This is a preprint of: “On the integrability of a Muthuswamy-Chua system”, Jaume Llibre, Claudia
Valls, J. Nonlinear Math. Phys., vol. 19(4), 1250029 (12 pages), 2012.

DOI: [10.1142/S1402925112500295]

ON THE INTEGRABILITY OF A
MUTHUSWAMY-CHUA SYSTEM

JAUME LLIBRE

Departament de Matematiques

Universitat Autonoma de Barcelona, 08193, Bellaterra, Barcelona,
Catalonia, Spain, e-mail: jllibre@mat.uab.es

CLAUDIA VALLS

Departamento de Matemdtica

Instituto Superior Técnico (U.T.L.). Av. Rovisco Pais 1049-001 Lisboa,
Portugal, e-mail:cvalls@math.ist.utl.pt

October 19, 2011

In this paper we study the integrability of the
Muthuswamy—Chua system

Y=y —az—yz.

For o = 0 we characterize all its generalized ratio-
nal first integrals, which contains the Darboux type
first integrals. For oo # 0 we show that the system
has no Darboux type first integrals.

1. Introduction and statement of the main
results

[Muthuswamy and Chua, 2010] proposed the sim-
plest electronic circuit producing chaotic attractors.
This circuit contains a linear passive inductor, a lin-
ear passive capacitor and a nonlinear active mem-
ristor, and it can be described by the differential

System
=y,
2
T Yy 1
y R (1)
2=y —az—yz,
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for any value of o € R, where the prime denotes
derivative with respect the variable t. Here, as
in [Ginoux et al., 2010], this differential system is
written in a slightly modified form because the
third equation is not 2/ = —y — az + yz as in
[Muthuswamy and Chua, 2010] but rather 2’ =y —
az — yz. The nonlinearity is inverted and thus the
orientation of the attractor in the (z,y) plane is
rotated by w. Hence there is no topologically dif-
ference between these two attractors. A topologi-
cal characterization of this system and its compar-
ison with the Rossler-like attractors was given in
[Ginoux et al., 2010].

We define the vector field X associated to (1)
as

0 x

X =Vt (- 37272

Let U be an open subset in R3 such that R3\ U
has zero Lebesgue measure. We say that a non-
constant real function H = H(z,y, 2):R3 — R, is a
first integral if H(xz(t),y(t), z(t)) is constant for all

values of a solution (z(t),y(t), 2(t)) of X contained
inU,ie., XHy =0.
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The existence of a first integral for a differen-
tial system in R? allows to reduce its study in one
dimension. This is the main reason to look for first
integrals.

Two functions f1(z,y, z) and fa(x,y, z) are said
to be independent if their gradients are linearly in-
dependent vectors for all (x,y,z) € R? except per-
haps for a set of zero Lebesgue measure. If the vec-
tor field X has two independent first integrals H;
and Hy, we say that it is completely integrable. In
this case, the orbits of X are contained in the curves
{Hi(z,y,z) = hi}n{Ha(z,y, z) = ha}, where hq, ho
vary in R.

We define a generalized rational function as the
quotient of two analytic functions. The following is
our main result for system (1) with o = 0.

Theorem 1.1. The wunique generalized rational
first integrals of system (1) with @ = 0 are gen-
eralized rational functions in the variable e*(1 — z).

Theorem 1.1 is proved in Section 2.

Now we work with @ # 0. One of the best
tools to look for first integrals is the Darboux theory
of integrability. Now we shall introduce its basic
notions. Let C[x,y, z] be the ring of all polynomials
with coefficients in C.

We say that f € Clz,y, 2] is a Darbouz polyno-
mial of the vector field X if there exists a polyno-
mial k& € C[z,y, z] such that X f = kf. The polyno-
mial k = k(z,y, z) is called the cofactor of f. It is
easy to show that the cofactor of a Darboux polyno-
mial of system (1) has degree at most 2. Note that
we look for complex Darboux polynomials in real
differential systems. The reason is that frequently
the complex structure forces the existence of real
first integrals, and sometimes if we only work with
reals we cannot detect all the real first integrals.

