 1. Since j < n, Pij( ) is a polynomial of degree at

most [;ﬁ_ﬂ Therefore, the Abelian integral I(c f[v ] > S0 aijPij(c)
is a polynomial of degree at most Z (m,n) := [:::_11] , which is an upper bound for

the number of isolated zeros of I(c).

Step 8. Now, we will show that the upper bound A (m,n) is optimal. We consider
the polynomial H = 2™y € 8§ of degree m + 1 > 2. The generic fiber £, of H is
parameterized by

w.:C* — L,
(8) Z (z, Lm) )
z
For each positive integer n we define the polynomial 1-form
an .= (y” + Z(m, n) (2xm2(m’")71y2(m’") — xm71y>) dx.

It is clear that 27" is of degree n. To study the complete Abelian integral defined
by H and Q7' we will consider two possibilities n =1 and n > 2.
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i) If n = 1, then O = 2ydzr and QF* = ydx for m > 1. Hence, by using the
parametrization (8), we obtain

c (2my/—1)c ifm=1,
/ ydr = / —-dz =
[ C] a?

0 if m>1.
1) If n > 2 then, by using the parametrization (8), we get

(9) / y"dx = Cﬂ—dz =0 (since nm > 2)
[vel

m
a ?

and

(10) /[ ]me(m,7z)—1yZ(m,n)dx — /

2 (m.n)

dz = (2w —1)02("”’”).

a z

Moreover we have
(11) / ™ lydr = / Cdz = (2mv—1)e.
[ C] a?
It follows from (9), (10) and (11) that
/ O™ = (20v/—1)Z(m, n)e (202(’“’"*1 - 1) .
[vel

From i) and éi) we conclude that f[%] Q" is a polynomial of degree Z (m,n). In
addition, the zeros of fh |

n

are all different. Iliev in [8] proved that the upper
bound Z(m, n) is optimal for the case m = 1.

Case [ > 0. Suppose that H = z* (acly — P($))r, where P(z) = po+p1x+- - -+psa®,
with0<s<l—1and py#0. Thusdeg(H)=m+1=k+r(l+1)>2.

Step 1. Analogously as in the case | = 0 we consider the parametrization . of
the generic fiber £. of H given by (3). Let « := {ezﬁﬁt |t €0, 1]} C C* be the

unit circle in the domain of ¢, and the cycle [y.] := [pc(e)], which is a generator of
H\(£L.,Z). Then

(e + sz(zTcS"‘))j_i L
R ®O) — r .82\t r—1_s2
/[C] Wij = /a%(wu) = /Q(Z ) cls2(i—1) (G —) (ri+k) (re""c™)dz,

and by developing (csl + sz(zTcs"‘))j_i we obtain

Jj—1 . . i
J—t (P(zMc2))y)tr oo ((j—i)—i—1)+s
(12) /[ ]Wij: ) 7“( p )(/a Zr((j—i)l—i—l)-&-ku-&-ldz cs2(U LE

n=0

As P(x) =po + prx + -+ psa®, with 0 < s <1 —1 and py # 0, then

r Ssa\\J—i—H __ (.] —’L—M)' no ns ,7Ns ,s2Ng
a3 (e e 3 L e
Nt na=j—i—p
where ng > 0,...,ns > 0 and Ny := nj+2ng+- - -+ sns. Hence if in (12) we replace

the expression (P(z"¢?))’ """ with the right-hand side of (13), then we get

Jj—t ) ~
(14) / w” - Z Z ‘/4%0...71g (/ ZTNSk'u'ldz) CSZNerSl#
[vel s\ J,

u=0 \no+-+n;=j—i—p
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where
~ o j=i\ (G —i—p)!
Neg:=N;—((j—9)l—i—1 d A = R ceeple.
((j—i)l—i—1) and A . 7"( i ) ( ol ] >po P,
Above we defined the integer Ny as Ny = ny + 2ng + - -+ + sng and since n; > 0
for i = 0,...,s, we have the inequality Ny < s(ng + -+ + ns). In addition, with
no+--++ns=j—i—pand s <l —1 we obtain Ny < (I —1)(j —i — p). The last
inequality implies that Ny < (I —1)(j —i—p) — (( — i)l — i — 1), whence
(15) Ny < —j42i—(1—1)p+1.
This inequality will be useful in step 2 of the proof.
Now, we will demonstrate that f[w | Wi is a polynomial. We must assume that
the integral [ ZNe—ki=1g, in (14) is different from zero. Then rN, — ky = 0
rN, = ku. Since (k,r) = 1, there exists a positive integer g5, such that

(16) kQS,u = Ns
and
(17) TQop = [

From (14) the integral [ ZrNe—ku=1q, multlphes the variable ¢ whose power is

soN, + ps1. From (16) and (17) we obtain soNy + ps; = Gsp(s2k 4+ 751) = Gsp-
Hence the Abelian integral f o] Wid is a polynomial P;;(c).

