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ABSTRACT. We deal with nonlinear T—periodic differential systems depending
on a small parameter. The unperturbed system has an invariant manifold of
periodic solutions. We provide the expressions of the bifurcation functions
up to second order in the small parameter in order that their simple zeros are
initial values of the periodic solutions that persist after the perturbation. In the
end two applications are done. The key tool for proving the main result is the
Lyapunov—Schmidt reduction method applied to the T-Poincaré-Andronov

mapping.

1. INTRODUCTION

We want to study the existence of T-periodic solutions of the differential systems
of the form,

(1) 2! (t) = Fo(t,z) + eFy(t,x) + 2 Fy(t, ) + 3 R(t, x,€),

where ¢ is a small parameter, Fy, F1, Fo :RxQ - R” and R: Rx QX (—¢ep,e5) =

R" are C? functions, T-periodic in the first variable, and € is an open subset of

R™. We work in the hypothesis that there exists a k-dimensional submanifold of €2

(k < m) whose points are initial values of T-periodic solutions of the unperturbed

system

(2) 2/ (t) = Fo(t,z).

Our objective is to study the periodic solutions of the unperturbed system (2) which

can be continued to the perturbed system (1) for values of ¢ sufficiently small.
For z € © we denote by z(-,z,¢) : [0, ) — R" the solution of (1) with

2(0,2,¢) = 2. From Theorem 8.3 of [2] we deduce that, whenever (., o) > T for

some 2z € 2 there exists a neighborhood of (zg,0) in  x (—¢f,e7) such that, for all
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(2,€) in this neighborhood, #(. .y > T'. Under this assumption there exists an open
subset D of §2 and a sufficiently small g > 0 such that, for all (z,¢) € D x (—eg, &0),
the solution z(-, z,¢) is defined on the interval [0,7]. Hence, we can consider the
function f : D X (—eg,e09) — R™, given by

(3) f(z,e) =a(T, z,e) — .
Then, every (z,¢) such that
(4) flze,e) =0

provides the periodic solution z(+, z¢, €) of (1).

The converse is also true, i.e. for every T-periodic solution of (1), if we denote by
ze its value at ¢ = 0 then (4) holds. Then, the problem of finding a T-periodic solu-
tion of (1), can be replaced by the problem of finding zeros of the finite-dimensional
function f(-, &) given by (3).

We denote the variational equation of (2) associated to one of its solutions
x(t,z,0) with

(5) y/ = P(t’ Z>y>
where
(6) P(t,z) = D, Fy(t, z(t, z,0)),

and with Y (-, z) some fundamental matrix solution of (5).

We denote the projection onto the first k coordinates by 7 : R¥ x R"=% — RF
and the one onto the last (n — k) coordinates by 7+ : R¥ x R*~%* — R"~F_ For
the n—dimensional function g of n variables z = (a, ) € RF x R"~*_ we denote by
Dg(mg) the k x (n — k) matrix whose entries are the first order partial derivatives
with respect to each component of 3 € R"~* of the first k components of g.

The next theorem is our main result. In its proof we shall apply a version of the
Lyapunov—Schmidt reduction method (provided in Theorem 4 of Section 2) to the
function (3) after a suitable change of coordinates.

Theorem 1. Let 8= (B1,...,Bnr): V — R" % be a C? function, where V C RF
is open and bounded. We assume that
(i) 2 = {za = (o, B(a)), a €V} C D and that for each zo € Z, the unique
solution x(t, z4,0) of (2) with (0, z4,0) = zo (denoted shortly x4(t)), is
T—periodic; and
(ii) for each zo € Z, there exists a fundamental matriz solution Y, (t) =
Y (t,zo) of (5) such that the matriz Y7 1(0) — Y Y(T) has in the right
up corner the null k x (n — k) matriz, while in the right down corner has
the (n — k) x (n — k) matriz A, with det(A,) # 0.