If f € C[z,y, z] is a Darboux polynomial, then
f(z,y,2) = 0 is an invariant algebraic surface for
the differential system (1), i.e. if an orbit has a
point on the surface f(z,y,z) = 0 all the orbit is
contained in it.

An exponential factor F(x,y,z) of the vec-
tor field X is an exponential function of the
form exp(g/h) with ¢ and h coprime polynomi-
als in Clz,y,2] and satisfying XF = LF for
some L € Clz,y,2z] with degree at most 2.

The exponential factors appear when some Dar-
boux polynomial has multiplicity larger than one,
for more details see [Christopher et al., 2007] and
[Llibre and Zhang, 2009a).

A first integral of system (1) is called of Dar-
bouz type if it is a first integral of the form

A Ap 1 Hq
RN L o

where fi,...,f, are Darboux polynomials and
Fy, ..., Fy are exponential factors.

The next theorem is the main result for system
(1) with o # 0, and it shows the nonexistence of
first integrals of Darboux type.

Theorem 1.2. When « # 0 system (1) has no first
integrals of Darboux type.

Theorem 1.2 is proved in Section 4.

2. Proof of Theorem 1.1

To prove Theorem 1.1 we use the following result
which is due to [Cong et al., 2011].

Theorem 2.1. Assume that the differential system
(1) has p as a singular point and let A1, Ao, A3 be the
eigenvalues of the linear part of system (1) at p.
Then the number of functionally independent gen-
eralized rational first integrals of system (1) is at
most the dimension of the minimal vector subspace
of R? containing the set

{(kl, ks, k‘3) c73: k1Al 4+ kaodg + k33 = 0,
(k].u k27k3) 7é (07070)}

Proof of Theorem 1.1. We consider system (1) with
a =0, that is

x

. . )
b=y, g=-gty - o

It is easy to check that
H=2x+1n(1-2)

is a first integral of system (2). Therefore, K =
efl = ¢%(1 — 2) is a generalized rational function.
To conclude the proof of the theorem we shall show
that system (2) has no other generalized rational
first integrals. To prove this we will use Theorem



2.1. First we note that the singular points of system
(2) are of the form (0,0, z) with z € R. We compute
the eigenvalues A1, A2, A3 of the Jacobian matrix of
system (2) on these singular points and we get

1
M =0, M3= E(3—3Z2ZF\/—39 +922(22 — 2)).

Therefore k1 A1 + kaXo + k33 = 0 is equivalent to

ka(3 — 322 — /=39 + 922(22 — 2))+
k3(3 — 322 4+ /=39 + 922(22 — 2)) = 0,

or in other words

ky  3-32+/-39+9:2(:2 -2 )
k3 3322 —/-39+9:2(22 - 2)

It is clear that the left-hand side of (3) is a rational
number (once that kg, k3 € Z), and that choosing
z in a convenient way the right-hand side of (3) is
irrational. Therefore (3) cannot hold for this con-
venient choice of z. Hence for this special singular
point (0,0, z), the dimension of the minimal vector
subspace of R? containing the set

{(kl,kz, k3) € Z3 ki + kodo + ksA3 =0,
(k17k27k3) 7é (0,0,0)}

is clearly one, generated by (k1,0,0). Thus it fol-
lows from Theorem 2.1 that system (2) can only
have one independent generalized rational first in-
tegral, which must be a function of H. This com-
pletes the proof of the theorem. [ |

3. Auxiliary results

In the proof of Theorem 1.2 we will use the
the following well known result on the Dar-
boux theory of integrability, see for instance
[Dumortier et al., 2006; Chapter 8].