Step 2. We are going to compute the upper bound for the degree of the polynomials
P;;(c) by finding an upper bound for the positive integers g.

The addition of (16) and (I 4+ 1) times (17) yields
(18) Gsp(k +r(l+1)) = Ny + (1 + Dp.
From (15) we then see that the right-hand side of (18) satisfies
(19) No+ (I+1)p < —j+2i+2u+1.

We can rewrite the right-hand side of (19) as —2j +2i+2p+ j+ 1. On the other
hand we know that p < j —4 or in an equivalent form —2j + 2i + 2 < 0. We then
obtain —2j5 +2i +2u+ j+ 1 < 5+ 1. Hence we have

(20) Ne+(I4+Dp<j+1.
From (18) and (20) it follows that
Gsp(k+r(l+1)) <j+1,

B S S LS
= lk+r(l+1) m+1]

Since j < n, Pij(c) isa polynomial of degree at most Z(m, n) = ["H} Therefore,

whence we get

c) = f[“/-] w =3 ZZ o @ijP;j(c) is a polynomial of degree at most Z(m,n),
which also is an upper bound for the number of isolated zeros of I(c).

Step 3. Now, we will show that the upper bound Z(m,n) is optimal. As{ > 0
and k,r € N — {0}, then any polynomial H = z*(2'y — P(z))" € 8 has degree
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k+r(l+1) > 3. We consider the polynomial H(z,y) = z(z™ 'y —1) € 8 of degree
m+1>3 (thus I =m — 1> 0). The generic fiber £, of H is parameterized by

pe: C* — L,
(21) N (z, C;'r_nz)~
For each positive integer n we define the polynomial 1-form

Q:Ln = <yn + Z(m,n) (me(m,n)—lyZ(m,n) _ xm—2y)) dur.

Clearly Q™ is of degree n. To study the complete Abelian integral I(c) defined by
H and Q" we will consider two possibilities n = 1 and n > 2.
i) If n =1, then Q7" = ydx. Hence, by using the parametrization (21), we get

2my/—1 it m =2,
(22) / QT:/ ydx:/ C—’;dez:
[ve] [e] a ? 0 if m > 2.

i1) If n > 2, then by using the parametrization (21), we obtain

n (c+ 2)" " /n dz

pn=0

because (m —1)n+p >n+p>n>2, and

Z(m,n) , 4

(24) / me(m,n)—lyZ(m,n)dx _ Z (2(72777')) (/ ZZ(m,n)—u—ldz) M.
[ve] a

n=0

The integral [ ZZmm)—n=1q, in (24) is different from zero if and only if u =

Z(m,n). Hence
(25) / me(m,n)*lyZ(m,n)dx — (/ zldz) CZ(m,n) _ (271, /_1) CZA(m,n).
[7el «

Moreover we have

(26) / =™ 2ydr = / C—szz =2mv/—1.
[ L'] e

z

Therefore from (23), (25) and (26) we obtain
(27) / Q= (2rv-1) Z(m,n) (cZ(m’") - 1) .

c

Hence from (22) and (27) f[’yc] Q" is a polynomial of degree Z(m, n). In addition,

the zeros of f[“/c] Q7 are all different. O

Remark 8. We have proved that any complete Abelian integral I(c) defined by
H € 8 and a polynomial 1-form w is a polynomial on C — X = C — {0} and, of
course, I(c) extends to the whole C. We know that ¢ = 0, the unique singular value
of H = (2% 4 y?)/2 or equivalently of H = zy € 8, is always a zero of I(c). Hence a
natural question is when the unique singular value ¢ = 0 of H = z*(z!y — P(z))" € 8
is a zero of I(c)? There are two answers.