The corresponding bifurcation functions fi : V. — RF of first order in € is
T
(7) fl(a) =7 </ Y_l(tv Zoz)Fl(tv‘T(tv Zaao))dt> 3
0

and fa : V — RF of second order in ¢ is

(8)

n—k
fale) = 2m0a(0) + 2 (Da(rgn) () (@) + Y 5

e (@,0) 7 (Dargo) () 2(a),
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where vy : V — R" ™% is defined by
(@) = =A7N (1 91)(2a),

and
go(z) = Yﬁl(T, 2) (x(T, 2,0) — 2),
T
gl(z):/ Yt 2)Fy(t, 2(t, 2,0))dt,
0
1 /7T
w() =5 [ YRR Gl 2 0)d
0
with
ox; O ox
F. = 2R+ 2D, F)" +Zasa 2 Fo) 5o
ox 1
— = Y(t,2) Y (s,2)F1(s,x(s,2,0))ds.
Oe 0

If there exists a zero a € V of fi(a) such that its Jacobian det ((Dqof1) (a)) # 0,
then there exists a T-periodic solution ¢(-,€) of system (1) such that p(0,e) = z4
as e — 0.

If fi(a) = 0 and there exists a zero a € V of fao(a) such that its Jacobian
det ((Dqaf2) (a)) # 0, then there exists a T-periodic solution ¢(-,€) of system (1)
such that ¢(0,e) — z, as € — 0.

0
We remark that in the expression of F, the notation a—(Dg;FO) stands for the
»

matrix—valued function whose entries are the first order plartial derivatives with
respect to x; of the entries of the matrix—valued function D, Fy. Each term in the
sum that appeared in the expression of F} is, then, a product between a scalar and
an n—dimensional column vector obtained of applying an n X n matrix to an n—
dimensional column vector. Similar notation for the k—dimensional column vector
fa(a).

Theorem 1 is proved in section 3.

The first order bifurcation function f;(«) was already obtained by Malkin [11]
and Roseau [14], see also the book of Francoise [7]. For a shorter proof see [3].
What really is new in Theorem 1 is the expression of the bifurcation function fa(«)
corresponding to second order analysis in € of the existence of T—periodic solutions
of system (1). In the particular case that k = n the expression of fo was found in [6],
while when Fj is identically zero (in particular this implies ¥ = n), the expressions
of the second order and third order bifurcation functions are known (see for instance
[4] and the references therein). We remark that, in this particular case Fy = 0, the
construction of these bifurcation functions are part of the averaging theory (for
general results on averaging theory see for instance the books of Sanders, Verhulst
and Murdock [16, 17]). Sometimes, also in the general case Fy # 0 it is said that
results like Theorem 1 describe the averaging method. Moreover, in the particular
case Fy = 0 and for scalar equations (1) (i.e. for n = 1) the recursive expressions
of the bifurcation functions up to any order are known, see [6, 8].

We do two applications of the new averaging theorem at second order in ¢, i.e.
of Theorem 1. In the first application we consider a differential equation of order
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four of the form

d'a

dt
This class of equations have been studied in [13, 15]. Here we will analyze the
particular 4-th order differential equation

+az+ Yz, t) =0.

d*z 9 9 .
(9) W—x—s(a—i—bcos t) —e“sin(z +t) =0,
where a,b € R, or equivalently the first order differential system in R*
o=y,
y = z
(10) z = w,
W = x+ela+beos?t)+e?sin(x + ),

where the dot denotes the derivative with respect to the time variable t. Our result
on the periodic solutions of the 4-th order differential equation (9) is the following.

Proposition 2. For |e| # 0 sufficiently small the differential system (10) has
an arbitrary number of limit cycles bifurcating from the continuum of the periodic
solutions of the 2—dimensional isochronous center that the system has for e = 0.

The proof of Proposition 2 is given in section 4, and uses Theorem 1.