Theorem 3.1. Suppose that a polynomial vector
field X defined in R™ of degree m admits p Darboux
polynomaials f; with cofactors K; for i = 1,...,p,
and q exponential factors F; = exp(g;/h;) with co-
factors L;j for j =1,...,q. If there exist \j, u; € C
not all zero such that

P q
S XK+ > piL; =0, (4)
i=1 =1

then the following real (multivalued) function of
Darbouzx type

A
M ST E e F (5)

substituting fz-)‘i by | f:| if \i € R, is a first integral
of the vector field X .

For a proof of the next result see [Llibre &
Zhang, 2009a, 2009b].

Proposition 3.2. The following statements hold.

(a) If e9/" is an exponential factor for the poly-
nomial differential system (1) and h is not a
constant polynomial, then h = 0 is an invari-
ant algebraic surface.

(b) Eventually €9 can be an exponential factor,
coming from the multiplicity of the infinite in-
variant plane.

The proof of the next result can be found in
[Christopher & Llibre, 2000].

Lemma 3.3. Let f be a polynomial and f =
S

H f]a’ its decomposition into irreducible factors in

j=1

Clz,y,z]. Then f is a Darboux polynomial of sys-

tem (1) if and only if all the f; are Darboux poly-

nomials of system (1). Moreover, if K and K; are
S

the cofactors of f and f;, then K = ZajKj'
j=1

We note that in view of Lemma 3.3 to study
the Darboux polynomials of system (1) it is enough
to study the irreducible ones.

4. Proof of Theorem 1.2

To prove Theorem 1.2 we first study the existence
of polynomial first integrals.

Proposition 4.1. System (1) has no polynomial
first integrals.

Proof. Let F = F(x,y, z) be a polynomial first in-
tegral of system (1). Then it satisfies

oF r y yz?\OF oF
( )

Yoy T T3 t5 5 )5, tW—az—yz) - =0.

Or y 0z
(6)



We write F' as powers in the variable z in the form

n
F(x,y,z) = Z Fj(z, y)z’, where each F; is a poly-
§=0
nomial in the variables x,y. Computing the coeffi-

cient in (6) of 2"*2 we obtain
oF, .
—% 8; =0 thatis F, = F,(x).

Now, computing the coefficient in (6) of 2"! we
obtain

_Y O
2 Oy

Finally, computing the coefficient in (6) of z" we
get

=0 thatis F,_1 = F,_1(z).

_ga?y? y% — (a+y)nk, =0.

That is, if n # 0, F,, = F,(z) must be divisible
by y, in contradiction with the fact that F), is a
polynomial in the variable x. Therefore, for n # 0
we must have F,, = 0. Thus, F' = Fy(z,y). Now,
computing the coefficient in (6) of z? we obtain

OF
—%8—; =0 thatis Fp= Fp(a),
and again by (6) we obtain
dF
yd—ozo that is Fy = Cp € R,
x

in contradiction with the fact that F' is a polynomial
first integral of system (1). This concludes the proof
of the proposition. [ |

Now we will study the existence of Darboux
polynomials with nonzero cofactor. Note that the
Darboux polynomial with zero cofactor are the
polynomial first integrals. We recall that a Darboux
polynomial of system (1) is a nonconstant polyno-
mial f € C[z,y, z] such that

(5%

for some polynomial k € Clz,y, z] called the cofac-
tor. Since the degree of system (1) is tree we have
that the degree of k can be at most two, that is, k
is of the form

k= ao+a1x+ agy + azz + asz® + asry (®)
+agrz + a7y2 + agyz + a9z2,

where a; € C for i =0,...,9.

Proposition 4.2. System (1) has no Darbouz
polynomials with nonzero cofactor.

Proof. Let f be a Darboux polynomial of system
(1) with cofactor k given in (8). First we claim
that a1 = a3 = a4 = a5 = ag = ay = ag = 0 and
ag = —m/2, where m is a nonnegative integer.

Now we prove the claim. We write f as sum of

n
its homogeneous parts as follows f = Z filz,y, 2),
j=0
where each f; is a homogeneous polynomial in its
variables. Without loss of generality we can assume
that f, # 0 and n > 1. Computing the terms of
degree n + 2 in (7) we have

Y ,20fn

2 0Oy = (asx’+aszy+agrztary’+asyz+agz”) fn.