1. If I = 0, then ¢ = 0 is always a zero of I(c). This assertion follows from step 1 in
the case [ = 0 of the previous proof.

2. If I > 0, then ¢ = 0 may not be a zero of I(c). See for instance (25) and (27).



12

S. REBOLLO-PERDOMO

Acknowledgments. The results of this work come from the author’s Ph.D. thesis
[12] and the author’s postdoctoral stay at the Universidad Auténoma Metropoli-
tana, Unidad Iztapalapa. The author wants to thank J. Mucino-Raymundo for
his guidance during the elaboration of this work and A. Mahdi for his useful com-
ments. He also wants to thank the Departament de Matematiques of the Univeritat
Autonoma de Barcelona for the support and hospitality during the period in which
this paper was written.

(1]
2]
(3]
(4]
(5]

(6]
(7]
(8]
[9]
[10]
(11]
(12]
(13]
(14]
[15]
[16]

(17)

REFERENCES

V. 1. Arnold, Loss of stability of self-oscillations close to resonance and versal deformations
of equivariant vector fields, Funct. Anal. Appl. 11 (1977), no. 2, 85-92.

E. Artal-Bartolo, P. Cassou-Nogues and A. Dimca, Sur la topologie des polyndémes complexes.
Singularities (Oberwolfach, 1996), Progr. Math., 162, Birkhduser, Basel, 1998, 317-343.

H. Bass, E. Connell and D. Wright, The Jacobian conjecture: reduction of degree and formal
expansion of the inverse. Bull. Amer. Math. Soc. (N.S.) 7 (1982), no. 2, 287-330.

G. Binyamini, D. Novikov and S. Yakovenko, On the number of zeros of Abelian integrals.
Invent. Math. 181 (2010), no. 2, 227-289.

S. A. Broughton, On the topology of polynomial hypersurfaces. Singularities, Part 1 (Arcata,
Calif., 1981), 167-178, Proc. Sympos. Pure Math., 40, Amer. Math. Soc., Providence, RI,
(1983).

S. Brusadin and G. Gorni, The degree of the inverse of a polynomial automorphism, Univ.
lagel. Acta Math. no. 44 (2006) 15-19.

A. H. Durfee, Five definitions of critical point at infinity. Singularities (Oberwolfach, 1996),
Progr. Math., 162, Birkhduser, Basel, 1998, 345-360.

I. D. lliev, The number of limit cycles due to polynomial perturbations of the harmonic
oscillator. Math. Proc. Cambridge Phil. Soc. 127 (1999), 317-322.

Yu. Ilyashenko, The origin of limit cycles under perturbations of the equations % = — II;;
where R(z,w) is a polynomial. USSR Math. Sbornik 78 (120), No. 3 (1969), 353-364.

A. G. Khovanskii, Real analytic manifolds with the property of finiteness, and complex abelian
integrals. (Russian) Funktsional. Anal. i Prilozhen. 18 (1984), no. 2, 40-50.

M. Miyanishi and T. Sugie, Generically rational polynomials. Osaka J. Math. 17 (1980), no.
2, 339-362.

S. Rebollo-Perdomo, Limit cycles of perturbed Hamiltonian systems and zeros of Abelian
integrals. (Spanish) Ph. D. thesis, Universidad Michoacana de San Nicolds de Hidalgo (2007).
H. Saito, Fonctions entiéres qui se réduisent a certains polynomes. I, Osaka J. Math. 9 (1972),
293-332.

M. Suzuki, Propriétés topologiques des poolynémes de deuz variables complexes, et automor-
phismes algebraiques de l’espace C2. J. Math. Soc. Japan 26, no. 2, (1974), 241-257.

M. Suzuki, Sur les opérations holomorphes du groupe additif complexe sur l’espace de deux
variables compler. Ann. sci. Ecole Norm. Sup. (4) 10, no. 4, (1977), 517-546.

A. N. Varchenko, Estimation of the number of zeros of an abelian integral depending on a
parameter, and limit cycles. (Russian) Funktsional. Anal. i Prilozhen. 18 (1984), no. 2, 14-25.
H. Zotadek, The monodromy group. Mathematics Institute of the Polish Academy of Sciences.
Mathematical Monographs (New Series), 67. Birkhduser Verlag, Basel, (2006).