In the second application we deal with the homogeneous polynomial differential
system

T _y(3$2 + y2)7
y = x($2 - y2)7
of degree 3 that has the C'*° flat first integral

222
(22
H(z,y) = (2" +y°) exp (M)

(11)

Proposition 3. The homogeneous polynomial differential system (11) has a global
center at the origin (i.e. all the solutions contained in R? \ {(0,0)} are periodic).
Let P;(x,y) and Q;(z,y) fori = 1,2 be polynomials of degree at most 3. Then, for
convenient polynomials P; and Q;, the polynomial differential system

x —y(3$2+y2)+€P1(I,y)+€2P2(I,y),

gy = @ —y?) +eQilr,y) +2Qa(z,y),

has at first order averaging one limit cycle, and at second order averaging two limit
cycles bifurcating from the periodic solutions of the global center (11).

(12)

As far as we know this is one of the first examples for which the limit cycles
bifurcating from the periodic solutions of a 2—dimensional center of a polynomial
differential system having a non-rational first integral have been studied. The other
two examples that we know in this direction were given recently by Jiming Li [9]
and Llibre, Torregrosa and Teixeira [10].

We remark that the result of Proposition 3 with the averaging method of first
order is already contained in Theorem 2 of [10].

The proof of Proposition 3 is also given in Section 4. More precisely, we will apply
Theorem 1, which gives a method to determine bifurcation of periodic solutions
from a submanifold of isochronous periodic solutions. We note that the degenerate
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center of system (11) it is not isochronous because it cannot be linearized see [12]
but, after a change of variables to polar coordinates (r,#), it becomes isochronous
with respect to the new time # and Theorem 1 can be applied.

2. LYAPUNOV—SCHMIDT REDUCTION FOR FINITE DIMENSIONAL FUNCTIONS

The Lyapunov—Schmidt reduction method is the main tool that we shall use for
proving our Theorem 1. Here we provide a version of it adapted to our necessities.
For a general introduction to this reduction method see Chicone [5].

Theorem 4. Let g : D x (—gg,e0) = R™ and 8 = (B1,---,Pn_k) : V — RP7F
be C? functions, where D is an open subset of R™ and V is an open and bounded
subset of R¥. We assume that
9(z,€) = go(2) + eg1(2) + €%ga(2) + O(?),
and that
(i) 2 ={2a = (o, B(a)), a € V} C D and that for each zo € Z, go (za) =0,
and
(i) the matriz G, = D,go (zo) has in the right up corner the null k x (n — k)
matriz, while in the right down corner has the (n—k) x (n— k) matriz A,
with det(Ay) # 0.

We consider the function fi : V — R* defined by
(13) fi(a) = mg1(za).
If there exists a € V with fi(a) = 0 and such that the Jacobian det ((Dq f1) (a)) # 0,

then there exists a. such that g(zgs,s) =0 and zo, = zq as e — 0.
We consider the functions v : V — R™* and fy : V — R* defined by

o) = =AM (7" g1)(2a),
(14) fal@) = 2(mg2)(2a) + 2Dp(mg1)(20)7()
#5222 0,0)-2 D)o )
e Oe ) 861 B\Tgo)\Za )Y .
If fi(a) = 0 and there exists a € V with fa(a) = 0 such that the Jacobian

det ((Dqof2) (a)) # 0, then there exists ae such that g(za.,€) = 0 and zo, — 24
as € — 0.

Proof. We consider the function
7hg : R¥ x R"7F x [—gg, 9] = R ¥, (o, B,¢) = whg(a, B, €).
Then, we have 7+ ¢(zq,0) = 0 and Dg (7+g) (24,0) = A,. Since det(A,) # 0, we
apply the Implicit Function Theorem and deduce that, for le| sufficiently small,
there exists a function § with
(o) = B(a,e) such that B(a,0) = B(a) and 7tg(a, B(a,e),e) = 0.
Now we consider the function
§: R* x [—g0,e0] = R¥, 6(a,e) = mg(a, B(a, €),€).
We have
(v, 0) = mg(24,0) = 0,

B (0.2) = Dy (m) (o) 2 0) + 279 ),
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Using (ii) we see that Dg(7g)(2a,0) = Opx (n—k), Where Opx (k) is the null & x (n — k)
matrix. Hence 95/0e(a,0) = fi(a). We claim that §%5/9s%(a,0) = fa(a), such
that we can write

O(aye) =efi1(a) + %fg(oz) +0(?).