The general solution of this linear differential equa-
tion is of the form

2a5 2ag a7
fn = Kn(ac,z)exp<— Y — —72>
z z z

2a47% 2apx

T2 -2
y Z zZoyT,

where K, is an arbitrary function in the variables
x,z. Since f, must be a polynomial we get that

ag = a5 = ag = ay = ag = 0 and ag = —m/2,
where m is a nonnegative integer. Therefore
fn = Knymv (9)

where K,, = K, (z, z) is an arbitrary polynomial in
x,z. Now computing the terms of degree n + 1 in
(7) we obtain

Y 20 Ofn
—=Z

2 y B y;(?z -
_Ezzfn—l + (a1 + a2y + azz) fn,
that is
_g 28fn—1 B dK;, m __
2° y et T

™m
—522fn—1 + (@12 + agy + a3z) Kpy™.

Solving this linear differential equation we obtain

2 m
Kn1y™ — % (aaner

dK,
?y + (a1 + azz) K, log y),

fn—l = (10)



where K,,_1 = K,,_1(x, z) is an arbitrary function
in x, z. Since f,—1 must be a polynomial and K,, #
0 (otherwise f,, = 0) we conclude that a; = ag = 0.
Hence, the claim is proved.

Now we make the change of variables

e=X, y=p%, z=p"'Z t=p’7

then the Muthuswamy—-Chua system becomes

X =Y,

. Y 72 Y X

y—_“2 24 47
5 TG THg

Z=-YZ+uY —ap’Z,

(11)

where the dot denotes derivative with respect to the
variable 7. Set F(X,Y,Z) = u"f(X,u=2Y, =1 2)
and K(X,Y,Z) = p2k(X,u~2Y,u~1Z), where as
we considered above n is the highest weight degree
in the weight homogeneous components of f in the
variables (x,y, z) with weight degrees (0,2,1). As-
sume that

(X,Y, 2)

FZ/,L

where F; is a weight homogenous polynomial in
X,Y and Z with weight degree n — ¢ for i =

0,1,...,n. Note that in particular
Fi(X,Y, Z) = p" fa—j (2,9, 2), (12)
for j = 0,...,n. From the definition of Darboux

polynomial we have that

Y 72
<**+

”Mi)

+H(=YZ+puY —ap?Z

nz:O
m .
(a2y - 32+ wa0) > Wi,
=0

Equating the terms with ¢ for i = 0,1 we get

L[Fy] = (a2Y — %ZQ)FO,

(13)
(a2 — %ZZ)Fl —y

oF,
07z’
where L is the linear partial differential operator of
the form

L) =

) , 0 )
L= Ya—X—iYZ a—y—YZa—Z

The characteristic equations associated to the linear
partial differential operator are

X Y 1 dy YZz* Z
z Yz  Z' dZ

2YZ 2
This system has the general solution

Z2
= ZeX  and eng—T,
where e; and ey are constants of integration. Ac-

cording to this, we introduce the change of variables

Z2
uw=ZeX U:Y_I’ w=X. (14)
Its inverse transformation is
2 —2w
Z =ue ", Y =vt 2 64 , X=w. (15)

Under the changes (14) and (15), the first equation
in (13) becomes the following ordinary differential
equation (for fixed u,v):

ule” OF, v2e 2w
() G

) 5w = (a0t Fute ) o

)72
where Fy is Fy written in terms of u,v and w. In
what follows we always use the notation G to de-
note G(x,y, z) written in terms of u, v, w. The last
equation has the general solution

2,—2w\ m

Fy = Ko(u,v)e®" (v + 2 64 ) ,

where K is an arbitrary smooth function in v and
v. So,

_ 72
Fo = Fy = XY™, (ZeX,Y — Z)'
Since Fp must be a weight homogeneous polynomial
of weight-degree n, we must have ag = —I for some
nonnegative integer [ and