Applying the Implicit Function Theorem to §(«, €) /e in the case that f; has a simple

zero, respectively to d(a,)/e? in the case that f; = 0 and f, has a simple zero,

we obtain for |e| sufficiently small, the existence of a(e) such that «(0) = a and

& (a(e),e) = 0. Moreover, denoting z,, = (a(e), B(a(e),e)) we have g(zq.,€) = 0.
In order to justify the claim we write shortly the expressions

a8 B 9B, 9(ryg)
5c\@e) = Dslmg) 5o + =5
825 s o ap op
@(0%5) = Z e aﬁz )E—'—(’TD (wg)%—i—
& a8 92 (m
D"(”)afJ’D Eazg)af a(g?)'

O

Corollary 5. Notice that the case k = n is a trivial particular case of the above
theorem. Indeed, when k = n, hypothesis (i) is satisfied if and only if go = 0 and
in this case hypothesis (ii) is automatically fulfilled. The bifurcations functions are

f1(2) = g1(2) and fa(2) = 2g2(2).
3. PROOF OF THEOREM 1

We need to study the zeros of the function (3), or, equivalently, of
9(z,6) =Y NT,2)f(2,6) = Y HT, 2) (2(T, 2,¢€) — 2).

To this function we shall apply Theorem 4. It is sufficient if we identify the functions
go, g1 and g2 and we prove that they satisfy the hypotheses of Theorem 4. Of course,
go(=z) = g(z,0) and we have that gy (2o) = 0, because (-, z4,0) is T—periodic. We
shall prove that

(15) Go = D.go (20) =Y, 1(0) — Y, 1(T).

« «

For this we need to know (D,x) (¢, z,0). Since it is the matrix solution of (5) with
(D.z)(0,2,0) = I,,, we have that (D.x) (t,2,0)) = Y(t,2)Y (0, z). Moreover,

D.f(2,0) = D,x(T,2,0) — I, = Y(T,2)Y (0, 2) —
and

Dogo(z) = Y=1(0,2) — Y1 (T,2) + (

that, for z, € Z reduces to (15).
We have

oy 1 oy 1
o (T,2)f(2,0),..., W(ﬂ z)f(z,O)) ,

9g _ -1 @
85(Z70)_Y (T?Z)as(

Taking the derivative with respect to € in the relations
2/ (t,2,8) = Fo(t,x(t, 2,€)) + eFi(t, x(t, z,€)) + 2 Fa(t, z(t, z,€)) + O(e?),
z(0, z,€) = z,

T, z,0).

(16)
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one can see that the function (0x/0¢) (-, z,0) is the unique solution of the initial
value problem

y' = D Fy(t,x(t,2,0))y + Fi(t,z(t,2,0)), y(0)=0.

Hence
Ox b
E(t,z,O) =Y(t,z) [ Y™ (s,2)Fi(s,2(s,z,0))ds.
0
Now we have
dg 4 -1
91(z) = E(Z,O) = Y~ (s,2)Fi(s,2(s,2,0))ds.
0

Taking the second order derivative with respect to ¢ in the relations (16), one can
see that the function (9°2/0e?) (-,z,0) is the unique solution of the initial value
problem

y/ = DTFO(tv I(t, 2, O))y + F*(t’x(tvza O))7 y(o) = 07

where the expression of F) is given in the statement of the Theorem. Hence

2 t
%(t,z,O):Y(t,z)/ Y=1(s, 2) F. (s, 2(s, 2, 0))ds.
0
Now we have
102 1o
2() = 5530 =5 [ Y P (sa(s,.0)ds

This completes the proof of Theorem 1.

Corollary 6 (The isochronous case). We assume that there exists an open set
V with V. C D and such that for each z € V, x(-,2,0) is T-periodic, that is the
hypothesis of the above theorem are fulfilled for k = n. In this case go = 0 and the
bifurcation functions have simpler expressions f1(z) = g1(z) and fo(z) = 2g2(2),
where g1 and go are calculated according to the formulas of Theorem 1.

4. PROOF OF THE TWO APPLICATIONS

Proof of Proposition 2. The linear part at the origin of the differential system (10)
is given by the matrix

01 00

0 010
(17) 000 1)

10 0 0

and its eigenvalues are +1 and +i. Doing the change of variables (z,y,z,w) —
(X,Y,Z, W) given by

X 1 -1 -1 1 x
vy | [ -1 -1 11 y
Z |71 1 1 11 |
W -1 1 -1 1 w
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system (10) becomes
X = —Y+4ela+bcos’t)+e?sin((4t+X —Y +2Z —W)/4),
(18) Y = X+e(a+bceos?t)+e?sin((4t+X —Y +Z—W)/4),
Z =  Z+ela+beos?t)+esin((dt+X Y +7Z—W)/4),
W = —W+e(a+beos’t)+e?sin((4t+X —Y + 2 —W)/4).

Note that the differential of this system at the origin is the real normal Jordan form
of the matrix (17).

Now we shall apply Theorem 1 to the differential system (18) taking

x=(X,Y,Z,W),
FO(taX) = (_K Xa Z7 _W)a
(19) Fi(t,x) = (4,4, A, A),
F2(taX7€) = (BvaBaB)a
0 =R4,
where A =a+bcos?t, and B =sin((dt + X —Y +Z — W)/4).
Clearly system (18) with € = 0 has a linear center at the origin in the (X,Y)-
plane. We remark that all linear centers are isochronous. Using the notation from

the Introduction (mainly the notation related with the statement of Theorem 1),
the periodic solution x(t,z,0) of this center with z = (Xj, ¥p,0,0) is

X(t) = Xpcost—Ypsint,

Y(t) = Yycost+ Xpsint,
(20) Z() = o,

W) = 0,

with period T'= 2xw. The k, V and a of Theorem 1 are k = 2,
V={(X,Y):0<X*+Y? < p},
for some real number p > 0, and o = (X, Yp) € V.

For the function Fy given in (19) and the periodic solution x(t,z,0) given in (20)
the fundamental matrix solution M (t) of the differential system (5) such that M (0)
is the identity matrix of R* is

cost —sint O 0

sint cost O 0

M{(t) = 0 0 ¢ 0
0 0 0 et

We remark that for system (18) with € = 0 the fundamental matrix does not depend
on the particular periodic orbit x(¢,z); i.e. it is independent of the initial conditions
z. Therefore, an easy computation shows that

00 0 0

00 0 0

0 0 1—e 2 0

0 0 0 1—e?m

Consequently all the assumptions of Theorem 1 are satisfied. Hence the corre-

sponding bifurcation function at first order fi(«) is given by
27

MH0) - M~*(2n) =

R(@) = moa(ea) = ([ 276 P ooz, 0)ds ).

0
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which is identically zero because we have that the following integrals
2m
2 ; —
/ (a+bcos® s)(cos s £ sins)ds = 0.
0

Therefore, we must go to second order of bifurcation. In this case we must study the
zeros in V of the system fa(c) = 0 of two equations and two unknowns, where fo
is given by (8). More precisely, we have fa(a) = (f2,1(Xo, Y0), f2,2(Xo, Yo)) where

2 (Xo —Yp) cost — (X + Yp) Sint] gt

fon = (cost + sint) sin {t—&—
0

4
(Xo — Yy)cost — (Xo + Yp) sint] i@t

4

After a tedious calculation (which can be checked using an algebraic processor) and
the change of variables (Xo,Yp) — (r, s) given by

Xo—-Yy, = 4r cos s,

Xo+Yy = —4drsins,

27
foo = / (cost — sint) sin {t +
0

we obtain for
hj(r,s) = fa,;(2r(coss —sins), —2r(cos s + sin s)),
with j = 1,2, that
hi(r, s) 7w [Jo(r) + J2(r)(cos 2s — sin 2s)],
ho(r,s) = —n[Jo(r) + Ja(r)(cos 2s + sin 2s)],
where J,(r) is the p—th Bessel function of first kind (see [1]).