Z2
Fy=coZ'Y"Ry(Y = =),
where P, is a polynomial in the variable Y — Z2/4
and ¢g € C\ {0}. Since the weight degree of ¥ —
Z%/4 is 2, we get that

Z2
Fy=coZ'y™ (Y - ZY, [+ 2m+2p=n. (16)



Now from (9), (12) and (16) we obtain
p=0, K, = coz' and fn= cozlym, Fy = coZY™.
Note that from (10) we get that

2[60ym+1

fn—l = Kn—lym - 2
z

( 4 zH). (17)

Now, substituting Fy into the second equation of
(13) we get that

LIF] = ( —1y - %22)171 — colz!Tym 1,

Using again the change of variables (14) and (15)
and working as we did for Fy we get that

(v N uQe_Q“’)c“)Fl
4 82w

—2w
<— I(v+ Y 64 ) — %u%_zw F
2 —2w
N A G (v + 2 64 )mH.

Integrating this equation with respect to w we get

ZQ
Fl = —cly™Z ! 4 e XymE, (ZeX Y — T)'
Note that since F; must be a polynomial of degree
n — 1, proceeding as we did for Fy we have that
72 72
e XymE, (ZeX, Y - T) —ymzlp (Y _ T)’
where P is a polynomial in the variable Y — Z2/4.
Note that F} has weight degree 2m + [+ 2q where ¢
is the degree of P; with respect to Y — Z2/4. Since
I} has degree 2m + 20 — 1 it follows that P; = 0.
Thus
Fy = —coly™Z 1,

Now from this equation, equations (12), (17) and
the fact that cg # 0 we get

lZO, fnflzo-

Therefore, ag = 0. Now computing the terms of
degree n in (7) we obtain

Y20/ <_£ y) m-1 _
22 nf?y +m 3+2 coyY =

_522fn—2 + apcoy™.

K, =co, [fn=coy",

Solving it

coy™ /2mx
fn72 = ymKn72 + (5/2 (Ty + (m - 20,0) log y)a

where K,,_o = K,_s(z,2) is an arbitrary function
in x, z. Since f,,_o must be a polynomial and ¢y # 0
we get that m = 0 and a9 = m/2 = 0. There-
fore, since ag = —m/2 we conclude that a; = 0
for i = 0,...,9 and thus £ = 0, in contradiction
with the fact that f is a Darboux polynomial with
nonzero cofactor. This concludes the proof of the
proposition. |

An exponential factor of system (1) is a func-
tion f = exp(h/g) satisfying (7), where h,g €
Clx,y, z] are coprime polynomials.

Proposition 4.3. The unique exponential factors,
modulo constants, of system (1) are

x T z

e, ¥, e —4y

2
and €*

with cofactors

4
Yy, 2xy, Yy—yz—az and gm—2y+2yz—2a22,

respectively.

Proof. Let F = exp(g/h) be an exponential factor
of the Muthuswamy—Chua system with cofactor L,
where g,h € Clz,y, z] with (g,h) = 1. Then from
the definition of exponential factor and in view of
Propositions 3.2, 4.1 and 4.2 we have that h is a
constant that we can take h = 1. Thus F' = exp(g),
where g € C|x,y, z]. Then, g satisfies

o
Yoo +

o (5555

e
2 2 /0Oy (18)
(y —az— z)@ =1L
Y Yy 92 )
where L = ao+a1m+a2y+a32+a4x2+a5zy+a6x2+
ary?® + agyz + agz®. We write ¢ as a polynomial in
the variable z in the form
n
g(l’, Y, Z) = Zg](xa y)Z],
§=0
where each g; is a polynomial in the variables x,y.
We first assume n > 3. Computing the coefficient
n (18) of 2”2 we obtain
0
Y% _ 0 that is
2 0y
Now computing the coefficient in (18) of 2”1 we
obtain