Adding and subtracting the two equations h;(r,s) = 0, for j = 1,2, we obtain
the system

pi(r,s) = Ja(r)sin2s = 0,
(21) pa(r,s) = Jo(r) + Ja(r) cos2s = 0.

It is known that the zeros of the functions J,,(r) are distinct for different p1’s, then
either s = 0, or s = /2. We are not interested in all the solutions of this system,
we are only interested to show that it has as many solutions as we want satisfying
the assumptions of Theorem 1. So, in what follows we only study the solutions
with s = 0. Consequently, from the second equation of (21) we obtain

Jo(r) + Ja(r) = 0.

Since Jo(r) + Jo(r) = 2J1(r)/r, and the function Ji(r) has infinitely many positive
zeros tending to be uniformly distributed when r — oo, because the asymptotic
behavior of Jy (1) is y/2/(7r) cos(r —3w/4), it follows that system (21) has infinitely
many solutions of the form (rg, 0) being ro a positive zero of J; (r). Then, (Xo, Yy) =
(2rg, —2r0) is a solution of the system f> ;(Xo,Yo) = 0 for j = 1,2. Moreover, the
determinant of 9(fa,1, f2,2)/0(Xo, Yy) at the point (2rg, —2r0) is

det(rg) = %rgmg, —r2/2) [H(3,—r2/2) — H(2,—12/2)] .

where H is the regularized hypergeometric function, see [1]. Using the formula

2

JIJ«(Z) = m ’H(ﬂ“ +1, _22/4)7
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we get

72 7T2 J2 (7’0)2

e

Since the zeros of Jy(r) and Ja(r) are different, we get that det(rq) # 0. Hence, by
Theorem 1 for each (2rg, —2rg) contained in V' we have a periodic orbit of system
(18) with |e] # 0 sufficiently small.

Finally, for a given positive integer N we can fix p in the definition of V in such
a way that the interval (0, p) contains exactly N zeros of the function Ji(r). Then
taking |e| # 0 small enough, Theorem 1 guarantees the existence of N periodic
solutions for system (18). Moreover, choosing || # 0 smaller if necessary, since
system (18) with € = 0 has its periodic solutions strongly stable and unstable in
the directions Z and W respectively, it follows that the N periodic solutions for
system (18) obtained using Theorem 1 are limit cycles; i.e. they are isolated in the
set of all periodic solutions. This completes the proof of the proposition. O

det (T’o) =

Proof of Proposition 3. First we show that the homogeneous polynomial differential
system (11) has a global center at the origin. In polar coordinates (r,#) defined by
x =rcosf, y =rsind, system (11) becomes
P = —1r3sin20,
0 = r2
Of course, to study this system is equivalent to study the differential equation
dr

(22) = sin 26,
whose solution (0, z) satisfying (0, z) = z is
(23) r(0,2) = zexp (—sin0) .

Therefore all the solutions of the differential equation (22) and consequently all the
solutions of the homogeneous polynomial differential system (11) are periodic with
the exception of the origin which is a singular point. Hence it is proved that the
origin of system is a global center.

Now we want to study the limit cycles of the perturbed system (12) for |e| # 0
sufficiently small, which bifurcate from the periodic solutions of the center of system
(11).

We write the polynomial P;(z,y) and Q;(z,y) of degree 3 of system (11) as

Py = ago + a102 + any + a2o2? + a11zy + aozy? + asor® + a212%y + arzxy? + aosy®,

Py = bog + brox + bo1y + baox? + bi1zy + boay? + bsox® + ba1 2y + biazy? + bosy?,

Q1 = Ago + Arox 4+ Agry + Az + Apyxy + Anoy® + Asox® + Ag1a?y + Apxy® 4+ Aosy?,
Q2 = Boo + Broz + Bo1y + Booz? + Biizy + Bogy? + Bsox® + Bai2?y + Biaxy® + Bosy®.

Doing change to polar coordinates to system (12), we obtain that it can be
written as
dr

(24) = sin20 + eFy(0,7) + 2 Fy(0,7) + O(?),

where
Fi(0,7) = A1(0)/r% + Ax(0)/r + A3(0) + As()r,
Fy(0,7) = By(0)/r® + Bo(0)/r* + B3(0)/r3 + B4(0)/1r? + Bs(0)/r + Bs(6) + Bz (0)r,
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where A; and B; are trigonometric polynomials. Now we shall apply Corollary 6
to the differential equation (24) taking k =n =1 and

(25) x=r, t=0, Fy(0,x)=—-rsin20, Q= (0,00).

Clearly the differential equation (24) is T' = 27 periodic in the variable 6. More-
over this equation for e = 0 has all its solutions 27—periodic and given by (23). The
V and a of Theorem 1 are V = {r : 0 < r < p}, for some real number p > 0, and
a=z€eV.

For the function Fj given in (25) and the periodic solution 7(6, z) given in (23)
the 1 x 1 fundamental matrix M (6) of the differential equation (24) with ¢ = 0
such that M(0) = (1) is M(0) = (e~ sin’ 9). We remark that for system (25) the
fundamental matrix does not depend on the particular periodic orbit r(0, 2); i.e. it
is independent of the initial condition z. Therefore M~1(h) = (e5n"9).

Since all the assumptions of Theorem 1 are satisfied, by Corollary 6 we must
study the zeros in V' of the function ¢;(z), where g; is given by

an(z) = u Mﬁl(t)Fl(t,m(t,@O))dt,
0

= % ((aso + 2bos + ba1)2” + 2€ (bo1(Jo(1) + 2J1(1)) + a10J1(1))) -

In order to obtain the bifurcation function of second order we impose that first order
vanish identically. Hence we must to impose bp; = a19 = 0 and b1 = —agg — 2bg3.
In this case we have that g1(z) = 0. To determine the bifurcation function of second
order we must to compute

% _ M(t)/o M=Vt Fy (¢, 2(t, 2, 0))dt.

The computation of this integral gives some terms that cannot be expressed by
means of elementary functions or in function of the error function erf(z) where the
error function is the integral of the Gaussian distribution given by

erf(z) = \/27?/0 e~ dt.

We avoid this terms fixing the some of the arbitrary parameters in the following
form age = —3agg + 3b11, azg = b1 and agp = 0. Moreover the second order
derivative of Fj is identically zero. Therefore we have that

9
F. = 2F, + 2D, F, - 2~
Oe
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and the bifurcation function of second order is given by

T
ne) = 5 [ MRG0

—m{(lﬁaogau + 32ag3a30 — 128459 — 112a03bg3 — 256 Bg3 — 32a12b12

—64a30b1a — 32bg3b12 — 128 Bo1 — 16a12b30 — 32a30b30 — 1441)031)30)24
+128e2” { — 2(A10 + Bo1 + ao1(a12 — 4(aso + bo3)) + 2a12b10 — Tazobio
—8bo3bio — b11b20)Jo(1) + (4A10 + Sagraiz — 17ap1azg — 4Bo1 — 22a01bo3
+8a12b10 — 33azobio — 37bo3bio — ar1b11 + bo2b11 — 3b11b20):]1(1)}

+256b00b11€2 JQ (2) } .

Consequently this bifurcating function can have two zeros and two limit cycles can
bifurcate from the periodic solutions of the degenerate center and this completes
the proof of the Proposition. O

ACKNOWLEDGEMENTS

The first author was also partially supported by a grant of the Romanian Na-
tional Authority for Scientific Research, CNCS UEFISCDI, project number PN-
II-ID-PCE-2011-3-0094. The first and second authors are partially supported by
the MICINN/FEDER, grant number MTM2008-00694 and by a Generalitat de
Catalunya grant number 2009SGR-381. The third author is partially supported
by the MICINN/FEDER grant MTM2008-03437, Generalitat de Catalunya grant
number 2009SGR-410 and ICREA Academia.