Y99
2 Oy

gn = gn(x)‘

=0 thatis

In—1 = gnfl(l‘)-



Finally, computing the coefficient in (18) of 2" we
get
_yagn—Q dgn

I n = 0.
2 oy ty (a+y)ng

Then g, = gn(x) must be divisible by ¥, in con-
tradiction with the fact that g, is a polynomial in
the variable z. Therefore n < 3 and we write h as
g = gO(may) + gl(:l:,y)z + 92(1'73/)227 where g; are
polynomials in x,y for ¢ = 0,1,2. Imposing that g
satisfies (18) and computing the coefficients of 27,
that we call A; for j =0,1,2,3,4 in (18) we get

1
A= = (_6a0 — 6a1x — 6agz® — 6agy — Gasry—

6
dgo 990
1a7y + y91+( Yy x)ay + yagg ’
Ay = 5 (—6az — 6agxr — 6agy — 6(y + a) g1+
g1 dg1
12yha + (3y — 22)—— + 6y ——
yha + (3y x>ay+ Vou )
1 990
A= == —12 —9Y -
2 6< bay — 12y + 2)gn = 3y, "+
0go )
—9p) 222 =
1 0g1
A — - -
4 2y8y’
A= _L 99
5= 2y8y'

From conditions Ay = As = 0 we get that g1 (x,y) =
g1(z) and ga(z,y) = g2(x). Now the equation for
As becomes

d
Ay = —6(az+asr+agi) — 6y (as +91—292 — %)

and setting A, = 0 we obtain

1 1
g1 = ——(az+apz) and g2 = — (aga+ag—az—asx).
o 20

Furthermore, condition As becomes

Az = %(Qag(y +a) +as((2x —3)y + 2(z — 1))
990

—2a(ag + ag(y + a)) — yaaiy,

and thus, from Az = 0 we get

1
E(y(Qag + ag(2z — 3) — 2aga)—

2a(—a3 + ag + ag — agx + aga) logy
+OLGO(I').

g0 =

Since go must be a polynomial we have
2a
ag =0, az3=ag+tagsa and gg= jgy+G0(m).

Now imposing these conditions into the relation
A1 = 0 we obtain

—2ag9z — 3(ag + a1z + agx’+
y(ag + ag + asx + ary))a+
Go

3ya% = O,

which yields

3
a4
Ko+ 4
2 ?)y

T
@(2@9 + 3aay + 3aazy).

X
Gy = + ;(ao + (ag + ag)y + ary®)+

Since GGy must be a polynomial in the variable x we
get

ag =0, ay=0, ag= —§a1 and a7 =0,
and hence Go = Kq + (az + ag)z + asz?/2. More-
over since we are searching the exponential factors

modulo constants we can set Ko = 0. In summary

2a a
9= Z2y+(ag+ag)z+ 551‘24-

Note that modulo multiplicative constants, the ex-
ponential factors are e, 63”2, e and e ~%. Know-
ing the exponential factors we can compute eas-
ily their cofactors, obtaining the ones given in the
statement of the proposition. This completes the
proof of the proposition. [ |

Proof of Theorem 1.2. 1t follows from Theorem 3.1
that the Muthuswamy—Chua system (1) has a first
integral of Darboux type if and only if there ex-
ist A\i,u; € C not all zero such that equation
(4) is satisfied, where p,q are the number of Dar-
boux polynomials and the number of exponential
factors, respectively. Furthermore, K;, L; are the
cofactors of Darboux polynomials and exponen-
tial factors, respectively. It follows from Proposi-
tions 4.1 and 4.2 that the Muthuswamy—Chua sys-
tem has no Darboux polynomials, and by Proposi-
tion 4.3 we have that there are 4 cofactors of the



form Ly = y, Ly = 2zy, L3 = y — yz — az and
Ly = 4x/3 — 2y + 2yz — 2az%. So equation (4) is
equivalent to

Y + 2pexy + ps(y — yz — az)+

4
,u4<§:v — 2y + 2yz — 20422) =0.

Solving this equation we obtain that pu; = pe =
3 = g = 0. This completes the proof of the theo-
rem. |
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