REFERENCES

[1] M. ABRAMOWITZ AND L.A. STEGUN, Bessel Functions J and Y, §9.1 in Handbook of Mathe-
matical Functions with Formulas, Graphs, and Mathematical Tables, 9th printing. New York:
Dover, pp. 358-364, 1972.

[2] H. AMANN, Ordinary differential equations. An introduction to nonlinear analysis, de Gruyter
Studies in Mathematics, 13 Walter de Gruyter and Co., Berlin, 1990.

[3] A. BuicA, J.-P. FRANGOISE AND J. LLIBRE, Periodic solutions of nonlinear periodic differ-
ential systems, Comm. Pure Appl. Anal. 6 (2007), 103-111.

[4] A. BuicA AND J. LLIBRE, Averaging methods for finding periodic orbits via Brouwer degree,
Bull. Sci. Math. 128 (2004), 7-22.

[5] C. CHICONE, Lyapunov—Schmidt reduction and Melnikov integrals for bifurcation of periodic
solutions in coupled oscillators, J. Differential Equations 112 (1994), 407-447.

[6] B. CoLL, A. GASULL AND R. PROHENS, Periodic orbits for perturbed non autonomous differ-
ential equations, Preprint 2006.

[7] J.-P. FRANQOISE, Oscillations en biologie: Analyse qualitative et modéles, Collection:
Mathématiques et Applications 46, Springer Verlag, 2005.

[8] I.A. GARciA AND J. GINE, The center problem via averaging method, J. Math. Anal. Appl.
351 (2009), no. 1, 334-339.

[9] JimING L1, Limit cycles bifurcated from a reversible quadratic center, Qualitative Theory of
Dynamical Systems 6 (2005), no. 2, 205-216.

[10] J. LLIBRE, M.A. TEIXEIRA AND J. TORREGROSA, Limit cycles bifurcating from a k-
dimensional isochronous center contained in R™ with k < n, Math. Phys. Anal. Geom.
10 (2007), 237-249.

[11] I.G. MALKIN, On Poincaré’s theory of periodic solutions, Akad. Nauk SSSR. Prikl. Mat.
Meh. 13 (1949), 633-646 (in Russian).



PERIODIC SOLUTIONS: A SECOND ORDER ANALYSIS 13

[12] P. MARDEsIC, C. ROUSSEAU AND B. TONI, Linearization of Isochronous Centers, J. Differ-
ential Equations 121 (1995), 67-108.

[13] L.A. PELETIER AND W.C. TROY, Spatial patterns. Higher order models in Physics and Me-
chanics, Progress in Nonlinear Differential Equations and Their Applications 5, Birkhaiiser,
Boston, 2001.

[14] M. RoOSEAU, Vibrations non linéaires et théorie de la stabilité, (French) Springer Tracts in
Natural Philosophy, Vol.8 Springer—Verlag, Berlin—-New York, 1966.

[15] L. SANCHEZ, Boundary value problems for some fourth order ordinary differential equations,
Appl. Anal. 38 (1990), 161-177.

[16] J.A. SANDERS, F. VERHULST AND J. MURDOCK, Averaging methods in nonlinear dynamical
systems, second ed., Appl. Math. Sci., vol. 59, Springer, New York, 2007.

[17] F. VERHULST, Nonlinear Differential Equations and Dynamical Systems, Universitext,
Springer-Verlag, Berlin, 1996.

DEPARTMENT OF APPLIED MATHEMATICS, BABES-BOLYAT UNIVERSITY, RO-400084 CLUJ-NAPOCA,
RoMANIA
E-mail address: abuica@math.ubbcluj.ro

DEPARTAMENT DE MATEMATICA, UNIVERSITAT DE LLEIDA,, Av. JAUME II, 69, 25001 LLEIDA,
CATALONIA, SPAIN
E-mail address: gine@matematica.udl.cat

DEPARTAMENT DE MATEMATIQUES, UNIVERSITAT AUTONOMA DE BARCELONA, 08193 BELLATERRA,
BARCELONA, CATALONIA, SPAIN
E-mail address: jllibre@mat.uab.cat



